CONVERGENCE OF EMPIRICAL MEASURES FOR I.I.D.
SAMPLES IN W~«P
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ABSTRACT. Given N i.i.d. samples from a probability measure p on R?, we
study the rate of convergence of the empirical measure puny — p in the negative
Sobolev space WP, When W %P contains point measures (i.e. when ap >
(p — 1)d), we show E||jun — uﬂgv,am
constant Cy, and obtain a Gaussian tail bound. When 0 < ap < d(p — 1), we
prove a similar result for Gaussian regularizations.

< C’d/Np/2 for an explicit dimensional

1. Introduction.

1.1. Main Results. Let ; be a probability measure on R%, and X1, ..., Xy be N

ii.d. samples from u. Let puy be the empirical measure

1 N
def
KN = N E_l 5Xi7

where ¢, denotes the Dirac d-measure at . The aim of this paper is to study the
convergence of jy — p in negative Sobolev spaces. For L? based Sobolev spaces,
E|pun — pl/?,-. can be computed exactly (see Proposition 2.2, below). The main
result of this paper bounds the convergence rate of uy — p in LP based Sobolev
spaces for all p € (1, 00).

To state our result, let a > 0, p € (1,00) and W~*P = W~*P(R?) be the LP
based Sobolev space with index —a. While there are many equivalent definitions of a
norm in W~%P_ the version that is most convenient for us is based on the heat kernel,
and stated precisely in Section 2, below. We show that when ap > (p—1)d (i.e. when
the space W~*" contains point measures), we have E||uy — p|[}, ., < O(1/NP/?)
and a Gaussian tail bound.

Theorem 1.1. Let p € (1,00), ¢ = p/(p — 1) be its Holder conjugate, and sup-
pose a« > d/q = ap/(p —1). There exists an absolute constant C (independent of u,
p and d) such that for every N € N we have

cd'/r
< —

1/p
(1.1) (Ellpn = pllfy—an) ™ < Wi 60 llw—a. -
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Here dq is the Dirac §-distribution at 0. Additionally, for every N € N, the random
variable ||un — pllw-a» satisfies the Gaussian tail bound

P(|lun — pl] > A) < 2ex —NA
KN Lljw —a.p X P Cd2/pp||(5o||%,v,a,p )

for every A > 0.

Notice that when a < d/q, the empirical measure py ¢ W~*P  and so both
the left and right hand side of (1.1) are infinite. In this case it is natural to
study the convergence of the Gaussian regularized point measures instead. For
any € > 0, define p® £ wx P and piy £ un * @, where @, is the density of a
centered radial Gaussian with variance 2¢ (see (2.3), below). When o < d/q we
bound E||uy — ull}, and obtain a Gaussian tail bound.

—a,p)
Theorem 1.2. Let p € (1,00), @ > 0 and suppose € WP, There exists an
absolute constant C' (independent of u, p and d) such that for every N € N, we have

)1/p< Cdl/p

1.2 E| — 2 ) < B ||yyr—aw + |15 — sty —cn -
(1.2) (Ellpsy — plly—a. \/NH <llw 11— pllw

Additionally, for every N € N, A > 0 we have the Gaussian tail bound

2
“N(A = lp* = pllw-an),
Cpd?/?P|| P13 -

(1.3) P(H/[J:\f — pllw-ar > )\) < 2exp<

In order to use Theorem 1.2 one needs to understand the behavior of ||®P¢||y—a.»
and ||u® — pllw-a» as € = 0. These are both well known and stated here as remarks
for easy reference.

Remark 1.3. For every u € WP we know ||u® — p||yr—«.» vanishes with e, but
the rate may be arbitrarily slow in €. If, however, p was more regular than WP,
then one has an explicit rate. For instance, if y € W="? for some o/ < a, then
standard regularity estimates imply

!
I8 =l < Coae ™A

Remark 1.4. Tt is well known that

Ine|'/?  « :%

T '
- a<d.

E;—a q

with constants that depend on «, p, and d. For convenience, we state this precisely
in the appendix (see Proposition A.1), and present a proof with explicit bounds on
the constants.

The constant d'/? appearing in (1.1) can be replaced with the p-th root of the
best weak L' bound for the Hardy-Littlewood maximal function. The standard
proof using the Vitali covering lemma shows this constant is at most 3¢, and a
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classical result of Stein and Stromberg [SS83] improves this to O(d). To the best of
our knowledge the sharp constant for this weak L' bound is not known.

Finally we mention that our results do not require any regularity or moment
conditions on the probability measure p, nor any bounds from below for p on its
support. Moreover a standard localization argument can be used to obtain similar
rates of convergence when R? is replaced by a closed manifold. We also note that
without further assumptions matching lower bounds for (1.1) can not be obtained,
as can be seen by taking p = dy.

1.2. Motivation and literature review. The convergence of the empirical mea-
sure puy — p is a central question in probability and statistics, and has been
extensively studied. The law of large numbers shows that almost surely, the se-
quence puy — i weakly in the space of probability measures.

There are a number of results quantifying the weak convergence of py — p. One
popular approach is to use the Wasserstein distance, which is natural as it measures
the transportation cost of moving p to v. Explicitly for p € [1,00), the Wasserstein
distance between two probability measures p, v (see for instance [Vil09]) is defined
by

Wy(,v) = inf  (B(x.yyy|X = Y[P)7,
Y€ (p,v)
where T'(u, v) is the set of all couplings of p and v.

Seminal work of Ajtai, Kolmds, Tusnddy [AKT84] studies the rate of convergence
of W,(1un, 1) in the context of an optimal matching problem when p = Unif([0, 1]¢) is
the uniform distribution. It has since been studied by several authors [Tal21,Led23],
and recent work of Goldman and Trevisan [GT21] shows

lim Nl/d(EW;,’(uN,u))l/p € (0,00), when p = Unif([0,1]%), d > 3.
N—o00
This gives both an upper and lower bound showing (EW} (un, )P ~ 1/NP/4,

For general distributions, to the best of our knowledge, the sharp rate of con-
vergence is not known. Under a suitable moment condition, one can show [DSS13,
BLG14,FG15] the upper bound

d
when 1 <p< —.

C
1/

This has been extended in [LZ21] for Gaussians for all p € [1,d), and by Divol [Div21]
for all p € [1, 00) for compactly supported distributions with strictly positive densities
(see [LS89, GTS15] for the p = oo case). More generally Weed and Bach [WB19]
show the bounds

c
EWP(NJ\UN) < N1/t and WP(/LNa/L) > N1/s

for every t > dy(p) and s < di(p). Here dy(u) and d.(u) are the upper and lower
Wasserstein dimensions respectively (see Definition 4 in [WB19]). (Note the lower
bound holds surely, and not on average.)

The Wasserstein bounds above suffer from the curse of dimensionality — the
convergence rate becomes extremely slow when the dimension is large. Our aim in
this paper is to look for results that allow for faster convergence in high dimensions.

To hint at why this is to be expected, we note that for any (nice enough) test
function f, we have the dimension independent identity

E(/Rdfd(“N_“)Y:W’

which is the foundation of several Monte Carlo methods used today (see for in-
stance [Liu08]). Of course, for the above to be defined, the function f needs
to be regular enough to allow for evaluation at points. This suggests dimension
independent bounds may require the use of spaces which discount fine scale structure.

One such example is a maximum mean discrepancy (MMD) distance, which
is known to quantify weak convergence [SGBSM23]. With this approach, the
probability measures are embedded into a Hilbert space and the norm in this space
is used to measure distance. In this setting the expected value of the MMD distance
squared can be computed exactly using the modulated energy [HCRS25] (see also
Proposition 2.2, below).

The present paper aims to study convergence rates outside the Hilbert space
setting, where an exact calculation is not available. The simplest and most natural
example is to consider negative Sobolev spaces, which have been used by many
authors to quantify weak convergence [Thil2]. Here we obtain rates of convergence
with a dimension independent exponent. More precisely, Theorem 1.1 shows the
convergence rate in L? based Sobolev spacesis O(Cy/+v/N), for an explicit dimensional
constant Cy. The disadvantage of using negative Sobolev spaces is that for some
indices the space may not contain point measure py, or even the target measure p.
We address this by studying the convergence of Gaussian regularized point measures
instead, as stated in Theorem 1.2.

Plan of this paper. In Section 2 we state the main result of this paper (Theo-
rem 2.1) which yields both Theorem 1.1 and 1.2. We prove Theorem 2.1 in Section 3
when o € N, and in Section 4 when o € N. In Section 5 we prove Proposition 2.2,
which is a stronger version of Theorem 2.1 for p = 2. Finally in the appendix we
compute the negative Sobolev norms of Gaussians, as stated in Remark 1.4

Acknowledgements. The authors thank Giovanni Leoni, Dejan Slepcev, and
Matthew Rosenzweig for helpful discussions.

2. Main results and proofs.

Before proving Theorems 1.1 and 1.2, we define the W ~%P norm that is used in
the statement of the theorem. There are several equivalent definitions of the norm
in WP (see for instance [Tri92]), but the version that is most convenient for us is
the one from Appendix D in [AKM19] based on heat kernels. For oo > 0, p € (1, 00)
we define the W~%P norm by

[ullw-er
(2.1) [ullw—er = {

[l =

a¢gN,
a€eN.
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Here the norms ||-||yy-a.» and ||-||s-a.» are defined by

ar ([0 pdiy7
lelhw—er = (] (65 s @ellnen)” )

def 1 a o dt\ % %
oo ([ ([ @ty ) a)"

and @ is the standard Euclidean heat kernel

(2.2a)

(2.2b)

2.3 By(z) & — oI
(2.3) @) & exp(— -
For convenience, when ¢ = 0 we will use @y to denote the Dirac § distribution at 0.
Appendix D in [AKM19] provides a detailed proof showing (2.1) is equivalent to
the standard W =P norm based on duality.

Both Theorems 1.1 and 1.2 follow immediately from the following result for

Gaussian regularizations.

), zeRY, t>0,

Theorem 2.1. There exists an absolute constant C, independent of d and u, such
that for any p € (1,00) and € > 0 we have the moment bound

1/ cd*’?./p
(2.4) (Bl — 118 —0) 7 < mf@gnwa,p 7

and the Gaussian tail bound

(2.5) P(||lusy — 1 > \) < 2ex —NA
o P e 2 S 2SN carrpled]

Ifap > (p—1)d and p € W—*P, then both (2.4) and (2.5) also hold for e = 0.

5 >, for every A > 0.
W—ap

Theorems 1.1 and 1.2 follow immediately from Theorem 2.1.

Proof of Theorems 1.1 and 1.2. When ap > d/q, Theorem 2.1 with e = 0 reduces
to Theorem 1.1. For Theorem 1.2, the triangle inequality implies

1/ 1/
(Blluy — ullyy-an)” < (Ellpsy — 1 y-an) " + 117 = pllw—on -
Now (1.2) and (1.3) follow from (2.4) and (2.5) respectively. O

We prove Theorem 2.1 in Section 3 when o ¢ N, and in Section 4 when o € N,
and these are the main contributions of this paper. To briefly comment on the
proof, we note that the standard dual norm on W~%? is not convenient to work
with in this context, which is why we use the heat kernel based bounds (2.2a)-
(2.2b). As we will see shortly, the main tool used in the proof is a bound on the
subgaussian norm of the random variable &, (x — X1), treating ¢ € (0,1) and x € R?
as parameters. Of course, since ¢; € L>°, the subgaussian norm is easily bounded
by ||P¢||L~. However, this bound is too crude to yield Theorem 2.1. What we
need is a bound that decays nicely in both the parameters x and t. We prove this
bound in Lemma 3.2 (below) and control the subgaussian norm in terms of the
Hardy-Littlewood maximal function of z. We then use the weak-L!' bound on the
maximal function to prove Theorem 2.1.

Before delving into the proof, we briefly digress and state the analog of Theorem 2.1
when p = 2. In this case the expressions in both (2.2a) and (2.2b) agree, and there

is a slightly stronger result that can be obtained with a simpler proof. To simplify
notation let H~® denote the L?-based Sobolev space with index —a, and define

1 1
def a 2 dt\ 3
ol - =l = (6% e ulzzgen) )

whether or not @ € N. Our next result shows that when p = 2 the bound (2.4)
can be made exact equality, and (2.5) can be proved without any dimensionally
dependent constants.

Proposition 2.2. For every a > 0, € > 0 and every N € N we have
1
(26) Bl — 13 = (193 — el ).

Additionally, we have the Gaussian tail bound

—N)\2
@7 Pl — ple >N < aexp<

Cll 2l -
Ifa> % and p € H= then both (2.6) and (2.7) also hold for e = 0.

>, for every A > 0.

3. Convergence in W~*P,

The aim of this section is to prove Theorem 2.1 when o ¢ N. We do this by
proving a slightly more general result. Let W~%P = W~*P(R%) be the space of all
tempered distributions for which the norm in (2.2a) is finite. We will now show that
Theorem 2.1 holds with ||-||y-a.» replaced with ||-||yy-a.», whether or not o € N.
Explicitly, the result we prove is as follows.

Proposition 3.1. There exists an absolute constant C, independent of d and pu,
such that for any p € (1,00) and € > 0 we have the moment bound

Cdl/p\/]j

€ € 1/p
(3.1) (Elley = 1 y-an) " < Wi [Pellw—an,

and the Gaussian tail bound
(3.2) P(|luy — 1fllw-ar > A) < 2exp AL for every A >0
' N e h Cd/vp| D30 ) '

Ifap > (p—1)d and p € W=*P, then both (3.1) and (3.2) also hold for e = 0.

We state this version here for convenience, and note that it immediately implies
Theorem 2.1 for o ¢ N.

3.1. Proof of Proposition 3.1. As mentioned earlier, the main idea behind the
proof of Proposition 3.1 is to consider the random variable &;(x— X1 ), treating x € R?
and t € (0,1) as parameters, and show that the subgaussian norm decays suitably
in both = and ¢t. Recall (see for instance Section 2.5 in [Ver18]) that if Z is a one
dimensional random variable its subgaussian norm, denoted by ||Z||,, is defined by

| Z|yp, = inf{c >0 ’ Eexp(f—; < 2)}

What we need to prove Theorem 2.1 is to show that ||@,(z — X1)||y, essentially
decays like a Gaussian in x,t. This is our first lemma.
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Lemma 3.2. For anyt € (0,1),z € R? we have

def

33)  olz,t) = [Pz — X1)|lw, <

¢ exp< -1 )
(@rt)®> gy (VyM () ")

where and M denotes the Hardy—Littlewood mazimal function of p. Here Vg denotes
the volume of the unit ball in R?.

Here clarify ||$:(z — X1)||y, denotes the subgaussian norm of the random vari-
able @;(x— X1), where x, t are fixed, deterministic, parameters. We prove Lemma 3.2
in Section 3.2, below.

To see how (3.3) decays in x,t, we note that the maximal function of any proba-
bility measure “usually” decays like 1/|2|% as |#| — oo. When this happens, o(z, )
will satisfy a Gaussian upper bound. Of course, the maximal function does not
always decay like 1/|x|?, and obtaining the decay we need from (3.3) requires a
little work. We do this by combining (3.3) with the weak L! bound for the maximal
function. Explicitly, what we need is the following lemma.

Lemma 3.3. There exists an absolute constant C, independent of d, 1, such that
for every p € (1,00), a > 0, € = 0 we have

Lo, 1/p
(3.4) (] e# ot + ol )

Remark 3.4. Note that when a > d/q (i.e. when ap > (p —
of (3.4) is finite when € = 0.

< CdYP||Delyy-en -

1)d), the right hand side

Momentarily postponing the proofs of Lemmas 3.2 and 3.3 we now prove Proposi-
tion 3.1. Here and throughout this paper we use C' > 0 to denote an absolute constant
that does not depend on the measure u, or the parameters p > 1,d € N,a > 0, and
may increase from line to line.

Proof of Proposition 3.1. For any x € R%, t € R, define the random variable Sy (z, t)
by

N
(3.5) Sn(x,t) = (un — p) * By Z (Pe(x — X;) — ().
Now we compute
1
66  Eluy -y on= [ [ FEISkat el da.
t=0 J z€R?

Since the p-th moment of a random variable is controlled by ,/p times its subgaussian
norm, this implies

1
B0 Bl = wlyns <O [ i E Syt o), dodt.
t e

Now by Lemma 3.2 and Hoeffding’s inequality the random variable Sy (x,t + ¢€)
is subgaussian with norm controlled by
Co(x,t+¢)

(38) HSN(J?J‘FE)sz < \/N

Using this in (3.7) implies

1p _ C\p /1 ap_y . 1/p
. < Y= t2 Yo(,t+e)|P,dt
D[ F o at)

Combining this with Lemma 3.3 yields (3.1) as desired.

(Elluiy — ply-

We now prove the Gaussian tail bound (3.2). Notice
ey = pllw=ow = fn(X1,..., XN)
where

fN(yla“'vyN) d:ef ||gN(,ay17>yN)||

N
o 1
(3.9) gy (@, iy, yn) = Z¢t+a = tete(T),

and ||-||« is the weighted L? norm

] 2 (/ I

We now claim for any i € {1,...,

1/p
“h(x t)pdmdt> .
N}, yi,yh € R? the function fN satisfies

(310) ‘fN(ylv7yN)_fN(y17ay17lay£7yz+177yN)| Hds ||W ap .

To prove this we note that by symmetry it suffices to prove (3.10) for ¢ = 1.
Let y1,y;, € RY and § = (y2,...,yn). Since ||-||« is a norm, the reverse triangle
inequality implies

|fN(y17 ) fN(yla )| Hh'(7 7y17y1)”*7
where
¢ 1
(3.11) h(z,ty1,91) = N(@Ha(x — 1) = Drre(z —11)) -
Clearly

2
1RG5y 91l < 1 Pellw—an

from which (3.10) follows.
Since the bounded differences property (3.10) holds, we may now apply McDi-
armid’s inequality to show ||uS — 1°]|yy-e.» is subgaussian with

C
—||® —ap .
12l

e S [ T s
2
Thus

C
< ———] @ —a, +CE & — Ut —a,
v \/NII elw—ecr i = 1 hw—eor

C
< —
~|

[llsse = ¥l

1
18-l w-er + C(E |y — 1 [0y-) "
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Using (3.1) this implies ||u% — p|lw-a.r is subgaussian with

Cdl/T’\/f)
& — 1 —a,p < e @5 —a,p
e e B e L
This immediately implies (3.2), concluding the proof. O

It remains to prove Lemmas 3.2 and 3.3, which we do in subsequent sections.

3.2. The subgaussian norm of ¢;(z — X;) (Lemma 3.2). The key step in the
proof of Proposition 3.1 was the bound on the subgaussian norm of @;(x — X;). We
now present its proof.

Proof of Lemma 3.2. We know (see for instance [Verl8, Proposition 2.6.6 (i)]) that
if for some K (x,t) > 0 and all A > 0 we have

(3.12) P(|01(z — X1)| > \) < QeXp(—Kl(A;t)z),
then there exists an absolute constant C' such that

(3.13) o(x,t) =By (z — X1)||yp, < CKi(x,t).
Next we note that

22

A < Kl(.’r,t)\/h'l2 — 2eXp(_m
1Ly

) >12 P(|8(x— X1)| > A).
Also,
)\2
NS () = P00 X0)| > 0) =0 < 2esp(~ o).
1 9

which again verifies (3.12). Thus we only need to ensure that (3.12) holds for all
such that

1
(3.14) Kivin2 < A< ———

(4mt)d/2 "
Now define r = r(¢, A) by

r< 4tln( ! - )
(4mt)2 A
and note

P(®y(x — X1) > \) = P(X1 € B(z,7)) = p(B(z,7)) < VaMp(z)rt.

Thus (3.12) will hold for all A satisfying (3.14) provided we can ensure
)\2
d
< - -
VaMp(z)r® < 2 exp( K, t)2)
Clearly this is equivalent to showing that for all

1
(3.15) 0<r< \/4“n((477t)3K1(a:,t)(ln2)1/2> ;

we have
n(z) 1 2 2 1/d
3.16 dK?*In( =) > T2t wh =(———) .
(3.16) 1n( r ) (47‘4’1‘,)d6 where n(z) (VdMu(x)>
Choose
1
(3.17) Ky (z,t) = Weﬂznu)z/zxt,
T

for some small constant v > 0 that will be chosen shortly. Note that both the
left and right hand side of (3.16) are decreasing functions of r. Moreover, the
inequality (3.16) clearly holds for » = 0. Thus (3.16) will hold for all r in the
interval (3.15), provided it holds for r = r;, where

= \/4tln<(47rt)gK1(;,t)(ln 2)1/2) - \/7277(@2 + 2t ln(ﬁ) .

When r = ry, and K is defined by (3.17), the inequality (3.16) is equivalent to

defv2n(a:)2/2t 1n<n(x)) > efrf/Qt )
r1

Through a direct calculation, this in turn is equivalent to having v < 71, where

1 2tin()
3.18 =f - In2/

We now divide the analysis into two cases.

Case I: n(x)? > 2'7Y/4¢InIn2|. In this case the quantity under the square-root
in (3.18) is positive and we choose v = y; > 0. Using the definition of n (from (3.16))
this implies

1 —2¢
Kl(xvt) - (4ﬂt)d/2mexp<4t(VdMM(x))2/d> |

Now the argument above shows (3.12) holds for all A > 0, and so using (3.13) we
obtain (3.3) as desired.

Case IT: n(z)? < 2'7Y4¢|InIn2|. In this case the definition of n (in (3.16)) implies

-1 1 def ‘lnln 2‘
exp< ) > where C(d) = exp .
4t(VdM/J,($))2/d Ci(d) ' ( 2t+1/d )
Now
P X < C||® X < ¢
[D¢(z — X1) [y, < ClPe(z — X1 < W
CCi(d) . p( -1 )
X X y
(4mt)/2 4t(VdMu(x))2/d
which immediately implies (3.3) as desired. O
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3.3. Decay of ¢ (Lemma 3.3). Given Lemma 3.2, one can prove Lemma 3.3
quickly using the weak L' bound on the Hardy-Littlewood maximal function. We
present the proof below.

Proof of Lemma 3.3. Define the function F by

1 -1
(3.19) F(A ) = (4rt)d/2 eXp<4t(Vd)\)2/d> e

Using (3.3) and the layer-cake formula we see

o 0)ll7, < C7 /A_O On(FP) [{Mpu > A}|dr < deA_O o 2.

The last inequality above followed from the Stein-Strémberg weak L' bound for the
maximal function (see Theorem 3 in [SS83]). Substituting r = 1/(VzA\)'/¢ and using

dr _—Va

ax di

(3.20) = (=) Oy = —=r""0,

we obtain

(3.21) o017, < —deVd/ Or(FP)rddr = de2vd/ FPri=ldr.
0 0

The last equality above was obtained by using the fact that F(r)r? — 0 as both r — 0
and 7 — oo, and integrating by parts.
Next we notice that using radial coordinates to compute ||@]|%, gives

1 —pr? _
po_ 1 —pr- d-1
D¢l 70 = (Art)ypir2 /Rd exp( m )Adflr dr,

where Ay is the surface area of the unit sphere in R?. Using the identity dV; =
Ag—1 and (3.19) this implies

(P15, = dVd/ FPrd=ldr.
0

Substituting this in (3.21) implies
loC, 7, < CPdl|PelTs
which immediately yields (3.4), concluding the proof. |

4. Convergence in # ~%P,

We now prove Theorem 2.1 when o € N. As before, we do this by proving a
slightly more general result. Let % ~*? = % ~*P(R%) be the space of all tempered
distributions u for which the norm in (2.2b) is finite. We now show that Theorem 2.1
holds with ||-|ly—a.» replaced with |||l —a.», whether or not & € N. This will
immediately imply Theorem 2.1 for o € N, and hence conclude the proof of
Theorem 2.1.

Proposition 4.1. There exists an absolute constant C', independent of d and p,
such that for any p € (1,00) and € = 0 we have the moment bound

1/ cd*’? /p
@) (Bl =1y o) < 2@l

VN

and the Gaussian tail bound

—N)\2
4.2) P & — U |p—a > A) <2
(4.2) (”MN B |l ) eXp(CdQ/Pp||Q5E2WQ,p

Ifap > (p—1)d and p € #' =P, then both (4.1) and (4.2) also hold for e = 0.

), for every A > 0.

While the proof of Proposition 4.1 uses the same strategy as that of Proposition 3.1,
there is one added difficulty. When working in W=*?, we note E||un — pl[%),-a.,
can be written in terms of ESy as in (3.6), after which we use Hoeffding’s inequality
to proceed. In the space # ~ %P this is no longer possible. We work around this
using a Minkowski type inequality and bound the p-th moment E||uy — /’[’H{;ﬂfa,p
in terms of an integral of o. For clarity of presentation, we first state a lemma
bounding ||o ||y -a.r.

Lemma 4.2. There exists an absolute constant C', independent of d, u, such that
for every p € (1,00), « > 0, € = 0 we have

1 /2 1/p
(4.3) (/ (/ t“—la(x,t+e)2dt)p dx) < O |||y -
R4 0

Remark 4.3. As with Remark 3.4, note that when o > d/q (i.e. when ap > (p—1)d),
the right hand side of (4.3) is finite when ¢ = 0.

Momentarily postponing the proof of Lemma 4.2, we now prove Proposition 4.1.

Proof of Proposition 4.1. Notice
(4.4 Bl = ully o = [ Blvocla) do
R

where Jy o () is the random variable

1 1/2
IN () & (/ talSN(x,t+s)2dt)
0

and Sy is defined in (3.5). Now let |||y, denote the subexponential norm, and
recall (see for instance [Verl8|, Lemma 2.7.6) that for any random variable Z we
have

1214, = 12113, -

Since |||, is a norm, the above identity and Minkowski’s inequality imply

1 1/2
1IN 0. (@), = ||JN,a,8(x)2||11¢)/12 < </O ta_1||SN(mvt+E)2”¢1 dt)

1 1/2
_ (/ 11 Sy (x, £ + €12, dt)
0

5 < — t* to(x,t+e)“ dt .
VN \Jo

Substituting the above in (4.4) implies

e 1/
(Bl = plly ) < OVB[1n e lvs

Lr
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(45 C\/p </ </1 ) ) )p/2 )1/p
< —= t* o(z,t+e)°dt dx .
VN ey ottt

Combined with Lemma 4.2 this yields (4.1) as desired.
Next we turn to the Gaussian tail bound (4.2). The argument is almost identical
to the proof of (3.2). As with the proof of (3.2), the starting point is to notice that
”/j‘?\f - NJE”“///—‘%P = fN(le e 7XN)7

where
def

fN(y17"' 7yN) = ||gN('a';yla"' ayN)H*'

Here gy is the same function defined in (3.9), and ||-||. is the weighted norm

1 g %
Al (/ (/ to‘_lh(x,t)zdt) dx) |
R4 0

We now claim for any i € {1,..., N}, y;, vy, € R? the function fy satisfies

2
(4.6) v, un) = AN Vi1 Y Vit 1y - UN) | < < | Pel o
N

The proof of (3.10) is very similar to that of (3.10). Indeed, by symmetry it suffices
to prove (4.6) for 4 = 1. For this choose any y,9, € R? and § = (o, ,yn) €
(Rd)N —1. The reverse triangle inequality implies

[fn (e, 9) = v D < RG, sy,y0) [

where h is the same function defined in (3.11). This immediately implies

2
1G5y y)lle < 1 Pellp—an

from which (4.6) follows.
Given (4.6) we obtain (4.2) using McDiarmid’s inequality and the moment
bound (4.1) exactly as in the proof of (3.2). O

It remains to prove Lemma 4.2. The proof is a direct consequence of Lemma, 3.2
and the Stein-Strémberg weak L! bound on the Hardy-Littlewood maximal function
(Theorem 3 in [SS83]).

Proof of Lemma 4.2. Define the function F' by

b

FO= (/ N eXp(w ¥ s>_<1vdx>2/d> dt) E

and observe

(3.3)
ol < CP/ F(Mpu(z)) dz = C7
Rd

dA
1
Making the same change of variables r = 1/(VzA\)'/¢, and using (3.20) shows

000 NFN)|{Mpu(z) > A} dA

(4.7) < CPd / OF
0

(4.8) / HhEQ) % =—Va| OF(r)ridr= dVd/ F(r)yri=tdr.
0 0 0

To obtain the last equality above we integrated by parts and used the fact that % F(r)
vanishes at both 0 and co. Computing ||®. || using radial coordinates and using the
identity dV; = Aq_1 we see

dVd/ F@r) e dr = |92,
0

Combining this with (4.7) and (4.8) yields (4.3) as desired. O

5. Exact second moments in H~“ (Proposition 2.2).

The proof of Proposition 2.2 is a short and elementary calculation.

Proof of Proposition 2.2. For any € > 0 and N € N we have

1 N
a— 1 2
e = re = [ [ (5 Sl X0 - preele)) dadr.

Notice that for every x and ¢ the summands ®;.(x — X;) — p4-(x) are centered
ii.d. random variables. Thus

e _
(5.1)  E|py — 13-« = N/o /Rd t N Edye(x — X1)? — puse(z)?) dadt.

Notice

1 1
/ / B, (v — X1)? dodt = / / 7By (2 — ) dp(y) do dt
o JRrd 0 JRIXRI

1
_ / / 1071, (2)? dz dpa(y) dt = / 1B12, - dp(y) = |23
0 R4 xR R4

Also, by definition,

1
|t et dede = .
0 R4

Thus (5.1) reduces to (2.6) as desired. When o > d/2, all terms in (5.1) remain
finite when e = 0, and in this case (5.1) also holds when ¢ = 0.

The proof of (2.7) is almost identical to that of (3.2) and (4.2). In the proofs of
both (3.2) and (4.2) we note that the dimensional factor d'/? only arises through
the bound on the mean (inequalities (3.1) and (4.1) respectively). In our case the
mean is the exactly given by (2.6), which doesn’t have the d'/? factor. As a result
this factor is also absent from the Gaussian tail bound (2.7). O

Appendix A. The W™*? and # ~“P norms of Gaussians.

Since the bounds in Propositions 3.1 and 4.1 involve ||D. ||y-a.r and || Pe||w -,
we now compute them explicitly. A scaling argument quickly shows their behavior
in € as € — 0. However, their explicit dimensional dependence is useful and isn’t
easily available in the existing literature. We present it here for reference.
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Proposition A.1. For every € > 0 we have

l(a_i)

£2 a
(A1) Pellyy—er = mgo(&%p’ d)l/p,
p2r(4m)?2a
1 d
cz(@=9) Y
(A.2) |Dcl—an = W*@O(Eaaapv a)’?,

where By and Py are given by

Bo(e) = Bo(e, . p,d) def/l/s S
g, a,p,a) = T a 4s,
R O

1

Bole) = Bole, a,p,d) = /]R (/0 (fj_sl)dexp<—2(|lyjs)> ds)g dy.
(1) When o > d/q

) ALY 2 ;
(A-3) ig%g Bo(e) (ap —d(p — 1)) ’
(A.4) 51_12%5% ),@0( P e (0,00),

and ||dollyw-awr, |[00|ly-ar are the limits as e — 0 of the expressions in (A.1)
and (A.2) respectively.
(2) When oo = d/q

1/p 1/p 1 1
fim (2E) T Z 1 g 0 < tim (22 <A§71F<g)p.
e—=0\ |Ingl e=0\ [Ine] p

(8) When 0 < a < d/q, both By(e) and PBy(e) converge to finite, non-zero
constants as € — 0. Hence both norms || Pc||yw-aw and ||Pe|ly-an diverge

like 1/5%(%7Q) ase — 0.

For clarity of presentation we divide the proof into two parts, each addressing
bounds in WP and # ~“P respectively.

A.1l. Computation of ||P.|lyy-ap.

Proof of Proposition A.1 for W<
nel we compute

AT //t ~1¢,., (2)P dz dt
t¥ 1 pla|? >
= ——exp| — dz dt
/0 /R (4n(t+¢))F < At +e)
t

P, Using the semigroup property of the heat ker-

ap_q ap __d(p—1)
2 2

BO(‘€7 «,p, d) )

[SI[-H

B 1 PorEt e
C pd/2(477) 5 (p—1) A= T d/2(4) 4 (0 1)
p/2(4m) 0 (t+e) 2 p/2(4m)

where the last equality follows from a change of variables. Taking the p—th root
yields (A.1).

We now prove items (1)—(3) for the quantity By(e). First, when a > d/q, the
dominated convergence theorem yields

1/p 1
ap_dp-1 2 »
lim (a - )BQ(E o' p,d)) = (71)) .

e—0+ ap —d(p —

This proves (A.3) as desired. Moreover, in this regime, the Sobolev embedding
theorem implies . — 0y in W~%P as ¢ — 0 and hence

[0l = tim [[@cllyy-cs

as claimed.

Turning to item (2) for the quantity By(e), we compute directly by the ’'Hopital
rule that

By (e) R Y A
im =— lim — 7dds
e—0+ |Ine| =0t Ine Jo (14 s)@-D2
1/e)Z 1 1 “1)d—a
=— lim EL(——) = lim e 5 =1,

=0t (14 1/e)P-DE" €27 0+

Finally, to prove item (3), we now assume 0 < a < d/q. In this case

1

80(5) < /
0
2 2

<=4 —(1-
ap Iap*(pfl)d\(

1ds+/ sF =151 4g
1
E(p 1)2_T>7

and so monotone convergence theorem completes item (3) for the quantity By(e),
yielding that

oo 5%71
lim B / ——F— € (0,00).
0+ O() 0 (1+S)(p 21)d ( )
U

A.2. Computation of ||P.|y-a». Before we can estimate ||@||y —«.», we need a
calculus lemma concerning asymptotics of the inner integral in (2.2b).
Lemma A.2. For anyr > 0 let

1 sa—1 r2
1, = — ds.
0= [ e -
0, then I.(r) satisfies the bounds
1 1 1
o taalza1) a#d

1 1
f+1og,
« 3

For allr >

(A.5) L(r) <
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Additionally, for every r > 0, we have

T2 7‘2
Co 7 d—a—1 —t L F o d—a-1,-t
(A6) m e e dt < Ig(?") < m o Y7 e dt .
2(1+e) 2(1+e)
where Cy, = min(1, o).

Proof. We first note the elementary bound

1

1r()</;‘9a_1 d</1 a-lg +/E amd-tgg L 1 (—1 1)
(r) < s< | s s s s=— -1),
o (1+s)d 0 1 a a—d\erd

if a # d, and

: go-l Lo N 1 1
I.(r) < ———ds < s¢” ds+/ s'ds=—+log—.
(r) /0 (1+ s) /0 1 o &%

when o = d. This is the proof of (A.5).
We also need a different bound that captures decay in r for r large. For this, the

change of variables 2(1”7;) =t, gives
N

(A7) Le(r) = / (t - 1) 2@t 1
2(1+¢)

Since (r? —t)*~' < r2(@=1) on the interval of integration, we obtain

r2
1 z d—a—1_-—t
Ia(’/’) < r?(d—oc) /E'r'2 t e dt .

2(1+¢)

This yields the upper bound in (A.6).
For the lower bound, using (A.7) one more time and that on the interval of

integration, we have r% > r?(1 — >7r2—t> T we compute

sars) R

2

Cqo z

L(r) 2 Saa timetetat,

er2

2(1+¢)

1 and C,, = 55= if @ > 1. This yields the lower bound in (A.6)
]

with C, =1 if a <

With these observations about I, we are ready to prove Lemma A.1 for # ~%P

Proof of Proposition A.1 for # ~*P. We compute

oty o= [ ([ 00t ar) i
- L, e (o))

Here, make the change of variables t = es,y = f’ to obtain

L a—1 2 z
o |P = %—(P—l)%/ / 5 _L d d
[Pelly —er = W\ Gra e P\ a1 ) W

def

e By (e, 0 d, p) .

Upon taking the p-th root of both sides, we get (A.2). We turn to analyzing
the e — 0% behavior of %, thereby verifying items (1)-(3) in the different regimes.
We must divide our analysis in a few cases.

Case I: « > d > (p— 1)d/p. Lemma A.2 show that for small ¢ we have

Bo(e, o, d,p) = Ag_y / L(r)5rd1 dr

—a ([ [

Using (A.5) we see

Ve 2 (d—a)p/2,.d—1 2 1((p—1)d—
Jl < 7€ @)p T d’l" = €2 p ) ap) .
o (a—d)% (o — d)p/2

For J we use (A.6) to obtain

rldr = Agoq (J1 + o).

(M)

T

n= [ Lot tas [ rawwdl( /
Ve VE -

2(1+e)

p/2
pd-a—lo—t dt) dr.

Making the change of variables s = \/er in the last integral, we obtain
2

e’} 00 p/
JQ < E%((pfl)dfap)/ Sozpf(pfl)dfl </2 tdfafleft dt> ds
1 52

4
< 6%((p—l)d—ozp)/ gop—(p—1)d—
1

ps2 1
e 8
ga((p—Dd—ap) poo = 2
= YT eT T ds.
1

gPld—a) g¢

(a—d)F
(o — d)p/?
Combining upper bounds for J; and Jy we find

Ad—l o d—1 —ps2 dlp—1)—ap
< (a—d)p/2<2+/1 s eT s ds |em 2 ,

so that in this regimes, the gaussians {®.}.~¢ have uniformly bounded # ~*?P
norms.

In order to complete the proof of (A.4), we must show a matching lower bound
on Ay(e). For this, using the lower bound portion of (A.6) we compute, for € small

(A.8) PBo(e, a,d,p)

enough (so that e > %),

2

P Ve ’I"dil T %
wie) > [z Coae [ ([ eieta)
ly|<ve o T PIeE)
- Ad71 Ve Tdfl o 67"2 d—a 72\ d—a %d
4 _— — J—
“ (a—d)p /0 r(d=a)p <(2(1 —|—5)> ( 2 ) > "

(d—a)p

Ad,1 Ve d—1€ 2 Ad,1 d(p—1)—ap
@ r dr = ——a—y o € 2
= (a—d)P Jo 2 22+ (o — d)Pd

2
21+
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which matches the scaling of the upper bound from (A.8). Combining the previous
two displays completes the proof of (A.4).

Case I1: %d < a < d. In this case, we compute
(A9) %0(57 «, dvp)

> p
= Ad,l/ IE(T)frd_1 dr

0
Ve,
:Ad,1 (/ —‘r/\f—F/ )IE(T>2’/‘d_1d7“.
0 NG <

NG

Let us analyze each of the pieces in turn, starting first with the middle piece (which
will turn out to be most important). To analyze this middle term we must observe
that when d > «, for » > 0, then

1 > I'(d —
)€ ey [t D),
0

(AlO) r2(d—a) r2(d—a)

Inserting (A.10) we obtain

v 1
Ve NG 1
/flg(r)grd‘ldrgr(d_a)% Ve m—
VE ve )
1
lng if ap=d(p—1)
(A S Td=ax 1 T fd(p—1) <ap < d
B T O} 1 p— ap < dp
lap — (p — 1)d|

Now we turning to the piece on [0, /2] we compute directly that when a < d, by
inserting the uniform bound (A.5) that

ol

21
2 —
3

\/g b
(A.12) / L(r)2r?tdr < Cla,d,p)e? (1 + (log? =)laza),
0
where the notation 1,—4 serves to indicate that this logarithmic correction is only
present when o = d.

Finally, the contribution of the piece [ﬁ, oo), when a < d, is

2

oo , o0 = 5
/ Ie(?")%rd_ldrg/ rd—1—<d—a>1’(/ . td—a—le—fdt> dr
f —_ ET

Ve 2(1+¢)

1 d—1—(d—a) pr? (d—a) -z
. < - a)p e P . — L
(A.13) < (a—d)% /1 r exp( 1 )T dr O(e ),

which is, evidently, an exponentially small contribution. Inserting the computations
from (A.11),(A.12) and (A.13) into (A.9) we have shown that for € small enough,

o)

ap —d(p—1)

ifap=d(p-1)
1Pel5y - < 24a-1T(d - a)
ifap>dp—-1).

As in Case 1, we must show a matching lower bound which demonstrates that these
rates are asymptotically (for small €) optimal. To do this, we use (A.6) to compute
in spherical coordinates, when ap > d(p — 1), that when ¢ is small enough,

1 s2

= Ad_lgé(ap*(Pfl)d) /E Sapf(pfl)dfl </22 tdfozfleft dt)2 ds
1 ESS

2(1+¢)
1

> Ay ez(ep=(=1)d) /E (,socp*(p*l)dflef'DZ2 1
1

2(d — a)p/?

g(d=a)p gg

1
Ay !
_ d—1 Eé(ap—(p—l)d) sd—le—”T ds
1

2(d — a)r/2
> Lgé(az)—(p—l)d) /Oo RS ps? ds.
4(d — O[)p/2 1

In the previous calculation we made the change of variables r = \/es.
In the critical case, that is, when ap = d(p — 1), we estimate slightly differently,
arguing that, if d > p, then

NG
1 d—1 2 5
VR 2
> Ag—1 D) (/ , td—a—le—t dt> dr
f r 2(51:»5)
1 s2 z
€ 2
= Ad_l/ 8_1</ . tﬁle_tdt> ds
1 3te)
1 52 2
€ 2
> Ad,1/ s7! (/ et dt) ds
1 1
H 2
e s P
>Ad_1/ 871(1—677)2d8
1
1

<
l\)‘ %)
IS

1
Ve Tdil d—a—1_-—t 2
>Ad—1/ Ty (/“2 t e~tdt) dr
NG
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41 ¢ 5
tr e 'dt | ds
1
s_1</
2242

ya
2
et dt) ds
2(1+ze)

1 5
3_1</ e_tdt> ds

2

WV

B

T
—

1

)gAd—1/a
1

1,2

> (1 —eff)zAd,llogé.

Nl=

> (1 —e” s~ lds

Cases 1 and 2 together complete the proof of items (1) and (2) in Proposition A.1
for the quantity .

Case I1I: %d > «. Finally, in this case, we compute

Bo(e, 0, d,p) = Ag_y / L(r) 541 dy

0
1 L o
:Ad1</ +/I+/ >I5(r)grd_1dr.
0 1 L

Ve
As in Case 1, we estimate these term-by-term. For the first piece we compute

1 P
P 1 1 1 2
1 2pd=lyg Sf(— )
/0 (r)2r S a+d—a ’

whereas for the middle piece we compute by plugging in (A.10) we obtain

1 1 p
vE 2 d-1 g [V 1 4 I'(d—a):
[ IE(T)QT dr SF(d-O{)Q/l mr d’/‘< m

The estimate for the last piece is exactly the same as (A.13). To conclude, by the
monotone convergence theorem we obtain that in this sub-critical case,

, > s lyl® :
511;%1+ %O(E,Ol,d,p) = Ad (A (1_|_3)de}(p(_2(1_|_3)> dS) dy € (0,00) . O
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