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Abstract

We study anomalous dissipation in hydrodynamic turbulence in the context of passive scalars.
Our main result produces an incompressible C*([0,T) x T¢) N L*([0,T]; C*~(T%)) velocity field
which explicitly exhibits anomalous dissipation. As a consequence, this example also shows non-
uniqueness of solutions to the transport equation with an incompressible L*([0,77; C*~(T%)) drift,
which is smooth except at one point in time. We also give a sufficient condition for anomalous
dissipation based on solutions to the inviscid equation becoming singular in a controlled way. Finally,
we discuss connections to the Obukhov-Corrsin monofractal theory of scalar turbulence along with
other potential applications.

1 Introduction

We study the advection-diffusion equation
00" +u - VO© = kKAO® | (1.1)

on the d-dimensional torus, T¢. Here 6 is a passive scalar, representing temperature or concentration,
%k > 0 is the molecular diffusivity, and u is a prescribed, time dependent divergence free vector field
representing the velocity of an ambient fluid.

Since u is divergence free, one immediately sees that the L? energy decay of solutions is governed by

1 1 g
070 = 30N —x [ 9072 s, (12)

and thus the L? energy dissipation can be measured using & fot |[V6~|2, ds. Even though the advecting
velocity field doesn’t feature in (1.2), it influences the energy decay indirectly. Indeed, advection typ-
ically generates small scales, which are rapidly damped by the diffusion. What is expected in certain
turbulent regimes [SS00, DSY05, Srel9] is that these effects strike a balance and the energy dissipation

rate /@fg|V9"|%2 ds becomes independent of k. That is, we expect

t
li/ |V~ (s)|22 ds = x|60|22 >0, (1.3)
0

for some constant x > 0 independent of . This is behavior known as anomalous dissipation. The main
result in this paper provides an explicit, deterministic example of this.
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1.1 Main Results

We first produce a divergence free velocity field which exhibits anomalous dissipation for all initial data
that is sufficiently close to a non-constant eigenfunction of the Laplacian.

Theorem 1 (Universal rate near Harmonics). Fiz T >0, d > 2, and a € [0,1), and let
U = {sin(Mz) sin(Ly), sin(Mz) cos(Ly), sin(Ly) cos(Mz), cos(Mz) cos(Ly) } arso0..50 — 10,1} .
There exists absolute constants €4, Xo > 0, and a divergence-free velocity field
u € C*([0,T) x T n L*([0, T]; C*(T%)) N L>°([0, T] x T%), (1.4)
such that the following holds: If 0y € H?(T?) is mean zero, and there exists A > 0 and v € ¥ such that
|60 — M|z < €albolz2

then "
n/ V5|32 dt = xalbol3z - (1.5)
0

Remark. It is not difficult to modify the velocity field so that anomalous dissipation occurs for any initial
data whose “width” of the spectrum is bounded by some finite constant.

For arbitrary H? initial data, a small modification of the velocity field used above will also exhibit
anomalous dissipation. However the velocity field and the dissipation rate will depend on the data.

Theorem 2 (Data dependent rate and velocity field). Fix T > 0, d > 2, « € [0,1), and a mean-zero
0o € H*(T?). There exists a divergence-free velocity field

u € C®([0,T) x T n L*([0, T]; C*(T4)) N L>°([0, T] x T%),

and X« (6o) > 0 so that we have

T
/{/ V05|22 dt = xa(60)|60]32. (1.6)
0

Our constructions are sharp in the sense that if « = 1, then the dissipation must vanish (i.e. x; = 0). In
fact, if u € L1([0,T]; W1(T%)) then all weak solutions of the inviscid transport equation are renormalized
and hence conservative [DL89]. Moreover, since §* — 6 weakly in L? and the norms converge (by lower
semi-continuity of L? under weak limits), the convergence is in fact strong and so we must have y; = 0.
In our construction, the scalar 8 does not retain any Hoélder regularity uniformly in x on the whole time
interval [0, T]. As such, our result establishes the sharpness of the Obukhov-Corrsin theory (discussed at
the end in §5) for fields which lose regularity at a single instance in time in the endpoint case of u € C*
with @ < 1 and # € C? with 8 = 0. In light of this connection, Theorem 1 can be understood also as a
proof of the analogue of Onsager’s conjecture for passive scalar turbulence in our specific setting.

We prove Theorem 1 by constructing a velocity field which develops smaller and smaller scales with
time, mimicking the time development of a turbulence cascade. As a result, the velocity field has non-
trivial energy at “infinite frequency” at the final time, 7. At this point in time, the velocity can be made
to be Holder C'* for any a < 1 but not better. Due to the precise nature of the construction, we track
explicitly the resulting cascade of scalar energy to high-frequency. The scalar field 6* is bounded, but as
mentioned above, is not uniformly Holder for any 3 > 0.

The velocity field we construct alternates horizontal and vertical shears, motivated by the work of
Pierrehumbert [Pie94]. The velocity fields used in [Pie94] involves sinusoidal shears of a single frequency,



with a random phase shift. Our velocity fields, on the other hand, require the use of higher frequencies
as time progresses and possess multiple scales.

We now briefly digress and present an application of Theorem 2 showing non-uniqueness of solu-
tions to the transport equation with an irregular drift. Recall, that solutions to the transport equa-
tion with an L([0, T]; W1 (T?)) drift are easily seen to be unique. Seminal work of DiPerna and
Lions [DL89] show that for L(0, T]; W11 (T¢) incompressible velocity fields, all weak solutions are renor-
malized and hence unique. Ambrosio [Amb04] extended it further to L([0,T]; BV (T¢)) incompressible
vector fields. More generally, uniqueness of weak solutions to the transport equation is closely connected
to energy conservation of solutions. In the DiPerna Lions framework, conservation of energy follows
from the so-called re-normalization property. For lower regularity velocity fields several counterexamples
to uniqueness, and consequently to conservation of energy for solutions of the transport equation, are
known [Aiz78, CLR03, Dep03, ABC14b, CGSW15,MS18]. In particular, Alberti et al. [ABC14a, ABC14b]
abstractly show the existence of a Holder continuous, time independent, divergence free vector field for
which the transport equation does not have a unique solution. In this direction, we use Theorem 2 to
produce an explicit, divergence free drift for which the transport equation does not have a unique solu-
tion. In our example the drift is smooth, except at one point in time, and can be chosen to be L}C¢, for
any a < 1.

Theorem 3 (Non-uniqueness of the transport equation). Fiz T >0, d > 2, a € [0,1) and a mean-zero
0o € H?. Let u, be the divergence-free velocity field from Theorem 2. Let u, defined on [0, 2T, be

() = Uy (t) tel0,7),
T cwer -0 terom).

Then there are at least two weak solutions 0,0 € C([0,2T);w — L?(T%)) of the transport equation
Ol +u-VO=0 (1.7)

with initial data 0.

We prove Theorem 3 by constructing one solution as a vanishing viscosity limit, and the other using
time reversibility. The vanishing viscosity solution is dissipative and loses a non-zero fraction of its initial
L2-energy. The time reversible solution, on the other hand, ends with exactly the same L?-energy as it
started with. The full is presented in Section 4. We conclude this subsection with two remarks concerning
anomalous dissipation in the random setting, and magnetic dynamos.

Remark 1.1 (Anomalous Dissipation in the Randomized Setting). Examples of anomalous in a statistical
setting can be found in studies of the Kraichnan model [FGV01, Gaw08]. This model advects the scalar
by a Gaussian, white-in-time velocity field which is only Hoélder continuous in space and anomalous
dissipation for passive scalars can be proved upon taking expectation of (1.3) over the random velocity
field. For precise rigorous statements, see the works [LJR02, LJR04]. The mechanism for anomalous
dissipation discovered in the Kraichnan model and which holds in far greater generality is the breakdown of
uniqueness of Lagrangian particle trajectories or spontaneous stochasticity [BGK98, DE17, ED15]. While
this phenomenon is expected to be robust in a turbulent setting, the proof of anomalous dissipation and
spontaneous stochasticity in the Kraichnan model rely heavily on the Gaussian nature of the advecting
velocity and, more importantly, on the white-in-time correlation. Moreover, since the velocity field is
only distributional in time (formally the temporal regularity is like a derivative of Brownian motion),
it is not clear how to generate examples of (1.3) for distributional solutions to the advection diffusion
equation in a fixed deterministic velocity field. We remark also that [BBPS19b] studies a related problem
of anomalous dissipation of the scalar in the statistically steady state and establishes a constant flux of
scalar energy through all small length-scales in a permanent regime where scalar energy is input in a
(statistically) constant rate.



Remark 1.2 (Magnetic Dynamo Example). Our construction has implications for the existence of a (finite
time) magnetic dynamo in two dimensions. In particular, consider the 2D resistive passive vector equation

0¢B" +u-VB" — B - Vu=xkAB",
V-B"=0, V-u=0,
B" |40 = By,

modeling the evolution of a magnetic field B in a prescribed velocity field u. The unique solution of the
above equation can be constructed with a stream function B* = V+" solving

O™ +u - VY& = kA" (1.8)

provided with any initial data 1y with the property that V=4, = By. Thus, our results for anomalous
dissipation apply to ¥" which implies that if u is chosen as in Theorem 1 then

T
[ 1B
0

This behavior shows unbounded growth of the magnetic field as x — 0 in finite time, seemingly in
violation of the 2d anti-dynamo theorems (see chapter 4 of [AK98]). However, these results assume
advecting velocities are smooth for infinite time at fixed «.

. (1.9)

R PE

1.2 General Criterion for Anomalous Dissipation

The proof of Theorem 1 involves comparing 6%, the solution of the advection diffusion equation (1.1), to
solutions of the transport equation (1.7). As a result, we obtain some criteria that guarantee some form
of anomalous dissipation.

For each of the results below we fix 7 > 0, assume u € L ([0,T); W1°°(T%)) is divergence free, and
let 8 and 6 be solutions to (1.1) and (1.7) respectively with the same, x independent, mean zero initial

data 0y € H?(T?). The first gives a criterion for anomalous dissipation in terms of loss of compactness

Proposition 1.3. If for some c € (0,1), T > 0 and every t € [0,T) the inviscid problem satisfies

T
0(t)|
/ |VO(1)|32 dt = oo, and IPonw0(t)|r2 > clfol L2 where N(t) = e l6)] s ,  (1.10)
0 216(t)] >

then there is anomalous dissipation (1.3) where x = (c/2)*. Here Py is the projection onto Fourier
modes greater than N.

We now provide two sufficient conditions that will guarantee that the lower bound (1.10) is satisfied.
Lemma 1.4. Fiz C > 1 and assume either one of the following two conditions:

1. (Balanced growth) The sequence (f,) € H*(T) is such that
2. (Inviscid mixing) The sequence (f,) € H'(T?) functions such that

|fn‘H*1|fn|H1 <Cvlfnﬁ?' (1'12)

Then choosing

aer 1 |fn‘H1 . . ‘fn|L2
n) = — implies P mfn > 1.13
( ) \/ﬁ |fn|L2 74 ‘ >N ( )f ‘Lz 20 ( )




If, moreover, one has

|fn|H1
‘fn|L2

then sequence { fn}n>0 has no strongly convergent subsequence in L*(T9).

— 00 as n — 0o, (1.14)

Proposition 1.3 and Lemma 1.4 immediately imply the following result.

Corollary 1.5 (Anomalous Dissipation). If the solution to the inviscid equation (1.7) is such that

fOT |VO(t)[3, dt = oo, and assume

either 10(t)]210(t)| = < C16(2) iﬂ, or 10() | 5-110()] 2 < ClO@)]32 - (1.15)

Then the viscous problem experiences anomalous dissipation (1.3) with x = (1/4C)*.

1.3 Connections with Enhanced Dissipation and Mixing

Enhanced dissipation, anomalous dissipation, and mixing are intrinsically related. Enhanced dissipation
is the notion that solutions to (1.1) dissipate energy faster than e~"!, the rate at which solutions to
the heat equation (with no advection) dissipate energy. This occurs when the advection sends some
fraction of the total energy to high frequencies. Mixing, on the other hand, requires all energy (in
the diffusion free case) to be sent to high frequencies. When & is small, one still expects energy to be
sent to high frequencies, and so mixing implies enhanced dissipation, at least when u is regular (see
for instance [CKRZ08, CZDE18, Weil8, FI19]). The converse, of course, need not be true: cellular flows
enhance dissipation, but are certainly not mixing [IXZ19].

In our context we can measure enhanced dissipation as the existence of a time-scale T), = o(1/r) for
which

Th‘,
n/ |VO" () |32 dt = x|6o32, (1.16)
0

holds, for some constant x that is independent of x. Anomalous dissipation occurs when T, = O(1).
A slight modification of the proof of Proposition 1.3 yields the following result concerning enhanced
dissipation.

Proposition 1.6. Let
T
nﬂ¥/|wwmw.
0

Suppose F(T) — 0o as T — oo, and either condition in (1.15) holds. Then enhanced dissipation (1.16)
holds at time T,, given by
R ()
e = .

2K
Remark 1.7. If u is exponentially mixing, then we know

06| -1 < e |fo] g (1.17)

for some constant c. If additionally
10(t)| g1 < Ce™|0o] (1.18)

with the same constant ¢ in both (1.17) and (1.18), then Proposition 1.6 implies enhanced dissipation on
the optimal timescale
T. = O(|lnkl).

While examples of exponentially mixing velocity fields were constructed recently [YZ17, EZ18, ACM19a,
BBPS19a], we are unaware of any example that mixes even one initial datum optimally in the sense
of (1.17) and (1.18). In discrete time, however, ergodic toral automorphisms mix every H'! initial data
optimally, and this can be seen from the proof of Proposition 4.1 in [FI19].



In the context of mixing, Bressan [Bre03, Bre06] raised an interesting open problem: is there a lower
bound on the mizing rate of a rough velocity field, in the absence of diffusion? More precisely,

Conjecture 1.8 (Bressan [Bre03|). If 6 is a solution to (1.7) on the torus, then

10(£) mix = Cl(Go)exp(fCQ(Go)/o IVu(-, s)| 11 ds), (1.19)

for some constants Cy, Cy that depend on the initial data.

Here |0|mix is some quantification of the mixing scale of 8. One common choice is to use multi-scale
norms, and set |0 mix = |0 — 0|51 (see [Thil2] for a comprehensive review). However, geometric scales,
such as those used in [Bre03, Bre06] or [LLN'12] may also be used.

A quick application of Gronwall’s lemma shows that Conjecture 1.8 holds if |Vu|p: is replaced
by |Vu|p~. When u is only L}WLP, solutions to (1.7) need to be interpreted in the renormalized
sense [DL89], unless 6 has some integrability in space. Regularity of associated flows were studied
by Crippa and DeLellis [CDL08b, CDL08a], and their results can be used to prove that (1.19) holds
if |Vulr: is replaced by |Vu|pe for any p > 1 (see [IKX14, CDL08a, Seis13]). In this case recent re-
sults [ACM19a,YZ17,EZ18, BBPS19a] construct explicit examples showing that the lower bound (1.19)
is indeed attained. When the velocity field is allowed to be less regular than L}W}l!, (for instance if
u € L} BV,, or even if u € L}C® with a < 1), one can have perfect mixing in finite time. Indeed,
the examples in [Bre06, LLN 12| exhibit situations where |0()|mix decreases linearly and hits 0 in finite
time [ACM19a]. However, when u € L} Wl as stated in Conjecture 1.8, the optimal lower bound on
the mixing rate is not known.

In the presence of diffusion, we formulate a version of the above using dissipation enhancement. First,
using Gronwall’s lemma and energy methods (see for instance [P0096,MD18]) one can obtain the following
double exponential lower bound on the L? energy!:

k|VO|2, [* s
|0%|L2 = |0o| L2 exp (- 9(2J|L/ eXp(C/ [Vu(-,s")| L= ds’) ds)-
| 0lr2 0 0

Here C' is an explicit dimensional constant C. If u is less regular, does 0" dissipate at the same rate?
Can it be faster? Thus, in the presence of diffusion, we formulate a version of Bressan’s conjecture as:

Conjecture 1.9. If 0% is a solution to (1.1) with u € L'([0,00), W1(T%)) and smooth initial data, then
there exists a universal rate function r ;= r(k) = 0 as k = 0 independent of u such that for all0 < k < 1

t s
165112 > 6ol 2 exp ( — 1(K)C1 (60) / exp(Cs / Vu(., ') ds') ds>.
0 0
Here Cy > 0 is a constant that depends on 0y, but not k, and Co > 0 is a universal constant. In particular,

t t s
/*6/ V65|32 ds < |07z (1 — exp(—2r(ﬁ)01(90)/ exp(Cg/ |Vau(-,s")| 1 d5’> ds) ) .
0 0 0

Thus, for k < 1, we have
t
li/ Vo532 ds < r(k). (1.20)
0

IWe remark that it is also unknown whether this double exponential lower bound above is attained for any flow. In
discrete time [FI19] produce an example where is in fact attained. In continuous time, however, there are no examples
exhibiting the double exponential decay. Moreover, Miles and Doering [MD18] provide numerical evidence and a heuris-
tic argument that the Batchelor scale limits the effectiveness of mixing, suggesting that the L2 energy can only decay
exponentially.




In an earlier version of our paper, we stated Conjecture 1.9 with r(k) = k. This version of the
conjecture was false, as privately communicated to us by Brué and Nguyen (cf. [JY21, Theorem 1]). In a
recent preprint [BruNg20], it is conjectured that (1.9) hold with (k) = In(x)~! and provide some partial
results towards this. Improved results can be found in [Seis20].

We remark that it is also not known whether this conjecture holds with |Vu|re for any p € (1,00).
Since (morally) enhanced dissipation only requires growth of the |0%|y:1 and not actual mixing, this
problem appears harder than Bressan’s conjecture [Bre03]. The difficulty is that the H! norm of the
inviscid solution may become infinite immediately [ACM19b| even when u € LW 1P when p < oc.

Note that the main theorem says that one cannot hope to have any such lower bound if we just
assume that u € L] ([0,00); C*(T?)) if o < 1. We further remark that, while the natural place to look
for velocity fields breaking this lower bound would be to use rough velocity fields that mix in finite time,
it is not easy to rigorously show that mixing implies enhanced dissipation in low regularity settings (see,
for example, Theorem 4.4 from [CZDE1S]).

1.4 Notation Convention and Plan of this Paper

For simplicity of presentation, we present the proofs of the main theorem in two spatial dimensions, as
the generalizing to higher dimension is straightforward. Without loss of generality, we will also set T =1
and subsequently assume that the initial data 6y is always mean zero:

Oo(x)dz = 0.
Td
We use the convention
1/2 2 2
def def def
0] 2 & </ 92dx) o 03 =D 1007., and 0], =) 100,603,
T

i=1 ij=1

def

for any function #: T? — R. We will also use |0]}i;1..c = max{|910|1,|020|1~}. With these conventions,

101%, < 1012210142,
and
101Fr2 = 1003, + 1003, +10122, 10170 = 103, + 10172, 10w = max{|0]r=, 0]} -

To compare quantities that depend on time, we will use A(t) ~ B(t) to mean that A(t)/B(t) is bounded
above and below by absolute positive constants. We will also use A < B to mean that lim;,; A/B = 0.

The plan of the paper is as follows. In §2 we prove the criterion for anomalous dissipation (Proposi-
tion 1.3 and Lemma 1.4) and Proposition 1.6. In §3, we construct the velocity field used in Theorem 1,
and prove Theorems 1-2. In §4, we use Theorem 2 to prove non-uniqueness of weak solutions to the
transport equation. Finally, in §5, we discuss the connection of our construction to the sharpness of the
Obukhov-Corrsin scaling theory of passive scalar turbulence and conclude with an open question.

2 Proofs of Criteria for Anomalous Dissipation

In this section we prove Proposition 1.3 and Lemma 1.4



2.1 Proof of Proposition 1.3

For simplicity, and without loss of generality, we assume T = |fg| 2 = 1. Since
1
—04|0 — 0532 = Ii/ AG*(0" — 0) dz = —k|0%[%, + /1/ Vo~ - Vo dx.
2 T2 T2

Thus, upon integration and using the Cauchy-Schwarz inequality we have

k|2 ! K2 1/2 ¢ 2 1/2
10— 072, (t) < (2/{/ 10, ds) (%/ 1012, ds) ,
0 0

for all ¢ < 1. Assume toward a contradiction that there exists a sequence ki — 0 so that
def

1
5 = 2mk/ |9”’“|i~11 dt < x as k — oo
0

)%. By the assumption (1.10), we may choose T} < 1 such that

Ty
2;-%/ 16]%,, dt = 1.
0

def
where x = (§

(2.2)

Note that T — 1 as k — oo. Subtracting (1.1) and (1.7), multiplying by 8** — 6 and integrating shows

1 1 1
—|6% — 02, = 711/ Vo2, dt+n/ / VOVor+ dx dt,
2 0 0 T2

and hence

sup |0 — 0F| 2 < 5k1/4 < X1/4~
t<Tk

Now, by the assumption (1.10), we have for some ¢ € (0, 1) that
[P-nO(t)] 2 ¢  where N = N(t) = 510(t)| g
It follows from triangle inequality that

Ponb ()] > c—x"/* > <.

[\]

This implies that

2N2 c\4
. )2 5 € _ (7) 2
o 107 = = 3) 10l

Ty
2/-%/ 6712, dt > x
0

This contradicts (2.1), concluding the proof.

and hence

2.2 Proof of Proposition 1.6.

Lemma 1.4 implies that

P 2 > h .
‘ >N(t)9(t)‘L2 C|90|L2 where 5 |9(t)|L2

(2.3)

(2.4)

(2.5)

(2.6)

The definition of T, implies that (2.2) holds. The remainder of the proof is no identical to that of

Proposition 1.3.



2.3 Proof of Lemma 1.4

We here establish the sufficiency of both the balanced growth condition and the inviscid mixing condition.

Balanced Growth Criterion

We first work under the hypothesis (1.11). Given N € N, recall that P< x is the projection onto Fourier
frequencies higher than N. For k € Z4, let fox = [1u fu(z)e 2™ dz be the k-th Fourier frequency
of f,. Observe that

a2 = D kP gl = D EPfanl+ D kP funl

kezd |kI<N || >N
SN fulZe + Ponfleel flge < 5A45 + i [P falre
2C ‘fn|L2
1 C|fn 2 1
<z n2' H P n|L2 2.7
2|f H1+ |fn‘L2 | >Nf |L ( )

where we used C' > 1, the Cauchy-Schwartz inequality, the assumed bound (1.11) and the definition
of N(n) in (1.13). This implies the bound claimed in (1.13).

Inviscid Mixing Criterion

We now work under the hypothesis (1.12). Choosing N(n) as in (1.13), we observe

CN2 n2 n2
|P>an|%2 2 |fn‘%2 *N2|fn|?q—1 2 |fn|%2 (1 - |f L2> = ‘f L2 .

2 =
This implies the bound in (1.13) as desired.

Loss of compactness

Finally, prove the last assertion of the lemma. Suppose, for contradiction, that (f,,) — feo strongly for
some subsequence (f,;) and some function f. € L?. Let Cy = |fos|2. Note

ol = i [ S, = i [ Loyt + i [ FePenif

= i [ Poiu (i, + Jim [ fuPenifo

j—o0
. 1/2
< C’0 hmsup |I_)>N(n_7')fc>o|L2 + |foo|L2 (‘fn]‘%? - |P>N(n_7»)fnj|%2) / .
j—o0
Since by assumption N (n;) — oo, the first term on the right vanishes. Consequently, using the definition
of N(n;) (equation (1.13)) we see

1 1/2
[l < Colfnliz (1= g5z) < Colfielzs = Il

which is a contradiction. This completes the proof.



3 Construction of the Example

In this section, we establish Theorems 1 and 2 by providing an example of velocity field which results
in an inviscid scalar field satisfying the criterion (1.11) of Proposition 1.4. As mentioned earlier, we will
assume for simplicity that T'= 1 and d = 2 in the statements of the theorems. Moreover, contrary to the
regularity stated in (1.4), we construct a velocity in the class

u € LS. ([0,1); W2°(T?)) N LY([0, 1]; C*(T?)) N L>=([0,1] x T?).

Our construction is based on the following smoothed-out ‘sawtooth’ function. Given § > ¢ > 0, we
define S, : T = (R/27Z) — R to be odd with respect to 0, even with respect to 7, and

0<z<3
S.(z) = x 2 r< S —¢
rT—5(z—-5+e) FT-e<x<F
Observe that S. € W2>°(T) and
1
1Sl <1 ST L < -
€

Let us first fix a sequence to time steps {tj}j€N7 a sequence of regularizations €;, and a sequence of
frequencies {N;},cn. In practice, ¢; and ¢; are going to be chosen to be decreasing and summable while
N; will be chosen to be rapidly increasing. Next, define measure preserving transformations {7;};en by

7 (z,y +t;S,(N;z)) jeven

Now define
Uy=TioToTs0...T;

Set T; = Z{:O t; with ¢y = 0. Note that 0 ougl = §(T;) where 0(t) is the solution of
0 +u-V0=0, 0(t = 0) = by,

with u(t) for t € [T}, Ti+1) given by

€ Ni .
Ses (0 y) 1 even,
utbay) =15 (31)
7 odd.
Sgi (NZJ))

In the following sections, we proceed to check the conditions in Lemma 1.4. To treat the case of a > 0
small, we modify u(t) to be trivial for ¢ < T; with j < é for a technical reason; see Lemma 3.2.

Remark 3.1. In the above, we have constructed u € L2 ([0, T'); W°°(T?)) rather than u € C*°([0,1) x
T?). The modification required to obtain smooth velocities is straightforward; it is accomplish by modi-
fying the shear profile, S. to be C*, instead of C2, and adding amplitude functions which smoothly turn
on and off the shears over each time interval in the construction. The window over which the shears are
turned on and off are taken small to start with, and can be taken to decrease as time progresses and N

increases in the construction.
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Figure 1: Fix o = 1 and ¢; and N; as in (3.2). The two left panels depict shear profiles, and two right
panels represent contour plots of the corresponding stream function with velocity vectors superimposed.
The two top panels correspond to to = 272, and the two Bottom panels correspond to t3 = 273.

3.1 Inviscid Bounds

In this section, we prove the following

Lemma 3.2. For any a > 0, let

t;=279 Nj=1+ 20497 o =exp <—30(1 +5a 1)) 27, (3.2)
Assume that 0y is given by one of the following trigonometric functions:
sin(Mz)sin(Ly), sin(Mz)cos(Ly), cos(Lz)sin(My), cos(Lx)cos(My)

for some integers M > 1 and L > 0. Define 0;(z,y) = b6 ouj_l where

e . ]-
Uy ©Id, j<—
Q
and
e e 1
Uy = Tiayo--oTyy j2Jd)= bJ +1



Here L%J denotes the largest integer not exceeding =. Then, 0; satisfy:

aJ(J+1)

0l = a2 = |bolur,  0jlwree < Calbjlu,  10jln2 < Calb)lHn,
for some constants Cy, co > 0 independent of j.

Proof. We shall assume for simplicity that 6y = sin(Mzx)sin(Ly) with M > L. The proof for other
trigonometric functions are almost identical, as long as M > L. We shall sketch necessary modifications
to the proof in the case L > M at the end. We now observe that

100l 4100 < 460|510, |Oo] g2 < 4|90|i'11-

Fix j € NU{0} and let i; = j — 1 mod 2 and ¢;41 = j mod 2. Assuming for a moment that j is odd, we
compute:

D0j41(x,y) = 020;(x +t5Sc,(Njy),y) + t;N;SL(Njy)o0;(x +t;Se, (Ny), ), (3.3)
0105 11(z,y) = 010;(x +t;5:, (N;y),y). .

Moreover,
O110;11(w,y) = 0n1b;(z +;5:, (N;y), y),
0120j11(2,y) = O120;(x + t; S, (Njy),y) +;N; 50 (Njy)0110;(z + t;5:, (N;y), y),
0220;j41(x,y) = 0220, (x + 55, (Njy), y) +¢; NQS"( N;y)10;(x + t;5:,(Njy), y) (3.4)
+ (tN;) 5L, (Njy) 02105 (z + t;S¢,(N;y), y)
+ (t;N;)(SL, (Njy)) 200105 (x + 5S¢, (N;y), y)-

We have similar formulas when j is odd, exchanging the roles of  and y. Now the upper bounds on 6,1
in W1 and H! are easy to get, using (3.3).

Upper Bounds: From the Lipschitz property of the profile S, it is easy to see that
1041 0vir1.00 < ENG105]vi1.00 + 10141100

tN|9|W1x(

o)

Similarly, we have
1
10541 < NG 10 i (1 + 7)

Recalling that ¢; = 277 and N; > 20+9)7 notice

S 1 S . 1
1 ) < (1 2““) <
H( TN, IT(r+ eXp(2a1>

Jj=1 Jj=1

by taking the log of the infinite product and using the fact that log(1 + z) < = for > 0. Then we have

1 CX.‘I(]+1)
105411100 < exp (Qa_1> 2 100l yi1.0c -

The same upper bound holds for |6;11|::

1 “J(J+1)
6111 < exp (2a_1> 2 g, .

12



Lower Bounds: Note that |S. (z)| = 1 except for the region |z — 3| < &;. We bound the contribution

from this region using the W1 norm:

105, 10j+1|L2 = tN;10:,05] 2 — \/EjtiNjl0jlyi1.00 — [0i;,, 0512
10511, 1 (0,052
—t:N;|0; 0 (17 il ot )
J ]| i J|L2 €J|aij9j|L2 thj |8ij9j|L2

Observe also that
|aij9j+1|L2 = |6ij9j\L2-

Thus,

0. 2] |6J|W1 oo 1 ‘éi'flej—l‘Lz
i j+1|L2 >tN819 2(1—,/&- - J )’
| j+177 1‘ J J| 3j ]lL j |9zjoj| N tj]V] | 3 j| .

where 6_; = 0. Define

e 195,05l Lyt il
! |8ij+10j+1‘L2 ’ ! |aij+19j+1|L2
Then, we have
. , -1
A <279 (1= JER; — 27 Aj 1) (3.5)
and
Ripn < By(1+2799) (1 - G7R; — 277 4,0) 7" (3.6)

Recall that e; = exp(—30(1 4+ 52-5))2~% and let us prove the following bounds with an induction in j:

Aj <2279, R; < exp(10(1 + 5o 1)) (3.7)
We first treat the induction base case j = 0. To compute Ay, recalling that 6y = sin(Mz)sin(Ly) and
a =1, we have

01(z,y) = sin(M(z + 15, (N1y))) cos(Ly)
and
0y01 = t1N1S. (N1y)M cos(M(x + t1Se, (N1y))) cos(Ly) — Lsin(M (z + 1.5, (N1y))) sin(Ly).

Observe that two terms in the above expression are orthogonal in L?(T?). Therefore, in this case, we
have

Ag <2711 — /EoRy) ! < g
Here, we have simply used the fact that Ry is bounded by 1 from its definition and our assumption
M > L. In the general case a > 0, one obtains similarly Ag = Ajq)-1 < % We omit the proof for the
remaining cases of 6y, which requires only minor modifications. This gives the induction base case. Now,
assume that we have (3.7) for A;_; and Rj;, and let us prove (3.7) for A; and R;;;. Using the bounds
for A;_; and R, and the definition of €;, we obtain

. 1 . .
Aj <279(1 —exp(—5(1 + 71))2—3 —27YA; )7 (3.8)

20(7
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Then we see that for j > J(a)+ 1 we must have A; < 2-27%. Next, let us prove that R;41 <
exp(10(1 + z=1=)). We know that

. 1 . .
Rjy1t S Rj(14+27%)(1 — —279 — 27294, ;)71

100
Now,
1427
I a2 <emizr)
j=J(a)

and since we have that ﬁ < 143z for z < %,

o0

, ) 3 . ]
270 —27A; )7 < ] 1+ g2 32 AL)

100
j=J(a) j=J(a)

using ﬁQ‘j +27%4; 1 < % for all j > J(«). Now,

o0 o0

3 , , 3 ; ;
IT a+ Tog2 324 ) < IT a+ Tog2  + 6 272%7) < exp(10(1 +
j=J(a) Jj=J(a)

))-

20 —1

This now concludes the proof that R;;; < exp(10(1+ 5=<)) and A; < 2-27%/. The above also shows
that

aj(i+1)

‘6ij9j|L2 > a2 2 ‘83;90|L2.

H? Bound: Finally, we have the bound
_ _ t;
10411 g2 S EINZ105] g2 (14208, N;) 7" + (6N;)7%) + |9j|H1§N]2,
J

. , , 0 .
< 221051 12 (1 1o gy o il 231).
165172

But we know that |6;|;. > |0;]5,, and we have a lower bound on |6;| ;.. Thus,

2
H1

2§ —ag —2ag _aiy+1) 37
8541142 < 2291651 (12 2709 427209402 4 2%,

Since

oo

2(2 . 27aj i 272O‘j—|—C’a27 a](.72+1) 23j) = ¢ < 00,

j=0

we have that o
10541152 < 290F Ve 0| 7o

Let us now comment on the case where L > M. To adapt the proof, we just need to observe that
(assuming o = 1 for simplicity) at j = 1, we have from explicit computations that |61];. =~ |0y61|2 and

101] 4100 < 10[61] 570, 100l 72 < 10[60%, -

Therefore one can just repeat the arguments above starting with j = 1 instead of ;7 = 0. This concludes
the proof. O
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Remark 3.3 (Viscous bounds). Although it is not necessary for our proof of anomalous dissipation, we
include the following lemma which pertains to the viscous solution as this control is not implied directly
by the inviscid bounds.

Lemma 3.4. Assume that t;, Nj,e;, and 0y are given as in Lemma 3.2. With u(t) defined as in (3.1), the
solution 0% to the system (1.1) with initial data 0y satisfies

16%(8)] 1= < C1O() |71
for some universal constant C' independent of k of t, where 0(t) is the inviscid solution.

The proof of this result follows by the same arguments done for the inviscid H? bounds.

3.2 Proof of Theorem 1

The previous lemmas establish anomalous dissipation for initial data given by a pure harmonic. To
conclude the proof of Theorem 1, we need to treat the case of small L? perturbation, and show that the
velocity field u(t) we have defined in (3.1) can belong to L'([0,1]; C®') for any o/ < 1. For the latter, we
simply compute that

|U|L1([0,1];ca’)§ Z tiN;* < Z o(+a)a’j=j 4 o
JjzJ(a) i=J(@)

oncewetake0<a<$fl.
Now we assume that, for some ¢, > 0 to be determined, 6, satisfies

|00 — M2 < ealbolr2,

where we may assume without loss of generality that ¢» = sin(Mz), A = 1 (since we can replace 6 by
A710), and ¢ is orthogonal with 6y — 1 in L?. We then simply decompose

Oo(x,y) = sin(Mz) + (8 — sin(Mz)) = 0% + 64}
so that
100lZ2 = 10512 + 165" |-
From the smallness assumption, we have

V1-e2103 |12 < eally ]2

which gives
Ea

Bole > 185112 — 167112 > (1~ =2

1652
«@

From previous lemmas, we have that for any 0 < x < 1,
1 1
SB[ — 0P ()E2) = [ 1965 ade > xal6F 2
0

where 6% is the solution to

010" +u - VOLT = kAT

15



with initial data 6%. Similarly, we define 6/* to be the solution with initial data /. Since the equation
is linear, we have that 6% = %% 4+ 9H:%. We now estimate that at time 1,

10%(D)]z2 < [05"(1)]12 + 1077 (1)] 12 < (1= 2xa) 105122 + 105 |12

€ € 1
< (=2xv)1 = —2 )ty 22V igole < (1= —xu)lfol L2
(( X)( m) m>|O|L ( 10X )| 0|L

once we take g, = x,/100, say. The proof is complete. O

3.3 Proof of Theorem 2

We now prove Theorem 2, which establishes anomalous dissipation for arbitrary mean-zero initial data
0o € H?(T?). As in the above, we achieve it via condition (1.11) of Lemma 1.4, but with velocity vector
field depending on 6y. This time, given o > 0, we take

tj = 27J, Nj = 2(1+Q)J, Ej = agp exXp <30(1 + 2a 1)> . 272]7

and define the velocity field u(¢) for ¢t € [T}, T;+1) by

(—1)% 52, ( m) G odd.
0
0
S

(3.9)
(—1)%S., (N, )) J even,

where T; = >°7_t; with to = 0. The constant 1 > ag > 0 and the signs s; € {0,1} will be chosen
depending on the initial data, as we shall see below. Apart from these additional parameters, the velocity
field is exactly the same with (3.1).

We need to prove the assumptions (1.11) of Lemma 1.4, and to do so we follow exactly the same steps
from the previous section. Inspecting the proof, we see that the only place which needs to be modified is
the part where we obtain an H' lower bound on the solution. In this process s; and ag will be determined.
To this end we define, assuming that 6; is given with j odd,

0751 = 0;(x £ 1;5.,(Njy), )

u(t,z,y) =

and compute:

O 0% (x,y) = 0

ti+17 41 41

0(x £ 15, (Njy), y) £ t;N; 57 (Njy)0y,0;(x + 155, (Njy), ).
A direct computation gives

Z|a7‘_]+1 j+1|L2 = 2|8ij+10j|2L2 +2(th) |Sl ( Jy)alje ‘Lz
+
since the cross terms cancel each other. Then, there exists s; € {0, 1} such that

] 10,11
i O 12 > NG ISE (N0 O3l > ;10,0511 (1 = V5 [0

Therefore, in the bootstrapping scheme with A; and R;, we have instead (assuming o = 1 for simplicity)
A <2791 - ERy) T

while we still have the same inequality for R; 1. We may now choose ag > 0 sufficiently small (depending
only on ) to guarantee that 4; < 1. Now the same bootstrap argument gives the desired lower bound.
O
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4 Non-Uniqueness of Weak Solutions

The goal of this section is to prove Theorem 3. Recall that we say 0 € C([0,T];w — L?*(T?)) is weak
solution of the transport equation (1.7) on T¢ x [0, T] if

/T/ 0(0p+u-Vo)dedt =— [ Oo(z)p(z,0)dx (4.1)
0 Te Td

holds, for all test functions ¢ € C§°([0,T) x T9).

Proof of Theorem 3. In what follows, we construct two distinct weak solutions; one time irreversible
solution arising from a vanishing viscosity limit and one time reversible solution.

Time irreversible weak solution: Let § be a vanishing viscosity solution on [0,27] x T¢ constructed as
the limit of the approximating sequence 8", kj — 0 of solutions of the advection diffusion equation with
velocity u,. Indeed, since 6 is uniformly bounded in L ([0, 27] x T¢), by an application of Aubin-Lions
lemma we have that %+ — 6 in C([0,27); w—L?(T%)) where w— L? is L? endowed with the weak topology.
Since the equation is linear and u € L>(0,27; L>=(T4)) and § € L>([0,2T] x T¢)NC([0,27T); w— L*(T4)),
it is simply to verify that the weak limit @ is a weak solution of the transport equation on [0,27] x T¢ in
the sense of (4.1). Furthermore, since the L? norm is weakly lower semi-continuous, for all ¢ € [T, 27

T
0(t)]32 < limj8f|0”(t)|iz < 00l3: — 1imsup/-€/ Vo= 3, dt < (1 — xa)|bo|32 < |00]32 (4.2)
K k—0 0

upon applying Theorem 2. Thus,

sup [0(t)[72 < (1= xa)l0ol72 < [o]Z: (4.3)
te[T,27)

and the inviscid solution has lost a non-zero fraction of its initial energy after time 7.

Time reversible weak solution: We now construct another weak solution 6 distinet from 6 on the
interval [T, 2T). This solution is defined by the formula

N 0] te0,7),
o(t)_{9(2T—t) t e [T,2T). (44)

Note first that, since § € C([0,T]);w — L?(T%)), by construction § € C([0,2T);w — L*(T%)). We now
check that it is a weak solution on the entire time interval with the velocity u. That is, we aim to show
that for any ¢ € C§°([0,2T) x T?) we have that

27 27
/ 0(z,t)0rp(x,t) dz dt+/ O(z,t)u(z,t) - Vo(r,t)dedt = — [ Op(x)p(x,0)dx.  (4.5)
0 T 0 Td Td

To proceed, divide ¢ into even and odd parts about ¢t = T

ar T+ —T)) £ (T - (t-T))

P = Pe + Pos Soe/o = 9 . (46)

Note that since 8(z,t) is even and u(z,t) is odd about ¢t = T, the left-hand-side of the above expression
vanishes identically for the even part of ¢, namely it reduces to

2T 2T
/ 0(z,t)0pp0(x,t) do dt + / O(z,t)u(z,t) - Voo (x,t)dedt = — [ Op(x)p(x,0)dx.  (4.7)
0 T4 0 T4 Td
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Splitting up different regions, we have
T T
/ 0(z,t)0rpo(x,t) dedt + / Oz, t)us(z,t) - Vo (z,t)dedt = — [ Og(x)p(x,0)dx
o Jrd 0o Jrd Td
2T 2T
- / 0(x, 2T — t)0spo(x, t) dax dt + / 0(x, 2T — t)u,(x, 2T — t) - Vo (x,t) da dt.
T Td T Td

Changing variables and introducing ¥ (z, 7) = ¢, (z, 2T —7) € C5°([0, 27] x T?) and additionally ¢ (x, T) =
0 since ¢, vanishes at t = T owing to the fact that it is odd, we have

T T
/ 0(x,t)0po(x,t) dedt + / O(z, t)us(z,t) - Voo (z,t)dedt = — [ Oy(x)p(x,0)dx
o Jra 0 Jre Td
T T
+ / O(x, 7)0r(x,7) dedr + / O(x, Tus(z, 7) - Vo(x,7) de dr.
0 Td 0 Td

Since 6 is a weak solution in the class C([0,7];w — L*(T%)) on the interval [0, 7] and 1 (z,T) = 0 while
Y(x,0) = ¢o(z,2T),

T
/ / 0(z, 7)0r (2, 7) + 0(z, T)us(x,7) - Vi(z,7)] dedt = —/ Oo(x)po(z,2T) dz.
0 Td Td
We also have
T
/ / [0(z,t)0rpo(x, t) + O0(z, t)us(z, t) - Vo (z,t)] dedt = — [ Oo(x)po(z,0)da.
0 Td Td
Since .
®o(x,0) = —p,(z,2T) = 590(‘%7 0), (4.8)
we find that 6 € C([0,27]);w — L?(T%)) is a weak solution on the interval [0,277]. Finally, we note that
16(2)[72 = |6o[7- (4.9)

In light of (4.3), the solutions § and # are distinct. O

5 Discussion: Obukhov-Corrsin Theory

In the context of passive scalar turbulence, Obukhov [Obu49] and Corrsin [Cor51] studied the ‘inertial-

range’ scaling behavior of scalar structure functions Sg(@) = (1660]P) ~ £ in a fully developed ho-
mogenous isotropic velocity field exhibiting Kolmogorov 1941 (K41) ‘monofractal’ scaling [Kol41]

SE(0) = (|6eul’) ~ (0P34, <L < L (5.1)

for all p > 1 where L* is the integral scale of the velocity field and ¢, is the dissipation scale (the K41
prediction being ¢, = (v3/e)'/* where ¢ = lim,_,o v(|Vu”|?) > 0 is the anomalous energy dissipation
rate). Said another way, in the idealized limit v — 0, the velocity field is assumed to be 1/3-Holder and
not better. Based on dimensional grounds, Obukhov and Corrsin independently predicted that the scalar
field would also exhibit the same scaling

SP(0) = (16007 ~ (x/e'/B)P2er/®, b, S, <t < L S LY (5.2)
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where x = lim, , o #(|V07[2) > 0 is the (presumed) anomalous dissipation of the passive scalar, L’ is
the typical length-scale of the scalar input initially or by a force, and ¢, is the dissipative length for the
scalar field (¢, = (k%/)'/* in the Corrsin-Obukhov theory). Their scaling theory can be generalized as

u a . . 0 1_7‘1
SU(0) ~ €%, a€(0,1)  implies  S9(e) ~ ((F)P, (5.3)

In the idealized limit of v, x — 0, this says that if the velocity u € C* is Holder with exponent « € (0, 1)
and not better, then the scalar should be Hélder § € C* with exponent 3 = (1 — «)/2 and not better.
These constraints can be understood as a consequence of the fractal geometry of scalar level sets in rough
velocities [CP93, CP94]. Moreover, the entire picture has been generalized to accommodate (the more
realistic setting) of multifractal velocity fields with the property that S} (¢) ~ 00" where (,(u) may
depend non-linearly on p resulting in constraints on the multifractal spectrum of the scalar ¢, (6) [Eyi96].

In analogy to the Onsager conjecture for the dissipation anomaly of kinetic energy in incompressible
fluids [Ons49], one can regard the above theory as setting a threshold condition for the anomalous
dissipation of scalar energy [Eyi96]. Namely, if v € C® and 6% € C? uniformly then

def r l-«a
X = n/ |VO©|? dzdt — 0 unless 8> . (5.4)
o Jrd 2

Along these lines, we first establish an upper bound on the dissipation for vanishing diffusion limits
in rough velocity fields. A similar estimate was provided for viscous energy dissipation in the context
of Onsager’s conjecture for hydrodynamic turbulence [DE19]. We also study what happens when the
velocity field is smooth up until a single point in time where it may lose regularity. The latter is relevant
to the problem in which an inertial range for the velocity field evolves dynamically by some cascade
process to the point where the field becomes non-smooth in a way consistent with the observed long-time
inertial range scaling in real turbulence. In fact, one has the following result.

Theorem 4. Let u € L*([0,T); C*(T9)) for a € (0,1] be a given divergence free vector field. Suppose
that the family {0"} .o is bounded in L*([0,T]; C#(T9)) for B € (0,1] uniformly in k, then

at28—1

T
n/ |VOF|? dedt < Ok~ o+t (5.5)
0 Td

for an absolute constant C' depending only on T' and the Hélder norms of the solutions. In particular, if
B> (1 —«)/2 then there can be no anomalous scalar dissipation. If furthermore

U € Ligo([0, T); Whe=(T9) n LY([0, T}; C*(T))  fora <1,
and if 8= (1—«)/2, then
T
lim Ii/ V6~ |? de dt = 0. (5.6)
o Jrd

K—0

Proof. Let f, = @ x f for any £ > 0. Mollifying the equations, one finds

0:(0%), + ¢ - V(0%), = kAO7), — V - 7o(u, 0%) (5.7)

where 7(f,9) = (fg9), — fig,- A straightforward calculation for any 0 < ¢ < T shows that

T T T
Ii/ |VOF|? do dt’ = —/ V@[Tg(u,e"')dxdt’—f—n/ / |V(0%),|? dz dt’
t Td t Td t Td

s /T (6 (1),6°(1)) dr — /T 7 (0%(T), 0%(T)) de. (5:8)
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Using standard estimates for mollified gradients and the Constantin-E-Titi [CET94| commutator estimate
‘V?@lLoc < ‘GICaga—l’ |T€(f7 g)|L°° < |9|C“|g|0ﬁ£a+ﬁa f € Ca7 g€ C'B (59)

together with the fact that 7,(f, f) > 0 we arrive at an upper bound for the scalar dissipation

T
m/ /d|V9“|2dacdt'<€a+2ﬂ_1\9”|iwcg|u|L1(t7T;C§)+(m(T—t)EQ(B_l)—i—Ew) 02 s (5.10)
t T L L

Setting t = 0 and optimizing ¢ as a function of x we find £ = x'/(®+1) and (5.5) follows. The second
statement of the theorem follows by dividing the time interval into [0,T — €] x [T' — &, T] and using the
assumed C' regularity of u on the interval [0,7 — €] together with the uniform Holder on the entire
interval [0, 7] and the fact that e is allowed arbitrarily small (and can vanish as k — 0). O

In light of Theorems 1 and 4, we conclude with an open question.

Question 5.1. Fiz « € (0,1). Does there exist divergence-free vector field
u e LY([0,1);0%(T%)

such that {0%}.~0 is bounded in L>([0,T]; CP(T%)) for every 8 < (1 — )/2,and

T
1iminf/f/ |VO©|*dzdt >0 ?
r—0 0 Td

Finally, we comment briefly on the nonlinear problem: establishing anomalous dissipation for solutions
of Navier-Stokes equations

ou” +u” - Vu¥ = =Vp” + vAu”,
V.-u” =0.

As for passive scalars, experimental and numerical observations of hydrodynamic turbulence suggest that
kinetic energy dissipation is non-vanishing in the limit of zero viscosity [Sre84,Sre98, PKW02, KIY 03],
i.e. there exists € > 0 independent of v such that, in turbulent regimes, a family of Leray-Hopf solutions
{u"}, >0 satisfies

T
z// /|Vu”(x,t)|2dxdt >e>0. (5.11)
0

This phenomenon of anomalous dissipation is so fundamental to our modern understanding of turbulence
that it is often termed the “zeroth law”. In 1949 [Ons49], Lars Onsager offered significant insight into
this phenomena in asserting that it requires that, at high Reynolds number, flow develop structures
approximating singular ones with Holder exponents not exceeding 1/3. This assertion has since been
proved [Eyi94, CET94| and dissipative weak solutions of the Euler equations with lower regularity have
been constructed in a series of works using convex integration [DLS09,DLS10,DLS12,Ise18, BDSV19] and

culminating in a construction of non-conservative solutions in the class CtC;/ 3= by P. Isett. However,
to this day, none of these constructions are achieved as zero viscosity limits of Navier-Stokes solutions
obeying a physical energy balance (e.g. Leray-Hopf weak solutions). In the present paper, we solved an
analogous problem for passive scalars in a setting which models the effect of a finite-time singularity in
an inviscid problem on anomalous dissipation in the corresponding viscous problem. Our result follows
from a sufficient condition for anomalous dissipation assuming that the inviscid solution becomes singular
in a controlled way. It is possible that one could deduce anomalous dissipation in the vanishing viscosity
limit of Navier Stokes solutions under some conditions on a (hypothetical) blowup in the Euler equation.

20



References

[ABC14a)

[ABC14b]

[ACM19a]

[ACM19b)]

[Aiz78]

[AKOS]

[Amb04]

[BBPS19a

[BBPS19b)]

[BDSV19]

[BGKOS]

[Bre03]

[Bre06]
[BruNg20]

[CDLO08a]

|CDLOSb)

[CET94]

G. Alberti, S. Bianchini, and G. Crippa. Structure of level sets and Sard-type properties of
Lipschitz maps. Annali della Scuola Normale Superiore di Pisa-Classe di Scienze 12.4 (2013):
863-902.

G. Alberti, S. Bianchini, and G. Crippa. A uniqueness result for the continuity equation in
two dimensions. J. Eur. Math. Soc. (JEMS), 16(2):201-234, 2014. doi:10.4171/JEMS/431.

G. Alberti, G. Crippa, and A. L. Mazzucato. Exponential self-similar mixing by incompress-
ible flows. J. Amer. Math. Soc., 32(2):445-490, 2019. doi:10.1090/jams/913.

G. Alberti, G. Crippa, and A. L. Mazzucato. Loss of regularity for the continuity equation
with non-Lipschitz velocity field. Ann. PDE, 5(1):Art. 9, 19, 2019. doi:10.1007/s40818-019-
0066-3.

M. Aizenman. On vector fields as generators of flows: a counterexample to Nelson’s conjec-
ture. Ann. Math. (2), 107(2):287-296, 1978. d0i:10.2307/1971145.

V. I. Arnold and B. A. Khesin. Topological methods in hydrodynamics, volume 125 of Applied
Mathematical Sciences. Springer-Verlag, New York, 1998.

L. Ambrosio. Transport equation and Cauchy problem for BV vector fields. Invent. Math.,
158(2):227-260, 2004. doi:10.1007/s00222-004-0367-2.

J. Bedrossian, A. Blumenthal, and S. Punshon-Smith. Almost-sure exponential mixing of
passive scalars by the stochastic Navier-Stokes equations, 2019, 1905.03869.

J. Bedrossian, A. Blumenthal, and S. Punshon-Smith. The Batchelor spectrum of passive
scalar turbulence in stochastic fluid mechanics, 2019, 1911.11014.

T. Buckmaster, C. De Lellis, L. Székelyhidi, Jr., and V. Vicol. Onsager’s conjecture for admis-
sible weak solutions. Comm. Pure Appl. Math., 72(2):229-274, 2019. doi:10.1002/cpa.21781.

D. Bernard, K. Gawedzki, and A. Kupiainen. Slow modes in passive advection. J. Statist.
Phys., 90(3-4):519-569, 1998. doi:10.1023/A:1023212600779.

A. Bressan. A lemma and a conjecture on the cost of rearrangements. Rend. Sem. Mat. Univ.
Padova, 110:97-102, 2003.

A. Bressan. Prize offered for the solution of a problem on mixing flows. (2006).

Brué, Elia, and Quoc-Hung Nguyen. Advection diffusion equation with Sobolev vector field.
arXiv preprint 2003.08198 (2020).

G. Crippa and C. De Lellis. Regularity and compactness for the DiPerna-Lions flow. In
Hyperbolic problems: theory, numerics, applications, pages 423-430. Springer, Berlin, 2008.
doi:10.1007/978-3-540-75712-2 _39.

G. Crippa and C. De Lellis. Estimates and regularity results for the DiPerna-Lions flow. J.
Reine Angew. Math, 616:15-46, 2008.

P. Constantin, W. E, and E. S. Titi. Onsager’s conjecture on the energy conservation for
solutions of Euler’s equation. Comm. Math. Phys., 165(1):207-209, 1994. URL http://
projecteuclid.org/euclid.cmp/1104271041.

21


https://doi.org/10.4171/JEMS/431
https://doi.org/10.1090/jams/913
https://doi.org/10.1007/s40818-019-0066-3
https://doi.org/10.1007/s40818-019-0066-3
https://doi.org/10.2307/1971145
https://doi.org/10.1007/s00222-004-0367-2
http://arxiv.org/abs/1905.03869
https://arxiv.org/abs/1911.11014
https://doi.org/10.1002/cpa.21781
https://doi.org/10.1023/A:1023212600779
http://arxiv.org/abs/2003.08198
https://doi.org/10.1007/978-3-540-75712-2_39
http://projecteuclid.org/euclid.cmp/1104271041
http://projecteuclid.org/euclid.cmp/1104271041

[CGSW15] G. Crippa, N. Gusev, S. Spirito, and E. Wiedemann. Non-uniqueness and pre-

[CKRZ08]

[CLRO3]

[Corb1]

[CPY3)

[CP4]

[CZDE18]

[DE17]

[DE19]

[Dep03]

[DL8Y

[DLS09]

[DLS10]

[DLS12]

[DSY05]

[ED15]

[Eyio4]

scribed energy for the continuity equation. Commun. Math. Sci., 13(7):1937-1947, 2015.
doi:10.4310/CMS.2015.v13.n7.al12.

P. Constantin, A. Kiselev, L. Ryzhik, and A. Zlatos. Diffusion and mixing in fluid flow. Ann.
of Math. (2), 168(2):643-674, 2008. doi:10.4007/annals.2008.168.643.

F. Colombini, T. Luo, and J. Rauch. Uniqueness and nonuniqueness for nonsmooth divergence
free transport. In Seminaire: FEquations auxr Dérivées Partielles, 2002-2003, Sémin. Equ.
Dériv. Partielles, pages Exp. No. XXII, 21. Ecole Polytech., Palaiseau, 2003.

S. Corrsin. On the spectrum of isotropic temperature fluctuations in an isotropic turbulence.
J. Appl. Phys., 22:469-473, 1951.

P. Constantin and I. Procaccia. Scaling in fluid turbulence: a geometric theory. Phys. Rev.
E (38), 47(5):3307-3315, 1993. d0i:10.1103/PhysRevE.47.3307.

P. Constantin and I. Procaccia. The geometry of turbulent advection: sharp estimates for
the dimensions of level sets. Nonlinearity, 7(3):1045-1054, 1994. URL http://stacks.iop.
org/0951-7715/7/1045.

M. Coti Zelati, M. G. Delgadino, and T. M. Elgindi. On the relation between enhanced
dissipation time-scales and mixing rates. ArXiv e-prints, June 2018, 1806.03258.

T. D. Drivas and G. L. Eyink. A Lagrangian fluctuation-dissipation relation for scalar
turbulence. Part I. Flows with no bounding walls. J. Fluid Mech., 829:153—-189, 2017.
doi:10.1017/jfm.2017.567.

T. D. Drivas and G. L. Eyink. An Onsager singularity theorem for Leray solutions of in-
compressible Navier-Stokes. Nonlinearity, 32(11):4465-4482, oct 2019. doi:10.1088/1361-
6544 /ab2{42.

N. Depauw. Non unicité des solutions bornées pour un champ de vecteurs BV en dehors
d’un hyperplan. C. R. Math. Acad. Sci. Paris, 337(4):249-252, 2003. doi:10.1016/S1631-
073X(03)00330-3.

R. J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory and Sobolev
spaces. Invent. Math., 98(3):511-547, 1989. doi:10.1007/BF01393835.

C. De Lellis and L. Székelyhidi, Jr. The Euler equations as a differential inclusion. Ann. of
Math. (2), 170(3):1417-1436, 2009. doi:10.4007/annals.2009.170.1417.

C. De Lellis and L. Székelyhidi, Jr. On admissibility criteria for weak solutions of the FEuler
equations. Arch. Ration. Mech. Anal., 195(1):225-260, 2010. doi:10.1007/s00205-008-0201-x.

C. De Lellis and L. Székelyhidi, Jr. The h-principle and the equations of fluid dynamics. Bull.
Amer. Math. Soc. (N.S.), 49(3):347-375, 2012. doi:10.1090/S0273-0979-2012-01376-9.

D. A. Donzis, K. R. Sreenivasan, and P. K. Yeung. Scalar dissipation rate and dissi-
pative anomaly in isotropic turbulence. Journal of Fluid Mechanics, 532:199-216, 2005.
doi:10.1017/S0022112005004039.

G. L. Eyink and T. D. Drivas. Spontaneous stochasticity and anomalous dissipation for
Burgers equation. J. Stat. Phys., 158(2):386-432, 2015. doi:10.1007/s10955-014-1135-3.

G. L. Eyink. Energy dissipation without viscosity in ideal hydrodynamics. I. Fourier analysis
and local energy transfer. Phys. D, 78(3-4):222-240, 1994. doi:10.1016/0167-2789(94)90117-1.

22


https://doi.org/10.4310/CMS.2015.v13.n7.a12
https://doi.org/10.4007/annals.2008.168.643
https://doi.org/10.1103/PhysRevE.47.3307
http://stacks.iop.org/0951-7715/7/1045
http://stacks.iop.org/0951-7715/7/1045
http://arxiv.org/abs/1806.03258
https://doi.org/10.1017/jfm.2017.567
https://doi.org/10.1088/1361-6544/ab2f42
https://doi.org/10.1088/1361-6544/ab2f42
https://doi.org/10.1016/S1631-073X(03)00330-3
https://doi.org/10.1016/S1631-073X(03)00330-3
https://doi.org/10.1007/BF01393835
https://doi.org/10.4007/annals.2009.170.1417
https://doi.org/10.1007/s00205-008-0201-x
https://doi.org/10.1090/S0273-0979-2012-01376-9
https://doi.org/10.1017/S0022112005004039
https://doi.org/10.1007/s10955-014-1135-3
https://doi.org/10.1016/0167-2789(94)90117-1

[Eyio6]
[EZ18)]
[FGVO1]
[FT19]

[Gaw08]

[IKX14]

[Ise1§]
(IXZ19]
[7Y21]

[KTY 03]

[Kol41]
[LJRO2]
[LJRO4]

[LLNT*12]

[MD1§]
[MS18]
[Obu49]

[Ons49|

G. L. Eyink. Intermittency and anomalous scaling of passive scalars in any space dimension.
Phys. Rev. E, 54:1497-1503, Aug 1996. doi:10.1103/PhysRevE.54.1497.

T. M. Elgindi and A. Zlatos. Universal mixers in all dimensions. arXiv e-prints, Sep 2018,
1809.09614.

G. Falkovich, K. Gawedzki, and M. Vergassola. Particles and fields in fluid turbulence.
Reviews of Modern Physics, 73(4):913-975, Nov 2001. doi:10.1103/revmodphys.73.913.

Y. Feng and G. Iyer. Dissipation enhancement by mixing. Nonlinearity, 32(5):1810-1851,
2019. doi:10.1088/1361-6544 /ab0e56.

K. Gawedzki. Soluble models of turbulent transport. In Non-equilibrium statistical mechanics
and turbulence, volume 355 of London Math. Soc. Lecture Note Ser., pages 44-107. Cambridge
Univ. Press, Cambridge, 2008.

G. Iyer, A. Kiselev, and X. Xu. Lower bounds on the mix norm of passive scalars ad-
vected by incompressible enstrophy-constrained flows. Nonlinearity, 27(5):973-985, 2014.
doi:10.1088,/0951-7715/27/5/973.

P. Isett. A proof of Onsager’s conjecture. Ann. of Math. (2), 188(3):871-963, 2018.
doi:10.4007 /annals.2018.188.3.4.

G. Iyer, X. Xu, and A. Zlatos. Convection-induced singularity suppression in the Keller-Segel
and other non-linear PDEs. arXiv e-prints, Aug 2019, 1908.01941.

I.-J. Jeong and T. Yoneda. Enstrophy dissipation and vortex thinning for the incompressible
2D Navier-Stokes equations. Nonlinearity, 34 (2021), no. 4, 1837-1853.

Y. Kaneda, T. Ishihara, M. Yokokawa, K. Itakura, and A. Uno. Energy dissipation rate and
energy spectrum in high resolution direct numerical simulations of turbulence in a periodic
box. Physics of Fluids, 15(2):L21-1.24, 2003. doi:10.1063/1.1539855.

A. N. Kolmogorov. Energy dissipation in locally isotropic turbulence. Dokl. Akad. Nauk.
SSSR, 32:19-21, 1941.

Y. Le Jan and O. Raimond. Integration of Brownian vector fields. Ann. Probab., 30(2):826—-
873, 2002. doi:10.1214/aop,/1023481009.

Y. Le Jan and O. Raimond. Flows, coalescence and noise. Ann. Probab., 32(2):1247-1315,
2004. doi:10.1214,/009117904000000207.

E. Lunasin, Z. Lin, A. Novikov, A. Mazzucato, and C. R. Doering. Optimal mixing and
optimal stirring for fixed energy, fixed power, or fixed palenstrophy flows. J. Math. Phys.,
53(11), Nov. 2012. doi:10.1063/1.4752098.

C. J. Miles and C. R. Doering. Diffusion-limited mixing by incompressible flows. Nonlinearity,
31(5):2346, 2018. doi:10.1088/1361-6544 /aablc8.

S. Modena and L. Székelyhidi, Jr. Non-uniqueness for the transport equation with Sobolev
vector fields. Ann. PDE, 4(2):Art. 18, 38, 2018. doi:10.1007/s40818-018-0056-x.

A. M. Obukhov. Structure of temperature field in turbulent flow. Izv. Akad. Nauk. SSSR,
Geogr. Geofiz, 13, 1949.

L. Onsager. Statistical hydrodynamics. Nuovo Cimento (9), 6(Supplemento, 2(Convegno
Internazionale di Meccanica Statistica)):279-287, 1949.

23


https://doi.org/10.1103/PhysRevE.54.1497
http://arxiv.org/abs/1809.09614
https://doi.org/10.1103/revmodphys.73.913
https://doi.org/10.1088/1361-6544/ab0e56
https://doi.org/10.1088/0951-7715/27/5/973
https://doi.org/10.4007/annals.2018.188.3.4
http://arxiv.org/abs/1908.01941
https://doi.org/10.1063/1.1539855
https://doi.org/10.1214/aop/1023481009
https://doi.org/10.1214/009117904000000207
https://doi.org/10.1063/1.4752098
https://doi.org/10.1088/1361-6544/aab1c8
https://doi.org/10.1007/s40818-018-0056-x

[Pie94]

[PKW02]

[P0o096]

[Sred4]

[Seis13]
[Seis20]

[Sre9s8]

[Srel9]

SS00]

[Thi12]

[Weil8]

[YZ17]

R. Pierrehumbert. Tracer microstructure in the large-eddy dominated regime. Chaos, Solitons
& Fractals, 4(6):1091 — 1110, 1994. doi:10.1016/0960-0779(94)90139-2. Special Issue: Chaos
Applied to Fluid Mixing.

B. R. Pearson, P. A. Krogstad, and W. van de Water. Measurements of the turbulent energy
dissipation rate. Physics of Fluids, 14(3):1288-1290, 2002. doi:10.1063/1.1445422.

C.-C. Poon. Unique continuation for parabolic equations. Comm. Partial Differential Equa-
tions, 21(3-4):521-539, 1996. doi:10.1080/03605309608821195.

K. R. Sreenivasan. On the scaling of the turbulence energy dissipation rate. The Physics of
Fluids, 27(5):1048-1051, 1984. d0i:10.1063/1.864731.

C. Seis. Maximal mixing by incompressible fluid flows. Nonlinearity 26.12 (2013): 3279.

C. Seis. Diffusion limited mixing rates in passive scalar advection. arXiv preprint 2003.08794
(2020).

K. R. Sreenivasan. An update on the energy dissipation rate in isotropic turbulence. Phys.
Fluids, 10(2):528-529, 1998. d0i:10.1063/1.869575.

K. R. Sreenivasan. Turbulent mixing: A perspective. Proceedings of the National Academy
of Sciences, 116(37):18175-18183, 2019. doi:10.1073/pnas.1800463115.

B. I. Shraiman and E. D. Siggia. Scalar turbulence. Nature, 405(6787):639, 2000.
doi:10.1038/35015000.

J.-L. Thiffeault. Using multiscale norms to quantify mixing and transport. Nonlinearity,
25(2):R1-R44, 2012. doi:10.1088,/0951-7715/25/2/R1.

D. Wei. Diffusion and mixing in fluid flow via the resolvent estimate. arXiv e-prints, Nov
2018, 1811.11904.

Y. Yao and A. Zlato§. Mixing and un-mixing by incompressible flows. J. Eur. Math. Soc.
(JEMS), 19(7):1911-1948, 2017. doi:10.4171/JEMS/709.

24


https://doi.org/10.1016/0960-0779(94)90139-2
https://doi.org/10.1063/1.1445422
https://doi.org/10.1080/03605309608821195
https://doi.org/10.1063/1.864731
http://arxiv.org/abs/2003.08794
https://doi.org/10.1063/1.869575
https://doi.org/10.1073/pnas.1800463115
https://doi.org/10.1038/35015000
https://doi.org/10.1088/0951-7715/25/2/R1
http://arxiv.org/abs/1811.11904
https://doi.org/10.4171/JEMS/709

	Introduction
	Main Results
	General Criterion for Anomalous Dissipation
	Connections with Enhanced Dissipation and Mixing
	Notation Convention and Plan of this Paper

	Proofs of Criteria for Anomalous Dissipation
	Proof of Proposition 1.3
	Proof of Proposition 1.6.
	Proof of Lemma 1.4

	Construction of the Example
	Inviscid Bounds
	Proof of Theorem 1
	Proof of Theorem 2

	Non-Uniqueness of Weak Solutions 
	Discussion: Obukhov-Corrsin Theory

