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ABSTRACT. It is well known that on long time scales the behaviour of tracer
particles diffusing in a cellular flow is effectively that of a Brownian motion.
This paper studies the behaviour on “intermediate” time scales before diffu-
sion sets in. Various heuristics suggest that an anomalous diffusive behaviour
should be observed. We prove that the variance on intermediate time scales
grows like O(v/t). Hence, on these time scales the effective behaviour can not
be purely diffusive, and is consistent with an anomalous diffusive behaviour.

1. INTRODUCTION

We study the behaviour of tracer particles diffusing in the presence of a strong
array of opposing vortices (a.k.a. “cellular flow”). Well known homogenization re-
sults show that on long time scales these particles effectively behave like a Brownian
motion, with an enhanced diffusion coefficient (see for instance [1,23,24]). On in-
termediate time scales, however, tracer particles have their movement “arrested” in
pockets of recirculation, leading to an anomalous diffusive behaviour [2,14,15,33,34].

The purpose of this paper is to prove a quantitative estimate for the variance
of these particles on intermediate time scales (Theorem 1.1). More precisely, we
prove that the variance at time ¢ is O(v/At), where A is the Péclet number of the
system. A purely diffusive process (e.g. Brownian motion) would have variance
that is linear in ¢, and so the effective behaviour of the tracer particles at these
time scales “must be anomalous”. We remark, however, that we can not presently
prove convergence of the particle trajectories to an effective process on intermediate
time scales.

1.1. The long time behaviour. We begin with a brief introduction to results
about the long time behaviour of tracer particles. For concreteness, we model the
position of the tracer particle by the SDE

(1.1) dX; = —Av(X,) dt +V2dW,,  Xo ==
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where W is a 2D Brownian motion, v is a velocity field with “cellular” trajectories,
and A > 0 is the strength of the advection. We remark that A is also the Péclet
number of this system, which is a non-dimensional parameter measuring the relative
importance of cell size, velocity magnitude and the diffusion strength.

For simplicity, we further assume

—02h
O1h

Geometrically, this is the velocity field associated with a two dimensional rectan-
gular array of opposing vortices. The explicit choice of v above is only to simplify
many technicalities; the methods used (both the results we cite and in this paper)
will apply to more general, but still cellular, velocity fields.

The upshot of well known homogenization results is that the long time behaviour
of X is effectively that of a Brownian motion. More precisely, for any ¢ > 0, define
the process X° by X§ = €X;/.2. Then as ¢ — 0, the processes X° converges (in
law) to v/ Deg(A) W', where W’ is a Brownian motion, and D.g(A) is the effective
diffusivity (see [1,23,24]).

The underlying mechanism is the interaction of two phenomena: The drift of
the process X¢, which operates fast along closed orbits of size ¢, and the diffusion,
which operates slowly moving X° between orbits. The combined effect produces
an effective Brownian motion with an enhanced diffusion coefficient (see [9]).

An outline of a rigorous proof (due to Freidlin [10]) when v is periodic proceeds
as follows: Let the vector function x be a periodic solution to the cell problem

(1.3) — Ax+ Av-Vx = —Av.

(1.2) v=Vin= ( >, where h(z1,22) = sin(zy) sin(xs).

1t6’s formula and elementary manipulations show

t/e?

X; = X5 = —¢[x(X1) = x(Xo)] + 6/ V2(I + Vx(X,)) dWs.
€ 0

Since x is independent of &, the drift term above converges to 0 as ¢ — 0. By

the ergodic theorem the quadratic variation of second term converges to tDeg(A),

where

. 2
(Deﬁ‘(A))i j d:f 251‘,]‘ + 72/ in . VXj.
’ 7T (0,m)2

Lévy’s criterion now shows that the limit is a Brownian motion with diffusion
coefficient y/Deg(A). We refer the reader to [9,23] for more details.

We remark further that the behaviour of y and Deg have been extensively stud-
ied [3,4,9,16,19,22,25-27,29] as the Péclet number A — co. It is well known that
Deg ~ VAT asymptotically as A — co. Consequently E*|X, — z|> = O(V/At),
when A and ¢ are large. Recently Haynes and Vanneste [14] (see also [15]) stud-
ied the long-time behavior of X; using large deviations. They performed a formal
asymptotic analysis in various regimes, and suggest that the “active” (or most mo-
bile) tracer particles concentrate near the level set {h = 0}. The proof of our main
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results shows that a similar phenomenon occurs at intermediate time scales, and is
described in Section 1.2.

Finally, we also mention that the long time behaviour of X has been studied
under far more general assumptions on v (see for instance [5-7,17]), and has a
huge number of applications ranging from flame propagation to swimming (e.g.
[20,21,28,30-32]).

1.2. The intermediate time behaviour. In contrast to large time scales, the
variance E*|X; — :U|2 at intermediate time scales doesn’t grow linearly with time
(see figure 1(a)). Theoretical and experimental results in [12,33-35] suggest instead

(14)  E*|X,—z|*> = OWAVE), for1/A <t < 1, provided h(X,) = 0.

The main contribution of this paper is to prove (1.4), modulo a (necessary) loga-
rithmic correction.
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(a) Plot of the variance E|X¢|? vs t. The
red dashed curve fits (E|X¢|?)2 to a linear
function of ¢ on {t < 0.015}. The green
dashed curve fits E|X|? to a linear func-
tion of t on ¢t > 0.015.

(b) Three sample trajectories of X
for 0 < t < 2. Cells that are nearly
filled in correspond to long peri-
ods of rest. The remainder corre-
spond to short periods of ballistic
motion.

FIGURE 1. Numerical simulations of equation (1.1) with A = 1000.

Theorem 1.1. Let N > 0, and define § = N/\A. There exists T > 0 and a
positive constant ¢ such that whenever

(1.5) (6]In (5|)2 <t, t<T and 9§ is sufficiently small,
we have
Vit
1.6 inf E°|X; —x|® >
(1.6) |h(l:3\<5 X — =l cé|lnd|

sup E*|X, — 2> <
[h(z)|<é

eVt
(1.7) and 5

We remark that both (1.4) and Theorem 1.1 insist that trajectories start close
to (or on) cell boundaries. This is essential for an anomalous diffusive effect to
be observed, and will be explained later. Further, the exponent of ¢t appearing on
the right of (1.4) depends on the boundary conditions used. The v/t growth was
observed in [12,33-35]. In the case of a long strip with no slip boundary conditions
on the velocity field, the papers [2,33] suggest that the variance grows like t1/3
instead.

We prove Theorem 1.1 in Section 2, and devote the remainder of this section to
describing heuristics, the mechanism behind the proof.

1.2.1. A heuristic explanation. Before delving into the technicalities of the proof,
we provide a brief heuristic explanation suggested by W. Young [34,35]. The typical
trajectory of X spends most of its time trapped in cell interiors, which are pockets
of recirculation (see figure 1(b)). These particles are “inert” and contribute negli-
gibly to the average travel distance. The largest contribution to the average travel
distance is from the ballistic motion of a small fraction of “active particles” in a
thin boundary layer around cell boundaries (see figure 2).

This boundary layer should naturally be a region where the drift and diffusion
balance each other [9]. Precisely, the time taken for the drift to transport a par-
ticle around the cell should be comparable to the time time taken for the noise to
transport the particle across the boundary layer. This suggests that the boundary
layer B;s should be defined by

N
where § = —

(1.8) Bs ={—d < h <}, N

and N > 0 is some constant.

The distance travelled in a direction perpendicular to stream lines is influenced
by the noise alone. Thus after time ¢, the variance of the perpendicular distance
should be of order t. Hence the fraction of “active particles”, i.e. particles that
remain in B, should be roughly O(§/+/1).

These “active particles” are advected along cell boundaries by the drift, which
has magnitude A. They follow both the horizontal and the vertical cell boundaries
in a manner akin to that of a random walk. Consequently, their behaviour after time
t should be that of a random walk that after O(At) steps of size O(1). Thus, the
variance of the displacement of the “active particles” after time ¢ should be O(At).
Since the remaining particles travel negligible distances, and the fraction of “active
particles” is O(J/+/t), the variance of the displacement travelled by all particles
should be O(At - 6/+/t). This exactly gives (1.4).

The above estimate for the fraction of “active particles”, and consequently the
variance estimate in (1.4) is only expected to be valid on the time scales 1/4 <
t < 1. Of course, for ¢ > 1 the homogenized behaviour is observed (see also [8]
for a more precise lower bound). Finally, we remark that an argument in [34, 35]
suggested that (1.4) is only valid for A=2/% <t < 1.

1.2.2. The logarithmic slow-down and the idea behind a rigorous proof. Our ap-
proach to proving Theorem 1.1 is by estimating the expected number of times the
process X crosses over the boundary layer Bs. First, by solving a classical cell
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(a) t =.004 (b) t =.012 (c) t =.040

FIGURE 2. Numerical simulation of 10,000 realizations of equa-
tion (1.1) with A = 1000 and X, = (0,0). Initially most particles
are “active” and travel ballistically near cell boundaries. As time
increases these disperse into cell interiors becoming “inert” and the

density approaches a Gaussian.

problem [9,11,22] one can show that that trajectories of X starting on 9Bs exit the
cell from each of the four edges with nearly equal probably. (In particular, trajec-
tories don’t directly exit from the closest edge, which is only a distance of § away,
with overwhelming probably.) Consequently, every time the process X crosses Bs
we expect it to have performed one independent O(1)-sized step of a random walk,
and E*|X; — x|2 should be comparable to the expected number of boundary layer
crossings.

Note, with this point of view the “active particles” from the previous section
correspond to trajectories of X that cross Bs more often. The expected number of
boundary crossings will account for the fact that a large fraction of the particles
are “inert”.

Since the convection is directed entirely in the tangential direction, crossing the
boundary layer should be a purely diffusive effect. This suggests that the expected
number of boundary crossings should be comparable to the expected number of
crossings of Brownian motion over the interval (—4,4). A standard calculation [18]
shows that this is O(v/%/d), which immediately gives Theorem 1.1.

The difficulty with proving this rigorously is a logarithmic slow down of trajec-
tories near cell corners. To elaborate, the typical trajectory of X spends O(d2)
time near cell edges where the Hamiltonian is non-degenerate. In this region Bs
has width § which can be crossed often by the diffusion alone on O(6?) time scales.
However, typical trajectories of X spend the much longer O(§2|Ind|) time near cell
corners where the Hamiltonian has a degenerate saddle point. This is problematic
because in this region Bs has thickness O(+v/4), and diffusion alone will take too
long to cross it unassisted (see for instance [15]).

The reason our proof works is because even though trajectories of X are too
slow to cross B near cell corners, the drift moves them away from cell corners in
time O(6%|Ind]). Once away, they will typically cross in O(6?) time leading to a

logarithmic slow down to (1.4). The meat of this paper is spent proving this by
performing a delicate analysis of the behaviour in cell corners (Lemmas 3.1 and 3.2).

We remark that our techniques don’t presently show convergence of X to an
effective process on intermediate time scales, and we are working towards addressing
this issue. A forthcoming result by Hairer, Koralov and Pajor-Gyulai [13], has a
construction that might help identify the intermediate time process. Explicitly,
in [13] the authors rescale the domain, construct a time change that only increases
when X; € By, and identify both the law of the time change and the time changed
process. Their proof, however, requires time to be large and does not work on
intermediate time scales.

1.3. Plan of this paper. In Section 2 we prove Theorem 1.1, modulo estimating
the variance after each boundary layer crossing (Lemma 2.1) and estimating the
CDF of the boundary layer crossing times (Lemma 2.2). The key step in our proof
of Lemma 2.2 is obtaining a good estimate on the first crossing time over the
boundary layer (Lemma 3.1), and is done in Section 3. This requires a delicate
analysis near cell corners and forms the bulk of this paper.

In Section 4 we complete the proof of Lemma 2.2 by estimating the higher
crossing times in terms of the first crossing time using the strong Markov property.
Finally, in Section 5 we estimate the variance after each boundary layer crossing
(Lemma 2.1), which completes the proof of Theorem 1.1.

Acknowledgements. We thank William R. Young for bringing our attention to
the anomalous diffusive behaviour of tracer particles diffusing in a fast cellular
flow. We also thank Martin Hairer, Leonid Koralov and Lenya Ryzhik for many
stimulating discussions. Finally, we thank James T. Murphy III and Yue Pu for
pointing out typographical errors in an early draft.

2. PROOF OF THE MAIN THEOREM.

We devote this section to proving Theorem 1.1. This proof relies on two lemmas,
which for clarity of presentation, we prove in subsequent sections.

Proof of Theorem 1.1. As explained earlier, the basic mechanism is that the process
X performs an independent O(1)-sized step of a random walk every time it crosses
the boundary layer Bs. We start by defining the boundary layer crossing times.
Let 79 = 0, and recursively define the stopping times

on =inf{t > 7,1 ‘ X: ¢ Bs} and 7, =inf{t > o, | h(X:) = 0}.

We intuitively think of 7, as the n'® time X hits the separatrix {h = 0}, and o,
as the first time after 7,, that X emerges from the boundary layer Bs.

Given the symmetry of the advecting drift, it is convenient to deal with each
coordinate of the flow separately. When convenient we will use the notation X;(t)
to denote the i'" coordinate of the flow X at time t. For i € {1,2} we define the
“coordinate” crossing times as follows. Let 7¢ = 0, and recursively define

o, =inf{t 27, , | X; & Bs} and 7, =inf{r |7 >7)_, & Xi(7) € 7Z}.

n
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Intuitively, 72 is the n'" time the i*" coordinate of X hits the separatrix
{h=0} =R x 7Z) U (7Z x R).

Notice the sets {7} and {72} partition the set {7, }, except on the null set where
X exits a cell exactly at a corner.
Now we use an elementary telescoping sum to write the variance in terms of the
boundary layer crossings. Namely, observe first
E°|X(t) — x> = E|X1(t) — a1]* + E|Xa(t) — xo|?,
so it suffices to deal with each coordinate process individually. For i € {1, 2} notice
> : . 2
E*|X(t) — il = B[ 3 Xi(r A1) = Xi(riy A D)

n=1

o0
(2.1) =N BT |Xi(ri A t) - Xa(riy A1)

n=1
Here we crucially used the reflection symmetry of the drift v to ensure that the
cross terms in the last expression vanish.

When ¢ < 7%, the term inside the expectation in (2.1) vanishes. When ¢t > 77,
we expect that thls term should average to an O(l) quantity. Thus each term on
the right of (2.1) should be comparable to P*(7} < t). We single this out as our
first lemma:

Lemma 2.1. There exists a positive constant ¢ such that if i € {1,2}, x € B;
and (1.5) holds, then

(2.2) E*|X(rh o A) = Xi(m) AD)P < cP(r), < 1),
and

) 1 . t
(2:3) B\ Xi(mh A = Xi(my AD > — P (7 < )

The next step is to bound P*(7¢ < t). Intuitively, 7% should only depend on the
movement of X in a direction transverse to the convection. Thus we should expect
to bound P?(7¢ < t) in terms of a purely diffusive process. Indeed, our next lemma
is to show that P®(7% < t) is comparable to that of Brownian motion.

Lemma 2.2. There exists a positive constant ¢ such that if n € N, i € {1,2},
x € Bs and (1.5) holds, then

. - end|ln ]y +
2.4 £ P <) > (1 - SOOI T
24) \h&"ﬁ\@ (7 < 1) ( Vit )
(2.5) and sup P(r! <t) <1—erf

|h(z)]|<6 <C\/>)

Note that the right hand side of (2.5) is exactly equal to the chance that a
standard Brownian motion crosses the interval (—d,d) at least n-times in time ¢.
The right hand side of (2.4), however, is much worse. It contains a |Ind| factor,
which is not merely a technical artifact, but present because of the logarithmic slow
down of X near the degenerate critical points of the Hamiltonian h.

Momentarily postponing the proofs of Lemmas 2.1 and 2.2, we finish the proof
of Theorem 1.1. Observe equation (2.1) and inequalities (2.2) and (2.3) imply

(2.6) - Z P (1, ¢ Z P(,

Using Lemma 2.2 both sides of the above can be estimated easily.
Indeed, by (2.5) we see

) < E*|X(t )—a> <

I\D\ﬂ

0o Vi
Z(l—erf( \/E))\ 5

o0
(27) S P <)
n=1 n=1
Here we used the convention that that ¢ > 0 is a finite constant, independent of A,
that may increase from line to line.

For the lower bound, inequality (2.4) gives

(2.8) iPw(ﬁ; < %) > i(1 ma'\/l;(”)
n=1 n=1

The last inequality followed because of our assumption in (1.5) that guarantees

§|lnd| < V2.
Using (2.6), (2.7) and (2.8) immediately yields both (1.6) and (1.7) as desired.
This concludes the proof of Theorem 1.1, modulo the proofs of Lemmas 2.1 and 2.2.
O

Vi Vi
{céﬂrféd > 5 <c5|1£5|)'

We prove Lemma 2.2 first (in Section 4), as we use it in the proof of Lemma 2.1.
This is the key step in our paper. The hardest part in the proof is establishing (2.4)
for n = 1, which we do in Section 3. Finally, we prove Lemma 2.1 in Section 5
using both Lemma 2.2 and ideas used in the proof of Lemma 2.2.

3. A LOWER BOUND FOR THE FIRST RETURN TIME.

We devote this section to the proof of the key step in Lemma 2.2: Namely we
show that (2.4) holds for n = 1 and the stopping time 7; (Lemma 3.1 in Section 3.1).
This proof of this relies on two central lemmas: bounding the expected exit time
from the boundary layer (Lemma 3.2 in Section 3.2), and bounding the tail of the
exit time from a cell (Lemma 3.3 in Section 3.3). Both these Lemmas rely on
estimating the chance that X re-enters a corner (Lemma 3.6) which we prove in
Section 3.2.1.

3.1. The first return to the separatrix. We devote this subsection to prov-
ing (2.4) for n = 1 and the stopping time 7y. For clarity, we state the result here
as a lemma.

Lemma 3.1. There exists a positive constant ¢, such that if (1.5) holds, then

/ +
(3.1) inf  P7(r, 605'\;5') :

|h(z)| <8

<> (1-
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The proof breaks up naturally into two steps. We recall 11 is the first time X
hits the separatrix after exiting the boundary layer. Thus to estimate 71 we will
first estimate the time X takes to exit the boundary layer, and then estimate the
time X takes to return to the separatrix.

As before, both these steps involve only the motion of X across level sets of h,
and should morally be independent of the convection term. There is, however, a
logarithmic slow down near cell corners which introduces a logarithmic correction
in our estimates. We state our results precisely below.

Lemma 3.2. There exists a constant ¢ such that when § is sufficiently small

(3.2) sup E%0y < ¢6%|Iné).
zEBs

Lemma 3.3. Let 7 = inf{t > 0 | h(X;) = 0} be the hitting time of X to the
separatriz {h = 0}. There exists a positive constant ¢ such that if (1.5) holds, then

(3.3) inf P*(r <t)> (1 - 05|ln5|)+.
zE€Bs \/E

The proofs of both Lemmas 3.2 and 3.3 are somewhat involved, and are the main
“technical content” of this paper. If the Hamiltonian h is non-degenerate, then one
can easily show that the expected exit time of X from Bs is comparable to §2: the
expected exit time of Brownian motion from the interval (—d,9).

In our case, however, the Hamiltonian h is degenerate exactly at the cell corners.
One wouldn’t expect this to be problematic provided X did not spend too much time
near the cell corners. Unfortunately, the process X spends most of the time near cell
corners and compounds the problem. Precisely, when X is in the boundary layer,
it spends O(6?%) time near cell edges (where Vh is non-degenerate) and O(42|In d|)
near corners (where Vh degenerates).

The estimate for 7 is plagued with similar problems. Further, the distribution
of 7 is heavy tailed and E7 is much too large to be useful. Thus we are forced to
take a somewhat indirect approach to Lemma 3.3. We do this by estimating the
Laplace transform of the CDF of 7.

Once Lemmas 3.2 and 3.3 are established, however, Lemma 3.1 follows immedi-
ately. We present this below.

Proof of Lemma 3.1. Clearly
m(z) = 01(2) + 7(Xoy (),

and so
. t t
(34) P <) > P(o1(2) < 5 and 7(Xp, ) < )

2
—E””( EX% )>P”3< <f) inf Py( <f)
o X{o1<t/2} Xir<t/ay) 2 1S 2 ‘h(lyr;‘:(; TS 2)°
The second term on the right we can bound by Chebyshev’s inequality and
Lemma 3.2. Namely,

cd?|In 6|

Px(0'1< P

2
)21—212%121—

DO o+

Thus Lemma 3.3 and inequality (3.4) show

aﬂln(ﬂ) (1 B c5|1n5|) 51— cd[lnd| cd?|In §|
t Vi /T Vi t

By assumption (1.5), the third term on the right can be absorbed into the second
by increasing the constant ¢. This proves (3.1) as desired. O

Po(r <t)> (1 -

3.2. The exit time from the Boundary Layer. In this subsection we aim to
prove Lemma 3.2. As mentioned earlier, the main difficulty is that the process X
spends “most” of the time near cell corners where the Hamiltonian is degenerate.
The main idea behind our proof is as follows: First, by constructing an explicit
super-solution, we show that X leaves the vicinity of cell corners in time §2|In§|.
Next, we show that the chance that X “re-enters” a corner is bounded above by a
constant Py < 1. Now using a geometric series argument we bound the expected
exit time.

To make this precise we need to introduce the natural action-angle coordinates
associated to the Hamiltonian h. Recall the separatriz is the set {h = 0}, and a
cell is a connected component of the complement of the separatrix. Fix a cell Qg
with center go = (0,1, go,2). Let 6 be the solution of the PDE

VO-Vh=0 in Qo — {qo + (,0) | z >0}

O(a1,22) = sign(h(go)) [tan~" (2=22) + 7] on 6Qu.

T1 — qo,1 4
The above boundary condition ensures that on streamlines of v, § increases in the
direction of v. Explicitly, # increases in the counter-clockwise on cells where h is
positive, and in the clockwise on cells where h is negative. Note further that on cell
corners we have § = nrw/2 for n € Z.

The map x +— (h,0) defines the natural action-angle coordinates local to each
cell. For a pair of adjacent cells, we shift the angular coordinate in one cell by a
multiple of 7 to ensure continuity of this coordinate. By abuse of notation we still
use (h,0) to denote the local coordinates on a pair of adjacent cells. This will be
used repeatedly to obtain estimates along cell edges.

Using the (h, #) coordinates we define the “corner” and “edge” regions as follows.
Fix By > 0 to be some small constant, and define

(3.5) Cd:ef{xeB(;"Q(x)—n%‘<50f0rn€{0,...,3}}, and &% Bs—C.

Connected components of C are neighbourhoods of cell corners, and connected
components of £ are neighbourhoods of cell edges. Since the Hamiltonian A is only
degenerate in cell corners, we know |Vh| and |V6| are bounded below away from 0
on each connected component of £.

We are now ready to precisely state the lemmas required to prove Lemma 3.2.
We begin with the time taken to exit the edge and corner regions.

Lemma 3.4. Let p. be the first exit time of X from the edge region €. There exists
a constant ¢ (independent of §) such that

1Bpe ) < 8.
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Lemma 3.5. Let 8) > By and define the fattened corner region
(36) €< {weBs| o) - 5| < By forne{0,....3}), and & LB;-C.

Let p. be the first exit time of X from the fattened corner region C'. If By, B} are
sufficiently small then there exists a constant ¢ independent of A such that

2
HEPCHLOO(C/) < 05 ‘1115‘
Next, we state a lemma estimating probability that X re-enters a corner.

Lemma 3.6. Let p. be the first exit time of X from E£. There exists a constant
Py = Po(Bo, By, N) independent of A such that for all A sufficiently large we have

(3.7) sup P¥(X,, € 06 NBs) < Py and Py <1
ze&’

We first show how Lemmas 3.4-3.6 can be used to prove Lemma 3.2, and prove
Lemmas 3.4-3.6 subsequently.

Proof of Lemma 3.2. Let p. be the first exit time of X from the fattened corner C’,
and p. be the first exit time of X from the edge £. By the strong Markov property
for any x € C' we have

Efo, = EwX{Pc<cr1}01 . sz{ﬂc%n}al

=E"X(, <oy (pe + EXreoq) + E*X(p 50 Pe S sup EYc + E®p,
C - ye !

Similarly, for any y € £ we have
Elor = By, <oy 01 T E'X (50,101
Xoe
=B, o) (pe + EXreoy) + EVX,, o, Pe
< PY(pe < 1) sup E*o1 + EYp,
zeC
Using Lemma 3.6 we note that PY(p. < 01) < Py for all y € £’. Thus
1Eo1|| e 5,y < PollEot| oo 5,) + 1 EPell oo (g) + 1 Epell o 01y
Consequently
(3.8) 1B e 55 < (1= Po) " (1 EBpell poe gy + 1B el oo ) -

Using Lemma 3.4 and 3.5 this immediately implies (3.2) as desired. This completes
the proof of Lemma 3.2, modulo Lemmas 3.4-3.6. (]

It remains to prove Lemmas 3.4-3.6. We prove Lemma 3.6 first (subsection 3.2.1),
as the result will be re-used in later sections. Finally we conclude this subsection
with the proof of Lemmas 3.4 and 3.5 (in subsection 3.2.2).

3.2.1. The corner entry probability. In this subsection we prove Lemma 3.6. The
main idea in the proof is that width of the boundary layer is chosen so that the
convection in the 6 direction and the diffusion in the h direction balance each other.
The diffusion in the 6 direction, however, is an order of magnitude smaller, and can
be neglected. Consequently, we bound the chance of entering a corner using the
solution to a parabolic problem in A and 6.

Proof of Lemma 3.6. To prove the Lemma it suffices to restrict our attention any
connected component of £. Let & be one such component. Assume, for simplicity,
that the angular coordinate in & varies between Sy and 7/2 — fq.

Let ¢ (z) = P*(X,, € 0 N Bs). Clearly (. = (1 + (2, where

Gi() = P7(X,, € {0=F}) and Go(a) = P"(X,, € {9 =3 —Bo}).

We bound (; and (2 by constructing super-solutions to the associated PDE’s.

Since the bound for (s, is simpler, we address it first. Note that (5 is the chance
that a particle travels directly against the drift to exit &. This is highly unlikely
and we will show that (5 decays to 0 exponentially with A. To prove this, note
that (o satisfies

— N+ Av-V( =0 1in &,
(3.9) (2=0 on 9 — {0 =
(=1 on(%'oﬁ{@:

We construct a super-solution to this equation by choosing
- ™
o = exp(12A(0 — 5t o))

where 72 > 0 is a constant that will be chosen later.
To verify (s is a super-solution to (3.9) we use the identities

(3.10) A =|V0O*0; + |Vh[*8} + L0y + AhD,  and vV = |VO||Vh|0y

—Bo}
— Bo}-

ISERVCTE

to compute
~AG + Av- VG = —|VO[03C + (AIV|VR| — £8)DpCs.
Since B B
dpla >0, 030 >0, and inf |Vh||VE] >0,
0
there exists a constant ag = ag(N, Bp) such that

_ _ _ A
~NG+ Av- Vo 2 VO (—93C + 2o OGa).

Choosing 72 =1 /o makes the right hand side of the above vanish. Further, since
(2 > (o on 0&, the maximum principle implies (3 > (2 on all of &. In particular

sup G2 < sup G = exp(—2A(8) — Bo)),
E'NEy E'NEy

which converges to 0 exponentially with A.

Now we turn to bounding ;. We recall that the width of the boundary layer is
chosen so that the convection in the 6 direction and the diffusion in the A direction
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balance each other. The diffusion in the # direction, however, is an order of mag-
nitude smaller, and can be neglected. This is the main idea in our proof, and we
bound ¢; from above by using the solution to a parabolic problem.

To construct an upper bound, we first observe that (; satisfies

—AG+Av-VG =0 in &,
(3.11) =0 on 9& — {0 =By}
G=1 on 8500{8:50}.
We will find a function ¢; which is a super-solution to (3.11), and is of the form
C1(h,0) £ E(VAR,0) 4 o} (6% — 1?).
The function £ and constant o above will be chosen later.

For convenience, we define the rescaled coordinate i’ = v/Ah. Using (3.10) and
the identity Ah = —2h we compute

— NG+ Av- V(G
=~ 0pCy + 200Gy — [VO[*05C — [VR[97C1 + A|VR||V0|9pCy
(3.12) = A|VA]? <(|§Z|| - Aéi)ﬁ)agg - a;i,g) + 21 A€ — |VO202¢
+a} (2|VR[* — 4h?).
Since h, 0 € C?(Ep) and |[Vh| # 0 in €y we can find a finite constant oy so that
sup(@ — L0 ) <o
g VA A|vAP

for all A sufficiently large. Further, we will ensure that the function £ is chosen so
that 9p¢ < 0. Consequently (3.12) reduces to

(3.13) — AG + Av- VG = AV (01968 — 9}/€)
+ 21O € — |VOPOZE + o (2| V| — 4h?).
Now, we choose ¢ to be the solution of the heat equation
{ 10p€ — 07,6 =0 for B € (—2N,2N) & 0 € (B, % — Bo)
EW,0)=0 for ' = £2N,
with smooth concave initial data initial data such that
E(W,0)=1 when |h'|< N, and &(£2N)=0.
Observe that the boundary conditions for £ and the concavity of the initial data
imply 9yp& < 0, which was used in the derivation of (3.13). Now (3.13) simplifies to
— NG+ Av -V = 20 0 € — |VOP93E + oy (2| V| — 46%)

> —c sup (|Ow€| +195¢]) + o (2inf|VA]® - 46%)

sup
|W|<N
for some constant ¢, independent of A. Since the equation for ¢ and the domain
are independent of A, all bounds on £ are also independent of A. Thus, when A is
sufficiently large, we can choose o large enough to ensure that we can ensure that

the right hand side of the above is positive. Since (1 > (1 on 0y, we have shown
that (3 is a super-solution to (3.11).

Finally, given the bounds on {; and (3, we deduce (3.7). By symmetry of the
flow we see

(3.14) sugp P*(X,, €0ENBs) = sgurg)g C(z) < P} +a16? 4+ exp(—72A(By — Bo))-
zel’ z€E'NE

where

Pl = sup &(z).
z€E'NE

By the strong maximum principle, we know P; < 1. Also, as ¢ is independent of
A, the constant P/ must also be so. Since the last two terms on the right of (3.14)
vanish as A — 0o, the proof is complete. O

3.2.2. The exit time from edges and corners. It remains to estimate the expected
exit time from edges (Lemmas 3.4) and from corners (Lemma 3.5). The expected
exit time from edges is quick, and we present it first.

Proof of Lemma 3.4. Let pe(x) = E*p.. We know that . satisfies the Poisson

equation
{ ~ Ape+Av-Vp. =1 in€,

pe =10 on 0€.

We claim ¢, < @, where @, = a(62 — h?) for some constant « to be chosen later.
To see this, we use (3.10) and compute

~AGe + Av - V@ = —|Vh[*0}@e — (AR)OW@e > a(2|Vh|* — 45?)
Since Vh is not degenerate in £, we can choose « large enough so that
—A@e + Av -V, > 1.
Clearly @, > . on 9€, thus the maximum principle implies @, > @, on all of £.
This immediately gives the desired bound on Ep, completing the proof. O

The proof of Lemma 3.5 requires a little more work, and we address it next.

Proof of Lemma 3.5. We know that ¢. = E*p,. satisfies the PDE
{AcpCJrAvngacl in C’,
we=0 on OC'.

The main idea in this proof is to find a super solution of (3.15) that depends on
only one coordinate.

Without loss of generality we restrict our attention to Cj, the connected compo-
nent of C’ that contains the origin. We will find ¢. = @.(x1) such that

{ — ¢l — Asin(xq) cos(z2) @, =1 in Cy),
e 20 on ACy,.

To construct @, let Z; = 3/(2v/A) and define

o {90(|~T1|) ol < 31,

gi(lz1])  [z1] > 7.

(3.15)

(3.16)
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Here go and g; are functions that have the following properties: For = € C{, with
x1 > Ty we require that the function g; satisfies

A !/
(3.17) —gf -5 21 <0, and g >0,
When 0 < 1 < T3, we require that the function gy satisfies
(3.18) —gg —Azilgol = 1, g0(0) =0, g5(z1) > g1(21) and  go(z1) = g1(21).

The equations (3.17) and (3.18) immediately guarantee that @. satisfies (3.16).
To estimate ¢, we find the functions gg and g; explicitly. Define

18 Yo
d =—In(—).
and gy (x1) i n($1)
The second and third inequality in (3.17) are clearly satisfied. For the first inequal-
ity, we observe that if ) is small enough we can guarantee cos(x2) > 1/2 in the
region Cj. Consequently

Yo = sup{z1 | = € C}},

. Az g] 18 18
—glll — ASIH(ZII1)COS(1’2) gll 2 —glll - Tl = —Tw% + ? 2 —8+9= 1,
showing the first inequality in (3.17).
For gy, we define
a?
go(w1) = ap — DR

where the constant ag is chosen so that go(Z1) = ¢1(Z1). Explicitly,

270V A _clnA

@ 9 )
3 /7 A

- B 18
ao—gl(xl)—i—?— 8—A+Zln(

Now we compute
—g¢ — Asin(z1) cos(z2) gy = —g5 =1,
giving the first inequality in (3.18). Clearly g{, = 0 and

NT) = —27 = — > ——
gO(xl) T \/Z \/Z

This establishes all the inequalities in (3.18) and shows that @. indeed satis-

fies (3.16).
By the maximum principle ¢, < @, on all of Cj. Consequently
_ cln A
leellpoe ey < el oo ey = a0 < ——
finishing the proof. O

3.3. Tail bounds on the cell exit time. We devote this section to proving
Lemma 3.3 showing that the tail of CDF of the exit time from a cell is bounded
below by that of the passage time of Brownian motion. This proof is a little more
technical than the proof of Lemma 3.2, mainly because 7 is heavy tailed. The main
idea is to obtain (3.3) indirectly by estimating the Laplace transform.

Proof of Lemma 3.3. Let Qg be a cell containing the point x, and define ¢ (x,t) =
1 — P*(my <t). We know that 1) satisfies the PDE

atw—FAUVIZJ—A’(Z):O iHQo,

(3.19) P=1 on Qo x {0},
=0 on 9Qg % [0, 0).
Clearly a bound of the form
¢d|In §|

3.20 su z,t) <
(3.20) - l% P(z,t) < N
for all t satisfying (1.5) is enough to complete the proof of Lemma 3.3. Here
B = Bs N {h > 0}, where we assume for simplicity that A > 0 in Q. As usual we
assume that ¢ > 0 is a finite constant, independent of A, that may increase from
line to line.

We prove (3.20) by bounding the Laplace transform ¢, defined by

oz, A) = /000 e*’\tw(x,t) dt.

Since 9 is a non-negative decreasing function of time, observe

( A>>/1/A Ny, tydt > so(e ) (1 5)
P T, = o € Z, = ) Z, 2\ e .
Choosing A = 1/t gives
e 1
< —-).
tw(x7t) = e — 1¢($a t)

Thus inequality (3.20) (and consequently Lemma 3.3) will follow from an inequality
of the form

(3.21) ol \) < ol

VA

forl< A< A, and all x € B;‘.

Observe ¢ satisfies

—ANp+Av-Vo+Adp=1 in Qo,

=0 on 0Qy.

We aim to obtain an upper bound for ¢ by constructing an appropriate super
solution. For this construction, we will need two auxiliary functions: ¢., and ¢,
which we define below. Roughly speaking, . will provide a good estimate near cell
edges, and . will handle the corners.

First we define ¢, by

(3.23) oo =ante) (2 - 1))

where « is a fixed constant that will be chosen later.
To define ., we need to “fatten” the boundary layer a little. Namely define
e =1/va and let ¢, be the solution of

— Ape+ Av -V, + Ape = X+ in BY,
on 9BF.

(3.22)

3.24
(3.24) oo =0
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Here C = C.N{h > 0}, where C. the neighbourhood of the corners defined in (3.5).
For clarity of presentation in this section, we subscript our edge and corner regions
with ¢ to indicate that their thickness is ¢ = O(1/v/A) and not § = O(1/V/A) as we
have in other sections of this paper.

We claim

(3.25) 0 < et inBI

To see this, observe first that the maximum principle guarantees ¢ < 1/X. Thus
on {h = ¢}, we have ¢. = 1/\. Since both ¢, and ¢. are non-negative, we must
have ¢ < e + @. on BT .

On the interior of B, we use (3.10) and the identity —Ah = 2h to obtain

— Ape + Av - Vo, + Ape = —Ohpe Ah — 8,21<pe|Vh|2 + Ape
= 2a|Vh|> + 4ah(e — h) + Aah(2e — h) > 2a|VhA[?
Let &F = E.n{h > 0}, where & is the neighbourhood of the edges defined in (3.5).
Since Vh is non-degenerate in £, we can choose « large enough so that 204|Vh|2 >1

on &
Consequently, with this choice of «,
(=AM 4+ Av -V + ) (pe +¢c) =1 in BT,

and @, +p. >~ >=p ondBI.

> =

Now (3.25) follows immediately from the maximum principle.

Once (3.25) is established, we only need to control ¢. appropriately in order to
prove (3.21). Since this is the heart of the matter and involves a delicate analysis
of the behaviour near the degenerate corners, and we single it out as a lemma and
momentarily postpone its proof.

Lemma 3.7. With ¢, as above, we have
h(zx)

(3.26) ve(z,A) < c|Ind| (52 + W) for all x € BY.

Observe that (3.26) immediately implies

o(a) <l )+ ele ) < o ol (57 + 22))

which yields (3.21) when 1 <« A < A and ¢ is sufficiently small. This concludes the
proof of Lemma 3.1, modulo the proof of Lemma 3.7. O

The corner estimate. To finish the proof of Lemma 3.3 we need to prove Lemma 3.7.
Unfortunately, in this situation we can not use a geometric series argument based
on Lemma 3.6, because we need to work with boundary layers of thickness much
larger than O(4). In this case the constant Py in Lemma 3.6 degenerates to 1 and
our geometric series argument will not work directly.

In order to make such an argument work, one needs to is to unfold ¢, to the
universal cover. This effectively replaces the geometric series argument based on
Lemma 3.6 with a finer version that makes better use of the distance of the initial
position to the separatrix. The proof, however, is a lot more involved and we chose
not to follow this approach here. We instead estimate . by explicitly constructing

a super-solution which is very concave in the # direction in cell corners as described
below.

Proof of Lemma 8.7. Let hg = 62. Observe that the function
1 = 2h|In A

is a super solution to equation (3.24). Thus (3.26) certainly holds for h < hyg.
In the region h > hg, we use the ansatz

Pe(h, 0) = a1pe(h) + g(0),
where @.(h) solves (3.23), and «; is a constant, and g is a periodic function that
only depends on 0. We will see later that «; ~ |Ind| will be chosen later.
To find an equation for g we compute

(3.27)  — A@e+ Av-V@e + Age = arxps — V029" + (A|VO||Vh| — £8) g
AVh| A6 N
Vo) |ve|2)g )

Here we used the fact that g > 0, which we will be guaranteed by our construction
of g. A direct calculation shows that there exist constants by, b; such that

AlVh| 18
Vol |ve)?

= Oéng; + |V9\2<—g” + (

(3.28) 0 < Aby < ( ) < Aby < 00

holds on B .
The quickest way to verify (3.28) is to observe that in a neighbourhood of a
corner the coordinates (h, ) are asymptotically
h~zy, and 6=a2%—y?
up to constants. Consequently,

(3.29) IVO]> ~ vV/h2+62 and A0 < O(|VO[).

Since V0 is non-degenerate away from corners, the existence of by and by satisfy-
ing (3.28) follows.!
Returning to (3.27) we see

(3.30) — A@e + Av - V@e + Ape = arxer + VO] (—g” + Abg'),
where
(3.31) b="0b() = boX (g 501 T 01X (4 <0y

This leads to an equation for g. Explicitly, we choose g to be a periodic function
so that

(3.32) —g" + Abg' > [,

1 An alternate explicit (but cumbersome) proof of (3.28) can be obtained by a direct compu-
tation using the explicit choice of the angular coordinate 6 = cos xsecy near cell corners. In this

case we see
YA 2sin? y cos x cosy

\V6’|2 sin? z +sin?y — 2sin? xsiny

from which (3.28) quickly follows.
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normalized so that min g = 0.
Here the function f is defined by

Q2
—————  when |0| < by,
2 2
f(@) def hO + 0
—a3 when By < 0 < — — Bo,

in the interval [—5y, /4 — Bo], and is extended periodlcally outside.
The parameters as and «g are chosen as follows. We require oy to be large
enough so that

| V6|2

hZ + 62
Equation (3.29) guarantees that such a choice of aq is possible. The role of the
parameter ag is to guarantee that the equation (3.32) admits a periodic super-

solution. We show below that as = In hg.
Now equation (3.30) shows that when h > hg we have

IVO|* f = >1 inCIN{h>ho}.

~Age+ Av- Voo + Mg 2 arxg, + VO f 2 (a1 — as)xer +xer 2 1
provided «; is chosen so that
a1 = 1+ az = |Ind|.
Thus the maximum now principle guarantees
e <YP(hg) + @, on all of B .

To finish the proof, we only need to estimate .. Tracing through the above we

see
W)
pel) < (ho) + cnpe() + gl < gl (57 + 72 4 lgl

We claim

(3.33) sup g < ¢62|In d|
0

from which (3.26) immediately follows.
We remark that an elementary argument using Duhamel’s formula quickly shows

that
c|lf
||g||L°° < H 4”L1~

If we apriori knew a3 = |Ind|, this would imply || f||;: < ¢[lnd| which immediately
gives (3.33). If, for instance, b was constant (and not a nonlinear function of ¢'),
then the solvability condition for (3.32) is precisely

27

f=0,

0

/ﬁo as | |
ag = —————df < c|/Ind].
—Bo \V/hE+ 62

from which we obtain

Unfortunately the nonlinear dependence of b on ¢’ doesn’t allow this simple argu-
ment to work. We are instead forced to use a somewhat technical construction of
a super-solution and explicitly show as ~ In A. We devote the rest of this proof to
this construction and proving (3.33).

To find a super-solution to (3.32) we treat it as a first order ODE for ¢’. We will
construct a piecewise C*° function G which is 27 periodic such that

(3.34) G' < AbG — f.

Once G has been constructed, define

(3.35) g(0) =

0o
where 6y is chosen to ensure our normalization condition min g = 0. In order for g
to be 27 periodic we need to ensure

27
(3.36) G=0.
0

Further, in order for g to be a super-solution to (3.32) we need to ensure that all
discontinuities of G only have downward jumps.

The main idea behind constructing G is to solve the ODE (3.34) backwards with
final condition G(§ + Bp) = 0. Using (3.34) one can apriori compute regions where
G > 0, and so determine b explicitly. Once this is known, G can be found explicitly.

To flesh out the details of this approach, let 61 = 5 + 5y and define

(3.37) G(0) =G (0 dpf/ f(t)e A= gt for 5 —f<H<H, = f + Bo.
Since f > 0 in corners, the above definition forces G; > 0. Further, when G > 0
we know b = by. Consequently G satisfies (3.34) for 6 € (5 — Bo, 5 + o).
Note that (3.37) also implies AboG — f uniformly on (5 — 8o, 5 —l—ﬁo) as A — oo.
Thus
5 +Bo 5+80 InA
0<G1(*_50) ¢ and / G1<£/ fécn .
6o AJs g 4
Now we extend G to the left of 5 — By. Define

Ga(0) = f;:j + <G1(g —Bo) +
An explicit calculation shows that 65 is uniquely defined and
v clln(as/A)|
g -

93\~ A(5—Bo—0) — oot
Abo)e , and 62 =G, (0).

Oy >
With this we define
G(g) = GQ(Q) for 92 0 - — ﬂo

Since G > 0 on this interval b = by and so G satlsﬁes (3.34) on (02,5 — o).
Finally, we define

G(0) = G3(0) = f:f (1 - €_A(02_0)> for By < 0 < 62,
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and extend G periodically outside the interval (8o, 5 + 8p). Observe G'3 < 0 on the
interval (8o, 02) and hence b = b; and G satisfies (3.34) on this interval as well.

By construction note that G is continuous (and piecewise smooth) on [5o, 5+ Bo].
Further, since G3(8y) < 0 and G1(5 + o) = 0 the discontinuity introduced by
extending G periodically will only have a downward jump. Moreover as

0 . T —Bo 1 A 5 +Bo
Gy~ —23, / Gy~ Dy [T e
Bo A 02 A % —Bo

there exists ag = O(In A) so that

5 +ho 02 % —Bo )
/ G = G3+/ G2+/ Gy =0.
Bo Bo 02 5 —Bo

By periodicity, this will imply (3.36), completing the construction of G.
It remains to prove (3.33). For this note that our explicit construction of G also
shows

A

In
A )

Since g is defined by (3.35), the desired bound (3.33) is immediate. This concludes
the proof. O

4. THE n™ RETURN TO THE SEPARATRIX.

The aim of this section we prove Lemma 2.2. The main step in the proof is
Lemma 3.1 and was proved in Section 3. To prove Lemma 2.2 we first prove (Sec-
tion 4.1, Lemma 4.1) that Lemma 3.1 also holds for the stopping time 7{. Finally
we use the strong Markov property and estimate 7 in terms of 7§ (Section 4.2).

4.1. The first return of the coordinate processes. In this section we prove
that Lemma 2.2 holds for n = 1. For clarity, we state this result as a separate
lemma below.

Lemma 4.1. There exists a positive constant co such that if i € {1,2}, € Bs
and (1.5) holds, then

) ; cod|ln d|\+
4.1 Prrig<t)y > (1—- 2=
(4.1) (2| < (i <) ( Vi )
; )
4.2 d S P*(r; <t) <1—erf .
(4.2) an sup (1 1) er <co\/i)

|h(z)|<d

Proof. We begin with the lower bound (4.1). For ¢ € {1,2} define
p; = sup P®(1i = 1) = sup P*(X;(n1) € 77Z).

z€ER2 z€eR?
By definition of 7, we recall that X has to first hit dBs before returning to the
separatrix. Consequently

p; = sup P¥(X;(7) € 7Z),
zEBs

where 7 = inf{¢t > 0 | h(X;) = 0} is the first hitting time of X to the separatrix
{h = 0}. By symmetry of the flow, we may further restrict the supremum above to

only run over z € Qg, where Qo = (0,7)2. In Qp we know ¢;(z) = P*(X;(7) € 77Z)
satisfies the cell problem

{ —ANp;+ Av -V, =0 in Qy,

PYi = X{ziE{O,‘fr}} on 0Qo.

From this it immediately follows [11,22] that p; is bounded away from both 0 and
1 by a constant that is independent of A.
Now we will prove the lower bound (4.1) by first showing

o . on|lné
(43)  P(rl =7 & > < fult) = pupy~ min(1, blgnl)
for some constant c; independent of n and A. Indeed, once (4.3) is established, we
see

= > _ycnd|lnd|  cd|lnd|
Po(rizt)=) P(ri=m&m>t)<) pips " < :
N N Vi Vit

from which (4.1) immediately follows for ¢ = 1. The case i = 2 follows by symmetry
of the flow. As usual we assume that ¢ > 0 is a finite constant, independent of A,
that may increase from line to line.

We prove (4.3) by induction. For n = 1, Lemma 3.1 gives

. , 16lnd
Pi(ri=m&m2t) < P°(n > 1) < 2020 L}
Vi

for some constant ¢} that is independent of A. Since p; > 0 this yields (4.3) for
n =1

For the inductive step, define ¢, = P*(1{ = 7,, & 7, > t). By the strong Markov
property

P(rl =1, &1, > 1)

T X (T 1
= tE |:X{Tl<t&X1(Tl)€7TZ}P ( 1)(7_”71 T2t &= Tl)

]
g dn + E* [X{Tl:.,—12<t}fn—1(t - 7-1)}
¢
=qn —/ fnoa(t —8)dP*(ry > s & 1 = T7)
0
1t
= g — [fn_l(t — )P =s&T = Tl)}o
t
— / Po(r>s&m =18)f_((t—s)ds
0
(44) =gqn— p1p372P$(T1 >t&m = 712)

t
+ fa—1(t)p2 —/ Pi(ry >s&m =10 f_1(t—s)ds.
0

We claim that the net contribution of the first two terms in (4.4) is negative.
Indeed, using the strong Markov property again gives

(45) gn=P"(r{ =7, &m1 > 1) P (7} = 7,)

_ xr
=E X{r>t & X1 (r1)enZ}
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<P(nzt&n=18) sw PY(r = 7o) <pwhP(n > 0),
h(y)=0

The last inequality above followed by repeated use of the strong Markov property.
Now using (4.5) and the inductive hypothesis in (4.4) yields

c10(n — 1)[ln |
7_|_
Vit

[ (Aol (st Dol o]

ci(n—1)6|Ind| 1
Vi—t,
The integral on the right of (4.6) can be computed explicitly from the identity

ds /s
(4.7) /2\/5(155)3 -5

(4.6) P*(ri =1, &1, > 1) < plpg_l [

where t,, <t is chosen so that

Consequently,

/
(n—1)c1 + a

\/f pl]

Note that ¢} /p; is independent of n, and so choosing ¢; > ¢} /p; gives

n—1
ollné
P"’U(Tl1 =1, &7, 2t) < pipy OOl [In 9]

n—1
1
(4.8) Pl = & T 2 1) < W

Further, by repeated use of the strong Markov property we see
(4.9) Pr(r =7, & 70 > ) < p1ph "
Combining (4.8) and (4.9) immediately gives (4.3). As explained earlier this im-
plies (4.1) and completes the proof of the lower bound.
Next, we turn to the upper bound (4.2). Clearly
P} <t) < P*(m <t) < P (1(Xs,) <t) < sup PY(r <t).
|h(y)|=0
Now we let 9 (y,t) = PY(7 < t), and restrict our attention to one cell ). We know
that 1 satisfies

Y+ Av-Vip — A =0 in Q,
=0 on @ x {0},
=1 on 9Q x (0, 00).

(4.10)

We claim

h
Ce( )
v e\ Va
is a super-solution to (4.10). Indeed, 1™ certainly satisfies the boundary and initial
conditions in (4.10). Further,

h 4h
[Vh|?

4h h?
4.11) Ot +Av-VyT — Ayt = - — —— .
( ) o v VY v <Co\/7rt3 coVmt Cg\/ﬂg)exp( C%t)

Choosing ¢ large enough we can ensure

4|Vh|?
1—4t— |2| >0
€0

for t < 1/8.This forces the right hand side of (4.11) to be positive, showing T is
a super-solution to (4.10).

Consequently if |h(z)| < & we must have P*(7; < t) < ¢ (d) which immediately
implies (4.2). O

4.2. Higher return times of the coordinate processes. The next step is to
estimate 7 in terms of 7{. This follows abstractly from the strong Markov property,
and is our next lemma.

Lemma 4.2. Fiz T € (0,00] and i € {1,2}. Suppose f and g are two absolutely
continuous, increasing functions such that f(0) = g(0) =0 and

4.12 inf P*(r{ <t) > f(t
(4.12) nlf P <) 2 £
(4.13) and sup P7(ri <t) <g(t)

|h(x)]|<d

for allt <T. Then, for any n € N and t < T we have

t

(4.14) in Px(T:l < t) > f % (f/)*(n—l) :/ (f/)*n,
|h(z)]<d 0
t

(4.15)  and sup P*(1i <t) < g (¢))"" Y = / (g')
[h(z)| <6 0

The convolutions above are defined using

¢
fl*fz(t):/ofl(S)fz(t—s)ds, and  fi = fix--ox f1.

n times

Proof of Lemma 4.2. By induction

P(r, <t) = E* {PX’TH (r+s< t)}

S=Tn—-1

>Eff(t—rn_1)=/0 £t — 5)dP"(rn_1 < 5)
= [f(t - $)P(rn1 < s)]g+/0 Po(ry 1 < 8)f(t— s)ds
! % (f *(n—2) SF(t—s)ds = fx(f x(n—1) — ! \k(n) s)ds
> [ 1@ sy ds = fe (e = [0

proving (4.14) as desired. The proof of (4.15) is identical. O

Finally, we conclude this section by using Lemmas 4.1 and 4.2 to prove the
bounds claimed in Lemma 2.2.
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Proof of Lemma 2.2. To prove the lower bound (2.4), define the function f, by
a \ T
Fal®) =Xy (1= 7)

Then for a,b > 0, a direct calculation using (4.7) shows that for t > a2+ b2 we have

t—b?
b avt—02 + bVt —a? a+b
/(1) = ¢ (1- ds=1-— >1-
Jox Ja() /(lz 253/2( \/t—s> § t Vi
Consequently
(4.16) fox fa(t) = faro(?).
Now (2.4) immediately follows from (4.1), (4.14) and (4.16).

Inequality (2.5) follows using an exact calculation for (¢')*" using the Laplace
transform. Namely, let ¢y be the constant in Lemma 4.1 and observe

o 4] o —6%\ dt —204/s
/ def —st 1 _ —st —
Lg'(s) = /0 e g (t)dt = 700\/7?/0 e exp(—cgt ) 2 exp( o )

Consequently

*7

—2nd+/s

L(g')™(s) = exp( ) = £(g)(n%),

Co
and so 5 252
1 t n -n
ey — () = ( )
(g") () n29 (n2) coﬁt3/2 exp C(Q)t
Integrating in time and using (4.2) and (4.15) we obtain (2.5) as desired. O

5. THE VARIANCE BOUND

Finally, we conclude this paper with a proof of Lemma 2.1. Our proof is similar
in spirit to Lemma 3.2, and relies on the fact that the chance that X re-enters a
cell corner is bounded away from 1 (Lemma 3.6).

We prove the upper and lower bounds separately.

Proof of the upper bound in Lemma 2.1. Without loss of generality we assume i =
1. By the strong Markov property

(5.1) E*(|X1(1q At) — Xa(1E A D) Fra)
E* X (r A s) = X1(0)]

= Xrigty s=t—rl
Hence
(5.2) E*| X (1l A ) — Xa(TE AP < PE(rL < )V (1),
where

V()= sup EY|Xi(1{ Ns)— y1|2.

yeBs, s<t
Thus the proof of the upper bound (2.2) will follow if we can find an upper bound
for V' that is independent of A.
For convenience, we will first estimate V', where

V(t) < sup EY|X (0] As) — y1|2.
yeC,s<t

If Q C R? is a cell, we claim

(5.3) V(t) < and V(t) <

b)
S1-P
Here P is the constant appearing in Lemma 3.6. Once (5.3) is established, com-
bining it with (5.2) immediately yields (2.2) as desired.

To prove (5.3), fix Cp to be a connected component of C (defined in (3.5)), and
suppose y € Co N Bs. Define 7 = inf{t > 0| X; € C — Co} be the hitting time of X
to a different corner. Clearly

diam(Q)?.

(54) EY|Xi(oi At) —yi|” =

2 2
ny{'f-<0'1/\t}|X1 (U% A t) - y1| + EyX{;->al/\t}|X1 (O-i A t) - y1|

)

and we handle each term on the right individually.
When o7 At < 7, the process X couldn’t have travelled further than one side of
the cell @, and hence

EyX{i—}alAt}|X1 (J% At) — yl‘2 < diam(Q)2
For the other term on the right of (5.4) observe
E' s nl X0 A D) = 1n* = BV B [1X (01 A ) =
SEX (s g V() S PY(T <o)V (E) < BV(D).

s=t—T7

Note that the last inequality above follows immediately from Lemma 3.6. Indeed,

for X to enter another corner before exiting the boundary layer, it must first enter

an edge. From an edge (more precisely, from £’), Lemma 3.6 shows that the chance

that X enters a corner is bounded above by Py < 1, and is independent of A.
Combining our estimates and returning to (5.4) we see

EY| X1 (o} At) — 1| < diam(Q)? + PV (¢).
Taking the supremum over y € C, and using the fact that V is increasing gives
V(t) < diam(Q)* + RV (¢),

from which the first inequality in (5.3) follows.
Finally, we prove the second inequality in (5.3). Observe

|X1(mf At) = Xi(0o] At)| < diam(Q),

and hence

(5.5)  EYIXi(ri At)—uil” < 2( +1) diam(Q)? < diam(Q)?,

1—P0 1_PO

for all y € C. 7
Ify & C, then let & = inf{t > 0| X; € C} be the hitting time to the corner. Note

EY| Xy (r{ At) =y

2 2
= EyX{&<TllAt}|X1(T11 At) —uy1|” + EyX{(;;TllMﬂXl(ﬁl Nt) =y
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< sup  EF|Xy(r As)—yi]? + diam(Q)? <
s<t 1-F
z€0CNBs

diam(Q)?.

The first inequality above followed from the strong Markov property, and the last
inequality above followed from (5.5). This proves the second inequality in (5.3),
and finishes the proof of the upper bound in Lemma 2.1. O

Proof of the lower bound in Lemma 2.1. Using (5.1) we see that
B (X (k1 A0 — Xa(r A D)

> E%( inf Ey\Xl(TfAs)—yﬂ

X{Tigt} {y | y1enZ} :t—"’,ll)

t
:/ inf BYX\(rLA(E—5) — g1 P AP (r) < s)
0 {y | yren}

t
> P (7, < 5)N(),

where
e . 2
(5.6) Vi(t) = t/;gggtE-’ﬂXf(Tll As) =yl
yemZxR

Thus the lower bound (2.3) will follow provided we show that for all ¢ satisfy-
ing (1.5) we have

(5.7) Vi) > c.

We devote the rest of the proof to establishing (5.7).
By symmetry the infimum in (5.6) can be taken over only the set {y | y1 = 0}.
Consequently,
. Y 1412
Vi(t) > v \lgr,llfzo} E X{ngt/g}‘Xl(Tl )
2

>m inf

PY(r} <
(v | 11=0} (n

& | X1 ()| = 7).

To estimate the right hand side, observe

o~

(68 Pl <& X >m) > Prr < 5~ PY(Xy(r) = 0)

2
cod|Ilnd cod|lnd
D P () = 0) = P ] 3 ) - 2020

where the second inequality followed from Lemma 2.2.
By the strong Markov property,

21-

PY(|X1(r)| = m) = BYPX) (X, ()] > )
> PY(|X:(0})| < m) inf{ P*(| X, ()| = 7) | [h(2)] = 6 & || <}
(5.9) > PY(|X1(01)| < m) inf{ P*(| X (r1)| = 7) ‘ |h(z)| =0 & |21 < 7}.

3

We bound each term on the right individually.

When |h(z)| = §, the stopping time 7; is simply the first hitting time of X to
the separatrix {h = 0}. Consequently,
inf P*(|Xi(m)|=n)= inf ((2),

h(z)|=6 h(z)=6
|z1|<m Z€Qo

where Qo = (0,7) x (0,7) and  is a solution to the cell problem

Av-V(—-AC=0 1in Qo,
((z) = X{xlzﬂ}(aj) on 9Q.

We know (see for instance [11,22,25]) that

inf > e,
WL C(y)

for some constant ¢ = ¢(V) independent of A.

For the first term on the right of (5.9), we use Lemma 3.6 again. Suppose y € R?
and y; = 0. If | X1(01)| = =, then the process X must have travelled through at least
one edge and re-entered a corner before exiting the boundary layer. By Lemma 3.6,
this happens with probability at most Py < 1. Consequently,

PY(IX(oh)| < m) = 1- PY(|X(o})| > m) > 1- B,
Thus returning to (5.9) we see
PY(Xy(r{ 2 m) > c,

for some constant ¢ independent of A. Using this in (5.8) we obtain (5.7), provided
§Ind| < v/t. This completes the proof of the upper bound (2.2). O
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