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Abstract. Given N i.i.d. samples from a probability measure µ on Rd, we
study the rate of convergence of the empirical measure µN → µ in the negative
Sobolev space W −α,p. When W −α,p contains point measures (i.e. when αp >

(p − 1)d), we show E∥µN − µ∥p

W −α,p ⩽ Cd/Np/2 for an explicit dimensional
constant Cd, and obtain a Gaussian tail bound. When 0 < αp ⩽ d(p − 1), we
prove a similar result for Gaussian regularizations.

1. Introduction.
1.1. Main Results. Let µ be a probability measure on Rd, and X1, . . . , XN be N
i.i.d. samples from µ. Let µN be the empirical measure

µN
def= 1

N

N∑
i=1

δXi
,

where δx denotes the Dirac δ-measure at x. The aim of this paper is to study the
convergence of µN → µ in negative Sobolev spaces. For L2 based Sobolev spaces,
E∥µN − µ∥2

H−s can be computed exactly (see Proposition 2.2, below). The main
result of this paper bounds the convergence rate of µN → µ in Lp based Sobolev
spaces for all p ∈ (1, ∞).

To state our result, let α > 0, p ∈ (1, ∞) and W −α,p = W −α,p(Rd) be the Lp

based Sobolev space with index −α. While there are many equivalent definitions of a
norm in W −α,p, the version that is most convenient for us is based on the heat kernel,
and stated precisely in Section 2, below. We show that when αp > (p−1)d (i.e. when
the space W −α,p contains point measures), we have E∥µN − µ∥pW−α,p ⩽ O(1/Np/2)
and a Gaussian tail bound.

Theorem 1.1. Let p ∈ (1, ∞), q = p/(p − 1) be its Hölder conjugate, and sup-
pose α > d/q = αp/(p − 1). There exists an absolute constant C (independent of µ,
p and d) such that for every N ∈ N we have

(1.1)
(
E∥µN − µ∥pW−α,p

)1/p
⩽

Cd1/p
√

N
∥δ0∥W−α,p .
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Here δ0 is the Dirac δ-distribution at 0. Additionally, for every N ∈ N, the random
variable ∥µN − µ∥W−α,p satisfies the Gaussian tail bound

P
(
∥µN − µ∥W−α,p > λ

)
⩽ 2 exp

(
−Nλ2

Cd2/pp∥δ0∥2
W−α,p

)
,

for every λ > 0.

Notice that when α ⩽ d/q, the empirical measure µN ̸∈ W −α,p, and so both
the left and right hand side of (1.1) are infinite. In this case it is natural to
study the convergence of the Gaussian regularized point measures instead. For
any ε > 0, define µε

def= µ ∗ Φε and µεN
def= µN ∗ Φε, where Φε is the density of a

centered radial Gaussian with variance 2ε (see (2.3), below). When α ⩽ d/q we
bound E∥µεN − µ∥pW−α,p , and obtain a Gaussian tail bound.

Theorem 1.2. Let p ∈ (1, ∞), α > 0 and suppose µ ∈ W −α,p. There exists an
absolute constant C (independent of µ, p and d) such that for every N ∈ N, we have

(1.2)
(
E∥µεN − µ∥pW−α,p

)1/p
⩽

Cd1/p
√

N
∥Φε∥W−α,p + ∥µε − µ∥W−α,p .

Additionally, for every N ∈ N, λ > 0 we have the Gaussian tail bound

(1.3) P
(
∥µεN − µ∥W−α,p > λ

)
⩽ 2 exp

(−N
(
λ − ∥µε − µ∥W−α,p

)2
+

Cpd2/p∥Φε∥2
W−α,p

)
.

In order to use Theorem 1.2 one needs to understand the behavior of ∥Φε∥W−α,p

and ∥µε− µ∥W−α,p as ε → 0. These are both well known and stated here as remarks
for easy reference.

Remark 1.3. For every µ ∈ W −α,p, we know ∥µε − µ∥W−α,p vanishes with ε, but
the rate may be arbitrarily slow in ε. If, however, µ was more regular than W −α,p,
then one has an explicit rate. For instance, if µ ∈ W −α′,p for some α′ < α, then
standard regularity estimates imply

∥µε − µ∥W−α,p ⩽ Cα,dε
α−α′

2 ∧1 .

Remark 1.4. It is well known that

∥Φε∥W−α,p ≈


|ln ε|1/p α = d

q

1
ε

d
q −α

α < d
q .

with constants that depend on α, p, and d. For convenience, we state this precisely
in the appendix (see Proposition A.1), and present a proof with explicit bounds on
the constants.

The constant d1/p appearing in (1.1) can be replaced with the p-th root of the
best weak L1 bound for the Hardy–Littlewood maximal function. The standard
proof using the Vitali covering lemma shows this constant is at most 3d, and a
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classical result of Stein and Strömberg [SS83] improves this to O(d). To the best of
our knowledge the sharp constant for this weak L1 bound is not known.

Finally we mention that our results do not require any regularity or moment
conditions on the probability measure µ, nor any bounds from below for µ on its
support. Moreover a standard localization argument can be used to obtain similar
rates of convergence when Rd is replaced by a closed manifold. We also note that
without further assumptions matching lower bounds for (1.1) can not be obtained,
as can be seen by taking µ = δ0.

1.2. Motivation and literature review. The convergence of the empirical mea-
sure µN → µ is a central question in probability and statistics, and has been
extensively studied. The law of large numbers shows that almost surely, the se-
quence µN → µ weakly in the space of probability measures.

There are a number of results quantifying the weak convergence of µN → µ. One
popular approach is to use the Wasserstein distance, which is natural as it measures
the transportation cost of moving µ to ν. Explicitly for p ∈ [1, ∞), the Wasserstein
distance between two probability measures µ, ν (see for instance [Vil09]) is defined
by

Wp(µ, ν) = inf
γ∈Γ(µ,ν)

(
E(X,Y )∼γ |X − Y |p

)1/p
,

where Γ(µ, ν) is the set of all couplings of µ and ν.
Seminal work of Ajtai, Kolmós, Tusnády [AKT84] studies the rate of convergence

of Wp(µN , µ) in the context of an optimal matching problem when µ = Unif([0, 1]d) is
the uniform distribution. It has since been studied by several authors [Tal21,Led23],
and recent work of Goldman and Trevisan [GT21] shows

lim
N→∞

N1/d(EW p
p (µN , µ)

)1/p ∈ (0, ∞) , when µ = Unif([0, 1]d) , d ⩾ 3 .

This gives both an upper and lower bound showing (EW p
p (µN , µ))1/p ≈ 1/Np/d.

For general distributions, to the best of our knowledge, the sharp rate of con-
vergence is not known. Under a suitable moment condition, one can show [DSS13,
BLG14,FG15] the upper bound

(EW p
p (µN , µ))1/p ⩽

C

N1/d when 1 ⩽ p <
d

2 .

This has been extended in [LZ21] for Gaussians for all p ∈ [1, d), and by Divol [Div21]
for all p ∈ [1, ∞) for compactly supported distributions with strictly positive densities
(see [LS89,GTS15] for the p = ∞ case). More generally Weed and Bach [WB19]
show the bounds

EWp(µN , µ) ⩽ C

N1/t and Wp(µN , µ) ⩾ C

N1/s

for every t > d∗
p(µ) and s < d∗(µ). Here d∗

p(µ) and d∗(µ) are the upper and lower
Wasserstein dimensions respectively (see Definition 4 in [WB19]). (Note the lower
bound holds surely, and not on average.)

The Wasserstein bounds above suffer from the curse of dimensionality – the
convergence rate becomes extremely slow when the dimension is large. Our aim in
this paper is to look for results that allow for faster convergence in high dimensions.

To hint at why this is to be expected, we note that for any (nice enough) test
function f , we have the dimension independent identity

E

(ˆ
Rd

f d(µN − µ)
)2

= Varµ(f)
N

,

which is the foundation of several Monte Carlo methods used today (see for in-
stance [Liu08]). Of course, for the above to be defined, the function f needs
to be regular enough to allow for evaluation at points. This suggests dimension
independent bounds may require the use of spaces which discount fine scale structure.

One such example is a maximum mean discrepancy (MMD) distance, which
is known to quantify weak convergence [SGBSM23]. With this approach, the
probability measures are embedded into a Hilbert space and the norm in this space
is used to measure distance. In this setting the expected value of the MMD distance
squared can be computed exactly using the modulated energy [HCRS25] (see also
Proposition 2.2, below).

The present paper aims to study convergence rates outside the Hilbert space
setting, where an exact calculation is not available. The simplest and most natural
example is to consider negative Sobolev spaces, which have been used by many
authors to quantify weak convergence [Thi12]. Here we obtain rates of convergence
with a dimension independent exponent. More precisely, Theorem 1.1 shows the
convergence rate in Lp based Sobolev spacesis O(Cd/

√
N), for an explicit dimensional

constant Cd. The disadvantage of using negative Sobolev spaces is that for some
indices the space may not contain point measure µN , or even the target measure µ.
We address this by studying the convergence of Gaussian regularized point measures
instead, as stated in Theorem 1.2.

Plan of this paper. In Section 2 we state the main result of this paper (Theo-
rem 2.1) which yields both Theorem 1.1 and 1.2. We prove Theorem 2.1 in Section 3
when α ̸∈ N, and in Section 4 when α ∈ N. In Section 5 we prove Proposition 2.2,
which is a stronger version of Theorem 2.1 for p = 2. Finally in the appendix we
compute the negative Sobolev norms of Gaussians, as stated in Remark 1.4

Acknowledgements. The authors thank Giovanni Leoni, Dejan Slepčev, and
Matthew Rosenzweig for helpful discussions.

2. Main results and proofs.
Before proving Theorems 1.1 and 1.2, we define the W −α,p norm that is used in

the statement of the theorem. There are several equivalent definitions of the norm
in W −α,p (see for instance [Tri92]), but the version that is most convenient for us is
the one from Appendix D in [AKM19] based on heat kernels. For α > 0, p ∈ (1, ∞)
we define the W −α,p norm by

(2.1) ∥u∥W−α,p =
{

∥u∥W−α,p α ̸∈ N ,

∥u∥W −α,p α ∈ N .



CONVERGENCE OF EMPIRICAL MEASURES 3

Here the norms ∥·∥W−α,p and ∥·∥W −α,p are defined by

∥u∥W−α,p
def=

(ˆ 1

0

(
t

α
2 ∥u ∗ Φt∥Lp(Rd)

)p dt

t

) 1
p

,(2.2a)

∥u∥W −α,p
def=

(ˆ
Rd

(ˆ 1

0

(
t

α
2 |u ∗ Φt|

)2 dt

t

) p
2

dx

) 1
p

,(2.2b)

and Φ is the standard Euclidean heat kernel

(2.3) Φt(x) def= 1
(4πt)d/2 exp

(
−|x|2

4t

)
, x ∈ Rd , t > 0 ,

For convenience, when t = 0 we will use Φ0 to denote the Dirac δ distribution at 0.
Appendix D in [AKM19] provides a detailed proof showing (2.1) is equivalent to
the standard W −α,p norm based on duality.

Both Theorems 1.1 and 1.2 follow immediately from the following result for
Gaussian regularizations.

Theorem 2.1. There exists an absolute constant C, independent of d and µ, such
that for any p ∈ (1, ∞) and ε ⩾ 0 we have the moment bound

(2.4)
(
E∥µεN − µε∥pW−α,p

)1/p
⩽

Cd1/p√p
√

N
∥Φε∥W−α,p ,

and the Gaussian tail bound

(2.5) P
(
∥µεN − µε∥W−α,p > λ

)
⩽ 2 exp

(
−Nλ2

Cd2/pp∥Φε∥2
W−α,p

)
, for every λ > 0 .

If αp > (p − 1)d and µ ∈ W −α,p, then both (2.4) and (2.5) also hold for ε = 0.

Theorems 1.1 and 1.2 follow immediately from Theorem 2.1.

Proof of Theorems 1.1 and 1.2. When αp > d/q, Theorem 2.1 with ε = 0 reduces
to Theorem 1.1. For Theorem 1.2, the triangle inequality implies(

E∥µεN − µ∥pW−α,p

)1/p
⩽

(
E∥µεN − µε∥pW−α,p

)1/p + ∥µε − µ∥W−α,p .

Now (1.2) and (1.3) follow from (2.4) and (2.5) respectively. □

We prove Theorem 2.1 in Section 3 when α ̸∈ N, and in Section 4 when α ∈ N,
and these are the main contributions of this paper. To briefly comment on the
proof, we note that the standard dual norm on W −α,p is not convenient to work
with in this context, which is why we use the heat kernel based bounds (2.2a)–
(2.2b). As we will see shortly, the main tool used in the proof is a bound on the
subgaussian norm of the random variable Φt(x − X1), treating t ∈ (0, 1) and x ∈ Rd
as parameters. Of course, since Φt ∈ L∞, the subgaussian norm is easily bounded
by ∥Φt∥L∞ . However, this bound is too crude to yield Theorem 2.1. What we
need is a bound that decays nicely in both the parameters x and t. We prove this
bound in Lemma 3.2 (below) and control the subgaussian norm in terms of the
Hardy–Littlewood maximal function of µ. We then use the weak-L1 bound on the
maximal function to prove Theorem 2.1.

Before delving into the proof, we briefly digress and state the analog of Theorem 2.1
when p = 2. In this case the expressions in both (2.2a) and (2.2b) agree, and there

is a slightly stronger result that can be obtained with a simpler proof. To simplify
notation let H−α denote the L2-based Sobolev space with index −α, and define

∥u∥H−α
def= ∥u∥W−α,2 = ∥u∥W −α,2 =

(ˆ 1

0

(
t

α
2 ∥u ∗ Φt∥L2(Rd)

)2 dt

t

) 1
2

,

whether or not α ∈ N. Our next result shows that when p = 2 the bound (2.4)
can be made exact equality, and (2.5) can be proved without any dimensionally
dependent constants.

Proposition 2.2. For every α > 0, ε > 0 and every N ∈ N we have

(2.6) E∥µεN − µε∥2
H−α = 1

N

(
∥Φε∥2

H−α − ∥µε∥2
H−α

)
.

Additionally, we have the Gaussian tail bound

(2.7) P
(
∥µεN − µε∥H−α > λ

)
⩽ 2 exp

(
−Nλ2

C∥Φε∥2
H−α

)
, for every λ > 0 .

If α > d
2 and µ ∈ H−α then both (2.6) and (2.7) also hold for ε = 0.

3. Convergence in W−α,p.
The aim of this section is to prove Theorem 2.1 when α ̸∈ N. We do this by

proving a slightly more general result. Let W−α,p = W−α,p(Rd) be the space of all
tempered distributions for which the norm in (2.2a) is finite. We will now show that
Theorem 2.1 holds with ∥·∥W−α,p replaced with ∥·∥W−α,p , whether or not α ∈ N.
Explicitly, the result we prove is as follows.

Proposition 3.1. There exists an absolute constant C, independent of d and µ,
such that for any p ∈ (1, ∞) and ε ⩾ 0 we have the moment bound

(3.1)
(
E∥µεN − µε∥pW−α,p

)1/p
⩽

Cd1/p√p
√

N
∥Φε∥W−α,p ,

and the Gaussian tail bound

(3.2) P
(
∥µεN − µε∥W−α,p > λ

)
⩽ 2 exp

(
−Nλ2

Cd2/pp∥Φε∥2
W−α,p

)
, for every λ > 0 .

If αp > (p − 1)d and µ ∈ W−α,p, then both (3.1) and (3.2) also hold for ε = 0.

We state this version here for convenience, and note that it immediately implies
Theorem 2.1 for α ̸∈ N.

3.1. Proof of Proposition 3.1. As mentioned earlier, the main idea behind the
proof of Proposition 3.1 is to consider the random variable Φt(x−X1), treating x ∈ Rd
and t ∈ (0, 1) as parameters, and show that the subgaussian norm decays suitably
in both x and t. Recall (see for instance Section 2.5 in [Ver18]) that if Z is a one
dimensional random variable its subgaussian norm, denoted by ∥Z∥ψ2 is defined by

∥Z∥ψ2 = inf
{

c > 0
∣∣∣ E exp

(Z2

c2 ⩽ 2
)}

.

What we need to prove Theorem 2.1 is to show that ∥Φt(x − X1)∥ψ2 essentially
decays like a Gaussian in x, t. This is our first lemma.



4 IYER AND VENKATRAMAN

Lemma 3.2. For any t ∈ (0, 1), x ∈ Rd we have

(3.3) σ(x, t) def= ∥Φt(x − X1)∥Ψ2 ⩽
C

(4πt)d/2 exp
(

−1
4t

(
VdMµ(x)

)2/d

)
,

where and Mµ denotes the Hardy–Littlewood maximal function of µ. Here Vd denotes
the volume of the unit ball in Rd.

Here clarify ∥Φt(x − X1)∥ψ2 denotes the subgaussian norm of the random vari-
able Φt(x−X1), where x, t are fixed, deterministic, parameters. We prove Lemma 3.2
in Section 3.2, below.

To see how (3.3) decays in x, t, we note that the maximal function of any proba-
bility measure “usually” decays like 1/|x|d as |x| → ∞. When this happens, σ(x, t)
will satisfy a Gaussian upper bound. Of course, the maximal function does not
always decay like 1/|x|d, and obtaining the decay we need from (3.3) requires a
little work. We do this by combining (3.3) with the weak L1 bound for the maximal
function. Explicitly, what we need is the following lemma.

Lemma 3.3. There exists an absolute constant C, independent of d, µ, such that
for every p ∈ (1, ∞), α > 0, ε ⩾ 0 we have

(3.4)
(ˆ 1

0
t

αp
2 −1∥σ(·, t + ε)∥pLp dt

)1/p
⩽ Cd1/p∥Φε∥W−α,p .

Remark 3.4. Note that when α > d/q (i.e. when αp > (p − 1)d), the right hand side
of (3.4) is finite when ε = 0.

Momentarily postponing the proofs of Lemmas 3.2 and 3.3 we now prove Proposi-
tion 3.1. Here and throughout this paper we use C > 0 to denote an absolute constant
that does not depend on the measure µ, or the parameters p > 1, d ∈ N, α > 0, and
may increase from line to line.

Proof of Proposition 3.1. For any x ∈ Rd, t ∈ R, define the random variable SN (x, t)
by

(3.5) SN (x, t) def= (µN − µ) ∗ Φt(x) = 1
N

N∑
i=1

(
Φt(x − Xi) − µt(x)

)
.

Now we compute

(3.6) E∥µεN − µε∥pW−α,p =
ˆ 1

t=0

ˆ
x∈Rd

t
αp
2 −1E|SN (x, t + ε)|p dx dt .

Since the p-th moment of a random variable is controlled by √
p times its subgaussian

norm, this implies

(3.7) E∥µεN − µε∥pW−α,p ⩽ Cppp/2
ˆ 1

t=0

ˆ
x∈Rd

t
αp
2 −1∥SN (x, t + ε)∥pψ2

dx dt .

Now by Lemma 3.2 and Hoeffding’s inequality the random variable SN (x, t + ε)
is subgaussian with norm controlled by

(3.8) ∥SN (x, t + ε)∥ψ2 ⩽
Cσ(x, t + ε)√

N
.

Using this in (3.7) implies(
E∥µεN − µε∥pW−α,p

)1/p
⩽

C
√

p
√

N

(ˆ 1

0
t

αp
2 −1∥σ(·, t + ε)∥pLp dt

)1/p
.

Combining this with Lemma 3.3 yields (3.1) as desired.

We now prove the Gaussian tail bound (3.2). Notice

∥µεN − µε∥W−α,p = fN (X1, . . . , XN )

where

fN (y1, . . . , yN ) def= ∥gN (·, ·; y1, . . . , yN )∥∗

gN (x, t; y1, . . . , yN ) def= 1
N

N∑
i=1

Φt+ε(x − yi) − µt+ε(x) ,(3.9)

and ∥·∥∗ is the weighted Lp norm

∥h∥∗
def=

(ˆ 1

0

ˆ
Rd

t
αp
2 −1|h(x, t)|p dx dt

)1/p
.

We now claim for any i ∈ {1, . . . , N}, yi, y′
i ∈ Rd the function fN satisfies

(3.10) |fN (y1, . . . , yN ) − fN (y1, . . . , yi−1, y′
i, yi+1, . . . , yN )| ⩽ 2

N
∥Φε∥W−α,p .

To prove this we note that by symmetry it suffices to prove (3.10) for i = 1.
Let y1, y′

1 ∈ Rd, and ỹ = (y2, . . . , yN ). Since ∥·∥∗ is a norm, the reverse triangle
inequality implies

|fN (y1, ỹ) − fN (y′
1, ỹ)| ⩽ ∥h(·, ·; y1, y′

1)∥∗ ,

where

(3.11) h(x, t; y1, y′
1) def= 1

N

(
Φt+ε(x − y1) − Φt+ε(x − y′

1)
)

.

Clearly

∥h(·, ·; y1, y′
1)∥∗ ⩽

2
N

∥Φε∥W−α,p

from which (3.10) follows.
Since the bounded differences property (3.10) holds, we may now apply McDi-

armid’s inequality to show ∥µεN − µε∥W−α,p is subgaussian with∥∥∥∥µεN − µε∥W−α,p − E∥µεN − µε∥W−α,p

∥∥∥
ψ2

⩽
C√
N

∥Φε∥W−α,p .

Thus ∥∥∥∥µεN − µε∥W−α,p

∥∥∥
ψ2

⩽
C√
N

∥Φε∥W−α,p + CE∥µεN − µε∥W−α,p

⩽
C√
N

∥Φε∥W−α,p + C
(
E∥µεN − µε∥pW−α,p

)1/p
.
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Using (3.1) this implies ∥µεN − µε∥W−α,p is subgaussian with∥∥∥∥µεN − µε∥W−α,p

∥∥∥
ψ2

⩽
Cd1/p√p

√
N

∥Φε∥W−α,p

This immediately implies (3.2), concluding the proof. □

It remains to prove Lemmas 3.2 and 3.3, which we do in subsequent sections.

3.2. The subgaussian norm of Φt(x − X1) (Lemma 3.2). The key step in the
proof of Proposition 3.1 was the bound on the subgaussian norm of Φt(x − X1). We
now present its proof.

Proof of Lemma 3.2. We know (see for instance [Ver18, Proposition 2.6.6 (i)]) that
if for some K1(x, t) > 0 and all λ > 0 we have

(3.12) P
(
|Φt(x − X1)| > λ

)
⩽ 2 exp

(
− λ2

K1(x, t)2

)
,

then there exists an absolute constant C such that

(3.13) σ(x, t) def= ∥Φt(x − X1)∥ψ2 ⩽ CK1(x, t) .

Next we note that

λ ⩽ K1(x, t)
√

ln 2 =⇒ 2 exp
(

− λ2

K1(x, t)2

)
⩾ 1 ⩾ P

(
|Φt(x − X1)| > λ

)
.

Also,

λ ⩾ (4πt)−d/2 =⇒ P
(
|Φt(x − X1)| > λ

)
= 0 ⩽ 2 exp

(
− λ2

K1(x, t)2

)
,

which again verifies (3.12). Thus we only need to ensure that (3.12) holds for all λ
such that

(3.14) K1
√

ln 2 < λ <
1

(4πt)d/2 .

Now define r = r(t, λ) by

r
def=

√
4t ln

(
1

(4πt) d
2 λ

)
,

and note

P
(
Φt(x − X1) > λ

)
= P

(
X1 ∈ B(x, r)

)
= µ

(
B(x, r)

)
⩽ VdMµ(x)rd .

Thus (3.12) will hold for all λ satisfying (3.14) provided we can ensure

VdMµ(x)rd ⩽ 2 exp
(

− λ2

K1(x, t)2

)
.

Clearly this is equivalent to showing that for all

(3.15) 0 < r <

√
4t ln

(
1

(4πt) d
2 K1(x, t)(ln 2)1/2

)
,

we have

(3.16) dK2
1 ln

(η(x)
r

)
⩾

1
(4πt)d e−r2/2t where η(x) =

( 2
VdMµ(x)

)1/d
.

Choose

(3.17) K1(x, t) = 1
(4πt)d/2 e−γ2η(x)2/4t ,

for some small constant γ > 0 that will be chosen shortly. Note that both the
left and right hand side of (3.16) are decreasing functions of r. Moreover, the
inequality (3.16) clearly holds for r = 0. Thus (3.16) will hold for all r in the
interval (3.15), provided it holds for r = r1, where

r1
def=

√
4t ln

(
1

(4πt) d
2 K1(x, t)(ln 2)1/2

)
=

√
γ2η(x)2 + 2t ln

( 1
ln 2

)
.

When r = r1, and K1 is defined by (3.17), the inequality (3.16) is equivalent to

de−γ2η(x)2/2t ln
(η(x)

r1

)
⩾ e−r2

1/2t .

Through a direct calculation, this in turn is equivalent to having γ ⩽ γ1, where

(3.18) γ1
def=

√
1

21/d −
2t ln

( 1
ln 2

)
η(x)2 .

We now divide the analysis into two cases.
Case I: η(x)2 > 21+1/dt|ln ln 2|. In this case the quantity under the square-root
in (3.18) is positive and we choose γ = γ1 > 0. Using the definition of η (from (3.16))
this implies

K1(x, t) = 1
(4πt)d/2

√
ln 2

exp
(

−23/d

4t
(
VdMµ(x)

)2/d

)
.

Now the argument above shows (3.12) holds for all λ > 0, and so using (3.13) we
obtain (3.3) as desired.
Case II: η(x)2 ⩽ 21+1/dt|ln ln 2|. In this case the definition of η (in (3.16)) implies

exp
(

−1
4t

(
VdMµ(x)

)2/d

)
⩾

1
C ′

1(d) where C ′
1(d) def= exp

( |ln ln 2|
21+1/d

)
.

Now

∥Φt(x − X1)∥ψ2 ⩽ C∥Φt(x − X1)∥L∞ ⩽
C

(4πt)d/2

⩽
CC ′

1(d)
(4πt)d/2 exp

(
−1

4t
(
VdMµ(x)

)2/d

)
,

which immediately implies (3.3) as desired. □
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3.3. Decay of σ (Lemma 3.3). Given Lemma 3.2, one can prove Lemma 3.3
quickly using the weak L1 bound on the Hardy–Littlewood maximal function. We
present the proof below.

Proof of Lemma 3.3. Define the function F by

(3.19) F (λ, t) = 1
(4πt)d/2 exp

(
−1

4t(Vdλ)2/d

)
, .

Using (3.3) and the layer-cake formula we see

∥σ(·, t)∥pLp ⩽ Cp

ˆ ∞

λ=0
∂λ(F p)

∣∣{Mµ > λ}
∣∣ dλ ⩽ Cpd

ˆ ∞

λ=0
∂λ(F p) dλ

λ
.

The last inequality above followed from the Stein–Strömberg weak L1 bound for the
maximal function (see Theorem 3 in [SS83]). Substituting r = 1/(Vdλ)1/d and using

(3.20) dλ

λ
= (−d)dr

r
∂λ = −Vd

d
rd+1∂r

we obtain

(3.21) ∥σ(·, t)∥pLp ⩽ −CpdVd

ˆ ∞

0
∂r(F p) rd dr = Cpd2Vd

ˆ ∞

0
F p rd−1 dr .

The last equality above was obtained by using the fact that F (r)rd → 0 as both r → 0
and r → ∞, and integrating by parts.

Next we notice that using radial coordinates to compute ∥Φt∥pLp gives

∥Φt∥pLp = 1
(4πt)pd/2

ˆ
Rd

exp
(−pr2

4t

)
Ad−1rd−1 dr ,

where Ad−1 is the surface area of the unit sphere in Rd. Using the identity dVd =
Ad−1 and (3.19) this implies

∥Φt∥pLp = dVd

ˆ ∞

0
F p rd−1 dr .

Substituting this in (3.21) implies
∥σ(·, t)∥pLp ⩽ Cpd∥Φt∥pLp ,

which immediately yields (3.4), concluding the proof. □

4. Convergence in W −α,p.
We now prove Theorem 2.1 when α ∈ N. As before, we do this by proving a

slightly more general result. Let W −α,p = W −α,p(Rd) be the space of all tempered
distributions u for which the norm in (2.2b) is finite. We now show that Theorem 2.1
holds with ∥·∥W−α,p replaced with ∥·∥W −α,p , whether or not α ∈ N. This will
immediately imply Theorem 2.1 for α ∈ N, and hence conclude the proof of
Theorem 2.1.

Proposition 4.1. There exists an absolute constant C, independent of d and µ,
such that for any p ∈ (1, ∞) and ε ⩾ 0 we have the moment bound

(4.1)
(
E∥µεN − µε∥pW −α,p

)1/p
⩽

Cd1/p√p
√

N
∥Φε∥W −α,p ,

and the Gaussian tail bound

(4.2) P
(
∥µεN − µε∥W −α,p > λ

)
⩽ 2 exp

(
−Nλ2

Cd2/pp∥Φε∥2
W −α,p

)
, for every λ > 0 .

If αp > (p − 1)d and µ ∈ W −α,p, then both (4.1) and (4.2) also hold for ε = 0.

While the proof of Proposition 4.1 uses the same strategy as that of Proposition 3.1,
there is one added difficulty. When working in W−α,p, we note E∥µN − µ∥pW−α,p

can be written in terms of ESN as in (3.6), after which we use Hoeffding’s inequality
to proceed. In the space W −α,p this is no longer possible. We work around this
using a Minkowski type inequality and bound the p-th moment E∥µN − µ∥pW −α,p

in terms of an integral of σ. For clarity of presentation, we first state a lemma
bounding ∥σ∥W −α,p .

Lemma 4.2. There exists an absolute constant C, independent of d, µ, such that
for every p ∈ (1, ∞), α > 0, ε ⩾ 0 we have

(4.3)
(ˆ

Rd

(ˆ 1

0
tα−1σ(x, t + ε)2 dt

)p/2
dx

)1/p
⩽ Cd1/p∥Φε∥W −α,p .

Remark 4.3. As with Remark 3.4, note that when α > d/q (i.e. when αp > (p−1)d),
the right hand side of (4.3) is finite when ε = 0.

Momentarily postponing the proof of Lemma 4.2, we now prove Proposition 4.1.

Proof of Proposition 4.1. Notice

(4.4) E∥µεN − µ∥pW −α,p =
ˆ
Rd

EJN,α,ε(x)p dx

where JN,α,ε(x) is the random variable

JN,α,ε(x) def=
(ˆ 1

0
tα−1SN (x, t + ε)2 dt

)1/2

and SN is defined in (3.5). Now let ∥·∥ψ1 denote the subexponential norm, and
recall (see for instance [Ver18], Lemma 2.7.6) that for any random variable Z we
have

∥Z2∥ψ1 = ∥Z∥2
ψ2

.

Since ∥·∥ψ1 is a norm, the above identity and Minkowski’s inequality imply

∥JN,α,ε(x)∥ψ2 = ∥JN,α,ε(x)2∥1/2
ψ1

⩽

(ˆ 1

0
tα−1∥SN (x, t + ε)2∥ψ1 dt

)1/2

=
(ˆ 1

0
tα−1∥SN (x, t + ε)∥2

ψ2
dt

)1/2

(3.8)
⩽

C√
N

(ˆ 1

0
tα−1σ(x, t + ε)2 dt

)1/2
.(4.5)

Substituting the above in (4.4) implies(
E∥µεN − µ∥pW −α,p

)1/p
⩽ C

√
p
∥∥∥∥JN,α,ε∥ψ2

∥∥∥
Lp
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(4.5)
⩽

C
√

p
√

N

(ˆ
Rd

(ˆ 1

0
tα−1σ(x, t + ε)2 dt

)p/2
dx

)1/p
.

Combined with Lemma 4.2 this yields (4.1) as desired.
Next we turn to the Gaussian tail bound (4.2). The argument is almost identical

to the proof of (3.2). As with the proof of (3.2), the starting point is to notice that
∥µεN − µε∥W −α,p = fN (X1, · · · , XN ),

where
fN (y1, · · · , yN ) def= ∥gN (·, ·; y1, · · · , yN )∥⋆ .

Here gN is the same function defined in (3.9), and ∥·∥⋆ is the weighted norm

∥h∥⋆
def=

(ˆ
Rd

(ˆ 1

0
tα−1h(x, t)2 dt

) p
2

dx

) 1
p

.

We now claim for any i ∈ {1, . . . , N}, yi, y′
i ∈ Rd the function fN satisfies

(4.6) |fN (y1, . . . , yN ) − fN (y1, . . . , yi−1, y′
i, yi+1, . . . , yN )| ⩽ 2

N
∥Φε∥W −α,p .

The proof of (3.10) is very similar to that of (3.10). Indeed, by symmetry it suffices
to prove (4.6) for i = 1. For this choose any y1, y′

1 ∈ Rd and ỹ = (y2, · · · , yN ) ∈
(Rd)N−1. The reverse triangle inequality implies

|fN (y1, ỹ) − fN (y′
1, ỹ)| ⩽ ∥h(·, ·; y1, y′

1)∥⋆ ,

where h is the same function defined in (3.11). This immediately implies

∥h(·, ·; y1, y′
1)∥⋆ ⩽

2
N

∥Φε∥W −α,p ,

from which (4.6) follows.
Given (4.6) we obtain (4.2) using McDiarmid’s inequality and the moment

bound (4.1) exactly as in the proof of (3.2). □

It remains to prove Lemma 4.2. The proof is a direct consequence of Lemma 3.2
and the Stein–Strömberg weak L1 bound on the Hardy–Littlewood maximal function
(Theorem 3 in [SS83]).

Proof of Lemma 4.2. Define the function F by

F (λ) def=
(ˆ 1

0
tα−1 1

(4π(t + ε)d) exp
(

−1
2(t + ε)(Vdλ)2/d

)
dt

) p
2

,

and observe

∥σε∥pW −α,p

(3.3)
⩽ Cp

ˆ
Rd

F (Mµ(x)) dx = Cp

ˆ ∞

0
∂λF (λ)

∣∣{Mµ(x) > λ}
∣∣ dλ

⩽ Cpd

ˆ ∞

0
∂λF

dλ

λ
.(4.7)

Making the same change of variables r = 1/(Vdλ)1/d, and using (3.20) shows

(4.8)
ˆ ∞

0
∂λF (λ) dλ

λ
= −Vd

ˆ ∞

0
∂rF (r) rd dr = dVd

ˆ ∞

0
F (r) rd−1 dr .

To obtain the last equality above we integrated by parts and used the fact that rdF (r)
vanishes at both 0 and ∞. Computing ∥Φε∥ using radial coordinates and using the
identity dVd = Ad−1 we see

dVd

ˆ ∞

0
F (r) rd−1 dr = ∥Φε∥pW −α,p

Combining this with (4.7) and (4.8) yields (4.3) as desired. □

5. Exact second moments in H−α (Proposition 2.2).
The proof of Proposition 2.2 is a short and elementary calculation.

Proof of Proposition 2.2. For any ε > 0 and N ∈ N we have

∥µεN − µε∥2
H−α =

ˆ 1

0

ˆ
Rd

tα−1
( 1

N

N∑
i=1

Φt+ε(x − Xi) − µt+ε(x)
)2

dx dt .

Notice that for every x and t the summands Φt+ε(x − Xi) − µt+ε(x) are centered
i.i.d. random variables. Thus

(5.1) E∥µεN − µε∥2
H−α = 1

N

ˆ 1

0

ˆ
Rd

tα−1(
EΦt+ε(x − X1)2 − µt+ε(x)2)

dx dt .

Noticeˆ 1

0

ˆ
Rd

tα−1EΦt+ε(x − X1)2 dx dt =
ˆ 1

0

ˆ
Rd×Rd

tα−1Φt+ε(x − y)2 dµ(y) dx dt

=
ˆ 1

0

ˆ
Rd×Rd

tα−1Φt+ε(z)2 dz dµ(y) dt =
ˆ
Rd

∥Φε∥2
H−α dµ(y) = ∥Φε∥2

H−α .

Also, by definition,
ˆ 1

0

ˆ
Rd

tα−1µt+ε(x)2 dx dt = ∥µε∥2
H−α .

Thus (5.1) reduces to (2.6) as desired. When α > d/2, all terms in (5.1) remain
finite when ε = 0, and in this case (5.1) also holds when ε = 0.

The proof of (2.7) is almost identical to that of (3.2) and (4.2). In the proofs of
both (3.2) and (4.2) we note that the dimensional factor d1/p only arises through
the bound on the mean (inequalities (3.1) and (4.1) respectively). In our case the
mean is the exactly given by (2.6), which doesn’t have the d1/p factor. As a result
this factor is also absent from the Gaussian tail bound (2.7). □

Appendix A. The W−α,p and W −α,p norms of Gaussians.
Since the bounds in Propositions 3.1 and 4.1 involve ∥Φε∥W−α,p and ∥Φε∥W −α,p ,

we now compute them explicitly. A scaling argument quickly shows their behavior
in ε as ε → 0. However, their explicit dimensional dependence is useful and isn’t
easily available in the existing literature. We present it here for reference.
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Proposition A.1. For every ε > 0 we have

∥Φε∥W−α,p = ε
1
2 (α− d

q )

p
d

2p (4π)
d

2q

B0(ε, α, p, d)1/p ,(A.1)

∥Φε∥W −α,p = ε
1
2 (α− d

q )

(4π) d
2

B0(ε, α, p, d)1/p ,(A.2)

where B0 and B0 are given by

B0(ε) = B0(ε, α, p, d) def=
ˆ 1/ε

0

s
αp
2 −1

(1 + s)(p−1) d
2

ds ,

B0(ε) = B0(ε, α, p, d) =
ˆ
Rd

(ˆ 1
ε

0

sα−1

(1 + s)d exp
(

− |y|2

2(1 + s)

)
ds

) p
2

dy .

(1) When α > d/q

lim
ε→0

ε
1
2 (α− d

q )B0(ε)1/p =
( 2

αp − d(p − 1)

) 1
p

,(A.3)

lim
ε→0

ε
1
2 (α− d

q )B0(ε)1/p ∈ (0, ∞) ,(A.4)

and ∥δ0∥W−α,p , ∥δ0∥W −α,p are the limits as ε → 0 of the expressions in (A.1)
and (A.2) respectively.

(2) When α = d/q

lim
ε→0

(
B0(ε)
|ln ε|

)1/p
= 1 , and 0 < lim

ε→0

(
B0(ε)
|ln ε|

)1/p
⩽ A

1
p

d−1Γ
(d

p

) 1
p

.

(3) When 0 < α < d/q, both B0(ε) and B0(ε) converge to finite, non-zero
constants as ε → 0. Hence both norms ∥Φε∥W−α,p and ∥Φε∥W −α,p diverge
like 1/ε

1
2 ( d

q −α) as ε → 0.

For clarity of presentation we divide the proof into two parts, each addressing
bounds in W−α,p and W −α,p respectively.

A.1. Computation of ∥Φε∥W−α,p .

Proof of Proposition A.1 for W−α,p. Using the semigroup property of the heat ker-
nel we compute

∥Φε∥pW−α,p =
ˆ 1

0

ˆ
Rd

t
αp
2 −1Φt+ε(x)p dx dt

=
ˆ 1

0

ˆ
Rd

t
αp
2 −1

(4π(t + ε)) dp
2

exp
(

− p|x|2

4(t + ε)

)
dx dt

=
ˆ 1

0

t
αp
2 −1

(4π(t + ε)) dp
2

(4π(t + ε)
p

) d
2

= 1
pd/2(4π) d

2 (p−1)

ˆ 1

0

t
αp
2 −1

(t + ε)
d(p−1)

2

dt = ε
αp
2 − d(p−1)

2

pd/2(4π) d
2 (p−1)

B0(ε, α, p, d) ,

where the last equality follows from a change of variables. Taking the p−th root
yields (A.1).

We now prove items (1)–(3) for the quantity B0(ε). First, when α > d/q, the
dominated convergence theorem yields

lim
ε→0+

(
ε

αp
2 − d(p−1)

2 B0(ε, α, p, d)
)1/p

=
( 2

αp − d(p − 1)

) 1
p

.

This proves (A.3) as desired. Moreover, in this regime, the Sobolev embedding
theorem implies Φε → δ0 in W −α,p as ε → 0 and hence

∥δ0∥W−α,p = lim
ε→0+

∥Φε∥W−α,p ,

as claimed.
Turning to item (2) for the quantity B0(ε), we compute directly by the l’Hôpital

rule that

lim
ε→0+

B0(ε)
| ln ε|

= − lim
ε→0+

1
ln ε

ˆ 1/ε

0

s
αp
2 −1

(1 + s)(p−1) d
2

ds

= − lim
ε→0+

ε
(1/ε)

αp
2 −1

(1 + 1/ε)(p−1) d
2

(− 1
ε2 ) = lim

ε→0+
ε

(p−1)d−αp
2 = 1 .

Finally, to prove item (3), we now assume 0 < α < d/q. In this case

B0(ε) ⩽
ˆ 1

0
s

αp
2 −1 ds +

ˆ 1
ε

1
s

αp
2 −(p−1) d

2 −1 ds

⩽
2

αp
+ 2

|αp − (p − 1)d|
(
1 − ε(p−1) d

2 − αp
2

)
,

and so monotone convergence theorem completes item (3) for the quantity B0(ε),
yielding that

lim
ε→0+

B0(ε) =
ˆ ∞

0

s
αp
2 −1

(1 + s)
(p−1)d

2

∈ (0, ∞) .

□

A.2. Computation of ∥Φε∥W −α,p . Before we can estimate ∥Φ∥W −α,p , we need a
calculus lemma concerning asymptotics of the inner integral in (2.2b).

Lemma A.2. For any r ⩾ 0 let

Iε(r) :=
ˆ 1

ε

0

sα−1

(1 + s)d exp
(

− r2

2(1 + s)

)
ds .

For all r ⩾ 0, then Iε(r) satisfies the bounds

(A.5) Iε(r) ⩽


1
α

+ 1
α − d

( 1
εα−d − 1

)
α ̸= d

1
α

+ log 1
ε

α = d .
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Additionally, for every r > 0, we have

(A.6) Cα
r2(d−α)

ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt ⩽ Iε(r) ⩽ 1
r2(d−α)

ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt .

where Cα
def= min(1, 1

2α−1 ).

Proof. We first note the elementary bound

Iε(r) ⩽
ˆ 1

ε

0

sα−1

(1 + s)d ds ⩽
ˆ 1

0
sα−1 ds +

ˆ 1
ε

1
sα−d−1 ds = 1

α
+ 1

α − d

( 1
εα−d − 1

)
,

if α ̸= d, and

Iε(r) ⩽
ˆ 1

ε

0

sα−1

(1 + s)d ds ⩽
ˆ 1

0
sα−1 ds +

ˆ 1
ε

1
s−1 ds = 1

α
+ log 1

ε
.

when α = d. This is the proof of (A.5).
We also need a different bound that captures decay in r for r large. For this, the

change of variables r2

2(1+s) = t, gives

(A.7) Iε(r) =
ˆ r2

2

εr2
2(1+ε)

(
r2

t
− 1

)α−1
td−1

r2(d−1) e−t dt

t
.

Since (r2 − t)α−1 ⩽ r2(α−1) on the interval of integration, we obtain

Iε(r) ⩽ 1
r2(d−α)

ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt .

This yields the upper bound in (A.6).
For the lower bound, using (A.7) one more time and that on the interval of

integration, we have r2 ⩾ r2(
1 − ε

2(1+ε)
)
⩾ r2 − t ⩾ r2

2 , we compute

Iε(r) ⩾ Cα
r2(d−α)

ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt ,

with Cα = 1 if α ⩽ 1 and Cα = 1
2α−1 if α ⩾ 1. This yields the lower bound in (A.6)

□

With these observations about Iε, we are ready to prove Lemma A.1 for W −α,p.

Proof of Proposition A.1 for W −α,p. We compute

∥Φε∥pW −α,p =
ˆ
Rd

(ˆ 1

0
tα−1Φt+ε(x)2 dt

) p
2

dx

=
ˆ
Rd

(ˆ 1

0

tα−1

(4π(t + ε))d exp
(

− |x|2

2(t + ε)

)
dt

) p
2

dx

Here, make the change of variables t = εs, y = x√
ε
, to obtain

∥Φε∥pW −α,p = ε
αp
2 −(p−1) d

2

ˆ
Rd

(ˆ 1
ε

0

sα−1

(4π(1 + s))d exp
(

− |y|2

2(1 + s)

)
ds

) p
2

dy

def= ε
αp
2 −(p−1) d

2 B0(ε, α, d, p) .

Upon taking the p-th root of both sides, we get (A.2). We turn to analyzing
the ε → 0+ behavior of B0, thereby verifying items (1)-(3) in the different regimes.

We must divide our analysis in a few cases.
Case I: α > d > (p − 1)d/p. Lemma A.2 show that for small ε we have

B0(ε, α, d, p) = Ad−1

ˆ ∞

0
Iε(r)

p
2 rd−1 dr

= Ad−1

(ˆ √
ε

0
+
ˆ ∞

√
ε

)
Iε(r)

p
2 rd−1 dr = Ad−1

(
J1 + J2

)
.

Using (A.5) we see

J1 ⩽

(ˆ √
ε

0

2
(α − d) p

2
ε(d−α)p/2rd−1 dr

)
= 2

(α − d)p/2 ε
1
2 ((p−1)d−αp) .

For J2 we use (A.6) to obtain

J2 =
ˆ ∞

√
ε

Iε(r)
p
2 rd−1 dr ⩽

ˆ ∞

√
ε

rαp−(p−1)d−1
(ˆ r2

2

εr2
2(1+ε)

td−α−1e−t dt

)p/2
dr .

Making the change of variables s =
√

εr in the last integral, we obtain

J2 ⩽ ε
1
2 ((p−1)d−αp)

ˆ ∞

1
sαp−(p−1)d−1

(ˆ ∞

s2
4

td−α−1e−t dt

)p/2
ds

⩽ ε
1
2 ((p−1)d−αp)

ˆ ∞

1
sαp−(p−1)d−1e− ps2

8
1

(α − d) p
2

sp(d−α) ds

= ε
1
2 ((p−1)d−αp)

(α − d)p/2

ˆ ∞

1
sd−1e− ps2

8 ds .

Combining upper bounds for J1 and J2 we find

(A.8) B0(ε, α, d, p) ⩽ Ad−1

(α − d)p/2

(
2 +
ˆ ∞

1
sd−1e− ps2

8 ds

)
ε

d(p−1)−αp
2 ,

so that in this regimes, the gaussians {Φε}ε>0 have uniformly bounded W −α,p

norms.
In order to complete the proof of (A.4), we must show a matching lower bound

on B0(ε). For this, using the lower bound portion of (A.6) we compute, for ε small
enough (so that e− pε2

4 ⩾ 1
2 ),

B0(ε) ⩾
ˆ

|y|⩽
√
ε

Iε(|y|)
p
2 dy ⩾ CαAd−1

ˆ √
ε

0

rd−1

r(d−α)p

(ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt

) p
2

dr

⩾
Ad−1

(α − d)p

ˆ √
ε

0

rd−1

r(d−α)p e− pr2
4

(( εr2

2(1 + ε)

)d−α
−

(r2

2

)d−α
) p

2

dr

⩾
Ad−1

21+ (d−α)p
2 (α − d)p

ˆ √
ε

0
rd−1 ε

(d−α)p
2

2 dr = Ad−1

22+ (d−α)p
2 (α − d)pd

ε
d(p−1)−αp

2 ,
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which matches the scaling of the upper bound from (A.8). Combining the previous
two displays completes the proof of (A.4).
Case II: p−1

p d ⩽ α ⩽ d. In this case, we compute

B0(ε, α, d, p)(A.9)

= Ad−1

ˆ ∞

0
Iε(r)

p
2 rd−1 dr

= Ad−1

(ˆ √
ε

0
+
ˆ 1√

ε

√
ε

+
ˆ ∞

1√
ε

)
Iε(r)

p
2 rd−1 dr .

Let us analyze each of the pieces in turn, starting first with the middle piece (which
will turn out to be most important). To analyze this middle term we must observe
that when d > α, for r > 0, then

(A.10) Iε(r) ⩽ 1
r2(d−α)

ˆ ∞

0
td−α−1e−t dt = Γ(d − α)

r2(d−α) .

Inserting (A.10) we obtain
ˆ 1√

ε

√
ε

Iε(r)
p
2 rd−1 dr ⩽ Γ(d − α)

p
2

ˆ 1√
ε

√
ε

1
rp(d−α) rd−1 dr

⩽ Γ(d − α)
p
2 ×


ln 1

ε
if αp = d(p − 1)

1
|αp − (p − 1)d|

ε
d(p−1)−αp

2 if d(p − 1) < αp ⩽ dp .
(A.11)

Now we turning to the piece on [0,
√

ε] we compute directly that when α ⩽ d, by
inserting the uniform bound (A.5) that

(A.12)
ˆ √

ε

0
Iε(r)

p
2 rd−1 dr ⩽ C(α, d, p)ε d

2
(
1 + (log

p
2

1
ε

)1α=d
)

,

where the notation 1α=d serves to indicate that this logarithmic correction is only
present when α = d.

Finally, the contribution of the piece
[ 1√

ε
, ∞

)
, when α ⩽ d, isˆ ∞

1√
ε

Iε(r)
p
2 rd−1 dr ⩽

ˆ ∞

1√
ε

rd−1−(d−α)p
(ˆ r2

2

εr2
2(1+ε)

td−α−1e−t dt

) p
2

dr

⩽
1

(α − d) p
2

ˆ ∞

1√
ε

rd−1−(d−α)p exp
(

−pr2

4

)
r(d−α)p dr = O

(
e− p

ε

)
,(A.13)

which is, evidently, an exponentially small contribution. Inserting the computations
from (A.11),(A.12) and (A.13) into (A.9) we have shown that for ε small enough,

∥Φε∥pW −α,p ⩽ 2Ad−1Γ(d − α)
p
2


ln

(1
ε

)
if αp = d(p − 1)

1
αp − d(p − 1) if αp > d(p − 1) .

As in Case 1, we must show a matching lower bound which demonstrates that these
rates are asymptotically (for small ε) optimal. To do this, we use (A.6) to compute
in spherical coordinates, when αp > d(p − 1), that when ε is small enough,

B0(ε) ⩾ Ad−1

ˆ
√
ε⩽r⩽ 1√

ε

Iε(r)
p
2 rd−1 dr

⩾ Ad−1

ˆ 1√
ε

√
ε

rd−1

rp(d−α)

(ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt

) p
2

dr

= Ad−1ε
1
2 (αp−(p−1)d)

ˆ 1
ε

1
sαp−(p−1)d−1

(ˆ s2
2

ε2s2
2(1+ε)

td−α−1e−t dt

) p
2

ds

⩾ Ad−1ε
1
2 (αp−(p−1)d)

ˆ 1
ε

1
sαp−(p−1)d−1e− ps2

4
1

2(d − α)p/2 s(d−α)p ds

= Ad−1

2(d − α)p/2 ε
1
2 (αp−(p−1)d)

ˆ 1
ε

1
sd−1e− ps2

4 ds

⩾
Ad−1

4(d − α)p/2 ε
1
2 (αp−(p−1)d)

ˆ ∞

1
sd−1e− ps2

4 ds .

In the previous calculation we made the change of variables r =
√

εs.
In the critical case, that is, when αp = d(p − 1), we estimate slightly differently,

arguing that, if d ⩾ p, then

B0(ε) ⩾ Ad−1

ˆ
√
ε⩽r⩽ 1√

ε

Iε(r)
p
2 rd−1 dr

⩾ Ad−1

ˆ 1√
ε

√
ε

rd−1

rp(d−α)

(ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt

) p
2

dr

= Ad−1

ˆ 1
ε

1
s−1

(ˆ s2
2

ε2s2
2(1+ε)

t
d
p −1e−t dt

) p
2

ds

⩾ Ad−1

ˆ 1
ε

1
s−1

(ˆ s2
2

1
e−t dt

) p
2

ds

⩾ Ad−1

ˆ 1
ε

1
s−1(

1 − e− s2
2

) p
2 ds

⩾
(
1 − e− 1

2
) p

2 Ad−1 log 1
ε

,

whereas, when d < p,

B0(ε) ⩾ Ad−1

ˆ
√
ε⩽r⩽ 1√

ε

Iε(r)
p
2 rd−1 dr

⩾ Ad−1

ˆ 1√
ε

√
ε

rd−1

rp(d−α)

(ˆ r2
2

εr2
2(1+ε)

td−α−1e−t dt

) p
2

dr
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= Ad−1

ˆ 1
ε

1
s−1

(ˆ s2
2

ε2s2
2(1+ε)

t
d
p −1e−t dt

) p
2

ds

⩾ Ad−1

ˆ 1
ε

1
s−1

(ˆ 1

ε2s2
2(1+ε)

e−t dt

) p
2

ds

⩾ Ad−1

ˆ 1
ε

1
s−1

(ˆ 1

1
2

e−t dt

) p
2

ds

⩾
(
1 − e− 1

2
) p

2 Ad−1

ˆ 1
ε

1
s−1 ds

⩾
(
1 − e− 1

2
) p

2 Ad−1 log 1
ε

.

Cases 1 and 2 together complete the proof of items (1) and (2) in Proposition A.1
for the quantity B0.
Case III: p−1

p d > α. Finally, in this case, we compute

B0(ε, α, d, p) = Ad−1

ˆ ∞

0
Iε(r)

p
2 rd−1 dr

= Ad−1

(ˆ 1

0
+
ˆ 1√

ε

1
+
ˆ ∞

1√
ε

)
Iε(r)

p
2 rd−1 dr .

As in Case 1, we estimate these term-by-term. For the first piece we computeˆ 1

0
Iε(r)

p
2 rd−1 dr ⩽

1
d

( 1
α

+ 1
d − α

) p
2

,

whereas for the middle piece we compute by plugging in (A.10) we obtain
ˆ 1√

ε

1
Iε(r)

p
2 rd−1 dr ⩽ Γ(d − α)

p
2

ˆ 1√
ε

1

1
rp(d−α) rd−1 dr ⩽

Γ(d − α)
p
2

d(p − 1) − αp
.

The estimate for the last piece is exactly the same as (A.13). To conclude, by the
monotone convergence theorem we obtain that in this sub-critical case,

lim
ε→0+

B0(ε, α, d, p) =
ˆ
Rd

(ˆ ∞

0

sα−1

(1 + s)d exp
(

− |y|2

2(1 + s)

)
ds

) p
2

dy ∈ (0, ∞) . □
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