SCHEDULING FIXED LENGTH QUARANTINES TO MINIMIZE
THE TOTAL NUMBER OF FATALITIES DURING AN
EPIDEMIC
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ABSTRACT. We consider a susceptible, infected, removed (SIR) system where
the transmission rate may be temporarily reduced for a fixed amount of
time. We show that in order to minimize the total number of fatalities, the
transmission rate should be reduced on a single contiguous time interval, and
we characterize this interval via an integral condition. We conclude with a few
numerical simulations showing the actual reduction obtained.

1. Introduction

The SIR model was introduced by R. Ross and W. Hammer to model the spread
of infectious diseases (see [KMW27, Weil3]). In this model, we let S denote the
fraction of individuals that are susceptible to the disease, I the fraction of individuals
that are infectious, and R the fraction of individuals that are removed. Removed
individuals are those who have contracted the disease and have either recovered
and acquired immunity, or have died. The evolution of these three quantities is
modelled by

(1.1a) oS =—pSI,
(1.1b) 01 = BSI — I,
(1.1c) OR=n~1.

Here (3 is rate at which infectious individuals transmit the disease to the susceptible
population, and -y is the rate at which infectious individuals recover.

Typically S and v are assumed to be model constants. However, there are
situations where one may be able to temporarily alter these constants. One example
of this is the current COVID-19 outbreak. Here non-pharmaceutical interventions
such as quarantines and social distancing were employed to temporarily reduce the
transmission rate (see for instance [FLT20, Ram20, MB20, LR20]).

In order to study this scenario, we assume that the transmission rate ( is piecewise
constant, and can take on one of two values: the normal transmission rate, 3,, and a
reduced transmission rate, 8, < 5, when quarantines / social distancing measures
are in effect. While these measures greatly reduce and may even completely stop
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the spread of the outbreak, for societal reasons one may not be able to impose them
for extended periods of time. This leads to a natural and interesting mathematical
question:

Given a fized limit T on the length of time social distancing /
quarantines may be imposed, how should they be scheduled in order to
minimize the total number of fatalities? Should the social distancing
/ quarantines be imposed in one contiguous interval, or broken up
into multiple intervals? Should it be imposed early, when very few
individuals are infected, or later when the infection levels are higher?

To study this mathematically, we assume that a constant fraction of individuals
who contract the disease will die.! In this case, minimizing the total number of
fatalities is equivalent to minimizing R(0c0) = lim;_,+ R(t). Consequently, we will
formulate all our results directly in terms of R(o0).

Formally, in equations (1.1a)—(1.1c) the set of times when social distancing /
quarantines are in effect may be an arbitrary measurable set. However, it is only
practical to impose and lift quarantines finitely many times, and thus we restrict
our attention to this situation. The main result of this paper shows that in order
to minimize R(00), it is always better to impose social distancing / quarantines
in a single contiguous window of time, as opposed to splitting it up into multiple
intervals (of the same total length). Moreover, the best time window to impose
social distancing / quarantines is often close to the time when the infection peaks,
and we characterize this time window analytically. This is stated precisely below.

Theorem 1.1. Fiz T > 0 and let T be the collection of all sets T C [0,00) such
that T is a finite union of intervals with total length T. Given T € T define

B7:10,00) = R by
B7(t) = {ﬁq ter,
Bn tET,
for some constants 0 < By < By, and v > 0. Let ST, I, RT be the solution to
(1.2) ST =-p87STI", O™ =p7STIT —~I" OR™ =~I",
with fized initial data I7(0) = Iy € (0,1), S7(0) = 1 — Iy, R"(0) = 0. Then, the

set of times T € T that minimizes R™(00) is always a single continuous interval of
length T, and at least one of the following hold:

(1) The minimizing interval T is [0,T).

(2) The minimizing interval T is characterized by the integral condition

(1.3) /#dt:ﬂ

LWhile this assumption is used in many situations, it does not always apply. For instance,
during the COVID-19 pandemic the fatality rate was roughly constant when the number of infected
individuals was small. However, when this number increased beyond the health-care capacity, the
fatality rate almost doubled.
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If B,, < 7, then the first case above always holds. If instead B, > 7, then there exists
€0 > 0 such that the second case above holds for all Iy € (0,¢p).

Remark. From the proof we will see that the €y above can be estimated by

1 gl
- 1)
=0 B,T max{1,eBa—1T} ( Bn

Recall that the basic reproduction number, denoted by R, is defined to be the
ratio 8,/y. When R < 1 the transmission rate is slower than the recovery rate,
and the infection doesn’t spread. In this case the fraction of the population that
is infected decreases monotonically. Theorem 1.1 states that the total number of
infected people is minimized if social distancing / quarantines are imposed at time
t = 0, and this is not unexpected.

The more interesting case above is when R > 1. In this case 3, > v, and the
infection will spread through the population. One might now wonder whether it is
more advantageous to impose social distancing / quarantines early when very few
people are infected, or if its better to wait until a larger fraction of the population
is infected, or if one should split up the quarantine into many short intervals.
Theorem 1.1 guarantees that then the most effective fixed length quarantine is a
always a single contiguous time interval. Moreover, when the second assertion of
Theorem 1.1 holds, this interval contains the time when the infection peaks. To see
this, note that equation (1.3) and the fact that S is decreasing implies that 3,57 —~
is positive at the start of 7, and negative at the end of 7. Thus, from (1.1b) we see
that the disease is spreading at the start of 7, attains its peak sometime during the
time interval 7, and is dying out at the end of 7. Hence the time interval 7 that
minimizes R (0co) must include the point when the number of infected individuals
attains its peak. (See Figure 2 for a simulation illustrating this.)

We also remark that when 8, > v and Iy > ¢g, either conclusion (1) or (2) in
Theorem 1.1 may hold, and we can not determine which one. It is easy to see that
if the population already has herd immunity (i.e. Iy > 1 —~/8" =1—1/Ry), then
the first conclusion in Theorem 1.1 must necessarily hold. When Iy € (g9,1 —1/Ryo)
then either conclusion (1) or (2) may hold, and we can not apriori determine which.

Before proceeding with the proof of Theorem 1.1, we conclude this section with
a brief summary of related results and open questions that merit further study.
First, when spatially-dependent terms for diffusion and population demography
are considered, the typical SIR model reduces to a family of reaction diffusion
systems [FLMO1, FLMO04, LR20]. In this setting one may naturally formulate an
analog of Theorem 1.1 with an additional spatial component. This, however, is
much harder to analyze and we do not know if the optimal quarantine will still be a
contiguous interval or not.

More interestingly, the COVID19 pandemic has many features that warrant novel
modifications of the standard SIR system. One feature is that the mortality is
dramatically higher amongst certain groups. In this case numerous authors (see
for instance [CP20b, Ram20, ACWW20]) have numerically observed that targeted
quarantine measures are more effective than un-targeted ones. Theorem 1.1 can
again be naturally formulated in this setting. The proof, however, does not generalize

easily, and we presently are unable to analytically characterize the optimal quarantine
strategy in this case.

Another feature of interest is that of asymptomatic carriers [MB20, CLCL20] —
individuals who transmit the disease but show no symptoms. In this case, however,
it is not as clear how their behavior under quarantine should be modelled, and how
Theorem 1.1 should be reformulated to capture their effect.

Plan of this paper. In Section 2 we state two lemmas required to prove The-
orem 1.1, and prove Theorem 1.1 modulo these lemmas. In Section 3 we prove
both these lemmas. Finally, in Section 4 we perform a few numerical simulations to
illustrate Theorem 1.1.

2. Proof of Theorem 1.1.

Our aim in this section is to prove Theorem 1.1. The first step is to restrict our
attention to social distancing / quarantines imposed on a contiguous interval, and
show that the condition (1.3) is necessary. Fix Sy € (0,1), and set Iy = 1 — Sp.
Given any 7 € T, we will subsequently denote S™,I7, R™ to be the solution to (1.2)
with initial data S7(0) = Sy, I7(0) = I, R7(0) = 0.

Given any Sy, Iy € (0,1) with Sy + Iy < 1, define

(2.1) Q(So, 1o, T) = /0 W—Iﬁqrggq(t)

where Sy, I, solve (1.1a)—(1.1b) with 8 = j, and initial data S,(0) = Sp and
1,(0) = Iy. The necessity of (1.3) for contiguous intervals 7 can now be stated as
follows.

dt,

Lemma 2.1. Let ty > 0 and 7 = [tg, to + 7.
(1) Suppose Q(S7(to),I™(to), T) > 0 and to > 0. Given 6 € (0,ty), define
o =05 = [to—0,to + T — 6]. Then, for all sufficiently small §, we must
have R?(00) < R™(00). Moreover, if ST(t) = S (') for some t > tg+ T,
t' > to+ T — 6 and sufficiently small 6, then we must have I°(t') < I7(t).
(2) On the other hand, suppose Q(S7(to),I7 (to)) < 0. Now given any 6 > 0,
define o = o5 = [to+9,to+0+T]. Then, for all sufficiently small §, we must
have R°(00) < R7(00). Moreover, if ST(t) = S°(t') for some t > to+T and
t' > to+ T + 6 and sufficiently small §, then we must have I°(t'") < I7(t).

Next we show that R”(oo) attains a minimum, and this minimum is attained
when 7 is a single contiguous interval. Note that the set of all 7 € T consisting of
m disjoint intervals can be identified with the set T,, C R?™~! defined by

m—1
(22) T = {(thél, bty by ) ‘ 0<ty <ti+ly<tion, > i< T}.
i=1
Indeed, we identify the ordered tuple (¢1, %1, ... ,tm—1,%m—1,tm) with the set 7 C
[0, 00) defined by

m—1 m—1

= (U [ti,ti—Féi]) U [t"“T_ Ze]}'

1 j=1
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Let 7,, denote the closure of 7,, C R2™~! and define By,_1 = Tpn — Trn. Note
that through the above identification, the set B,,_1, represents a set of times 7 € T
with m — 1 (or less) disjoint intervals of total length 7. We will now show that even
though 7, is an unbounded set, the function 7 + R*°(7) attains a minimum on

T, and this minimum must be attained on B,,_1.

Lemma 2.2. If m > 1, then the infimum of R™(c0) over all 7 € T,, is attained at
some point T € B, _1.

Momentarily postponing the proofs of Lemmas 2.1 and 2.2, we prove Theorem 1.1.

Proof of Theorem 1.1. Note that T can be viewed as an increasing union of the
Tm’s. By repeatedly applying Lemma 2.2, we see that for any m > 1, the minimizer
of R™(c0) over all 7 € T consisting of m intervals or less must be attained when 7
is a single contiguous interval. In this case, Lemma 2.1 forces the condition (1.3) to
be satisfied, unless 7 = [0, T]. This proves that either assertion (1) or assertion (2)
in Theorem 1.1 must hold.

For the last part of the theorem, suppose first 8, < . Since S™ < 1land I” >0
this forces Q(S7(to),I™(to),T) > 0 for all ty > 0. Thus condition (1.3) can not be
satisfied by any interval 7 € T, and hence the first assertion of Theorem 1.1 must
hold.

Finally, it only remains to show that when f3,, > -, there exists €9 > 0 such that
if I(0) € (0,&0) then (1.3) holds for the minimizing interval 7. Since we already
know that one of the two conclusions (1) or (2) in Theorem 1.1 must hold, it suffices
to show that the conclusion (1) does not hold. To do this, by Lemma 2.1 it suffices
to show that Q(1 —¢,e,T) < 0 for all £ € (0,&p).

To see Q(1 —¢€,¢,T) < 0, observe that (1.1b) implies

¢
I"(t) = eexp(/ (B4ST(t) =) ds) < smax{l,e(ﬁ‘r”)T}’
0
for all ¢ < T. Consequently,

S7(t) = (1= e)e P Jo OV 5 (1 - gpemPusT maxne o Ty

for all t < T. Since v/8, < 1 by assumption, the above implies that S7(t) > v/,
for all t € 7, provided gy is sufficiently small. This forces Q(1 — ¢,e,T) < 0,
concluding the proof of Theorem 1.1. |

3. Proof of Lemmas

This section is devoted to the proofs of Lemmas 2.1 and 2.2. We begin with
Lemma 2.1.

Proof of Lemma 2.1. Note that as t — oo, I"(¢t) — 0, and hence R"(00) = 1 —
ST(c0). Since ST+ I™ + R™ = 1, minimizing R"(c0) is the same as maximizing
S7(00). In order to do this we study the behaviour of S7 as a function of I”. Note
first that when f3,~ are constants, solutions to (1.1a)—(1.1b) conserve the quantity

x

I+5—
B

log S'.

This can readily be checked by differentiating and checking 9;(I + S — % log S) = 0.
In our case f3 is piecewise constant, and so I” + S7 — ﬁl log S7 is locally constant
on the complement of 7. Hence, we consider the family of curves C = {T'. | ¢ € R},
where

r.« (S,I)E[0,1]2|S+prnlog5:c,S+I<1}, and pnd:efl

B’

Note p,, above is simply the reciprocal of the basic reproduction number Ry = S, /7.
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FIGURE 1. Various curves I'. in the S-I plane with Rg = 2.4. Only
the portion of the curves that intersect the region S > 0, I > 0,
1—5S—1 >0 are shown.

Each of the curves I'. meet the line I = 0 at most twice (see Figure 1). The
intersection when S > p, correspond to unstable equilibria, and so as t — oo,
(S7(¢),I7(t)) will approach some point (S7(oc),0) with S7(c0) < p,,. Thus, in order
to maximize S7(c0), we look for curves I', that meet the segment {I =0, S < p,,} at
an S-coordinate that is as large as possible. Implicitly differentiating S —p, InS = ¢
we see that g—g < 0, and so smaller values of ¢ will lead to larger values of S7(c0).

We will now prove the first assertion in Lemma 2.1. The proof of the second
assertion is similar. Choose t; > 0, assume Q(S7(to),I"(t9),T) > 0 and let
o = [to — d,to + T — 4] for some small § € (0, ). For notational convenience, define

(S5, 15) = (S™(t0), I (to)) , (ST, IT) = (87 (to + T),17(to + 1)),
(S§,15) = (S (to — 0),1%(to — 8)),  (S7,I7) = (S7(to+T — 6),1%(to + T — 9)),
and let

def

cr =81 +1I] —p,InST,
We first claim
(3.1) Co

def

ce = ST+ 17 — pp, In ST .

— ¢ = =6B4(pqg — pn) I 17 Q(S5, 15, T) + O(6) .
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Once (3.1) is established, our assumption on @ implies ¢? < ¢”. Using the argument
in the previous paragraph, this in turn will imply S7(c0) > S7(c0) and hence
R (00) < R"(c0) as desired.

To prove (3.1), define the functions g,, and g, by

def def

(3.2) gn(x) = —x + pp logz and gg(x) = —x + pglogx.
Using the fact that

(3.3) I7(t) = go(S7 (1)) + 1§ — g4(S5) and I7(t') = g4(ST(t')) + I — 94(S5) ,
for all t € o and t' € 7, we note
Co —Cr =17 *gn(sf) - ([{ *gn(SD)
=I5 + (pg — pn) 10g ST — 94(S§) — (1§ + (pg — pu) log ST — 94(S7))

(3.4) = (I = I5) — (94(S5) — 94(55)) + (pg — pn)(log ST —log ST) .

We now estimate each term on the right.
The first two terms can be estimated quickly. Indeed equation (1.2) shows

(35) (S8, 1) = (S5, 1) +8(BaSTIT, (—1+ 2 )BuSTIT) +0(0%),
0
and hence
(3.6) 15— 1§ = (—1+ 24) BuSE 55 + 0(67)
So
(3.7) 9a(S5) = 0a(57) = (=1 G ) BuSF 150 +0(6%).

The crux of the matter is the last term. For this, let AS =57 — ST and note
that (1.1a) and (3.3) imply

to+T to+T o S7
T:/ dt:—/ atsggdt:/ ds m—
to to BeS7T s Bqs(94(s) + I§ — 94(5F))

Using (3.5)—(3.7) and the above we see

55 ds
T =
/Sg' Bas(9q(s) + 15 — 94(57))

S§+08nSH 15 ds
-/ & 4 0(?)
ST+AS Bas(9q(s) + 1§ — 94(SF) — (pq — pn)Bnlf?d)
/53 ds AS 66,
= T T - TJT + a0
ST Bas(9q(s) + 1§ — 94(S5))  BgSTI] Baq
+6 o —p)Buds s 1 0(5?)

ST Bqs(9q(s) + 1§ — 94(57))
Using (1.1a) and (3.3) this simplifies to

to+T AS 8 otT gy
T= dt — +6( 52 4 (pg — pn nIT/ —— ) +0(5?),
/to /BqS{I{ (ﬂq (pq P )6 0 ‘o IT(t)) ( )

and hence
ot gt )
(3.8) AS = 38571 (1+ (a = p)BaTE | ) +0().
to
Now, using (3.6), (3.7) and (3.8) in (3.1) we see
AS
co — ¢ = (pg — pn) | == — Bul§d) + O(6%)
o= ool (g~ nid)
11 ot T gy )
(39) = Bulpg = o) T (7 = 72) + Baloa = pn) /t =) o).
Since
7 . to+T T
i_i:/ ﬂ:/ BaS" = oy
1(7)— I{ 16' Z2 to IT
we see .
to+ T _
Co —Cr :66q(Pq_Pn)Ig[1T/ %dt—i—O((p),
to

proving (3.1) as claimed. As explained earlier, this will prove R?(00) < R”(00) as
desired.

It remains to show that if for some t > tg + T and t' > tqg + 71 — § we have
ST(t) = S?(t'), then we must have I7(t") < I7(t). To see this, we consider the
phase portrait the curve I vs S for times t' > tg + T — §, and phase portion of
the curve I vs ST for times t > ¢ty + 1. Since the times we consider are after the
end of the intervals 7 and o, both these curves must be members of C. We already
know R?(00) < R7(c0), and hence S7(00) > S7(00). This means that in the I vs S
plane, the curve parametrized by (S° ('), I°(t)) for t' > to + T — ¢ must lie below
the curve parametrized by (S7(¢),I7(t)) for ¢ > tg + T. Thus if S™(¢t) = S°(¢') for
some t > to+ T, t >to+T — 9, we must have I?(t') < I"(t). This finishes the
proof. O

An immediate corollary to Lemma 2.1 is that the minimizer 7 € 7T is not a
contiguous interval, then the integral condition (1.3) must be satisfied on the last
contiguous interval interval in 7.

Lemma 3.1. Suppose 7 = U~ [ti,ti + 4], with 0 < t; < t; +€; < t;iy1, and
Sl =T. Let 7/ = U ti ti + 4, and Quy = Q(S™ (tm), I (tm), bm).-
(1) If Qp, > 0 then there exists 6 € (0,ty, — tm—1 — €m—1) such that for
o=7"Ultym — 6,tm — 0+ l)]
we have R?(00) < R™(00).
(2) If Qp, < 0 then there exists 6 > 0 such that for
o=7"Ultm + 0, tm + 0+ L]
we have R%(00) < R™(00).
Proof. Applying Lemma 2.1 with T" = ¢, with initial data S7(t;,—1 + €m—1),

I (ty—1 + ;m—1) immediately yields Lemma 3.1. (Note, while the convention
R7(0) = 0 was used throughout Section 2, it is not required for Lemma 2.1, and
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was not used in the proof of Lemma 2.1. Thus our application of Lemma 2.1 above
is valid.) O

Our next result establishes an “order preserving” property of solutions to (1.2).

Fix 6 > 0 and Sp,Ip € (0,1) with Sp + Iy < 1. Let 7 = [0,T], and consider the
following two solutions to (1.2). The first, denoted by S, I, with initial data (So, Ip),
and the second, denoted by (S%, I%) with initial data (So, Iy — ¢). In the S-I plane,
must the curve (5%, 1%) lie below that of (S, 1)?

One might, at first sight, think this is certainly true. However, since 57 depends
on t, the system (1.2) is not autonomous, and so it is possible for the curves (S°, I?)
and (S,I) to cross each other. Various such non-monotonicity phenomena were
studied in [CP20a]. We will also provide a simple example of this shortly.

Fortunately, it turns out that if additionally we assume Q(Sy, Ip,T) = 0, then
(8%, I°) must eventually lie below the curve (S, ). This is all we need in the proof,
and is stated as our next lemma.

Lemma 3.2. Let Sy, Iy € (0,1) with So+ Ip < 1, and 6 € (0,1y). Let 7 = [0,T],
(S, 1) solve (1.2) with initial data S(0) = Sy, I(0) = Iy, and let (S°,I°) solve (1.2)
with initial data S°(0) = Sy, I°(0) = Iy — 6. If Q(So, Ip,T) = 0, then for all
sufficiently small 6 we must have R’(00) < R(c0). (Here R =1— S — 1, and
R =1-5-1)
Proof. Let S; = S(T), I, = I(T), S = S°(T), and I? = I°(T). We will first show
(3.10) I+ 8 —pplog Sy > I 4+ 82 — p,log S9
if and only if

T
(.11) Bulpy = p)I(T) [ e <.
state (So, lo) and G-

To see this, define
c1 =1+ 51 —pplogSy, and c‘ls = If + Sf — pnlogS‘lS

We claim

T
(3.12) d—er=5(Bulo—pulls | gt =1) + 0,

from which the equivalence of (3.10) and (3.11) immediately follows.
The proof of (3.12) is very similar to the proof of Lemma 2.1. Let g, be defined
by (3.2), and let ¢ = Iy — g4(So). Since I — g4(5) is conserved, we note

I(t) = go(S(t)) +co, and  I°(t) = gg(S°(t) + co — 9,
for all t € [0,T]. From (1.1a), we see

T T 5
[0 - [0S
o SI o, S°I°

So ds So ds
/51 s(gq(s) +co) /Sis $(gq(s) +co—0)

and hence

Taylor expanding as in the proof of Lemma 2.1 immediately shows

Ag i g —551/S°d8+o(a2>—6551/%+0(52>
=57 1= 1151 5(gq(s) + co)? - q110 I '

Consequently,
S —c1 = —6+ (pg — pn)(log 8¢ —log S)) = —5%;7'0%5 +0(8%),
1
from which (3.12) follows. This establishes the equivalence of (3.10) and (3.11).

Now we use this equivalence to prove Lemma 3.2. Using (3.9) we see that
Q(So, o, T) = 0 is equivalent to

11 T at
1 - - = — Pn —=0.
(313) F= 1 A=) [ F =0
This implies
T
dt I
(3.14) Balpg — pn)Il/ T L- Tl <1
0 0
as desired. (]

Remark. Before proceeding further, we provide an example showing that Lemma 3.2
is false if we drop the assumption that Q(Sp, Ip,T) = 0. To do this note that in he
above proof we establish the equivalence between (3.10) and (3.11) without using
the assumption that Q(Sop, Iy, T") = 0. Thus, if we produce an example where (3.11)
is false, then (3.10) will also be false, which is what we want.

To construct this example, suppose p,, is very small, and p, < 1. Choose T" such
that S(T') = pg, and let 7 = [0, T]. By making I sufficiently small, T' can be made
arbitrarily large. We choose I large enough so that

1

T> ————.
- ﬁq(pq - Pn)

Now for ¢t < T, note (1.1b) implies
&Jzﬁql(S—pq) >0.
Hence the left hand side in (3.11) can be estimated by
T
1

By(pg — pn)I(T)/O m dt = By(pq — pn)T > 1,

by our choice of Iy. This in turn implies (3.10) is false, and hence R?(c0) > R(00)
for all sufficiently small d, contrary to the conclusion of Lemma 3.2.

Next, to prove of Lemma 2.2, we need a few elementary properties of (1.2).

Lemma 3.3. Given 7 € T, let (S™,1") solve (1.2) with initial data I™(0) = Iy €
(0,1) and S7(0) =1 — Iy.
(1) For every T € T, the function t — S7(t) is strictly decreasing, and I (co0) =
0.
(2) There exists Ty = T (Bn,, T, Io) such that for every 7 € T, we have

0<S7(t)< L, forallt>T,.

B’
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(8) For every m > 1, the functions T — R (00) is continuous on T,,. Moreover,

R(00) = 1 — §7(0) € (0, 1).

Proof of Lemma 3.3. From (1.2) we see that S7,I7 > 0 for all ¢ > 0. This implies
0¢ST < 0, showing S7 is a decreasing function. Since 7 is always a bounded set,
(S7,I7) satisfy (1.1a)—(1.1b) with constant § for all large time. In this case it is
well known that I™ decreases exponentially to 0 (see for instance [Weil3]).

For the second assertion, note that S7(t) < 1 for all ¢ > 0. Thus if 8, <y we
are done. Now we suppose 8, > 7. In this case if 1 — Iy < /3, then we simply
choose T, = 0. If not, suppose for some Ty > 0 we have S™(Ty) > v/fBn. Since S7 is
decreasing, this implies S7(t) > v/, for all t < Ty. Using (1.2) we see that this

means
o 10 te0,Ty) — 7,
—~NIT te[0,Ty)NT.

Since the total length of 7 is T, this implies
I"(t) > Ine T for all t < Ty
Using this in (1.2) shows that

ST(t) < (1— 1) exp(—tfoe_WT) for all t < Tp.

Since by assumption S7(Ty) = /By, this implies

T 1-— I o
T, < e—log(M) L
v

Iy
Since T, is independent of 7, we obtain the second assertion of the lemma.

Finally it remains to prove that 7 — R"(00) is continuous on 7,,. To fix notation,
identify 7 with a subset of [0, 00) using (2.2). By standard ODE theory we know
that the function 7 — (S7 (¢ 4+ €m), I™ (tm + €m)) is continuous. After time t,, + €,
we note that (S7,17) satisfy (1.1a)—(1.1b) with 8 = (3,. In this case it is know that

§7(00) = 87 (b + ) x (2 [S7 (1 4 L) 4 17 (1 + ) — 57(0)] ).
Y
The implicit function theorem now shows 7+ S7(c0) is continuous. Since I7(c0) =
0, and ST+ I™ 4+ R™ = 1, this in turn implies 7 — S7(00) is continuous on T,,. O

Finally, we need to rule out the possibility that the infimum of R"(c0) over T,
is attained at co. This is our next Lemma.

Lemma 3.4. Let T, be as in Lemma 3.3, and let 7 = Ul [t;, t; + 0] € T for some
n>1. Fizl>0. For any t > max{t, + £,,T.}, define o(t) = TU[t,t + ¢ € T.
The function t — R°®)(c0) is increasing in t.

Proof. Note that for ¢t > T, we must have S°®(t) < p,. Hence, by (2.1) we
must have Q(S7®(¢), RZ®(t),£) > 0. Now by Lemma 2.1 part (1), we see that
R7(=9)(c0) < R°® for all sufficiently small d, finishing the proof. O

With the above tools, we are now ready to prove Lemma 2.2.

Proof of Lemma 2.2. Let Ty be as in Lemma 3.3. Fix any T* > T + T,. Define

T € T by

T':zd:Cf{(tlaglw- bn— 17£m 17 ) 0<t <t +£ <tl+17 Zé <T tm<T*}
=1

As before, we identify 7 € 7,% with 7 = (U7 [t ti+£])Ultm, tm—i-T—Z;.n:_ll GleT.
Let 7;’; denote the closure of 7, in R?™~!. Note that for any 7 € T,,, if the last
contiguous interval in 7 starts after time 7, then Lemma 3.4 implies that shifting
this interval to the left decreases R(c0). Moreover, if more than one contiguous
interval in 7 starts after T}, then repeatedly applying Lemma 3.4 shows that they
can be merged and shifted left to decrease R(c0), and t,, can be shifted to be smaller
than T*. This implies
inf R"(c0) = inf R"(c0).
TE€ETm TETH

Since 7 +— R7(00) is continuous (Lemma 3.3), and 7} is compact the infimum
must be attained. Hence, there exists 7 = (t1,01,...,tm,lm) € T such that
RT(00) = inf .7 R7(00).

We now claim that when m > 1, we must have 7 € B,,,_1. To prove this it suffices
to show that 7 & T,,,. Suppose, for sake of contradiction, that 7 € 7,,. Let 7" and
Q@ be as in Lemma 3.1. Since 7 minimizes R™(o0) by assumption, Lemma 3.1
implies that Q,, = 0. Then, S7(¢t) > p, for all t € [t;,_1,tm—1 + fm—1) so that

Q(S™ (tr—1), I" (tm—1),€m—1) < 0. Let § > 0 be small and define o’ by
m—1
o — ( U [ti, ti —I—&]) Ultmo1 + 0, tm1+ 06+ lm_1].
i=1

By continuity of solutions, there must exist ¢/, > t;,—1 +d + Em 1 such that
S () = S (ty,) when § is small enough. Define o = 0 U [t),,t, + ¢m], and
observe that by Lemma 3.1 we must have I7(t, ) = I (t;n) < I"(tm). Now,
since @Q,, = 0, Lemma 3.2 implies that R?(c0) < R™(c0) for small §, as the gap
between I7(t),) and I7(t,,) tends to zero when § — 0 by continuity. Thus we have
produced o € T such that R7(c0) < R7(00), contradicting our assumption. This
finishes the proof. O

4. Numerical simulations.

We conclude this paper with numerical simulations showing how significant the
reduction in R(co) is. We will also fix the time window when social distancing /
quarantines are in effect to be 30 days (i.e. T'= 30). Choose v = 1/14, corresponding
to a recovery time of 14 days, and consider a disease for which Ry = 3 normally,
and Ry = 0.8 when social distancing / quarantines are in effect. Figure 2 (left)
shows how the fraction of infected and removed individuals evolves with time. In
this case we see that R(oco) reduces from 0.94 when no quarantine is imposed to
0.83 when a 30 day contiguous quarantine is optimally imposed. As expected, we
see that the optimal quarantine starts a little before the infection levels peak, and
ends after population has herd immunity.
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FicURrE 2. Left: I, R vs t both with a 30 day, optimally scheduled,
quarantine and without any quarantine. Right: The value of R(c0)
vs the time when a 30 day quarantine is started.

For comparison, we also plot how R(oco) varies based on the start of a 30 day
quarantine (Figure 2, right). Here we see that when the quarantine is started too
early, or too late, it has almost no impact on the value of R(c0).

Finally, in Figure 3 we show how R(oo) varies when a 30 day quarantine is
optimally imposed. The two parameters we vary are R{, the basic reproduction
number under normal circumstances, and R{, the basic reproduction number when
quarantines / social distancing are imposed. Here we see that the reduction in R(c0)
is larger when R{ is smaller.

= /%f
/

Rf =2.00
Rf=3.00
RY = 4.00
— Rj=5.00
R =6.00

0.1
0 1 2 3 4 5 6 20 25 30 35 40 45 50 55 6.0
R R

FIGURE 3. Minimum value of R(c0) when a 30 day quarantine is
optimally imposed. The figure on the left plots R(co) vs RE for a
few different values of R{}. The figure on the right is a hot/cold plot
of R(co) where R varies along the horizontal axis, and R{/Ry
varies along the vertical axis.
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