Math 290-1 Class 22

Friday 16th November 2018

Eigenvectors and eigenvalues

An eigenvector of a linear transformation 7 : R" — R" is a nonzero(!) vector v such that T'(v) = AV
for some scalar A, called the eigenvalue of v. For example: 2

If T:R?> — R? is given by reflection through
a line 7, then any nonzero vector ¥ parallel to
{ is an eigenvector of T with eigenvalue I, and
any nonzero vector w perpendicular to £ is an
eigenvector of T with eigenvalue —1.

If T : R? — R? is given by orthogonal projection
onto a line £, then any nonzero vector v parallel
to { is an eigenvector of T with eigenvalue 1,
and any nonzero vector w perpendicular to £ is
an eigenvector of T with eigenvalue 0.

Finding eigenvectors and eigenvalues

Given a linear transformation 7 : R” — R" with matrix A, we have
TWV)=AV & (A—AL)V=0 < Visinker(A—AlL)
for all vectors v in R"” and all scalars A. This means:
e The eigenvalues of T are the solutions A to the equation det(A — A1,) = 0.

e The eigenvectors of T with eigenvalue A are the vectors in the kernel of A — A1,.

The function f4(A) = det(A — A1,) is called the characteristic polynomial of A. Fun facts:
e f4(A)=0if and only if A is an eigenvalue of A.
e f4(0) =det(A), so the constant term of f is the determinant of A.

e If f4(A) can be fully factorised:
JaQ) = (A = A) (A —A) - (A —4)
then det(A) = f(0) = A1 A2+ - A, is the product of the eigenvalues of A.

o The trace of an n x n matrix is the sum of its diagonal entries, and the coefficient of 17! in

fa(A)is (—=1)"'tr(A). For example, if A = (ii 2) then

fi(d) = A’—(a+d)A+(ad—bc) = A*—(trA)A+ (det A)



1. Find the eigenvalues and eigenvectors of the linear transformation 7'(¥) = AX, where
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2. Find the eigenvalues and eigenvectors of the matrix ( ) .

15 —13
§ g
I~(A) = 12-13 =—
ek (R) = —1z-3+ 1015 = -ISL+IS0D = —6

\ ) = A% A=b = +3)(1-2
= £,(A) = V2 _ (-0 M 4 (6) = A% A6 = (A#3)(A-2)

= Efﬂwwb&”/)wﬁ -3 ad Z.
M=-2 A+3I= ('5""’) &22 A-2zs (g Zii)

—_—

= ker (A+31) = SP"“‘?(QE

1§ —lo
= wer(A-2T) =sp § (1)

=3 (‘) S i @dg)amc*arw/

= (%)‘wmﬁw‘”” ' epunndet 2.

etaawlué- -3
3. Let T : R® — R® be defined by T (¥) = A¥, where
2 3 -1 4 2 6
8 o o0 8 0 0
10 —4 5 5 1 -1

By considering the sums of the numbers in each row, find an eigenvector of T'.
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4. For each of the following, determine whether it is true or false.
(a) Itis possible for 0 to be an eigenvalue of an invertible linear transformation
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= A » fi& iaverhble .

(b) If T : B2 — R? is the linear transformation given by rotation about the origin by an angle

0 < 6 < m, then T has no real eigenvalues.
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(¢) If A and B are similar matrices, then A and B have the same eigenvalues.

g e ,f B = SRS ,grw inverhble S, fuer

£(8) = lot(B-AT) = clat (SAS=AS7IS) ) smig migers
- (S (8- AT) S) Sianilor mebices
= ook [A-2T) & e Same obe

W

‘EA N = %q ,f-g howe Some uis S edoperekd
(d) If A and B are similar matrices, then A and B have the same eigenvectors.
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