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ABSTRACT. In this paper, we consider the modified quasi-geostrophic equation
00+ (u-V)0+rkA%0 =0
u=A*"1R10.
with K > 0, « € (0,1] and 6y € I?(R?). We remark that the extra A®~! is
introduced in order to make the scaling invariance of this system similar to the
scaling invariance of the critical quasi-geostrophic equations. In this paper, we

use Besov space techniques to prove global existence and regularity of strong
solutions to this system.

1. INTRODUCTION
The 2-dimensional quasi-geostrophic equations are
(1.1) 00 + (u-V)0 + kA0 =0
(1.2) u= R0
where a > 0, k > 0, A = (—A)Y? is the Zygmund operator, and
R0 = A1 (=020, 00).

The case & = 1 (termed as the critical case) arises in the geophysical study of
rotating fluids [10].

In this paper we consider the following modification of the 2 dimensional dissi-
pative quasi-geostrophic equation:

(1.3) 00+ (u-V)0+ kA0 =0
(1.4) u=A*"TRH

We assume x > 0 and o € (0,1].

Note that when o = 1 this is the critical dissipative quasi-geostrophic equation.
The case of a = 0 arises when 6 is the vorticity of a two dimensional damped
inviscid incompressible fluid [3]. When x > 0, « € (0,1), the dissipation term is
the same as that of the supercritical quasi-geostrophic equation, however the extra
A=l in the definition of u makes the drift term (u - V)@ scale the same way as
the dissipation A®f. Precisely, equations (1.3)—(1.4) are invariant with respect to
the scaling 0.(x,t) = 0(ex,e“t), similar to the scaling invariance of the critical
dissipative quasi-geostrophic equation.
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Our goal in this paper is to show the global existences of smooth solutions to
(1.3)-(1.4) with I? initial data. For the dissipative quasi-geostrophic equations
(I.I)—(T.2), this problem has been extensively studied, partly because several au-
thors have emphasized a deep analogy between the 2-dimensional critical dissipa-
tive quasi-geostrophic equations and the 3-dimensional Navier-Stokes equations.
While global existence of the Navier-Stokes equations remains an outstanding open
problem in fluid dynamics [4,8], the global existence of the 2-dimensional quasi-
geostrophic equations was recently settled by Kiselev, Nazarov and Volberg [9] in
the periodic case.

Using different techniques, the global existence of smooth solutions to (1.1)—(1.2)
(with o = 1) was proved in general R™ by Caffarelli-Vasseur [1]. In the supercritical
case (0 < a < 1) global existence of smooth solutions is still open. The works [6,7]
have extended the framework of Caffarelli-Vasseur [1] to apply in this situation,
however two parts of this proof require additional assumptions: Holder continuity
of weak solutions, and smoothness of Hoélder continuous solutions. In this paper,
we show that both these difficulties can be resolved for the modified equation (1.3)—
(1.4). We describe briefly outline this below.

Following Caffarelli-Vasseur [1], the first step is to show that Leray-Hopf weak
solutions to (1.3)—(1.4) are in fact L. Using a level set energy inequality this was
shown in [1] for general equations of the form (1.3), provided & =1 and V- u = 0.
In the case 0 < a < 1, the same result has been shown in [7] for the equations
(I.1)-(1.2). The latter result directly applies in our situation, and thus Leray-Hopf
weak solutions to (1.3)—(1.4) are automatically L.

The next step is to show that an > Leray-Hopf weak solution of (1.3)—(1.4)
is also Holder continuous, with some small exponent . For a = 1, this has again
been shown by Caffarelli-Vasseur [1] using a diminishing oscillation result and the
natural scaling invariance of the critical quasi-geostrophic equations. The paper [7]
generalizes the diminishing oscillation result in the supercritical case. However the
natural scaling of (1.1)-(1.2) when 0 < a < 1 will not preserve the BMO norm of «,
which is required in order to apply the diminishing oscillation result. To circumvent
this difficulty, [7] assumes that u is apriori C'~“, which gives the desired control
on the BMO norm of u after the appropriate rescaling.

We remark however that the natural scaling of (1.3)—(1.4) preserves the BMO
norm of u for any a > 0. Thus the method of Caffarelli-Vasseur can be applied to
show that Leray-Hopf weak [ solutions of (1.3)-(1.4) are actually C° for some
small §. However, one can directly deduce this from the work [7]. Note that
equation (1.4) guarantees u € C 1=a provided @ € L*° which we know to be true for
Leray-Hopf weak solutions. Thus the result of [7] directly applies in this situation
and hence weak solutions of (1.3)—(1.4) are automatically Holder continuous with
some small exponent ¢ > 0.

The final step is to show that a Leray-Hopf weak solution which is C? is a smooth
solution. The paper [6] shows this for the supercritical quasi-geostrophic equations
provided § > 1 — «, and that result applies in the present case. Thus the only
case that requires special attention is that when 0 < 6 < 1 — . This is the main
theorem of this paper, and the only theorem for which we present the complete
proof. Following the method of [6], we essentially show that if a Leray-Hopf weak
solution of (1.3)—(1.4) is spatially ngoo for some 67 € (0,1), then it is actually Bg:oo,
where § = §; + min{dy, a}. Successive application of this result will guarantee our
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weak solution is in fact a classical solution, which can be shown to be smooth via
well known methods.

In the next section, we establish our notational convention, and prove improved
regularity of Hélder continuous solutions to (1.3)—(1.4) (the main theorem). We
only provide a proof for two spatial dimensions, but we remark that the proof
goes through almost verbatim in higher dimensions. Finally for completeness, we
conclude the paper by stating the required theorems from [1,6,7] and using them
to deduce smoothness of weak solutions of (1.3)—(1.4).

2. IMPROVED HOLDER REGULARITY

We recall that 6 is a Leray-Hopf weak solution of (1.3)—(1.4) if
0 € ([0, 00), I2(R*)) N I2([0, 00), H * (R))
and 6 solves (1.3)—(1.4) in the distribution sense.

In this section we will show that if for some §; € (0,1), a Leray-Hopf weak
solution of (1.3)—(1.4) is spatially Holder continuous with exponent § € (0,1),
then it is actually (spatially) Holder continuous with a better exponent §' = § +
s min{4, a}.

We begin with a brief description of our notation. Let {¢; | j € Z} be a standard
dyadic decomposition of R%. Namely, for each j € Z, ¢; is a Schwartz function
with Fourier support (compactly) contained in the annulus 2971 < [¢] < 277! and
2, 65(6) = 1 for € £ 0.

We define A; by Ajf = ¢« f, S; =32, ;A f, and the (homogeneous) Besov
norm of f by

1
e = L5 R18581,)7) " g <o
v Sup; 2js||Ajf||Lp if g=o00
and the homogeneous Besov space B;_q to be the set of all f such that || f|| 5. < oco.
’ P,q

We refer the reader to [6] for a concise statement of standard embeddiﬁg theo-
rems, and inequalities we use subsequently. For a more detailed account, and proofs
we refer the reader to Stein [13, Chapter 5], Stein [14, p264], Schlag [12], or the
classical papers of Taibleson [15-17].

Finally, we need a lower bound on the (dissipative) term that arises in the process
of obtaining I estimates of (1.3)-(1.4) (see [18], or Chen, Miao, Zhang [2]).

Lemma 2.1. Leta € (0,2), and2 < p < 00, j € Z and [ be a tempered distribution
on R™. Then there exists ¢ = ¢(n, a,p) such that

_ . 90
LA > T8 1

We now state and prove the main result of this section.

Theorem 2.2. Suppose 0 is a Leray-Hopf weak solution of (1.3)—(1.4) such that for
some & > 0, we have 6 € L ([to, t1],C%). Then for any th > to, 6 € L=([th, t1],C%")
where §' = § + £ min{é, a}.

Proof. Let p > 2, and 6; = (1 — %)6. Then

110

s = sup 277 8,04
’ J
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514 1-2 2
< sup 29[| A 0 " | A0 72
J

1—2 2
< N8ell s " 1621 72

Thus 6 € L ([to, t1], Bg}w). Note that we use the notation 6, to denote the function
0(-,t), and not the time derivative of 6.
Now applying A; to (1.3) gives

(2.1) A0+ kACA;0 = —Aj(u-V0)
We know that

ANj(u-V0) = > Aj(Sko1u-VAG) + Y Aj(Agu- VS, 16)+

li—k|<2 li—k|<2

+ > > A (A VA

k>j-1 k-1 <1
Multiplying (2.1) by p|A,;0]" A6, integrating over R? and using Lemma 2.1 gives
(2.2) ol|A;0]7, + 22 HA Ol < I+ 1 + I

where

I =P Z /|A 9|p QA 0 - A (Sk 1U - VAkG)

li—k|<2

h=p 3 [100700- 8 (B Siat)

li—k|<2
s=-p Y. /|A P00 > Aj(Agu- VAD)
k>j—1 li—1<1

We first bound I3 directly using Holder’s and Bernstein’s inequalities.

5] < epl| A0 | AV [ D0 D] Audd

k>j—1|1—k|<1

LP
(2.3) <ep| 25015727 > D (Al Ak
E>j—1|l—k|<1
Similarly for I5.
L] < cllabl ' > Akl VS8~
l7—k|<2
(2.4) <ep| 250150 Y0 D 1Akl 2" [ ARb]

li—k|<2 m<k—1
For I, we note
> A (Skou-VAY) = > [A;Skoau- VAW > Skoqu VAALY
li—k|<2 li—k[<2 l7—k|<2

= > [AjSkau-VIAW+ DY Sju- VA;ALS

l7—k|<2 li—kl<2
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+ > (Sko1u— Sju) - VA; AL

li—kl<2
where we use the notation [A, B] to denote the commutator AB — BA. Since we
know lekaSZ AjAR = Aj, we have
L =TI+ ha+ 63
where

Ly=—-p Z /|Aj9|p_2Aj9'[AjvSk*1u'V] Axt

li—k|<2

112 - —p/ |Aj9|p_2Aj9 . (SJU . VAJQ)

Ly=-p /|Aj9|p72ﬁj9 ((Sk—1u = Sju) - VA; Axb)

l7—k|<2
Note that v (and hence S;u) is divergence free, thus I1o = 0. We bound I3
directly using Holder’s inequality:
-1
sl < epll &80 D 1Sk-1u = Sjull p [ VA0 1
l7—k|<2
—16(1—61)j
(2.5) < epl|A;00 7 200l o D (Al
li—k|<2
We now split the analysis into two cases.

Case 1. 61 < a.

In this case, we will show that for any t{ > to, 0 € Lm([té,tl],Bgfgo) for any
t > to. After this the theorem will follow using standard embedding theorems about
Besov spaces.

We first bound I, I3 further. The idea is to obtain a 2(a@=281)7 times norms which
are apriori controlled on the right. As we shall see, this doubles the regularity of 6.

From (2.3) we have

T3] < epl|A;0117 27 [ul| gor+1-a D 27Ok A B,
k>j—1
= cpl| A;0)[5 2072 [luf| oy pra Y 2042 G=RI9IR A g,
k>j—1
—1 _ -
< epl| ;0|17 219 oo 1011 521 -

For Iy, we have from (2.4)

|I2| _ CpHAJGHIZ}Tl Z ||Aku||Lp2(17(51)k Z 2(m7k)(1761)2m61HA’ITLGHLOO
l7—kI<2 m<k—1
< CpHAjeHigl|‘9|‘C‘§12(a_251)j Z 2(/€—j)(a—2l51)2(§1+1—a)kHAku”Lp
l7—k|<2

< epl| 86117 27200 o full g1

—1 _ :
< epll D017 27Dl oo 101 g1
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For I, we bound I3, ..., 13 individually. For I13 we have from
- Cp”AngIz;lQ(af%l)j||9||C(51 Z 2(3'*’“)(51“*“)2(51“*“)’“||Aku||Lp
li—k|<2
< epl| 617 272016 o (16 55
The term I15 = 0 and requires no bounding. Finally we bound the commutator
I11. Note that
(85s S V)80 = [ 60— ) [Sicruly) = Serule)] - VAub() dy
Since 61 < o, 61 +1 — a < 1, thus

||Sk71u($) — Skflu(y)HLoo o1+1—«

[ullgortr-ole —y|

<
1+1l—«
< e

cllffl gor |z — yl
Hence

Tn] < epll g0 270 o D 28| A
lj—kl<2

< cpl|Aj8)G 2726l D 27| A
i—kl<2

—1o(a— .
< cpl| s8N 2120016l oo 1]
Combining estimates, we have from
K2ad o .
(2.6) DAl g + 188 < 22050 o 6] 5,

which upon integration yields

£20J t 2 .
18,0 < e 1) A6y, |, +c/ e A P A e

to
Multiplying by 2%%7 and taking the supremum in j gives

K29

<supe ¢
J

16| =000 2201 A6, || p+

5251
Bwa

c k2% o,
Fiomp (1) 10 10,
0,t]

which immediately shows that for any t; > to, 0 € L>([tg, t1], Bgi;o).

Now note that
2 2 2
- 2oa(s2) 2
p p p

and hence as p — oo, 267 — % — 2§. Thus for some large choice of p, we have

201 — % = 375. Thus for this p, we have

525 35/2
BX: c BX2
. 38
by the Besov embedding theorem. Finally we know L™ N ng(fo = (C'? | concluding
the proof for Case/l.

Case 2. 61 = a.
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This case can already be handled by result of [6], and we only provide a brief
sketch here for completeness. The main difference here is in the commutator 111,
where we can only get a 2797 on the right. Consequently, this will increase the
regularity of # by « (and not ¢, as in the previous case).

We deal with the commutator I7; first. Note that §; > « implies 61 +1—a > 1,
and hence

[Sk—1u(z) = Sk-1u(y)|l e < V]| efz =yl
< el |z =yl

This in turn gives

[Tl < eplAg6l7 2770l Y 28 A0]

—kl<2
< epll A0l 2700l oo Y 27| ARG]
i—kl<2

< pl| A5 270 6 oo 6]

The bounds for I, I3 and I3 are similar to the first case, and we omit the
details. Combining our estimates leads us to (2.6) with 2(®=291)J replaced with
27917 Multiplying by 2(®*91)J and integrating gives

20 )
||9tHBgl+D‘ < sup e—%(t—t0)2(a+51)] HAjeto ||Lp+
,00 j

I k2%d
+sup (L= e ") sup [8lon 1641 g,
K 1;p ° seltl(?t [8sllce | SHBg’loo

As before, this shows that for any t{ > to, 8 € L ([ty, t1], Bgloto‘)

Now, 01 + a — % converges to § + a as p — oo. Thus for some large p, we must

have 0; + o — % = 6+ 5. Applying the Besov embedding concludes the proof in

Case 2] O

3. REGULARITY OF WEAK SOLUTIONS

Given Theorem [2.2, one can use the work 7] and [1] to immediately show the
existence of global smooth solutions to (1.3)—(1.4) with I? initial data. We recall
the relevant facts from [1,6,7] in this section, and briefly outline the proof.

Theorem 3.1 (Caffarelli-Vasseur [1], Constantin-Wu [7]). Let 6y € I*(R?), and
0 be a Leray-Hopf weak solution of (1.3)—(1.4) with initial data 6. Then for any
t>0, 0, € [*°(R?), and further

160l 2
(kt)1/e

[0c]l e < c

We remark that Caffarelli-Vasseur [1] only proves Theorem [3.1 for o = 1, and
Constantin-Wu [7] only prove Theorem[3.1lfor the system (1.1)—(1.2). The proof of
this theorem in Constantin-Wu [7] however only uses the fact that « is divergence
free, and thus applies directly for the system (1.3)—(1.4). We do not present the
proof of Theorem here.



8 PETER CONSTANTIN, GAUTAM IYER, AND JIAHONG WU

Corollary 3.2. Under the assumptions of Theorem!|3.1, for anyt >0, u; € C*=¢
and further

[16o]l .2

(Kt)l/a

Proof. This follows immediately from the fact that
[AT | e < el fll e a

Corollary 3.3. Under the assumptions of Theorem [3.1, for any tg > 0, 6 €
C°(R? x [tg,o0)) for some § > 0.

Proof. By Corollary[3.2] we know u € L™([tg,00), C*~*(R?)). Thus the results of
Constantin and Wu [7] (Theorem 4.1 in particular) applies proving the corollary. O

Lemma 3.4. Suppose 6 is a Leray-Hopf weak solution of (1.3)—(1.4). If for any
0 € L>([to, t1], C2(R?) for some § € (0,1), then 6 € C((to,t1] x R?).

Jurllgne <

Proof. We apply Theorem|[2.2]can be applied repeatedly to show that for any ¢}, >
to, 8 € L°([th, 1], C%") for some & > 1. Now the space regularity can be converted
to time regularity, showing that 6 is a classical solution of (1.3)—(1.4) on the interval
[to, t1]. Higher regularity now follows via standard techniques. O

Theorem 3.5. For any 0y € I?(R?), there exists § € C*°(R? x (0, 00)) which solves
(1.3)—(1.4) with initial data 0.

Proof. Global existence of Leray-Hopf weak solutions to (1.3)—(1.4) can be estab-
lished using the standard method of Galerkin approximations (see for instance [11],
in the case of (1.1)-(1.2), or [5] in the case of Navier-Stokes). The proof is now
immediate from the above results. g
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