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T his s easy when [ is cLoseJ; b haedle Fr
'Jusjr 0(0 CJI’L;LV Wi v/ CLDSQOQ \%LM%S 0«44( 31%
Hem inbo Lﬂ‘s (Cn)new Sequence.
Nexl—, oQ'nSSo'mkﬁ)/ . Fn = CH\QCM i
CL\QC‘& M\O\-{‘ eacl va ‘o indeed FT_
Now @ F=0UcC,.-0UF &
® F,.<C, -C. . sF O
@ liom (—ﬁn>£ﬂmmccm7<i @ 8(s.7.)

(when non- @)




@ Qﬁ- (TL"D. F\lx a C»OWFAHoLQ C,OW\o(.al—e me e 0[ X

ond a PosJ—we sequence &, — O, Tlesle He
Spt%wﬂ Lewmma, recursi v~el7/ ‘cm‘olwg bor cach se,w

am F&T sa'l— FS QX S&LJ‘ISg\/fLJj

DF¢:X
o kg L Faen
o T S F,

D OK:M(—F-5> < 2;@&“(57
Defive o (prumed) tee T € loy
T= {teww  F#473
Clam ! For each ’EG[T’]J ﬂn Fﬂn:ﬂ E

n Twn -
QLCQ\: /-) r: s n_{:;r,\ 1
On Ve oJer haed, N

n TTn ﬂn ’Cr[n 0"

SNZFor . BCO
o, for ench z€[T] hy sk “

(. Farn
15 o s“w@ldvn. Frally, va{’ C = [T] and debne.
P C—X

so Mk ) Foo= 10 BCThe)



2 DsT
Lectue ©

I

%aire c,oi—egorz
Delt Gien o kp space X, e say hat A SX
s nowhere doase ¥ de only oper subsed of it
closuve B is F e, wd(A)= 7 .
Ealwfv, O XNA s dewse.
C - ow . an COQE_AIZ 4—05(2
under f{nil—e wrnion s WWQ PaSSa?,a bo S(AIQSQJ—SS.

Deb: ASX s meager b s o cdbl wnion
Of‘ CYLW- Oﬁbﬂ% Qe‘{-x qu\:v) ﬂ@re are c_lose_aQ gp};
LEX wilh wt(CD=g ad ASULC,.

Re/wtjai" M@a%ﬁf‘ seby form o 0‘—10@24): o lable
nu etbl wmions  and pussoqe o subseds

(Polish) Baire Cobeqory Theorewa:
Iﬁ X s POL:SL\, O-V\.VQ MEX 'S mw—p’ opLn,
then A s ot M%Zf

QWArLt‘ Holds o éecL (,owp\d-e spaces, boo!




@ E£ (BCT): Fix a c,owvaal-‘,lo(e ww‘aLeJ—e, wetrc d on X
M pos[“ve tE.— O, (iiven @ S€quen e (An>n€—u\)
& now. o@a_p.;@ gets o owe'll shiow A ? Un /_\m

Pt Vo= X\ An | which s open. dense.

Td swbbes o show Wt AN N, V., *¥&,
Recwrsively buld now- & open sets Bnﬁu ol
0B, = U ’

@ Brurg € Bon\, “

3 i (Bory) € €,
Thea N, B, =N.B. ic non-@.
But N, B, SUNNNV, , and we ace dong B(RcT)
leﬁi /'\QX_ 'S Comenmger W XNA e meaqer.
Dt/"(or“f:,m-‘%c‘vxﬁ, Wis /s e,aéw.‘vdemL o CDVLHM"MS
an ntersechon of ctbly many Aenvse open sets.
Remark : T Polish spaces, 5CT .'W\al.‘es Ualt a
sed s Comeager ot cwbains o devce Gs.
%: Given a bop space _Z, ne  say Yot ASX

has e EXU;P”LY A Boe (BP) t e
i Opevt MQX sucl M\- AAU 'S m%e{“.

X

“/5\ 'S A meaqes et Aw ay g"l’”t befﬂj 09&/1-”



@ Fun ﬁmu}’s alOow{‘ BP 9@4—«_;_ (WTMA ;\usﬁf{ul—w‘w(z.’>

@OP@«\ S—e-l's ae EP

@C(oseA SQ("S are also BP 1«e C 'S C,(oseag)
Yo Camt(C)=C\int(e) is o closedd ceot
WIH«L ewPaLy ivuLerioP, Mce CAIv&(C) 'S maageh

@I@ /’\AB (s meager add B i BP}
{'LLA A e alSo BP
@Ig /—\ 'S BP/ Hen X.\/‘\ 'S OLlSO BP
Fix an open cet U with AAYX meago . Then
(XNAYA(RNU) = A AL is (sHID pecager

Now ® +© imply Hat XNA s BP
© T8 (Adpews we oll BP 1o s U Av:
Fx open U with A, AU, meaqer
Then (UAD 4 (0, UL S U (Adl) s menger
D___?____f.'f We Say Hhat %E@CX) S o O‘—alaelom
b s & non-& colleckion stuble under:
i C,Owl\otememl—mlﬂ‘m

A COunl-fAue, Union
a CODLV\“'&\)LQ in{'ef&eCJ‘fOﬂ



@ S0 our fun Lacks bove Pro\/d!
/rlﬂm: T any/ l’O‘Oo[OﬂiCﬂ\ SP&CQ_) U B'P SQ‘J'S

ﬁorm o G‘—al%e'bra cpnl—uinlvtﬂ 6vt‘;r‘7 opet Se+t.

:l_/éf_—%: Giwena a lop space X, the Borel
G‘#alaebm ' S M\a ;ma.“CS{‘ O”—alselom cwvf-m'n(nj

VRN open 564‘. \/\]é, cauocLu:a“y refe,r bo
its eloamenls  as [50.—&[ Sublsels o X .

Q; T any l-o[a S(Daco,, Borel ;d—; are BP
lQeMLark'- Tn ﬁaci” BP < J’t\-e ;\oiw ot Borel 0~"0£ m”gef

éocﬂiwkm-’ 74 X s a J-o\o sPace with base 0O
add ASX i« BP oand novmeaqger, Wen there
'S Some nowni-g& ué@ (n Wh:cl« A ‘S coyftmjﬁ(‘.
T.e., such that TUUNA s meaqe .

_Pi-: ]:‘.x opPen \/ wi H /-\A\/ meaql . Nonmg@rness
O*Q A lwplfeS \/ # B. Now P.‘ck any/ nov - g
Ue B with UEV. B(Localizakion )

KM; iOU\l;%Ml“M S av\alosous with cike%ue Jensi#y ”
in say K: aiven ASK with (>0 and €70
there s o non-¢ opLn cnbkeral T SR Wil

(AnT) .
/‘//({/L(:I) >1-¢&.




© DST
Ciemture Z

D_é;f; Qiven A—C-X’(Y and xeX, we define He
T ka ver-bieal secko—ﬁ o‘Q /4 as the se+ '

AyztyeY 1 (o y) eAs
AM(DC‘SOWSIyl . y@Y Hee _:/“" Lwﬂ'%ﬂn"ftl sechon 05

AY: gxeX—:(XQ’)é/‘\%_

T A

L >
X =

L—?_é_i_; V*X GX UAMX) C{Uoré ve uger :b[alﬂ ()c)'f ‘5 wmﬂg SA 'Z' “
H*K GX lola[q(x) aﬂgbrev; “EXeZi blah (xﬂ i nonmwﬁtr {AX,”

/I_/[t_wt_(KmeowSkI “Udom ) 4 Supposa_;_m(ﬂ X,\Z are  bop spaces
and Hat Y i yi d’blI-e;Y L\asac%( Lmls_;
Suppose buclher Hat A SXxY s BP. TFAE:
1l A comenger in XY
@ V' xe X Ax s Comuaqes i Y.

Rewack: For womenience, T will assunme X o T sahsfy

BCT. Ybovl’¢ O(-&YL %1'; aré nowm_e,ms-e_r. TI/\'\S
asswmlﬁm 15 UnnecesSavy (HW?,),




E\/m. éw?s for U op on ¥ . WLOG V, ¥,
iemma'- I% W Q-Z"Y i OP&A oqmge, Han

\ /% X7 v/ NS 0 . X
V x€A Wx 15 opént Aeuse . L.

(LY Fiesk, VueX Wi is open:
So we JV\S‘l‘ MCGQ J‘o ch,(( 0&,«;: .
N le ’H\ML BCY Ofﬁms& 1% \/néw B/)\/ "é¢

b U= P‘"OJX [W”(X"V {J zxéU ﬁ? Wf\V ﬂﬂ-f‘
Y/\

As Zuusi—mkeo, f/(n o dewse  since W meek
elry open r-ﬂc(’WLS‘-e i X*T. Tt s alco
Opent as projechons map open sefy bo open sets .
Firally, xe N U W, is dewse so
VixeX W, is open dense, as Aesiced . B



@EE(K—U, BCT version, cont.)

@:@@: Stnce /i\ is Comeaqer , we may fix
coon dewse Wi EXFT with LW €A,
By He Z(emwun, {oc eachh wm thee s Comenger
Con SX such Hnt x€Co = (Wi 15 Lomenger.
In-l-e,rsemt‘.m\\ all 4’1/\&3&) Xénm CM iwx()l:eg
that [, (\’\/m)x s Comeaoier. But HM(WM)XGAX
and heanee V5 eX Ay i comeane . )

ﬁ@@—" Suppose that A S XY s BP aud
NoT comeager Thew 3= (Xx¥NNA s [BP
andk nonmeag el iocal'&—@ kaaﬂ.uﬁ non- @ open
NEX and VEY sbh B comeager U=V
We now aptoly the @';7@ W‘%MWJ' o BO(M"\/>
as o Comenger subset & UxV:

Vel B, is Comeaqer in V., e,

VexeTh Ay is meagec it V.
As {_M and V' ace nowmg?ja (BT sy shows
Hat a nonmeage set of x FAIL b hone
Comeng el A e,va«U:sk.‘MS [, @ BCU BT version)

Bemwki To aveid asSuming SCT, we need o
Localize o bit wore Care—lgu”y o ensure  Hat
our UEX ok VEY are nonmenge .




@ Suppose that X s a =4 cthl top space,
a./\gﬁ anm-Qr‘Vu('C 4"#@ nowwwL@U basdc O(?Qa/t $€+S

i 27./(_,.L ° w.éwi,

\/\/& W\_aty ‘H\.fwk 0£ A EX oS & “‘uwr PreaQECaLl'e"
A(}c) 5% X‘;A.
FU(’ i%P A C—Z—X:/ we  mas/ ﬁ‘i%am‘x Zocal:}ak‘m
as @ Man.‘PulaJ-\‘m ot CLMnH‘\e—‘.e/‘s:
o AveX AG) # Tuew \/*xéun AG)
TV %eX AR # Vaew U AGD.
@ St‘m[(a,rly, i X MY are both ’ZNA ctb|
“"0\0 seaceS, we oy View Kumj'owsk&'u;éam,
as C{(Mnlﬁ]@w&r monipulabon,  For BP AsX~Y:
V*XGX V*er ACX»/)
i
\V/f ("/7>6X"Y A(X,ﬂ
H
V€T VX Alxyd,



@ DST
ied*ur—e S

_A_Eplfcal"{ows o@ BOL?FQ C‘.al‘et:\gry o Zw

D€£ /L\L eiuvat.@ﬂce_ reLon(ﬂo'w E‘o on Zw VS Oﬁﬁﬁwe_oe
XH? Y {;!L HM VnZWL X(n7=\/(n>.

¢ X ”LVLA b Qv@w"wn”?/ aﬂr-&e' ovr \Otsrez_ wwx {\'m]—cl

" M

'_"-_———" — — — —

——-—._-"_—-_.,——-___

NO{{" T-g FM ovi (Zw (s ae.a(zm.e_aﬂ Ly

)(me H \7/n/m x(n) = Y(V\>
Hew F. s o closed subset od 27x2%

Sice [F, = U.F E, s Fg [buk wot Gy HW?]
Avt,o{’ku pUSPecFvel IE s He orbit @lm:vatwce
rfLod‘vU'YL aﬂ HL.Q acl’lm (27275> zw \oy L\ome,omrflu‘smS.

Prop: There is no BP subsek of 2% that
meels each H;o‘c,ass A exo\cH/y one lﬁoim{”.

[I- e., !Eo adwits o BP Mws\rersa\’& W
. \/s‘i”ﬂl‘ o Baire cakﬂory.”

F Teansverzal



@ ‘P_% (Pm@‘- Towads a @n‘m@?gkm) S‘?\Vfose ot
Agzw 'S A BP MnSversal, T+
e ther meages  or ({' isn't.

Cg_ge_ O A -1 y [ Te (34 >£:,Q

T g B 1 1. . g Py N U8
~ ° /\ 1S YVLQ,U—3€J 1| | "Z SO0r €acn

w e know .b,"/'\ 'S also WLQ,OL%'QJ‘ asS mea,os

prese ve Boe ui—eﬂory. Rut Hhen we have
zw'—' UT TA s meaqer, c,owMaQicFMS 3CT, @

CG(SQ 15 A 15 MWM%U. iOCal:?ﬁ, E{V@?;VLS 5624:)
so that A 'S (omeaqer n l)\[; Fix Ve (%}) ~

Hat Elipe o bib AFTER s (adk wothing else)
g _

— M =~ =

T-A s Comeaqer in b’»\}\fs =Ng. Tn Pwl'\'(.u[a.r)
ANT-A#Y e both are omeager in N, (BT
Fix XC‘A”T'A , So Hot X and T'x ace \OG’H'L
o A, Ths (,ofk\'waoQ.‘c\LS A Le:,ux a bansversal. @%(Pmp)
EQMPkSI
@ Shelah (1984, Blloving Soovay) showed Hat
4 2F s c,oms:s\lem}"l so s Z2F+DC +
“all sabseds of 2% 4re BP."
This weans Hab ZF +DC s insutlicient
fo buwild n Hansversal o ., Cor math i brokew
D We will laker coe Hat [, is 4o
_COLMVL"C»&!___.‘_‘Z]"LA_L;_%% b ﬁmo{mﬂ Aobindble Lansversals.




@ Now br some qeaph thasry ..
We  (&llowing Wechs-Solecki=Tedorcevic, 1499) wil
detine @ special 3“’\10]« (=, with vertex set o
Fix ﬁor cachh new « (8)S,
61%%6 S, € 27 5o Hat
fsn:néw§ o Adense ¢ ;
Vie2'™ duew tEs,. O

Del: (&O s Sthe Sr—&\a'ﬂ. on 2% with ar
QASQ, betweonn x  and 1% # Tnew F2e2“ <. &
X =S, 7072
y._._ Snr\ir\z
Eal(,u'v) X ami 7 oﬂisa%re,e " -QX&C+L>/ one. lo{Jr'
and the common pPre & x beloce +his s an S,.-
EM?’ @0 'S F{)") OLCYCl;C, aVUQ H’S ConMc-LneSS re%m fé EO'

2__4‘ Glt‘w/ﬂa%rv\ok GOWZ,M,%Y Hat A X
15 _@'fhﬂﬁ.&?%ﬂe&a{’ ‘-£ fhoere s no G-dge behween
QW(”S O’g A \/}ew‘mﬁ GLEX_?" His veans

GA(AAY= .

___&Prb I A<€D® s BP al Gto‘i"“’k“\‘w""&""‘"’
mﬂ A 'S Mm%ﬁ(‘.

Rewmrk" The Py—ev‘\ows Pro‘o may be r‘eslu\-eoo as .
HTE’ A_c_z‘*) S BP ondl (EO\A>"CW(£Q(, PLMA is wﬂer'”




@ g{i_(PerB‘ Conl'mpose‘ S-bgﬂposz tat A e ks
B 5 8.5 i D . o
e ST i o A
that A 'S Coimeager in \Nl_. Find new with
tg Sn. So d\(gn ENA{ M Hous /—l\ N3 oﬂadn
COWLLmﬁQJ‘ n Ngn_
let Té<2£/22e>4w gli,o exactly bit v

; T

Sn

1 and
—— | — T e — — | m— o, c—

So T-A 15 51'1“ C,ovvte,a.c\se_r WL W.\N\Sn:\)\f\m'
As before ANT-A%g by BCT. Fix xe ANT.A

= SVL
) SEN. B | ) rr——
T'X"::%——**ﬁ__I PV fp——— e
‘Ths s o C:\o'eéqﬁev @CFrof)>
Rwarlrcsi

@Go (S acyc[“c, se ZFC P/Dve,s ;F 'S Z"c,olomlola,.
But « BP C,olomlhﬂ re,iu.'res @g@unhhl/ many o lovs,

@\I\}Q Wl” Soont See H\p\vl‘ G(o 5 C_af‘_*’ﬂ‘_‘-il
‘_VQP_Q_QQ'MV},{' -I—o 0@6‘@1'\&&[)/ Qo(Or‘Mg wi th c,ouuml—mu/

mmﬂy CO[O(“S X

@ I£ /(/( ‘s ‘H\.e C‘/z,l/zv"lﬁfoﬂwc" meASUE on
Zw ?_‘F'C_ Fn'wes Hat G, s /A-m.e,asurﬁ\oty

?

I%* cpl o r—o&ue o |




& DST
Lecture 9
This week, we conbrast Bocel s angly}“c sets in Howsdort? X

%: A 5@1- ‘S gOr@l ]f’ bois in W\e (T"o\%egm
Smi—d by dhe %polosy o X .

Def: A set s analybic & b s emply o the
imagqe of a conkinuous unchon w® —X
What does a Gion-£0 onalybc seb “Look Like?”
Fx conbinuous @i« =X with Q[ w|=4
The sebks A = LN L 5w gie A bows sbruchere

A¢’¢A @ f_\l_g_lg_e at each ﬁevel)

He gumil/ E_As'-secu“z

‘ - need wob be pow. disy,
UVLAom :Ao @ .' _ r: \:ﬁ ::E\Szﬁ—‘:z:ma
A Thn %Mml) A = Un/—\sm_
0 Qiven a mebnc on X, c,ovt]—\‘nuit—7 enswres
b ceww dhat Lism (Agpn) — O.

0 Mo\rﬁ Cj-?/né_ml[y, Qovtx"'mv\"bf say S hat J«9—o:~
any open nbhd T abonk W), for sud
/@ar@e n we have A@rn 97/(,

0 IV\ Pari’;Cw\a(‘ , mn. AG‘FVL - nnﬂZrn: 5@60‘33 .



@ ?/(_Qe.: ’ﬂu Uruon oe C,oMl’lL)\?’ many amtyyl-‘c 524'3

'S ac&ain aruxly he.

_P_{i: Swo()osa (B“)nc,w ace all avta(y}w‘c, oundl A=Un A

—— A ¥
Convert SCL@MLs % inko  schewe ';Zf;D
‘ TR &
WLOG, 0\” an'@/. Fix conbnuous swicckms
C ot —>B,. Amalqamabe b conbinuous
f\,w.c,l'\‘crm /LV:(A)“"-—BX C heck qk[wwj(t/’]&.
N +—> ¢ (o) . # (Prop)
/H/'WL (iugén>= An/ bvo o(Is\_‘BonJr amlyh‘c
subsets o:@ X may be se»pam&-ﬁol \Dy o Bo.nel set,
That is, aiven awaly bc cets AR € X wik
AAB:¢) Here s o Bor&' set CEK s.t.
A SC  ad

3AnC=g.

A e
y | .
j—-—&\ ™ ‘4-‘-.



@ Q;i_(’ﬂtwb? \/\/LOG, A S Suume /‘\,B?&ﬁ, Fix
Covt huwous (’PA, CPB W@ =X Wit CPA[('JU{(:A

P lw]= .
Cousider corresponding schames  Ag= N ]

¥

Sewt By G 0]
All are analybc A= U Aenr  ete.

Let’s say Hat 4 P air (s, ) e (wé) is GOoOD
52 AS andl Bf Con be sepam{-ﬁol by « Bowel
se’r; elS—Q, call (s, 8) BAD. We l«w.oe (4, d) s Goop.

;i.@_“i‘_‘”‘;“f;"” TE (5,8) < BAD, Heow Here ae mnéew
5.k CS(‘M,{"n} W ns @AD

Eg’( 3- Twots o Covv\’r, 9u()Pose_ a“ SMCLI pairs e GOOD,
Fx Borel C,M W S+ Asf‘m CC.M,\ & Béf- M,,I:@/-
Chrecke ot U, Ny Conn sepemies Ag 0id B 5= B(Z)

'Twa(s Cn C,ow\-v*, SUPP O M{' C¢, @) s BAD T‘—w”re
Lomma to buld o Twew® sk Va CoTn, TTh)

is BAD. Ceclunly @, (Ve A wd CPBC’(J B V
howce LPA(G“\)?SQP (©). Howsdorfuess -

yelcﬂs ts\\om{— op-em U V  about o 0‘-{’5(1) |
(‘PACG‘v‘ (-(DTSC'CS ) Y‘:b\r‘ /Zoq@ n_’ | . ¥ NN Eimn |
j . .(PAfw") Q
. Acr. €A
GF c U W Acs'r.-.-:
’tTn \/

Cow#motc\'mj BAD ness ot Cﬁ-)\" T\TVD B(Thm)



@ _Qgr_: (Sus[iﬂ'- If— A andk X\A are both aMlYHCr
then A is Borel.

‘9:&2 gepaml-e A @rom XNA (OHLYA wor ks) | E(Cor>
EM:’ AMly"\C S—QJ’S e Sovr\zx’v\WLeS C,OL[LLD( w‘Sus((‘vL

Def: A€X s w-Zusia if fave 15 closed CEww
and  cont lnechon @i C—>X with @[C]= A,

Reca“i{oo{[sl« spac.a,s A w'iusfn (i re‘YDSFtaL>.
TI’“V‘. (;Cwsin‘Sus(t'n>§ Ever/ ‘U"itﬁc'n se S Borel

£ Fix ASX ) Cew closed LPC»XWL
with @[cl=A. Fx also o (meeaq bee T "‘JW-IHL
C= [T] Dedive as wsual a Scl\em@ A CP[N]
At B ceT. B Ag is amalyhic,

Iv\\e_c(-mly o‘e CP ensuce S ‘ﬁor S?éé €™ H\a‘l“ A flA ¢
Sepaml'w\.ﬁ all & Hese pPairs ymuzs 1B orel BS_C_Z s.|

DA S5, CA Replew B Ly, B nAL
05?9%40\;“9(_)) f\Bf—:@’
a L,5A CB Rg{o\a.ce BS".« IDY %S"n nBS
P BN U B, which is Bocel
new SEW™
Nex{' '»lﬂwl.e,l.
A=B] |

{ Acv04 :
~To be c,onu’ukd s



© DST
Eﬁec}urﬁ :(,O

E}_(ﬂm, cont.) + We had w-Zusin A and Bocel Bz () B,
C,a;m: A:B séw
P A SRt Guven cel[T] we want () eB.

Check Ynew WeyeAcy, €Be €U B, @
J:S__g__A\_: Fix xC‘B, Vnew H?Snéw“ with xé.Bs _
Moreovef, S £ Spey - So (5':()“3,,L s a

braach in T. Fiaally, xe N, Aoy, = {03
and Hius XGA. @ #(c) %(’Tl«m)

Eefcﬁlz" Suppose Hhat X 'S HGU/‘&JO/‘@Q.
nf\ﬂ A a.mtX\A ore. aMllyl-\‘c, Hhen A S Bof‘el.

Q/V(Orﬂ g@vte,ru“y’ obs,\soimjt analy\(\‘c sd-s VY be
separabed by a Bocel set

0 w-FLusin subsels ol X are Borel.

= Poli&l« spaces ore W-imsin.

RWL(‘ RQP[&CE (,\)('\) ‘Dy KW e\/'e—f‘ywkg,re_ y,e[d{g
K-Suslin and K-ZLusin cets ...

jodﬁy’s ?_\Joa,i Uv\&mc\-ww(ns w-Fusin subsets
ot Polish spPaces.




@ But &t

i@mmaf Su\ﬂfose ‘H\w\‘ X IS a J—o()ologiul space,
and Hat HEF(X) cabsfes:
Q every Op et sed s n \A
A every cloced set is in U’Q

néz\, e S\Lulo/e (,LMQe,p c-%l Cnv‘-ersed-‘cms
‘36&' ‘S si—pxu_e uvmeer bl OQJQ\SD(:,_A_;& Unions
/I’)LM eve,ry Eorel set IS A \57%
PE®): Define B Eh by
Be® # (Bedh and X\B e A).

LeJrIS S‘L\ow H«a'l’ @ is ok O‘-al%AL:m COV\l'm'm'n_,S

a“ OF&V\ 5@‘{"5, Tt‘-@w 65 CM& hew co \A’) w]” Con\tn'-vn
all Borel sets, \Lvo, gm(ﬁ'rx—c} e Lemma .

@ Open sets ae w B, ()

@ ® is shable wnolor @WWHHW @

© CqMMJe Wiionst Fix 5, 6B ad ot B=0,B,.
We want @G@, ‘e, Bed andl XN\ e M
Beéﬁ'; P{A'{' C,= Bnﬂ N (X\B;7, so €ach

i<n

Cw_‘?lﬁﬁ, N ow 8 = L_{ﬂCnJ So Bevé’
ENBe ! KNB= N, (X\B) ek © ()
We did 147 a(x)

.




@’_l’_h_@: Suppose Hot X is Polish ad ASX s Borel.
Thew A s w-Zusin.
1@@ We check Yat our Lemwa’s cmleria hold of
A=TASK A s w-Lwsind
A Open/ closed sele ore n \ :
We know that Gy subsels are Polislt, Yus co-Tusin. @

0 \)A, stable under ctbl inlersechions :
Use our fmjec(w bick £ (), Ap= Ty [T, ADNAT
le W~ iuSWL A X e sse ‘oy Cose)l
Cn wa ad c,oyl{-, B:bcc('\'m (‘P,L'-Cn—aAn, I,Ju@_

M9 T C—TT A, cx &

Thew C = (TT.,,CP,.Y‘(A) S (W)™ ic closed .
F;vm”yj PmJ °_T|:‘q>n ‘ C > X is a cont. In;\eci-fm
with gl (1, Aq as desied. O

- \}A’ Sl—m\ate onQQI‘ c ol OQ'SSOQVA' Uunions ¢

;/-/D SMPFOSQ’ (A )n o 2 & Prw. Ol Sy Lo
.. - 5@1(&%@ 0"@ G - ius tn Svtlose}s o‘e X
K %? Fix ¢ losedd Se"-s C,. € S|

conts bijechons (@ 1 C,.— A, . Now put
C-= EV\’“G‘ i weCnZ éww, which is CloseoQ) ol

check Hed Q=T wilnesses Hal A
o> () 19 w-Lusin. @

We did b aia‘my B(Thw)




@ SO subsets  of- Rllsh spaes ol to - Lusin
~,H H\&y ave Bone‘. This s bd Fowerful,

Q_o_ff Sup‘DOS—Q Heat X andk Y ad Po(fs‘n. anol.
'M’\K‘{' ﬁ: X 9__? i Condmuous and. .'vLSec(-ive .
Then for vy Bocel A < X, £[47 s also BOV‘Ql.

_E:{-_: I,ﬂ CP w'.J—y\,zss.e5 (,u—"fusinlJy oﬁ A, J/L\_,Q,-,/L_
Lo wibwsses w—;ﬁuscn#y & f—[/ﬂ B (Cor)

CO‘\ (AlCKWLDQFOV %‘HCWLSC{OF}ZK): S“PPO e J/t\&‘l'
X is POl{S[L Ma( #\a{‘ AQX 'S go&'-
Exactly ene :

lj_:-] A 'S Couml-—ctt)lé

@mrt 1S A CD(/LH/LULOL(S :V\\SQC"QOV[ ZWC—-?A

gﬁ((}m}. SupPose Had A 'S Uncountable,
\/\/"WS5 H"s W‘:ﬁwh'n’.Jy W‘\H«\ C(OSQ_A Cgcuw
OOVLDQ Q Com“[nuous (obec{-,m (_Pg C _%./A‘
Nole Hat C s “(SO uvxc{“'ol, So CCLVLLOP
osr'va"s o ont. - ;,K':'Z‘“’c_—ac. Then
Pof: 2% — 4

'S & cont. ;AS' oS n @ B((r)



@ DST

i@c'l'ure ii
Eéﬁﬁﬁf X Polish and ASX . TFAE:
E\j/'\ 'S Bor'el

@ A 'S w-iusfﬂ
Ml A ad X\NA oare both avmly#‘c, [eo-Suslin]

ICI/L@JLﬁlM +090(03y
I"‘\rs+ S ome m\aoswbte l—o rewtzvv!Le.r l—erm Mlogy
Guve/n J'wo J‘Opo[oates e T o sowwe set X:

wé Sét/y _Co Coarsens ‘(1 ) ov "C.i r'ee-\MS e,

Def So\ppoﬁe, Hoat C i & oLoP spae X is a s.e,.[—
Owa CP C%X ’l’& pMSLL forwarJ J'opoloqv
T(‘o o X ' S O(QAMJ by

Uer, & QP '(U) s open in &
as alwaLyS ({’ (7/() ECCC CPCC)GUE:_E_?

' QQWF‘C TVL oH\.e,r worr&S T‘P s Hhe ﬁ‘-l«.esl‘ o

on X rendering  the map P ST e

Deﬁ G\lv&ﬂ o 'I'“OPOloSy A OVLX we $L\AN 0(%1-6
‘Oy @(-C> ‘I’é CorMSFOnJ M.i) goV‘eJ Qo - 0\(36\9"7\

Ponﬂy



@

Erggz S'ULP‘OM’@, Hat CEwW™w s ctose.eq) Hat
X s a set, and bt P:C =X v a bunchon -
@ T¢ ¢ s bieche then (X, Ty is Polish.
O, T\p T 5 a H)f' on X sk 4 Con bnuous,
then TETo,
© TE P is bieche and T is a Polish bop
onn. X s.b @ s cont, Ytheu 03(7,)= @Ct)

‘12—- @ P s w ,rlzowwomrloksm @
@ See previous ewark. &
© St TY2T, we know @CTCP)E@(‘C).
Toward s chaclc\‘w.ﬂ B () & (B(T), suppose”
tHot [Be WB(te). This means Hhat A=9'(B)
15 EO(‘QJ subse + oﬁ c B(/U!‘ H\.E/VL
B= (P[A-] s o Conbnuous in'becﬁve [vmaaaz
ad o Rovel sel. We conclude 3e (). @
B (Prop)
’__@VL_?” Sup(wse ot (X, <) s Polish and 06D
W. Uere s a lqw\er Polich J—opology 'Z:B'D‘C
o X st 0 (Bl = R

D B s Ty~ LOF&»/L.

E_L_W_f.l_(.” Next Hwme we will see Hat T,€T
awbomabically ipliec B(t,) = B(T.) when
boHL l-opologifs are Po(igL\!



@l&'f;b’lm): Moe foomally  fix

' N C(o:.eoq Co) C’:L C w
?g @ @A—QQ cont, L‘/\\\‘fcl'\'()*yts
7 A G C; —> X e

D [C]1=-8
Gl ]= X NB.

p(/t‘l' D= {'&“0‘ :0el;§ S cu%@QJ

awd YD osX
176 > ¢ () .
SO /qf 'S a C,JVLL. \OCJ{C('{O“VL, D———)Z) fe ce L°7’
P/OP) ’Z;-q, 'S o Pozislx re{-'wn(— c)ﬂ <. wth
H»Q o t/éore( et .
g_(g:—r’vb_. B s Ty ~ c[opm.

el Cleck () = N,ND opew in D
A (EAB) = N, ND open in D
90 @ c‘ X\B loon\— ’qu 'OF«C/L. (C) @(T"FM)

gO wil Can +urn ol gare,' g,el— nbo o c(.op—&a g,e.l—
\/\/L\y €va Hee T But 'g{rs\L, an amlﬁawkm Kompa s

MM Sugpose Hat (XY s Polish, aot Hat
w2 L\.B\VC A sequence 0’(’ Po(,CSL\ M{ﬁ'wn& A2

Then Hae s o bortha Polish ¥ sl VY — ¥
[Mm-em, T Vi BGd=08), Hen B(z*)= B,

*
//-Z\\\\' —
A s SR
\‘\/_-/-f""#-.__
<

o



@ £ Consider  He Po[sks ace Tr (X, z.)
with vu\,ae&rly*—j zet Aw Consider as  wsual
the diagoral A\ - §Gorn, ) s xeX € X"
Cloin: A\t closed in T (X, ).
Pﬁ(o' Swe(?/ A s closed in T (Z '(>
thus oF is closed in e re brement TL,.(X, < 3 a(c)

SO V< r-Do(tSL\ V»-J/L\ J/Le S(ALSPOLCQ ‘1‘0‘0 ‘EE,IM
’ﬂ’n (z/ —me' Pﬂ)\‘sﬂci‘ W"Lu'S é‘up J'D X , and NS wocks, @(ﬁ)

CO GL\reA o cownl—nlo(-é seguen @ (13 >nc_w st
(%(S'«-Q‘ 40\‘05«6“3 b/e pD sh SPaL, H\Q/Q s

2\ potd\ re{aﬂ’\f/m—&nf [w“« e <ame B orel s,d-s—l
pe/m&q—m.ﬁ e/OLCL‘l @ cLopL/L

Del: Gien bp. Spaes X, T o funcbon
1: X >Y s Boel VUET apon, £ 13 Bod,

"ﬂ\m‘a S(,\ppos,e, hat X s Po sh, Y os secondl c_(‘é{
ﬁawaHfer : X - i Rovel. Then Hee
‘s o Polish nefx'nww‘—a«{i‘z [with come Bove | seks]
r@mﬂ@,&r{.«_@& {» Conbnuwous |
el Baumenle o base %\/;, P e Lo L.
Rﬁlg‘\% e \L‘DPOIOSV @—n—X e oo
eacl fﬂl(\/n) C(o\’)%- B ()



D DST

feal’ur& 12
Staxdard _Borel spaces

D__ﬁ_i_’i: A S€+ X f—quippﬂ_oq with o G‘-ale‘ekm @QGDCX>
is called o stundad Borel space & thee s some
PObSL\ vl'opology on X wL\ose BOf‘QJ O‘-algebm 'S @.

Péé: Qiven hro st Borel spaces (X, B_) aud (Y,@Y>,
Ox Jeu.nc!’l‘on ﬂeSZ*ﬁY S .BOPQ' 14
VAeBy '(A)e By .
i&bi‘ J-M«e GUV&.A SucLL Borel <‘e} 'H\.Ue o€ PD’ISLl }vpo!ogiés
on X, ¥ wwpo\“:ue with @Z: @Y "ﬁ’zvterr-mﬁ 'Qe Conbuuous .
/r)’tmi Sc(p‘oo% Hat X} Y ae <l Bo,-e() ASX Boel
ad £: X >5Y Rorel withh {TA inyechve . Then
the i"”‘ﬂe de[A]EY s also Borel . -
et Fix corpakble Polish dopelogies rendocing A clopen
awa( £ COVLHHMLLS_. Tk&/l QQ[/{] B w‘iusin, MMCQ BCN\S' E(Tlaw,>
Corr T¢ £:X YT s a Borel biyechon Lehveen stk
@Orel Spaczs) Hmen it s an iSom.or'ohisw o’g s‘vQ BOre( sPacaS.
f_!i; B‘/ the ’n“”" /’\C’:X e [Bovel ’»%ﬁ £[Ai( EY Cs Bowel.@(cor)
Q_Q_C_" T£ @O 5@1 wre two std Borel o'—a(cs,ebms
on X Hew (5,=0, .
d_i CO\ASIO@,Q/‘ ‘H«\.Q t(‘lM"\‘y map (—Z:, 631>—_>(X/ (Bo\ %C(pr>




@ /M (@Of‘el Schersder '@efnﬂfim)i
SU\O()OS-Q M\A’k X) Y o€ sld @oml spaces, and M\a:l'

QQZX—';Y_ e PBorel ZA:)CCHOV[S. M X'_—‘:’Y
%Z Y > X as st [Borel spaces.

f_)jﬁi vae S5 ava clvzck H\m_‘l‘ QMVHL;NS 'S Borel.

Four Jy,oes 4 ﬁ/% “orbi

@ ’T B «-r —>—>—3
B @ o—> —
On O@O pes & s bijeche X =Y
2} R T, P T
on @ kpe, o' is bijechie X =Y.
Put 2= T NEE] A= (a8 lBT, ond
A=, AL, These ae all Borel.
RBuild e dosiced RBocel \o(\'secf—u'on WX =Y Ly

l()(7 1 xeA b
it {:r: 0 wih - B

M: ’”Ms COVLS(VULCFCJ L\ L\as 'H‘\& \Oomus mee_rL/:
h S @ue ke o= gl v iy e Y]



@ TL\WL (Bor{( fSOerrpLu'sm 'H'\Wl) K'LLNLJ'DWSLCZ>:
Sup(aose that Z,Y are sk [Sorel spaces. TFAE:

L] Ix|=IT
] X=7Y.
et @M >[I ©
(D) S[L] : Firet obsene that & X s a countable
el—&t Bore(' space, we musJ' have @X = P(K>

as stn@Lel—oms e Borel. So amon coun tuble
A
spaces | any bijechow s Sovel.
Thus, F sutbices b avalyze uncounkible sid
]gore_\ gpaCaS. Le«L us prove H\@F any cuch
$PaC.Z 'S iSomop'an,tc_ o 2” with uswal gowﬂ' O‘—o’tl%.
Towards Hat @QQ, 30'\)( o uncto |l Polish Space X .
C(a.fm ZTL/_,-@ 1S o 60/‘6‘ in‘dec({m ;E%ZWL%X
M_CQ): C onlor~. B(CO)
Claim 1t There is o Porel injechion g2 X <27
Ef—CCl\ Enamerate o base %un!wewi o X,
D@c(are %CX7(V1):1 Llo/ﬁ Xéuﬂ- )\)OW
a s Borel since \Yee2™ %“(\)\fs> Vs«
@Oolw Combo of ﬂo‘...)uﬁm(g_l. T+'s al&o
inec{-{ve, (VIS funi SQ‘OOm(-eS \ﬂo(v&&. %(Ci}

We e now done Ey ‘%Of‘el SB E(Ttmb



@ Tt bums out Had G’LM[yHCI—J‘y s “delecled “ l°)/
56{)\&&-&( Boﬁl[ sJ‘rudurd:
E@_@J Sup(aose Hot Y s Polish ad ACY . TFAE:
Il A s analybic. |
@ 3 o Borel space ' X
FBoel BEX
ABorel £:X =>T ik L[B]- A,

iaﬁ_: [Z]=>T1)

@ﬁ]jl Fix a,u()m(?f‘ia\LC witngsses X, B/i,
Fix a Cowvoa.}"tlo(-e Po[iSLL bpolosy or X
WJ{NV\% { o hlvuouws, Fix a(so‘
c,('oseJ CSw® and conknuous G&'é C—X
vt q[C]= B, Thew 4oq[CT=A wibressiog
that A o ml/\/kc,- &, %CPmp>

Remark s Essmhall/ Me come  otrgumenl
esl—mlal;ske_s e ﬁziwival&nce offi_-_-__(_' M@ AT
__@ 3 sid Rorel sPﬂC&X
3 Jaalyb'd B X
J RBorel : X =Y with E[BIFA.




® DST
_;iec#ure 15

Goa(ZAMly(—ic, sulaSéJ’Z oﬁ Pollsh Spates are BP

Q_E_‘_e‘ Gtivem o 'I'OP SPaCe X owuﬂ( AQK} we so\/
Hot BEX is o BP-ewelope o A -
@ASB ad

® Whenever M S RBNA s ISP
thew M is m&xgﬂ(‘.

i@mm: F(N‘ rny POIQSL\ X owu)Q AEX, ‘H«.e,,—e 'S
o Borel Gn fack FD BP- envelope ot A.

R moark s T 0 & /BN -
e :ﬁef Hj& s the “"IBP omalo we yM Y
oF wimmessing the ouler WSVJ‘Q = A oy

Eﬁ/—l Put GLQ EZ/(CX open s ANTU & meager} |
Put O=U70, so ANO is skl meager. 2 X 2"’(&5'-'
[Tn de', O is the maximal open seb with this properdy.]
Fiv\ﬂsl o mesqec FT cetr F with AnO<cF.
Declare 13, = XNO  and Bnally ‘Ou\L =13 ,0F
We see A <€ (ANOYVU(ANO)

EBOUF:B @



@,

Pt wnkd
e
lowl T8 MERBNA s BF fen M s meager.

200 Pt M. =MnNR
et () o A o M-
M, =MnF o M=MouM,.

g(mu ML < R S mees g, so F Su%‘ws
b show Hed Mo s meaglr. Towade a
ConLr‘aobc 1’\0‘\’( ) Swpp ose ottharnise avu:(

,éoca.(f?a b « vwn—ﬁ open U in whicle
/Vlo 'S Comenger, Simee M, o5 J-‘sddmL
f«th /4’ Mu’s means that A 'S measer
(1 Z/( aqu h-emw, ugo Bw(' Hus

means M, NU QM‘)/\O:¢} wwLmoncJﬂ‘v\ﬁ
Hat M, s Comemger in L, ale)

(/L\L C,(_a,{w.L 'Q%)-mb(:slq,gs @, Cc;-mrleh“mﬂ H\Atfmog. >
T{e"’”ﬁrk: Iﬁ M s A %ore’ Pm‘ooxklkb M2asWe

o :X:, an oml—ar‘ measue omgumewl- y{eloes oA
“ Borel (in fact va /w”emvelope.“

Thm (fusin‘S{erPiﬁski> T o Polich s paece,
e\/ery aul,#rc set s [BP




pe (£-5). Fix Polish X ond gualybc ASX
WLOG A+Z so fix a conknuous surechon
(’F:c,uw—%’/ﬂc. As  usual, Pvd' AS:CPE)\(S’_(
ﬁor scw ™, Ax doc ecach seww 4
RBocel BP-awelope B, 2 A, . Fnally, do
some  housekeeping  and  put (recursicely)
C¢' = Bg{ﬂ Z;
Cor; =B, M Ag-; 1Cs..

So we end up with a schame (Cgep,ew s. -
a A e C, € A,
0 Cs (s o (2ol RBP-envelope d’@ /—\5
v CS"E < CS _ Cy = ' .
Delive o Borel cod CexX = . ===

Claim L2 CNA o5 menquer
PEED: o lenow tot A= U O Agy,

g ew

So 3{' x@C\A, e wmuslt be Some
cew” sk, o xe C}S

0 View x€Cqo:



CLO Q£ Ci’s, Cont. ) FL&(C_’L_, cont. ) !
Tr obhe wods, CNA = () (CS \ _%cw |

Sew<w

_S;ULLCL&—CM " Ea_ck CS\ QCQ‘E K WLLOL(Q»@J\
ji@ﬁl' T+ s o« BPsubsed st C\Ag BGe)

@ (cs)
a(L£-S)
AINDJ’I\U‘ P—crspec,(»‘vel If— X e sth [Socel

§()ac2, A Q-Z a,ML\, (—n‘cl Hen ‘ﬁ.g.p any c,owpo-kto(.e
POLML\ J"’(’O[O‘Sy T on X , A s T-BP.
’_[.e., OLML/‘\‘(, 9&4’5 e Lo ’@LY\.CV‘QJ—S&“A/ (Reaice.”

—’m < ot PFOO‘@ \{':‘QL&SZ or \\%(oloa.ny %a,tne."

Th (Lusi): T X o5 sid Rorel Acx
WL\,J-fc, Uen for 'ouvy Sore !l Pro\oo_lcél”y
measw—< A on X) /A (s /UL—meoLSMm'cLé,

T e, awalybc seks are “univesall, measucable.”



® DST

iem%me j(_Lf
The G, dichdomy (ourt 1)

Q/g_:ﬁ: Given qrophs G o X and HoY, o Fane fiom
CP’X—?Y s o meomoq‘p)u'sm (bom G L 1) ;&
Vxo, 6, €X (%, Gixy = @) H @) |
Equv, VBEY (B s Hindep = 4B is Grindep)

’Ll’l_”’g (echris- Soleck (- Todorcevic, 1999 ¢

Swo‘oosa ﬂ\ou" GL 'S an ameHC ﬂr‘afl/tm« N
HouASoeorf'ﬁ space X: EmcHy ong %

[Ij Ke(G) £ N, , e, thee s a cover A X
by Cowa@-muy ey Gr(vuogap Borel sets

@ There /s a continnous hom fwm Go b (.

Remacks s

@We alreaaﬂy leviow @‘—"9”7@ xS Go—ivu(e,\p
Borel sele oue moager. Tusk need [T]VIAD)
® We shall assume X = W™ Thic %u:cur L',\,Qpl',es
the %eml Case,
@ We @ouow Bew Millex’s Pmo£ &t ) v1m
Today we “set dh <lage ” and will &nish He
PV’OO‘Z Y\.Q><4' /ezciwﬂ\—aﬂ




—

(2> LQ(»% assume. GF I andl 1Q1'>< A Conkinuous
ﬂuwo(w‘ow OswwW—=w®xw” with @[WW]:G(.

We  ace J—rt/ivxeﬁ o buld o conbunous Guncbion
QP:‘Z‘”—;aw‘” so Hat XGO\/ :—_>CP()<>GL(P(Y>.
A Hpical Gg-edge Looks like x=s,707=
v=S.m17®
The key oo s b wse Hhis B b Ycode”

- Gl.‘dgﬂ bew CP(»() a,,,\,o( w(y>' /\’(o‘pe
precisely, as we build ¢ we also buslel
(ﬁOr k&u) CDV\“‘C‘VLU.OU.S 'D’kf:zwﬁww S.L.
X=S,"0"= - _ _
Y =517 gﬁ) S(w)= (96, ().
This €nsuces Py & QP(y}
AS alwayS) wEe rea“?e (P ou\oq Hese 71 &S /6%7‘5
aa monsbovie IQVMCJ-:‘cJﬂs 2<w——>w<‘0'
T_?ff': For néw o (ﬂ’)%mxémﬁb;iﬂ__- 'S @ 'LK‘DI-&
OL:CVL&, go\, (%i)k“) whee
2% =
m {: 20— "

n-Cke+)

ﬂakﬁz ———?wn

Ex: n=2 k=2



@ pﬁ;‘.ﬁ_: G{wm an  approx A= CV‘» £a (3“)> y A
.ﬂf—;ea[:}“}{m 5@ oL s o W(é °<:<Vl, C100() (b‘:>k<n>

ad , 141
with ('P . Z —
: ~ (k+t
7‘:(‘2“ >~>(,\)w

sakstyind @ ysezn (sye N
@ V2 B N
® O(vi») = <(P’(3k'“0“€7 , Pls.~1 "t>>_

A WLYP‘Ca( Z'aFme :

Whet should it ponn Lr gn (w1
V.ex\Lew( a givta n-qperox (
%: For an ap pro x OL:<VI’ ﬁa, CQOD> o such a
one-step exiension s b=<n+f., fb7 (@:)Mn%\) 5.4
aVse 2" VieZ £(s)C 4(s0)
SWien Ve 7707 Vhe g2 (D gE (D)

o ¢ j: @l———» some  eloment o w !

~opprox 4o




® ST
jec,w[ure 15
The G, dichotomy, (port 2

p_e_:e: (sivea ‘Y_c_ww) a T —cealizabond s o ealizakion

ol = (V\, L‘P, (D’k>> w i (-P[’ln:( —C-Y

2_@};/.\ cet Yéw“’ s o G -kernel 7 Vunew fo
Ot“ n-gepox A ond 562”} Ho [mlyLJ cot
Ala, s, )= ECP“(S7: o o Y -cealizabon ot Oti
(s e“{/z‘@‘ e/""\@)y o has Gl’ﬁj-lje- [;-e-, s NoOT Gl"‘"lﬂv]
i-e/WLWLK: Tﬁ C;L (S an aMlykc fif‘q‘ol'k on Ww) M\Ln M\g_re
s o Rorel Gi-kernel Y S sib wW@\Y i

Yhe wuniom of o“o{y - Borel Gt-iv\aeap sets.
I~€-/ %6CGerw\Y>> 5 W

eﬁ (D HwW! ]
,D_@£'° Gtiver 4o nevealizabons oL, = (V\, QP%, ("O’Sﬂw
o . oty = (n, @™ (TED)
w i d (-P °(Sh3 GL (Pd\(s‘ﬂ) Heir 'QL_M[%“MLM
;5 CLWX O(OC-Bo(ﬁ :I[g'—' (n-\"i, QPP’ (fa’f)k<n+i> S.‘Q‘.
a LP/S: g~ > P(s)
0 0t T b k<n
2 Tl Bz bk OE) (TG, PGD)

Sucly 0((,@0(1_ 'S anm () - realizobion.




@ £€{L(KST>: As o(}‘}CuLsseaL, we wand @v@
@y our %&mm&) fx o Borel G-hkemnel Y S
Wil ;k% (GMNwNTY) £ N, T T8, Hen
j bolds. So assume Y%fj Warzt'ﬂ
J—owo\r ¢ ] .
Deﬁ An n- a/’lpmx o s L ~rea lf?—e%_ o has
o L-realizabon. Toe, Vee2™ A(a, s 7))+

f@e/wks: :
@ S(V(C.Q_ Y 'S A G»"“Q—Y'Vlel , M\L OLL'aoue, imP(Te_s-
\7/562 /\(a S, Y) s NOT GL’(.‘VJQP.
@ As T ¢¢ e wns ‘fque O - “approx

a=(0, Brsg) s Y-realized b
= (O B>y wiLk ver ,

Splittica Levima:
Evefy Y - vealized approx has o Y -vealized ore~step ext.
B{L(S.Z):
Fix a?_—'v—'&ah?—ci n-agp X Q. We kiow
Hat A(a,sw YY) s non-of and has a Gi-edae
rx Y r\ealuz-alvws X o o( Q— o WCHL

9=y G CP“‘@

Thew oy cmal ﬂawml"nm = @o( Y f\eal z€s
. owne- $<(-€_p ex#ﬁnsuw Oe o More 'Eorma“
{ ﬁ X @"{L our one-step ext b= (VHi fib (3,())

b A
ﬁb, e 4 CS)FEMD B(s.2.)
I A2 TAO )

y any




@ Cowl—oomj quJ-Q3 lets condvast S.L s at slfuaf- 2 >3,

Perfec& sed thm:

'Z'a'opro x
\/

2-realizabions O,
\}

S’Puliyl—\‘m X @ Xy
\! .

‘S-a‘ofmx J“

7

fﬁ‘ (KST Con‘l‘-):

MFOVL 3\1-611\\’(% S;ﬁ, we olol-w'n L CoLLQr&/d’ ge?uwc.e,
Gz (4% (0%,
O{L Y—r-uliz—e@Q aFmeimaHO‘nS.
%7 Wbovtoxlvn(chLy, we oy &e?ine COnl—fwwouS ﬁwclﬂ'ws
(P:Qw-—)ww Tk‘.(zw——éww
\07 ('FZ /glm,n ﬁan Tk :/ZI‘MA ﬂ;:n
ﬂuﬁ’s Owly one r\e/w\.o«,-'niv‘.% Aol ...,




@) E{L (KST, cont )
Clan: @ e o hom o G, b G
etO: We show Vkew ad 22 Hut
O @)= (¥(s.m0-2), P(s.~172)).
Sivce © is conbinuous, ks “qraph”
§ Gye, v €0 1 00 = (e, v

1o closed ‘fn (ou“’>-$, T4 s sublbes to
show that any open /Mg(ww>3 witl
(Te(2), ls0~3), @(s,~1~2))e UL
has  non-@& wlersechon with ©%
Fx n>k smﬁv@.‘ciny Lorge <. &,

\J\Cﬂ(@r" i \)\Q(Su“o“@ o Nﬂ;(sk'i”-e,)fn
me 'l': ‘Z[\(n—(lﬁlﬂ, so this becomes
% -
\)\@ﬁ“(‘k) M“"(«;{O%) g \)\{\{fa“(sk‘“i"é) = U
F}ximj o Y-realizabon o o€ A, we see
(T7®, ¢ (sim0-0), @*(s,717¢))
1S «n 'HfLQ Ll—-(37 Lke/mc,e 'S (n Z/{ Ey oeee{ull—-‘cm,
S(TEW) = ((P‘(sk“O‘*{)) P (s,"17¢))
Ens uring Hat ©'s “3w\fh" meebs L. B

Tl\é C(o«,{m e sues %1’@ bold s whewave Y¢¢,
Covv}o(z(riij ouy r(-’.)l’bof/. Z (KST>

“3¢Yol«.”

cU
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Lectue 16

_A‘E‘al_\r/mfg H\Q Go OQ(CLwJ’Dw;y

Exw'pl.e: S\Afposa Hat A s an amly‘{c subsel o‘ﬂ
o~ POLCSL\ spnce X. Consioaxr the Qowplﬂ-J‘e 3""1&01’L
KA:E(X,V7G\/‘\1‘-¥¢’yE on A. T4+ s an
Obmalyi—{c ﬂ(—tvolfl7 Since K/\: /—\zﬂ CXZ\ A).
LeJr's Cowséoe.zr He a“—e_rm}{vej m He Go oﬂicl«wium)/:
@ QCB(KA>éZ\)°- MOLQ M\@t‘l' KA"(:V\GQQP SVLLLevl o’e

A hacs Caroatvm“y at mosi 1. We 34& lA}é;\’o_

[ There's o conbnuons hom (P29 5 4
Lwn G, to KA How imj{ch\—e 'S LPFZ
G ivtn OLGA, {0\3 s KA-iwe&P, So we seo
P(5a3) € 2% s closed and (&, -indeg.

IV\ o‘l’(’u’.}“ WOY\&S’ (‘P S o WLQ,GLEBEJ‘"—O‘C)VLQ_M

We Muloq Like o JYUQ (one - bo- one ) 5n3€c}1'on.

Ovu— Mx+ <l-00) gwfnls‘nes WnS WH’L‘ g L\OMXA/ me
$o sic@esl—ep Hu's ww,aﬂer avuuw+ o@ evyvyov .




@

/Qtﬁ_ (Myclelstd)f S"YFOSQ- J/Luqt Q§2°"XZ°"
15 Comeager, Thea there ic o cout.
LPZZWQZW s b \</>(I>/€2W

x#*y S (96, 9») e K.
oy omeager geph  has & oudor gob clique,”

Rework: This holds 4oe comeager binacy velahous
o oy F&rfecl- Polish spae, Also £ Zan;agr Al

Mycielskl'ﬁ Heorem t—e_'aJQ boils olovm o3
_Q'OSZP\/&}‘]‘M’: Iﬁ \VAS zwxzc\)

-

is open donse
and So , SIéZ“V7 e Hhece I _
ove exlesions t. 2 S with ”‘J\(s E{l
N x N, €V, N\
QQ(O!DS\)% Hix (X,.y)-eo\fso X\N;l>ﬂ\/ Fod /@owi,z
n & Wl% \ern * 7’[\4 §\/, TLU"A PVL{'
to=xln, 17y @ (obs)
\/e\L/S f?rowx,ok Wiis olos—arvml{c?vc inl‘o‘é
Eieﬁmm'; So%oo:e Yha+t (5024‘4 e 7% aud
VE2Y %2 is open dewse. Thew tHhere
ove QXWSJons '{'-t ;‘“SC < wch M\J\'}'
(RN T \Mz XMJ =V
Moreo\z-o,r, we ma?/ evswe a“ IL; WH@ sog zée.aﬁﬂb




@ P:ﬁ (i: skel) Trdwck o n. m
GLLVCVL So ) Tt gn é’Z(O\)' g\ﬂ&‘ “g\v\.aQ ‘i"ol ‘2( ;f { {_zf_f)

for i<n 4735 thet work Cavope, { . el—c-i
Hemsolves. Then | for i< apphy the i

Ob%\/ﬁzl"(m 'ﬂ»era"rfvel/ ‘f’o CJ’O’_&' -ekats:on§ 'hg'ﬂ'.';’J -Pn".:‘ S
Wt"H’L ‘N\hx\)\yhg\/ W\ﬂ J\(;.,\XN{'; 5\/ B (L, skekl)

P@ (Myciekki)f Fix opea dewse (U e, with U <R.
Wete Vo= NUe [0 Vo=2"2%] Then V, is
skl open Aoce withe 1,V SR bub dso V., SV,
We shall recursively conshuck funckons 2,222,
Vs $e2™ L0 o L) hme Yhe come &M}m (2D

as#d > L(D#E LD
*s#t = Ny oy Now SV,
£n+1(5”c):‘ f (s) "¢ -;_v_m__ov_@{@e; +

Stage O:f s g ©

Slage wel: Guea 22" =2 o aboe
C:Wd&r e shings L ()i b €27 sel.
The Lemma gqoacks odme §,(s2)2 L ()
ek el e QJ\Q G0 Ny (e )C\/m.

n 4l

/H‘LQ V‘tha,vtwus c,ovuoﬂl—\ovts e €a$y fo d«aclf
Ovv\JL "L’\Q s ive C,omSJ‘V‘OLCJ'\OVL 1S C,OW\DL@“e




@ ?£ C/V(‘ycle\s‘cl., cont ) /\)ow Pw{_ g{)z/é:mn fn‘
ClaIWL" leus C'P works.

E‘K-_C_C_)_: C_9WL'muows7 @ @,
'_l:wéccl-he? Guiven x?‘y GZW, we way indl
new with xl‘nv—‘yl\n. This masns
£uc*l\")?’£w(\/rw3 and thas PG # Ply>. @

(96, 4LN)eRT Sinee NV, R it sulbeos
"'O SLLOW ‘M\A'l’ (CP(X>, W(y))é\\/w eor /KM‘SC .

Gu‘ve—n x?—‘y, CO\ASZoao_r vl ,Zau—%z enou.alm so that
xha#yPa Then QG € Ny (5

CP()JGan(yTV')
ava ‘Hu/ts (@(x),q’(y)>€\/n ds afzsireog. @ ZCC)
B (Mycielsk:)

Cor: Suppase that X 5 skl Borel and Hal
QLZW%X 'S a Gor&\, vvuza%Qr—(—o—onQ ﬁwcl{w.
m/t Here v¢ Conbluuwous QP=7°°——>2°° so Hot
the COWPC)S:]—{OW @oCP:Z‘”—eX 'S zm\;e_ckve.

'P‘K’CC"P)" Considor He Borel <ot Re2Wxpw

T debied by Gp)ER B B6) =G, Every
ver Bcal sechion o8& R i meaqer, dhus L"/
Kwﬁ\—owski-uian{ R i‘l—sehp— 'S W\UL%_Q/J\
Ap(ply»’% Mycie[;ki to (29 x2)\ R \/(e\oQS
C ov Bawous LP"I 20\)__>20u s !, xZy =>(QP(><)’ CP(y)>¢R,

-

1l.e., XEy = SQ(x) 7‘@°Lp(y). & (Cor)
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iea%ure 17
f&y\» Y, (Suslin, 1917%) ¢ $u\ppose Wat A Vs mlyjffn

Exacuy one -

El':] A 15 COMHL(Q
@TM& 'S o continnous ;V\:)'ed"'fﬂ/( 'Z—wC‘\”A

ﬁ{i: APPLy Hhe Go OQCckoLomy do KA . I£

O(IS(KA) €N, Hea [T] holds. Else, Uure i
a cont. hom Eam Go o KA- This s o
m.e,a,@ﬂn-(—o-i b hiovt 20\)__7/4 M\/ct‘elsl\:{
allows ws +o  Hun Wis o o cont n

2V e A
Ny b ’
%("GLVL*"VLS )‘ﬂ___{ ) 2 (gus({w, ZAS\L lavwe)

This suggests o powarfa) Hhreabld path oiones et
b/ @6‘4 /V(f”e,r: o S0 DO

M Am[y%e SOl mlyl—\‘c arwak ust'wﬂ e Go on‘ctwLDm)/.

E’SE_(Z_:—PVD\/Q H\A% Some avm/oyinﬁ se‘l— 'S me,agex‘,
WP‘CA“:}/ (/LSCVLS Kuml—owsl«c‘t—ufam.

Step 81 Sideskep Huis annoy int set Using My cielski

_wﬁ@‘}/S ﬂ—exvl' q()\p\/y Yais wu;]/lzuao\ bo prove Perfecl'
set Muorems Tor QUOTIENTS.

22_%—1 A cel s Coavta&!"‘c '.ﬁ n<\’s @WWJ— 'S waylﬂ“c,,



@ ﬂﬁ (Sllver, 1480) : SWPOSQ ol Y s o Bolesh
S(Jace CL"U?Q VH\N{“ E‘ 'S @ c,oaml\/(-fc e,iwc'val.bw(e
(‘e.l&ln‘m on Y . EXACHV ong -

b
__@ E Lus CJ’uy mauny G/Lm.sses

@ d cont t'V\:) (—f’zzwé—v—‘f LV

R L. LN

C‘.:;'-'*;;«'; ,'11-_,;- Sé

P Gilved: Cortail, @)~
To esl'uL{is)/L @V@) we a‘gryly Yo Ga oﬁ.‘c[«.ol-om/
to the analyhc 3mf|m G=Y*\E . That 's
\/o GL Y4 ."0’3 >/o EY‘L .

COL&@ L %B (G) <N, . Eack color class 'S
Conl‘wm;o( vl A Siw_ﬁ(.e E—c(ass i So Hunw E
l’Lmﬁ C\LLLV mey chs;e S) 65"“&[:3115»‘&\) @ : @

Coce ]]; A cont howm ©:2% 57 Low G b G.
Defne o pull-backe eg. el F on 29 by
Xe Fxl R4* @CY;) E @(XD-

This F s {he pre mago ok B wnder Heo
Continwons  funchion  (xo, X ) > (O(x), OCY).

So F ¢ Cp&Mly‘HC and thus 5P,
Claim: F€2%%2% s moager.
e For cach x¢2% [0GI]. i Gi-indep.
Thus  Fy= <] = ©([em1) s BP G, indep.
So each E‘ ‘s maeager, and s meaqer by }-U.
a(c)




@ ‘?dﬂ' CS[(\/@(‘) conk.) :
Siuce ngwxzw 'S N&‘iu,/\'{yde[skl ﬁmnh
B3 Coul ol T e Pro2w 57w |
Xo %y =D QPlx) F Plxy)
= O P(x,) F ©P(x)
So 9°(‘P works for @ @ %(SC{V@Y“>

Tn otk WO(JSI CH s e \(?Df czuwl"l?M-QLS l’/

%Orel (or even COOLML/'I'{C) e_Zw‘voLLa.q,ca pe(aulw‘ovtg. d

'th\jreSSfoV(: What about C{/u,ol'ﬂwd's \a/v a,V\aly\L\‘c
e(iw\/a‘fence relabions 7 |

TY ico'J/ CH FAIL& w e c,oml—exJ'g
' )

M" B('Mfy re(&‘mm& on W oy Le &/L(,OM oS
elomenls o 72979 =2 2% Lia Rl——>xg % Dil

(8 T£ mRv\.
XRZ(W\,V\)\——? %O VAR

Undler Wnie emc,oc:@?ui, He seb LO oA (eodes for)
/e"NLW* orog.u-s 15 a c(ose@Q, Luwce PolESL\7 Subge* 6@ Z-w.xoo

The set o£ (codes Eor» ijgg«M ocdlars IS a-«alyHci
XR 'S G“'W Tge ac‘éww \Vlnebx.) |
(W) Z () and xg(s(w*l),r(\n7> =1

’/rl’LuLS’ M\Q %"' \/\/O Kg (LOCQZS £0f> we“or‘aQarS
on W 15 o Qoawkyk‘c subset of L O.



@ De&,w' oart Q{WI\VQL@V{(_Q rela,\":o% E’_ oL L_O L.>7
i Eo c'l’ |
XR E XS ‘,% {)(R XS ‘H/L l {OVNKZDQI o
XR IS 'ysomo\r[:k?c +o Xg

C(a,lwt% E s aml\/clﬂ“(._

—

eﬁ(cj: \/\/Q alr-e_otday kwow ill-Pounded ness s OLML/L"(—-
F@r‘ e se(.omﬂ clause) “XR s .,isomor{’}\?c +0*>(§‘"
movy be wrtlen Tee® (o oloes the Fsomorphism).
Alc)H

On LO, tis B has one

Gocoage class, and aleo one
iﬂ‘-&rﬂslﬂ‘ns e‘asb 'ﬁur- &aoLL

C%Ly {:Iﬂ&n:le oroﬁc‘ml.

’I’Lus mean S E has 2xa &(7 3\>1 ‘vwwy da ss€ 5,
. No
‘”‘e$€€6k\r€ (){ Hhe valwe pa He conbhuuum 27 .

}H\A/(?\ ’l’k:s b sahcfies MEM@ mr@ £ Silver.
Remap‘c%_‘z
@ T8 E ocwulyk‘c andl !Z—/E( Z 2\72) et
E‘jj Lo Silver holds...
@ I!L = e H\Q orbit QQ Pe\ o’fi CA Cow;‘\'nwous

ackon o o Polisch aroup on « AN s puce,

it i STILL OPEN Whibher Ho
Silver &tclr\,o‘-omy kolls st E.

= e ——————

Foprgical Vouget Coupecbure|
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Loclure 1.3

Alje\gng ’l’opoloiy
/rl’lm (Sl\l(ak, 10'88): MO PQMO C;onl’imuu,m ha s
fudamlm\ qrovp t‘sowrph-‘c o (([{;+3,
We need milliows e O&&n:"\'m«s,
ﬂTl‘lrouﬂ\«wul', fw‘x @ c,owvom,c{' me b space CY,0Q>
0 Denole by T He waib dervel [0,1]< IR.
Dees: UA EoLH/\ IS o Conhwuows {uwckw £:I—"?’Z
Wé’” Ca“ .s A “Paﬂt fv‘owt «ECO\) bo ﬁ(i)."
A Y LS _?w“«"wwn.eckﬂq (PC> Tf’ there /s o
P ath be tween any o poe’nl‘s.

UY 'S oca”y ﬁPa{/Lk—cownec‘-(pe CLPC,> ‘,ﬁ evéf‘)/
POCrVL" has o nbhd base o€ PC_ sets .

oY i oa _Pe/ano conhawum ¢ t's PC +LPC,
E,:_Xaﬂo(zs:

(W) LPC bt ~PC © PC bt ~LPC

&%




@Q;-&g-: F@r YGY a (y*),ﬁoo;o IS a PauH/L '\6
S%#S@yimﬁ f(o}=ﬁ(i):\/.
Q@Mrl‘: W?— sy Ptace, Hne ‘(/_t_v_l_l_io_l‘m/SM'D mabvic on
He set of oaths: 8/({3,3)'—' sup § d(8>, q() 2 5eT§,
This mebac s separable ol cowwl,a(ﬁ} y:eloQ:Aﬂ
o E@iﬂ?‘i _D’Eﬁ_ot%é and o (closedd
EO_(C_S_L\ S_t_A_bs_Pf?g ot y_’_f@OO_P Se

D_e_’g: /4 éf‘? Lbomo(-obo;/ I$ o C,onH./quuS ﬁ,wu,(-ﬁm
P: T =T b YjeT 90O,)=9013)=y.

e
TI\& Space o£ y—L\.omol-oPles (w/ Sup mebric) TS Polis)q.

;__D:e_lﬁ: Two \/-/(Zooqos f,ﬁ e (y*) L’wm.oJ-o??C ]'@
theee is a y-homolopy 9
with Y2 (7,0)— () vl

QP:(i,L)I——ng%) ek
We dewote tis by 4.

Proez )’/thwl'D'Oy IS an O\MIA/"!\C Q,aluu'vall/n(e \f‘e,l.ﬂ‘-l"'\OVL
P*é: The maps Sem@inﬁ X howaLop/ P o
Hre /KOOPS ?';‘”_’7’({)(;,0) are conhuuwous .

1 C-P(:l, L) @(Pr‘op)




@ /_M g'perakmi
Guven hwo paths ¥, 4 with #()=q(0),
‘H\e,ir C/oncaLwL\‘M 'S H\é, (mrmliz_ej) Paﬂ\,
o { ‘ 1

g

’l/lfl/\'s op&‘m(ﬂkw Mrﬁucﬁ,s o %mu\’-’ OPQ{\aHm
on L\Ovvw!-ﬂ(%/ CLeLsSeS o‘\e \/‘/(oops. Tlu’s s
‘H\L {_\/'> &w\aaawtzml‘u\ O\Sr‘oup

AsSoc_:
p_@_‘.ﬁ:’ A (Y'>/éoo(> ‘S 'Vlull"bbowwl-of?‘tc '.f? g SN
L‘wmﬂ—opic ‘o the Cows{-zcn‘— \/w@ooP, EY:;'——}Y'

D@‘ﬁ’- Y 'S _S_&m;’,éoca”?/ Sc‘wl‘p{/y C,owned-eez C$LSC) i£
'H’\QI'& 'S & EOLQQ GZ,Q Bo(‘ He\.@ 4—0490[037 so that
VILeQQ every dop 1T >U is null -howobopic m 1

it Ve g
s e

_EXaw-‘pl.eS g @’D

@ ot SLSC ®SLSC &5

)

Prop: T8 T s o SLSC Peano conbauumt, than
1+ Zond awenbal Aoup S {L\‘w:\—ely %@V\Qral-e-&
Eﬁ(s\wk@i By compad—v\.ess, cover ¥ 57 Lule C

st VU, Ve U open ad PC

. a AnV#6 = AvV SC in Y.
This yields o fiate qraph whose fud grp
sucjeck ombo Mt 4 Y. Z(sketchd




@ POE: I@ Y i« & non- SLSC Peane C,omknuum, ’
Hon ik bndomental qoup has cardimm\y 22\0.

ﬁéﬁ %7 COW'F&(CJ"MSS, we ma?/ ‘2')( yéY MX
o S%MMCQ (£“>“ew oe Vbon*nm“*‘komoj—o'ofc
\/—j_aops SAHng[M\% 8,(£n, jy> 4 En — ().
\/JI(/LL -ULCL\ er“’ we asSor_CoJ—( a Y"e""n" fx:
)1 Y y Y y

I ?ﬁo 4 (o= 1 | ff, Ilgfz ,_.gfn
L, i€ x(6)=0 ,@1 f} fy

NOl{ H\m‘l’ Q,OLCL\ Qx 'S {MOQZGJ C,onkuuouS oS gn—>o.
Moreover, He map Xl—%fx 'S oomkmuous.

Thu.s) lwm»l—upy Pul(s back + an OLMJ(/HC (BP>
QCZ‘ el on Zw: X, E Xy ﬂo’e ‘Eon“gx4_~

C{GL:WL: EacLL E‘ctass is Go—inoéz_.p.

E£(6>‘2 T¢ « G, Xy, then X, & x, difler ot
EKMH7 ong .,‘nio,,& vl . 30-7 XO(V\}‘—'O,xifn):f_.
_f y 9 j‘_’év {k.\l
Xe
f_x — }P“ —tt—
Lo fud gqop, [87-Tll400] ad T8D-[S1[8 W]
/,lmgj ,quofw ;,,Wlﬁes £Ko/)0£’(i as desived. B(C)
So E s ma@‘qr \0)/ K-M} amoQ Mycieh‘d

}e[a@ Contor cet a'oQ ‘W oy - homotopic /eoorsr
[ ° AT

SL\ZLaLl/S ’HWL (wﬁ wxo:—€},7> immeita@& (Zv”ou/g,

= =
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Feclyre 1.9

ﬂ?ecewH,, we've seen some CH-ish Pl"-@"w"'\@‘uL

o CH &- dralybc sets”

a “CH lor GL(,L,,J-.‘M\—; loy ooavunl\/k‘c, eq relc ”
Let’s sdatb ZV\V‘&SJ’\\ﬂalﬂ'wﬁ clup(—imlfs o —e 5y5%\-‘cﬂ“y,
Glesbion: Grvea eq vels E on X and F on 7

WL\A‘\' sl«pul& t\EE/E inSed—s tnko Y/F ’ meawn

0 m?afsfec(—{ve £ X and L ¢

We womk o Guchon £°Z“’Y such. Hat

@ %, Ex, = LG F 26¢) [uell ek on Zg

@ 260N F f(xﬁ = x, b X, [‘m‘seokve]

Def: A ceduckon boe E on X kb F ¥
S A ‘Euwcl—\‘m ii'X '%’Y Sa{‘fs@yéwi
Xo E xi '1%- £‘(X°) F— g(XL),
T.Q.' + s o how Lovm (E,E/) b (F}?)
NoJ'mkM: G\‘ve«t E, F o oon Su Bofel X’Y (res[?),

wWe wnlke EéBF  Hee s a0 1Rocel
\"Q&(btclﬂ'ow ‘gVD% E e F‘




@ T l/t\;g /éa,w@u_auxe’ we  may rf’,fnl-cqo,-d— S‘lverls Hun 2
de&n Coavmlyl—»‘c E on sk Borel X exac&'Lf 0ne _
I:_:[j E é@ Aw Réca” (()’\/7 )/CY}
@ A, 4 E
So the ‘\&64'” (w +Z>'W\euﬂ)l Bore\/c,oo.m_al/y‘%c eq ~le oue:

77
Ao <f5 Ai <|5 AZ 45 e ‘< A>< (Azw 5,7
GA P

’r'o Covtln‘nue H«z‘s ?CHV’@ we must o@gvelo.o

('Deyond class(cal couronu J‘y> that
PR EC LUD F RBorel reduchbons.

Erce ooqt‘c’ﬂtv
N 7

Def° SupPos@, H\H‘ E o an eq 2l on <ol go«-&l

space X, Glea a computible Polich vLo T o X,
we Say H\zﬂL E s C’C )q_WﬁCa”/y e,raoogxc

l# every E mvaman{' == BP se‘l- 'S eH@r

Eots me.OLO\&QY‘ Or T~ ¢cowengex.

Qeca“ /—\ ' ]:—mvcumn" % (xé/\ /\ x E x) ’>> X é/-\

Deli T0 e iwskend zpecidy o Borel prob
Measwe A om X} we Sty that E i<
_(4(/.') e,rﬁoézfc HD- every E-dnv riw" /{A—M,eq&

Set o eitther w-null o i-conull.



@B_O-P—: H—:o o A2 ﬁWC“HX e_rﬁoi:c. (in uswal fop .
193@_5 Suppose that AS7% o BP ad E,-inv.
T2 A s meager we are 0QOV\QZ Else, we ma/
Localize o Ng i which A s Comeaner .
Pt 0= Lewlsd, acd nole Hat Vie2™ Hare is
& homeoworphism Lﬂ, gf.‘p‘o‘mﬂ .P-In‘.l—el»/ many bits
with LN = Ny Eomine qeants @ IAT=A,
Soe A s Comeager in every N{-) thus in 2% ﬁ(Pro(D
QMT“(S:
@ E, /u—ezﬁ”joonC bor the coin-Plip measure.
© Siem, arﬂump,ﬂ* works for He ocbit ezirel of trat’[ whbion
© S, %W«l— works for coset eq el QIR

Lot Conrect erc\(ooQ-‘ciFy with our discussion ok reducibilidy .

_-P——'/QP—" Suppose that E 5 o eg. el om Pol:gk X TFAE ¢
@ E s 3@@@\[7 e'(zfgooQIc,
Eﬂ,_j &iven any td Boel ¥ and TBP-meac f:X-»Y
Hat ¢ a hom &om E b AY ; g\/ €Y s.t. '
g"(%y?) tS Comeager:

Rewmark : The cme.\ogous resuld L\»Ms o£ /A?ér*%ooqiciFy-
gé"@@ﬁ= Let Y= ve,v,§ be a fwo-pt space.
G’de AS;X 2P E—invam‘an*, cons cder

] Yo it xeA
£°XP—7§YL 4oxdA 2




@ Pﬁ CP(OPJ Co'MLz

@:%@3 F?x & countable a(gekm \EA&—C—@Y Aot
6&4%(’65 ®Y as a o--algebra. Thew Lo all
Ae(;zﬁ we know £7(A) is BP and E -vacant,
SO 15 €ither meager of (oweages 57 ergoirc}y.

P(AJ(‘ kdBIG - EAG&SA& s £7(A) s c,owteaﬁerg

Claim O : N pra * D .

M" Nole Hut ﬁ"(ﬂ&‘m) N m {i-l("‘)’Ae BIGK
5 Comeaq e and. Hous vion- @ . T4 ﬁo“ows
Heat /7\7%&161 +# ¢ as well. BE(Co)

Cloim 12 | ) oo | €1,
e£(512‘- Consider Vo #Yy in Y. Find A ek
with \/06/4, YieY\A. EXac\LL/ ore o
/—\’ Y\A s in \%BI_G\, lence at most one
of Yo, Y4 survives Yhe intersechon. B(C1)
I:;M”)/) Pw{' ﬂ \}LBIQ = fy-f This choice of %
makes -ﬁ"({y?) Comeager as Aesiced. @ A(Pop)
Lets ilusbrale how this yields non-reducibility

COP% HEO 45 Azw

ﬁ'. Towards [V OO\/JY'O-OQ\\CHOV[' g.,woosa H\A+ £'°Zw—§2k)
S o @orel r‘eoeuc]"im '{Zrowt Eo to Azw. Th
Pou‘lw‘cala«r, it e o I3P-meas howt | so gemenc
ecopdicity of [, qruats €2 with E7(43) comeager
But 47(03) conbmins ab wost one [F,-class,
‘l’lms S wwnhkle U\-D/mce m&3€r>. ’%é ZCCOY‘3




O DST
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Lecture 20
A COLORFUL approach to unitormizabion

Def: Suppose that A ST, 0k YAA
Pw‘l’ p: P(\OJX [A]. A uni‘ﬁorm(?-akon
Ay HPoY vk foA el §

Remar*k: Sucl\ un}'i—ormi%al'{ws alww/g exist (ACH.
We are inkeresled i g\dwﬂ “descripbvely nice” ones,

Lle’s - exXomine (.oour%‘al) ﬁmcl—l‘ws a“—ogevl’harl’

Consider the %rcvol« G on X=*Y Ao Boned. by
(xo,y,) (= ("1»‘/1) R X,= Xy ond y,#yi.

A ?arl'\\al Jquwcjn'm X—*Y Se -Q)(acHry o G'CM&P 5-6"'!

W”m_"‘f): Suppose that X, I are non-¢ s [Sorel
arui J’ﬁw{l‘ 6 EXXY S an awa[yl—fc_ leﬂ‘al gwd'io%,
Then thae is [Borel f:X—»Y with %913.

M: AS Q{ISCMSQA aloo\/e, 03 1S an analyl—ic, G—.‘v\o@eqo
subsed 6£ X"Y Siee & s a.«a[yl-‘c, A S Coan‘wd
i o Bovel Gi-indep sef '?,,. Thes 4, is o Borel

Parlﬂ‘al Lonchion with Rorel dowain, Yhus wmay B
be ﬁxl-&/\eﬂﬁﬂl lo o total Porel funcbon f. X =Y

(cince Y #8). @(w-u)




@ﬂm (g\DULSCVL No\/’l(ov) > Sugla‘ooﬁe H\A{' X (— e on-@
Polich spaces and AcX<Y suo.lyl-c ExacHy ong:

D’rk@r& ore Bm—el ?v.wc]'ums
1:X-7 with AUl

@For sowme xe X thee is Y Com
Cond tuuwous [ni ’ngAx A

{?"{l_ 7{?—.@ an - a,VLaLY"IC 3’“@14 GA on /4 as ‘oéfore
(6 ve) Gy Gy, v) T8 xmx and y, #yy .

We. “PPLX He (GO oqtclwl—omy to GA'

C&se, L 7(@ (GLA) <N, . Each color class
An SA s Boel /() thus _am[yln‘c o X <Y,
T+ s also a farl-\‘al funchon L)y Aol iikion oL GA°
B\/ oWy WOrVLTLWP | We may Had Borel ﬁn:X»Y
wibh q 80 Then A-U,q, €U 4 as Dl @

Casz T Theve 16 @ condinous hont P25 4
Lo G, o G Thea Projpe@P: 2% >X

s & conb hom Bwm Go to AX AS ony
oo G, -a i“w"} verbces  dhae x-coordinales.

A

As E, ic He connechedness relabion ot G,
b Lllows Hat P'FO\SXOLP o alco o L\OWL
bo E, bo Ag. T ' i ?




@ ﬂp\ﬂ’ (ZK—N, conk.) :
Gieneric erz’sooeicll‘)/ ot [, 3r-cm4’s x€X so Heat
Cre= (prosx°q))’1<f><§) 'S Comeager in 2.
7/{\4 ﬁoloﬂ-‘vus —H«Is) s LP_|<§><1 "Ax). MOr(’.O\/e,r‘
for all veA, we know Hut Q7'(§603) s
BP ol Go‘iMQe,oéwgeme, hemcg (s meager.
T summery, Projgs@: C—s A,

CH> v ok Q)= (xy

(s conbnuwous and meaqer-to- one. Mycielsh:
allows ws b thin b o cont iy Vs A
s n @ «) @(i"\D

CO“ (iusin'/\)ovlk.ov i formizabion Theorem ‘ﬁor Borel sulose{'s
ot the P(W with ounbuble vertical sechons

SU&PPOSQ ’HLM' X'Y ore SM Bore‘ an.o( \"Lh'('
BEXXY is Borel .t \'/XGX )5x|£1\7o_ Then:

P= Pr‘o\')z [75] ic RBorel

@ B QO(MN’S a BOY‘Q\ unlform'tzqhm) [,e,) A
Borel luchon %P%Y with 35 5.

@ IVL fmc*/ ‘H«er‘e_ N CounJ-v\L:'e sequﬂencz
%v\" P——>Y_— of Bocel unlﬁormiz—alﬁbﬂs
w]l’k B:Uﬂoln.




@ o (INUTFRSOTPWCVS): wLoa Y¢¢
\/\}é QPP'/?/ H\-L Pr‘e\/‘tou.S ’H‘-@re/wt bo B, oLservivﬂ
+hat the cpu_vLILu'oi[:Ly oxe each Bx p(“ec(uoe,zs
a“—erkuhve @ ﬂus’ @ %mwl's Bof*&(
ﬁunc(ﬁ‘m«s fﬁK-’Y with B—C—Un%n .

@ FOr e,a.C,LL néw, PVA— Pn = Pro\'\X [Bﬂ ?A]
EOLCLL Pn 15 a Conl‘inuows 2n‘5€cl—3\r€ iwuuje
Oﬁ o 80{'&, §€Jf, qu,tg S kgam @or‘et-
’rl«_g/yl P: PY\OJX[B]:U,A Pn S al50 Borﬂl @

® Put Coz PAY P and o= L) &1C, .

© Put .= £1R U qT(P\P). (O - &(Cor

\/\/e V‘flo\y See ‘H«.& iMPorHac& OE i'N n' &rmlwk‘m

W (‘Xescriphve C,omlo{m‘—orics angl CBER Hz@py,

For nwow, we rec,oraQ one P&rlﬂcdwly use\o—u\ gac‘l',

Q__QE.‘ So\p()o% ot XY e otd RBorel and
{’L\a{' -@X%Y s o ctbl-to-one Borel \Quwc,\w'm. |

Thew £[Xl s Porel.

ot: The set §- §(40, x): xe X3 ST X 1o Borel
witl counbuble ver bcal sechons., Thus PmQY[(%]:{?[X]

s @Of‘el by @ above. | ZCCOF)

o1
s

Y



D DST
Lecture 21
M oCe o Z{m Lor i zabion

Ouf‘ Vaﬁue, SC!‘UP ° X aM_A Y e “V\.ic_e," ;PAC@S.
BeXxY ic a ‘nie” seh

@ How “nice” is Pm;\z [B](Z pi B
@ Ts Hee o “nice” un'-eorm'.akm,z
T.e., '£ PPOQ‘X. B] _éY oy

With a buch of revisioniot hi sl—ory we ot seen a
Cou\‘ol.e o@ Tnstunces ot e Se_'l—up

ﬂm (lf,uusws X Y ot gOre_\ ReX xY Rorel
st VXGX \B \Li Then Pmaztgl 'S 20{‘6[
anA % (S e own %or&l U eorm 'z-od"-a'vt

/rl'\l”l C’;ﬂug‘M'Nov v> pd Y ol %OY-@\ BeXx <Y
Borel s b, UxeX B, £, Then PmQXUﬂ
s Bore! andd B has oo Borel uni formizabion.

[OCQouy we uvu{orwt ze ovakl\,/l’u’. sete
Deﬁ For <t Borel X Ao note by 6‘(2>
-H'\—& q - a\%ebm %WLJ loy ‘H’\L awl ‘—\(,
%u\osel-s o@ X




@R&Wksi @ Every Borel set s G‘Cg:>

every o (2.) set s ©-BP.

© Given Oy Locel PmLaLLlIJ-/V measwe A o X
every o~( Z:) set s /(A—WLLASU.MELQ.

Dot Gicew skl Borel XY, 0 fuchion L:XY
15 ()"(Z:)—measura\ole & Fv-eu'mases ofi %we,(
sets are 6(2)).

ﬁ‘ﬂ.(jankov, von Neumamb: S(&()FOS@ 4»{%4- X,Y
are sk @o«-e\ avl  dhat /'\ <X xY e am'yv"l‘c.
Then (@) P= P,-OSX}_\A—J 15 oum[yl-fc, @

O A aduits o (1) - measunble:
Uni {iw“mi zabonw £L:P -——>Y .

_&ﬁ_’. \We ﬁw‘rs} L\mno“ea Specio;\ caseé ),,,,,a,ML Aaler
argue Hot b jant so spec\‘al.
S?eu‘a( case! X i Polish, Y=w*,

AS X xY is closed, hemca
Vxe X Ax s closed 1n .
LTolea: We know eacdh A, has He form
[Tx] for some hee T, Sw4®, Our
i forizabon will Lllow the
ge_ﬂwwssr bl ‘H/_‘m%f&"t IER




@qu(j N, special case, cont.)
Mor@ ﬁorma”y we waon t ?or- e.ac(« nMEeEW o
6‘( ) me..aLSumL)Lé, -E P—-%ou S. ¢. f(x
is the Mex-Loast s€won with ALON # .
This  implies Q(X)Efﬂ,(x) S0 f:f.‘mnfn
existe. Thee € will be G‘(%D—Msumua,
and  moreover ‘quA because A is closed.
We now o()/guall?/ bua ldl i( P o 'oy recursion

Boce Case: ﬁ x> 3 @ XGP%AA\)\&#Q,

ﬁ@Cursch’_lﬂ‘Q_ G(ivﬁl/l_ £ P—>w "(eu.) we S/
‘cw\—\()() fCX} i ﬁe k S/etw-s{' wnHr\ A N(> k¢¢'

le/"*WL = ach gn 'S 6”(20 measurable.

EﬁCCQ: Suppose true bor f  ie, Hat Vsen
the preimage {7(£51) ic o (Z\), We woul
o show Verkew™ Hat £ (§smk3) is (20,
Now ?n_” (x —Sf“k Teh
T(E> 0 xé‘? (fﬁ’) AND
Z, o x € Py [A0 (@000 A

T o Vy<k x¢ Poiz[AN(Z Ngﬂ
So z?ﬂ,,l(is ki) is a BRoolean ComLLMl’fOVL
ol s (2)) sets | thus & (2 as Hosired. B(C).

Ag oQ:smsseaQ a\oove) f:wtn aen 1S our um{aorm\z-aktm.

a(3wN, special case)




@ pg (TuN, cont.)

Genem\ case ¢ Assume A £P. Fix Polich
:l—opo[oclies oVt X,Y anQ o C,ovt“‘ivwwus SMV‘\-S
‘—P:w‘*’—»A W:J—msséno& au(yhcl#y.

DC(Q\‘VLQ B = Xx Pl by

B: g(x,az): PmSXOCP(Z):Xg
MOW B 'S closepﬁ \oy C,onknu;‘y’ o’g‘ Pm\32°cp.

Nele: xeProyg [B] i# Feew® AyeT 9R)=(xy)
'.M deY (x,y)é/i\
2 e Poyg [AL.
By our special case, we have a & (Z))-mens
uvftﬁorm\%ah'm %3P—> w with 3580
F\‘M“\/) "{: PFO\SYOLPOj 1S our o(agérexi
CED) ~mens 1 bormizeion  of A . %(ij>

(Qemarlcsi Suppose Hot 1B EX xww s closed .
DTLZ “Covv\olex'n‘-y \oumf” R’OWL Boml bo 0‘(%1)
Occurs whon J—esl—;v\.ﬁ whebther cets o£ the

form an\)\(s S are ewphy.
0 This (;owp(a,x]l»y com be Aoweced bock down o
Borel W Vanows SJMHOYLS‘i
@ T each B, is compact | Ké’nl%’s N
reduces Hhae wwyllzxiiy ot smk;mﬂ Por brunches .
@13 cach Bx S @;w%g{c_/@on;mll,
msbead ot lesking whetler B, NN, =&,

teot whether B AN ¢ mesner /aunll .




O DST
iﬁcl'urﬂ :ZQ

anﬁe coforings 0! %rarahs
Q_f;ﬁ" S(,gpt?ose Hat -G E€X° ¢ o %r‘o\o[«on xX.
A @E%e (B—)cOlcm'm.zfr £ G e a fuichon
C:G—>13 sal{se”—\,m@'-
GCCXA/):c(y,x)
“ CCY,y) 2elx, v > =y
E_Z‘_j G, on 2% adwikk a Bocel eoa%e w‘colorinﬂ

ctG, —>w via (5,70 c~12)
(Snﬁl’\z' S.,,”O“"z)

S

This s ot spec:a(,

Thu (ess. Feldman-Moore, 1377):
So«p()ose ot &G is o /é,ouu“y coundable Borel

%r‘lﬁ\{o‘/\ ovi S'l‘ﬂ-nﬂQamQ BOF&‘ X- TW GL O.J(ch'S
7N Bo«"e( aeec&e (,«.)“_coloﬁng.

',B—ﬁ—; g?’ iu‘:im“]\)ovllﬁov} weé MV le\n_o( @OPﬂl
porbal b cbiovs ﬁniX*—-hX wit G=Unen.
\,\)Q m:%t\‘l' as \NQ“ o(l'SiOWLJ\'#)/ ‘H«\Q/w., ()ml—,l—m_ag
Gnz LAYt 0 qet Borel q XX

men

such Hat Ge=| |, An -



@ E{Z(ﬂm conk.)
HoEei PM’ cCX,ﬁ:n H At X >y

Poblertt c(xy) 2 ely) 250 ¥

We meed o “indu e symmehy " somehow,
The dheorem is bavial when X o ounbsble.
%y He BRocel :SWMY‘PL‘A‘SM ‘Hm,ore,m, we Hus
/(,os;e ho SWL.Jy )oy oxssbtm.ing X =2%
Gived x#y in 2% put
S(x, ) = Least k with x(k) # (k).
So SZGL%«J 'S T_éowl aqu S(x/)/): g(y,x>.
Fim\ly' debne c: G—> w03 by
C(X,y)?(k,m,n) i S(xy)=k AND
( x(k)= O and Au 3 XDy and Gty X )
OR x(k)=1 awl Gm P Y F?Px aud qut Xy
Gm
L
Cta)m O: ¢ 1¢ Rorel.

M: Each C“(f‘(,rw,ni} 5 o %OOL?JWL me\ot‘ml-\‘oy(
o Borel sely . B(co)

Claim 1% c(x,y> = C(y,x).
M Inspecw" He dbove Ptcl'urﬁ. Blc1)




@ p£‘ (Thm, Con‘}“)
Cla‘sm 2: Tﬁ c(x,y)= ch,\/f), Hen y=y’.

Q,ﬁ(_c‘z)} Say clxy)=clxy’) = (k,mn), Theu
;VL Faf(’\‘(,u.\a./‘, S(x, y) . S(X, Y’): /‘(

Cose O: x(Kk)=0O. Theu %M:xi;/,
So VY 5\/7» @

Cose L: x(k)=1. Them gt xi37,
o vyl @ @(cz)

'(/Lu's means M\m‘l’ C s A Bo«*e| &Xﬁ,@ C«.)‘C;o(o/\ivwi. E(’ﬂwb
M: Tk@ “‘{'rue/, Fﬁ(oQM/L‘Mooré +L~wrﬂzm X onvwwm‘cal
Obmtorﬁ ot e prLivu:c%n‘d resuld, To discuss f#,

we V\-Q,Q,o( [\ @ew mov @ oe.aﬁin(«f?ion&

D’__cée:@ Gien o l—oPolo%Cm\ ‘ﬂmMP T ol SFJ( %o:—e!
Spoe _X, an  ackion FQX X BOF@‘ gl
the Lunchon (7 ) —> 7o x is Borel.

@ Idp' s c,omeaUe (w'\HIL e oQu'SCrﬁ(-e 4’°F°‘°‘j7>)
ﬂu‘s (5 WHmom# o re,oLw‘m'w.ﬂ gvr a“ Tell
ot He may x> Tox is BRBorel.

Q__e,_ﬁ'. Gien st Borel X ond EsX® we sy
‘H’Lm!‘ E 1S A Comﬁue %Ore‘ e%wi\m[@ncﬂ_ re[m\-\‘@g__
(CBER) on X 8 e o Borel eq. el
S.L. \/xC—X Heo e_clou'v c[mgs [X]E NS Cow\‘-v&;le.




1)
O M(F&Hmm—Maorﬁ, L977) : Suppose Hat E s
oo CBER o s Borel X, Then Here s

a Couﬂl—u(ote 3F0MP P om.o( o Borel ac.iﬂ'mt
P@X wLwS‘e orb it eq. rel. s &

/—[‘e') X E Y 'Mp"le d7Te (> -b/vx‘—‘\/,
«B—{—: Fix a @orel ecﬂﬁe ou-c,o[ohvus c: ENA— o,
FOr‘ each new' Pw{’ Am: Pf‘o\\ [C—'Cinz)l,

Seo A,L o e Borel %\L o£ verbes with
A ((AvuoLue!) inident QOQSQ o’\e color n.

U DQ&N’- gof‘ caclhk néw « @om( {nvolwl'\‘m

pe ,_
o st A, ad clay)on
Ce /LS ) Tt X —>
/ V " { % b xdA,
LQJr T—j loe. \l’t\_z (Lowwl—mlo(.a) %J‘OWD 0‘2 807‘8\
OLM‘LO'MWPWSMS 6&’@“&&& by Hhese iV\VOluLL‘OVLg
ound. /&* I—X ac\- ovt X L’y eva(uwtl—t'dv(.. @(’n«tm}

Qezvnarki Thic acl’wtuy lomug o achon Je
\/]: ?ﬁ)(z/zzé)’ H,\e gn;e Fmoeuc(' Oe

COM(—auy maoany anolwl'-vvls, TL\:s 1S Vbo{' SO
im*pr\e,S$:v€«, oS eg,_r% Couwn Q-a\ol-e %rmg/) arses

as o cluw(ﬁemF 6‘ o Sm‘oarougo 010- hie p»




= DST
fecl’ure ;25
S WLOO’HL eg i va[&«me retodw‘ovcg

E__e'f-: AVL %Ldval—@vtaa re labiont E on st BOY’E’—, X
-__—TS Ca.“epQ SmoOH’L (or‘ Conod’—(-ely clasSiﬁy\aLle)

Coc tame, or...) € e Borel reduable o
eqm(”‘y on some st Borel T, Tau sym'mls"
Etg Ag .
anﬁolotzaQ, ic means = RBocel :f%X -y
st xE x' M {16)=4£x).

Exam‘gles'o

© Equaliby. &)

D The orbit eq},tival.avtca celabon o ZAR.
One cuch reduckon ¢ X H—> x— Lxl,

@ G= GL(O), the quup of iwerkble Gun)-meknices
with CDW\on enbres, CwsioQu the cpn;)ugcdw‘m
ackon GAGE via A-B= ABA™T Tts
orbit eq. rel. s smooth loy Jordon woewal &em.

@ X = (%2 ¢ & odas o douse L. onder on 53
Sm /J/X Vo He /eog?c ach ov

aex ¢ (1, () > x(a™' (), () |
The oclit eq. cel is swooth as thece ave
Q‘KQCH\/ gow‘ (Borel) orbits.



@ Non-examflei:
© E, on 2%
(D Ocbit eg.cel o8 QIR
Here are bwo nobions closely reladed b smoothness.

Pr__%_?:‘ SWPPOSQ H\.@\)l‘ E 'S o e(lw?v. Pelal'fow on X
@A J~mm5ver‘sa_,_ a‘e E is o« subsel ﬁ& X

Wte,el'm% each E-class emch one Poin‘l‘.

@A S_e_lﬂe_gi‘!)_f" \()—Ur E S o ﬁ,«wclﬁ*m :ﬁ:X%X
suclt H\'& = -@(x) E x

2 v E " = €(x)-= £(x7) .

B_Q_C&ﬂ.: A CBER ¢ & Borel eq. rel ot o
Su BOr\el sioa(_e w'-ML a“ c[asses Cou./tl-ﬁ'ole.

ﬁﬂf SuPPose that E is o CBER on std . Boel X.
TFAE: @ [= s swooth
@ E oduide o Borel transversal
@] Xz (BN A) €,
[IV] € oduik o Borel selecor.

Remack: This Heorem fuils miserobly for
Borel equivalence celakions wi i wncoun brble

classes. Notably [T never holds. ..



@ _1?“!1 (TL“‘“): B7 Fe(&Qmam'MOOre, ﬁv‘x o countuble
qroup 7 ad a Borel achon MNAX whose

orbit equvalene relabion i< E.

[T > Fix o Borel reduckion 2:X >7
{rom E 4—0 AY‘ Cwsio(zr m now~eumil{o¢
T2 {00001 e XTEYR . The nouomply

verbical sechions are E—classeg so in pachcular
e C,oqu—mHe. 'fusin°f\)ov'.|rcov odv-vml-s a gore‘
uni formi 2o bov OJ:P—>Z A 4 This o

1% ’;n\')Ccl{ve) and %[Pj is a TBorel hancversal
o‘g = s O(ES:PQJ. @

&{_/_r__na_r_‘_l_c__g We acj’mo&“y \')usl- SL\zweoQ oot every
Counhible - bb-ome  Boel ncbon adwmik o
Bore | _rz%lmL werse,

(T =[0: Fix 0 Borel hransvenal [3EX £ E,
For each Tef'], T8 e shll a (Rorel)
Fransversal of E hwmee (E\AZ-)-WQD.

As X-: F'B = L%?"%) we have COv(reoe
Te

X Ey c/oomlmuy M/ Sore | (E\Axw-ino@o
sebs | eskablishing X (ENAL) 4R, @




[ﬂ——j@@ Fix o Borﬁl Colm’“‘\‘/l._e& C;"X-e.(,\_)
ot ENAg . We buld o selector F:X —>X
‘by SeMQfMS x b He element of [XYE tHat
tceves the smallest color amons @loments
(7£ [X]E . Mowﬂ ﬁ&(‘mm“y)

'('(X): )4 "E‘E X Ey A \/Ver“ C(y)fc(ﬁx>.
This seleclor- 12 IS mn‘.fesl-ly Borel. @

EM‘E” Tl«u‘s ‘}r‘icl( O'{' I./LSl‘VL% fm&in"/\JOV(sLtov

(or ‘:eldMM’Moore> J'O Cibuﬂnlw@y OVEer own

E-class US ¢ “Vw\(ura\ num ber QM%@'NS "
'S very han y/ in SJ'u_aQyinﬂ CRERs .

@:ﬂj Just check Hhat o Rorel seleclon
s also a Borel rve_céu,'[’?o-n vemwt E & Ax. @

 (Thw)
fiou‘-&q we  will See Jml theorewn :

Theet Suppose Hhat E is o CBER on st Borel X,
TFAE: [T E_ <. E
] X (ENALY > N .
Coc (Ghimm-Etios clichotomy bor CBERS:
Su]apose Yot t s a CEER, Exﬂc{'(y one.
(1] E 4 Ag
@ Eo éB E




DST
i@cl'uv‘e ZL"
DQSCHPJ'\‘WC CoMLDQVwLLon‘cs o‘e /go(;a”:y 'ﬁ.m‘{ qfﬁfl’ts

Qéé%“«y’ we L\otvﬂ S5€emn mamy af)pl.‘m"ims o{ﬂ' S oy

C\SWL{,‘HWFG—J‘IC Ia(.z,ay ‘N Azsc,np}’-\{ se ¢ H\eory E%'

Thn (Kechers - Soleck: - Too(o/\cev;c, {499) :

S»\o'aose ot G is an amly/-"n %V-D\OL\. oL o

Hawscﬂweg cpaw X Exao“?/ ong .

(T} X (6) € Ny

@'ﬂw{ s a conbuwous hom Gom Go L .
Thw (ess. Feldman- Moore, 1477):

SKPEOSQ W’(' G 1S /Zmaf(y Qourt]’v-ble, Bo«-el

6!'7&{7L\, on SM EOI‘Ql X 'T/ue_n GL &szll—s o
Borel 6.0036. w-a»(od%) e —l—kere e Borel

Parkﬂ nvolubion s X=X with GL:U,.LL-
Cor: Suppose that G is o Loc bl Bore]
6\’7?YJLLWL stld Bocel X sadd Hat AEX s
Borel. Thew ik seb & G-reighbors
N (A) = {XGX : Jae A < G a%
s also Bocel.

et (G) NelA)= U w4l = U, 54, BlLd



@ o&qay’ we QXPlOrQ /ZCQ @.mk 6r‘cv0‘m$

Déﬁ- A cgra‘ol« Gl on X b's /eo(aly JQ»/Ll-C £
VXGX CNE {yéz xG( $ s Loile

P\fbp A (KST))Z 50\&00&2 ‘H\Nk' G s a Ao ]en'n BOrﬂl
qraph o std Borel X Thew Xg(G)< No.

‘Pj}_: Enumerale oo Counloble C&l%e‘oru L%z (ALt news
ol Borel sets C\S»@m_amhu& He Borel G‘-a[ﬁ o X .
Consider Bz A NNGAL) o Borel Goindep sot
Clainm : {B Vlewz Covers X.
‘AQ(C) 6 uppose we X s orbi Mry For each
\/66( Gidl A ch wilth xéAY and y?’/-\
fut A= /]f/iy yGGE co AcA. Then
| xe A and G NA= ¢, and hewce XeA\NG("O- @
We have shawn Xo(G) £ Ny, #@(Prop A)

PVDE 2 (KsT): S(,(p(,'ose hot G is a Loc & Bovel

ﬂﬂ?\pla ot s 1@0(\6’ X) am_o( M\n“ AE—Z 's o
Sorel Gmoﬂqo seb. Thew Uee s o Borel
moaxival Grindep set A¥2A .
ot Let (B inews emmmande a cover of XT
loy Borel G- w\OQQP cefs. 'Recwsweé« debine :

A, =A

Am_ AnOB,NNLA) .
Thew A¥=U A, works, B (Prop 1B)




@ DeQ: Gziven o\éw, We souy ot a ﬂm{’l’t & o X

A e—

s Oeaarr-ee \oowu(d LL,-yOE ','@ VxéX !Gy\éoe

Pro‘p C (ksT): S\Apf)ose ot & s a Borel CS”‘P""
on 6‘!7( Bocel X wibh 0(2,:3&_2 loauM L(y A
Then % (G) <At .

&é: 'Iv\aemc.l‘ oV olew'-

A=0 %,

d>0: Frx Borel max¥ GL'EMQQP seb AeX.
Thon G has degree boundod by ol -1,
hece Kp(GNEAN 2. Use A as He
Lost colom. ) m(PmP ).

Exam}aks Zﬁernou”i sk‘.(?+5

SL{PPOJB H\Nl‘ T’ (s a COMLuL;(y in‘ﬁiv&ak %7‘0‘«)9

CUVLSC(‘KQP zr’: ? )(:P '-‘*>2?' %M‘:PFJ w;l’k Proolucvt
"“Dpolog}/ ad /CCL' /(/( be H{ ('/z,‘/z_>'Co\'n"Q3P meas .

Then [PA2T Gia shitk: Tox: S x(78)

or  (Vo(T8) = x($).
Lot X be Mo free poct o His ackiom,
X: gxéZp: \/’Wa ‘T°><-7—’Xi
Hw] X o5 o dewse Gg in 27 Also - Gonell,
F'matuy) ‘for SymmLAc S_C_ '\ fe} o(ae»we e @om(
%n\ok &= Gr,s on "X by
v (= Y A 3resS T°x:y.




@[xameel W:Z’ S:gflf vttt g
/)L-Lv\ C! L\as olﬂﬁvu )oou.vtoQ/JL Qy Z . P/OP C
9“}/9 %BKGL)éS /‘\‘f'%l/im/&wl’S similor o irnd X
robabion show Ko (60 = KW (6) <2, (6= 3.
Example 2 = F =<a,b
S = ga,bzi'
Se K (a)<5

9 {Marks, 2016 : Y (GO=5

(-Miller, 2016): Hppl(G) =3

o (- Macks = Tucker-Dab, 2016): %, (G) € §3 43
Exomple n: M=F < Lo qen set

o (Marks, 2016+ Kg(G) = Zn+1
3 (-Miller 2016t Kpo(GR =3
n (’Keclw'is, 2013%): %/«(GQ — Do
( Bernshieyn, 2019): 7(/ (6= Z:_g?o :




v DST
Lecture 25
/IOOQay’S 600&‘:
Thee: Suppose ot E i o CBER on stk Boel X
TFAE: @ LEo é@ E
@ 7(6(E\Az>> No .
\'JC fﬁr&{' Cpl(CC'l‘ 78 ,é@mm.‘
i—ezmm: SL&PPO% HAN" = 'S an 6_1 rel o ZL‘) g“\f.‘sg\/;mj
o, <F

3k s meager Cin 2% x72%).
Then |E, 4p F.

PE(Z, skekeh): We hweak Mycelski. Fix o decreasing
Sequence Vo, E2%x2% 4 open Hense sebs with
NuVa disyoint &om F.

Def: A lunchow {: 269 =0 0 an aligued
-——H@VVIWMZQ € tee are w,, v, €2°Y <L

s O, , 1Cv, R
Ao “-\Vo
8 Lo (u) = Len(v,) ; °
a \/Sézn L o STOVY 2(57'\“% ’ZA‘; ,/ )‘;? /V‘
sT1r— £()"Va / A f., Ve
v 54 L N

So F:0110.. v f@)urvm vty
E__X_: Thoe s an al-‘%vuzaé e,mbeaqo(-‘vu& f:w —%_2“’"
G s, v \)\[E(s”o) g \)\G(‘r"i) = \/n : QQ—#



@ Tp«{)- (i, wont) ¢ Fix Such on aliﬁmd( ewloéaqotij £;
and  consider P=Lim d 129 —72%

Clam O: o [, 7 = Yio) E, P() [hoee 96 F @],

M: Suwoase o~ = SA/O , So “P(S‘)’; £($7 A/J/ _ E(Co)
Ty 92 Plcy= £ ~o
Clagm L2 & E:, © = Y V( Y(z).

pED: To show DO FLE, ik subbicos b
show Mot (L), D)) € N\ Voo As (Ve
is oeeuaasim&, & €/yt,owc3LL b check Hat

Vi Fnzw (Ue), @))€\,
Acsume g |E:—z_- . so dnzw with o (n) #7(n).
gﬂy STO E g- ek {’tw.s (10(0‘3 € N:D_(seo)
tr1s< P(<) exﬁ(ﬁi).
) Hhan taglies (@), DY) eV, as desiced. Bleo)
Tl‘\é, J‘wc C(a‘:mg gL\,ow \H\A‘l’ ('P 1S O Con]';vlmus
Uumc.e %Orew rﬁ_oewd't‘m f"’DV”L Eo b . @(13

b () (]S Suppose that [E, 25 B andd,
ownds o cow}ruo@-‘dw‘aw, ot Q(B(E\AZ) 4N,
As discussed in Leckure 25 ks implies  Hhat
E éB AIR- Cowpoéinoj e reduckons would
ield [E, <5 Ap , which s abswol . &




(3 p&(Thn, cont)

@élj Su\opose Hod %B(E\Az)> No . Thew
-H\e Go A\th‘-omy \/;elon a %ONI I’L/OMom,or‘loLu‘sm

O:25X fon G, b ENAg. Debie
Foon 2% as He pull-back ot E via O, <o
o~ F < # O E O&).

Ce,rkwly, F s o Borel eq. el on ZW, and
moreover O wilnesses Hwt F €5 E.

C(a:m O3 IEO < F.
pt D G, &F. 8(Co)

Clwm 1 : F 'S Mcse_p ({m ZWXZ‘”),
Eﬁ (Cﬂ. AS MSM' , Kumj—owsl«r.i ‘ujam f‘ﬁoku(.és J/l\fg
.{'O CLeclcinﬂ Hat e,acl« F-cless s meﬁwj-&r
For 6€2% we C,owlaw‘-e

[WJF - 9"([@(¢>]E)
= O {xeX 1t x EOER)
=o' (13): x FOW].
A [QC@]E s Counbable | we have wrilten [0‘],:

as o Counluble wmion Y GO—ZWJQ‘D Bocel sets.
Thus, [ s meAdLr. g(c1).
% o ouwur Aemma qFPl-féS , cbm./ths n 50cel
reduckion @ P [E, bo F. Then Qo(p
s o Borel r{oeuchm £ om [Eo b E@ @(T‘m«)




O A ap & CBERs w0 be: S8
A, AVEERED An\l AR LEO

b 1

~ Smooth ——1

IJ' wou[ot Le_ nce 1—0 have an “tahdnsic charecctenzabion”
o‘g' when o CRER i bireducible with Eo.

DQ,AQ,'@ A CBER is o Borel eqg. rel. on a
std RBoel space with  all classes  counluble.
@A CBER s o-penodic % every cless s inble.
@AVL _F_'B_E_@_ 5 o CBER with all classes @Iw(l’é.

Remuu‘ks:

@ Gu‘ven G«fu?/ C\,BL_':IQ1 Hhere is o gorel Pa,rl-{i—;on
Og EJ'S- M"Q‘—"l’?’ﬂﬂ S\DOLC.Q ;nl'o inva_rl‘a,vt‘J‘ pi€c€$5
an ap-?,r‘iooQ{C Far&* an Q g\‘vul-e. PMFJ-.

@ Any F%ER S < mootit.

1280 A CBER E on X 1o hyperfuile 2

Here s a sequ-ence (F,\)“;w & FBRER:
on X .t aFnQFM

© U, k.

+L

«

E 1S an inCY‘COLQt'V‘-ﬁ UnLon 6’9 FBEQS”

Next qoal: A cBER E hypecbaile H E <, F, .
E/—;&:— Eéfs E, = kb t\«ypef”@vu—'lé (4, CBER E)




2 DsST
iec*ure 26
.HYPZV‘JQ:/J‘{H€S S C‘(‘ILQ(\EOK (Par*’ 17

M; A CBER 'S [(l:?/f’Qfﬁﬂj!'e Tﬁ 'u‘l 1S vt
‘.ntreasiwg union o€ FBERs.

B@gf- Suppose that E, F are CRERs on X, T
re.spec}w“uety, ond  Hhat CP:Z—%Y YRR
ctbl-lo-one Borel Wom Lom E b F, T4
F e MFU@QWI‘K, then E i< also L"/Pef‘g'm"e

_1.2£_ Fix FBERS . on bd w;ti'nessfni h€ness
oﬁ = By iusc‘n-l\]ov'«ltov, f’lmﬁQ Bor‘ll X_n 'C—X
with X=UTX, st Vaew PIX, s inyeckive.
We  now &Q&w En o X ‘07

x E.x" # x=x’ OR

[x E x' AND x,x'egnzm AND ¥GOF, CP(X’)].

T4 ¢ roubre b check Hhat (Envneou is an
inureasine sequence of FBERs with E=U.Ey..
% (Prop)

w: This \9*”0‘9 os ihovt qp‘olies i two
‘nw\aorl’ﬂv‘ll' %H]%S . E éB F WLoK E S F ,



@ E_e,g" ’Eo is the CBER of eventral equalily on L%
So X[E_.,y H T Vnzwm x(n) = yla).

\/\ME——" lfo é@ [-Eo‘
‘&ﬁ_: Xk—-;j(x:

-0 000

LT 270 gl

G o-9o¢G
QoC-0

%
o
0
0
{

m (DO“SLUU“\/ ‘]’uckson‘ Kectm‘g, i-qu"LD'
Suppose that E &5 o CBER o X . TFAE:
r__:[—__j E 'S hﬂ)&‘@.‘wf\(ﬁ
ME <, E..

Elf_: @ﬁ@ ix an .‘ncr-c;msivw3 Seeiwem.ce
(Fwew of  FBERs wibwessing htuess of E.
Willout loss . we assume X =729, le+ <
oeomml-e ‘H\Q /{X:C-O%('Owl‘\l‘ca,l oro@gr oL 7_”"

Def: For wc2% ad new, Lot the n-brck of
X dewolte He ﬁo“owiwﬁ array of Os and 1s:
Lex-ocdor [l s xo<xg< o i<x,  and
record the \ei:s{' N biks o eacdh x|

E'O&' 1 ’ ° ° 2 ;
O 1 1 1 O
O 77 4 1470
O“Z0" 6% o ) B-bril
0,0 Bk L
%o X Xz X3 qu




) & (Thm, o).
LeJr Bn(x) oe.o/wl-e ‘Ha-ern—'or‘ic’( oe X .

Fa&s‘ g x> Bn(x> (S Bone(
2x F, vy = B,.G)=B.G),

’rkf’- ifl& 'S ‘H\A* Bn(x) records o ﬁ'nik
Gl{)to-roxima.km O£ x’s Fn—class, We will oL[So
need o record how x°s F,, - class sits wside
ot ks E,+1—cl¢ss.

Dels For xe2% ad new, Let ro(x) €W
cecord the mdices *H\M‘ tx]r_-n occupies A
Ix]F with evepyl—k.‘r.s‘ Aex~ordered.

n+|

E'ﬁ'? X [X]F‘L ok [X]F_s ol

° o ) | o o o
1 1 o o (14 4 1 |6
o 1 O O [0 & 1 |©
o o 1 O |0 e o &
o o 1 O Qo 1%
== iy g
;. L,

‘H’\M i"2_<><): 1’ 7—, 4
More, ;e“d'é_.' Ox\————»r‘ﬂ(vﬁ 'S Borel
o x bk, y = ca () =, G).




@ ££ (Tl‘tm_} vad',)__

C(&;VVL: /\'he M-AP LP: ,\X ‘__? (Bn(")& T (X>>new
NS BOPQ( reduchon ({YOWL E ‘o 'Eo.

’Dl £ OF Firot , Suppose X E v and ﬁfx m €u0
with  x F Y. Then Gr all n2m we have
3, 6)=8,( ad v ()=r, (). Twn other
words, @) E, 06y
Conversely, suppose  tat P0) [E. 9(5) and
bx mew ol Vazw B, )= B sl e 6.
Lex order [X]FM as  Xo<Xg< <X o and

[T sy <y <y

F‘)‘x l<k w;‘l'l\ Y=y; . Observe ‘H\-&‘l' X.;z\/,'
as Hoiw tails ot deterwmined b7 BH(.X) and ra <)

Tn Pwkcu\ar' yé [X/_(le and  Yhus )(Ey @(Cj
So EéB LEO , hevce EéBLEo b)/ Warm=up . @

I =>TT1: We know Hat [E, is hyperfiite.
Thew ¢ E £, |E°7 o proposibion implies
that E &5 hy‘oerﬁimll—c as well. &

B(Thm)



O DST
leclus A F

l’(ypef@n[kmss Critena (par+ 2)

/(/oéza/)/ w oe.tswuss alseL;rutc aspec& o’Q L\yPU@'n[kmss,
D_—z_‘Qi Given an eq. cel. E on X, a sequence (A e,
1% ca“_e,oa o vowﬁstu‘vw(i marlor %uwg (ﬁw‘ E) ]e

DAVH"L g‘An

a A =&

W[AL-X
Rewmack TACT: Such a sequence e xists ewu,(—ly when
2n4“V\ll—€—

every E-class 15
Mocker Lemma: Sugpose that E s an a\oen‘oﬂ-‘c‘CBER
o X. Thn E adwibs o van:stu‘ml Borel macker sequeace.

_E£¢ WLOG X =2% TFor each new we olebine 19,1:,’,2"392"
Vi x> Lex Least s€2" sk Ddg AN i il
Eac& gn s %orQl and E-iwav\‘avv{n Qe@‘na '\goﬂll sef's

B,,L: %Xellwi xe\)\Q’“mz), so for all xe27 the
set [xlg NB, -:B]EHM,\M {5 nfanite.

Claw: B, =/, B, meek each E-class ab most once.
pEO: Sypoose Hhat x E y and both are in Bu. For
all n £.6)=4.(y)  ad thus x and Y share all
nikal %@'A&AR Thic means X=V. accy .

Now, /‘\n: Bn\ Bw worke as our macker Sequen.
(ML)




®ﬂ\_n1 (Slaman - Stee|  198%) s
Suppose Mt X is 2 CBER on X . TFAE:
[T E is the ocbit e rel. o o Borel ackow ZAX
@E ‘s kyperﬁ.'nﬂ-c.
_&ﬁ: m‘—#ﬁf} FBERs are ‘b’rivia”y L\yperf-‘mﬁe)
so WLOG E 'S aPeﬁocQ“c. Each E-class s

Dox X {ox
e —— O 60— -

Fix a van\sl«lnﬂ Borel pmarker sequence (An)neu).
Pt Xowia = %Xt Fnew i fkeZt kexehad £-003.
“Thece is a Leltmost eloment of A, n [x]g

Thew Xowia 15 Borel and E-invanant | and moreser
ElX min 79 smooth as te Lelbmost eloments o€ An

‘f—orwt o Bowel {"rausvefsa(; Avuxlocsously o&ﬂre
am.oﬂ amly%e Xmax- AS smooth CEERS are

kyperﬁ;nik;, WLOG we may ASSume Xonin nd
Xpx are empty, o, that each A, meets
every I=-class Coc‘n:h‘a“y andl cOﬁM“y.

Now deline FRERs E, on X by xE v
U x=Yy oc H“"Y are Comecked odler iatel—wi An.
T.e, f %x, Lex 2ex, o, \/_inAn: Cj

Ao shown by the bavel M Yhese FBERg
wibness the  hypecbuteness of E, @)



@ P‘\e (ﬂm, conb.)
r‘f» QE - \A/e_ ruan ‘HLQ l—mve) mua\s o.r%wwtén%

—

' reverse. Fix FBERS En on X w#mssim‘\
hiness of E, ad WLOG E,=Ax. We
r‘ecumiv-?ly conskruct Bor-we_l i’:)ﬁ("l"l‘a\ [n;\echovls
'PWSX__\XI Salw'S-??y(rLi \‘/xez—i
0 The & -ocbit ol x i [+
o | D1\ dom(2)| = |[de Nl = 1
o & £ 8.,

Stuye 0: {,= &

< atuge e LT

Put £:Un\pﬂ.

Ths £ s a Borel parkial inyeckon Sal‘:sg/;v\.ﬂ
o The £-orbit & x i« [xlg.

d \EX]E\&OM[ﬁ)\ 51_ a,\oQ \[X/‘(E\ 'nm(f)l f‘_i

Each case o (e dow(®|, e\ m®)])  occurs
o an E-manant Borel set and v easy b hadle:

(1, 1) @5 se—ne—350)

(o,1) \,F_w____n___%#_%_

yo—re— - Dt[redg a Z-ackon] @
B(Thm)

(0,0) . -0—>0



@ /l/L‘AS ,éeaﬂs l—o 73 Ml'wn\ ge_e_/,/L ({u—_e_s_l:._m
Q: Which  cownlab!

Vi T v COUWMN T

A N S - | D - v
(drUV(Js ace “Vlyfer‘lewu'&e, Tie

*)

acl—ions L/{eloQ kyloerg.‘nlk orbit Gf relsz
SOW\Q L(no\/\)n ean\aLzsI

o 4 (S/wmau-Sl—ﬂel, 198%)

9 Fa 3&4 abelian (\/\/eiss, 19484)

a Fin qen nilpolw{' (jackson— Kechds—LouveabL, 2002)
0 Abel:an (Gmo':facl-cson, 2015)

n [\]‘.IPC,I—(’”& (S.chne‘\oaer'sewaroQ, 20724)

s PO‘\/CYCL\C— +- (_—JM‘(SOW-MarkS—SewWA—T‘uCIF&r“Pmb, 202g>

T he cluesl—fm i< skl open o some important
classes ot groups. For example:

9 Solvable

a Subexgovw/»kw\ %KDW'H«,

a Amerable .

Nex + Hme, we will cee Hhat Here is no l\,o.oa A

'\D\ASLU:MS HMS -@urHL?X“I every n,on-aw‘ota %mu'o
e a Borel achon with N'ON—\AYPUQ-L/J\C orbil eg.rel.



2 DST
Lectuce :ZS

/A\mena'oil'.-'—)/ an_J( hyper‘qg{n;knesf
We #ix a slandad RBorel space X,

Eég: A EO,.&\ Pm\galozk{y moasure on. X is o
fnechion gt BED—>[0,1] sekisdying
0/A(X>=1
o \//Pmrw.‘se oeissoin* Borel (An)new , /’((UnAo';>:Z‘/’((A/\>.
We now &x such o Borel fro‘o meas o on X

D«@ﬁ-% S(,@PO% ‘ng(l' T] S a COunJ—mLal,e O ac b
S N
in oo Porel Hshion on X. We < Hat He
QC:J'\‘OW 'S /(A“g‘iserviﬂ; (or Hma'l'/l/( iy —invar\‘am‘l')

'.ﬁ for a“ 60{‘&\ A —C;X Mﬁq TGT], /u(?/’\> :/u(A)

EX“MFLe’; TL\L B-ernoun‘n sklﬂ% achon P/&/ Zp meves
the (4, V2)-produck -measure ady, on gl

Qezwuxrﬁ \/\/"\LVL r_’ i S Cﬂm—\‘m\o'y c‘n'e{n.wﬂl *H’\.Q_ %-Q.Q
(\aaf'(— 0& e achon P/J,’ZP lfLas My, “measue 1.

Def Suppose that C 5 & non-9 Bule seb
o cny 9Q'\’ A’ weé OQQ&V\&

(A = 1ACL

€ELO
~ ¢lo, 1l



@ ;femma: SMIO‘OOSQ -H«q‘»“ T)f\\,X " a/(,(—lares Bope‘

f’&SLu'm with  ocbit 2g. rel. E. S"(F_Foge aleo Hat
FSE is an FBER. Thea for‘ Borel ASEX

/M(A> : Smmp(/o O(/UL(X) .

Eﬁ(i>' \J\/LOG, we  may  assume Hat F s an
nBER & ie., Hat evey F-cass has n elements.
This 's because Here s @ PMH’\M X‘Ungn
inbo F-iavariont Borel sebs with FIX.. an n[SER.

Cl(xim O: gu\()Pose H\O\J(' —T;,)T}_ C X are T;OY‘Q\

—

Fromsversals of . m/,c(‘ﬁ,)=/4(’ri7,
Tpf—(COD- Enwmeate T1= £¥ ¢ kew?. Defre Borel
_ Ak: %K €To ¢ Kk s NHeast s.& Tkvxé Tin[x]F?
Then T,=U A while T U T AL &lco.
Clawt L2 Any Borel hmnsy, TEX o F ohos w5
Eg(c_t): L usin-Novikov csml-g o parbibon od X
ip‘v n-many @orel +rav15versa.ls Oe_ F @(Ci}
Cloim 2% For ASX Borcel #(A):SMIX]F(A)OQM,

e£CC2>: FU(‘ VEn PV\:&— A:L: g)(GX ¢ lAn[x]F‘:iz)
so For all xe Al we hove MMF(/—\)='%L.

Then /u(/D:i%/“(AAAQ
2 5 wA) by Clawt]

1én

i Smmp(/\) du . Bl
We did if T (L)



@%&: Suppose Hat T acks on X
@\:m— @in'.(-e S =L ond arloleu?/ AQX, He
S-intedor o A s ot (A)=§ eA : S., SAY.
@ For &nik’.‘ SE and €>O) an (5, £)-Fhlner sot
1S o %n\lﬁ YLOVI'Q/ C,_C_Z Sa(ﬂ'sgyiaﬂ
m, Cink () > 1 - €
@ The ackon T'AX s amenable x4 (S, € - Fluer
ceds exist ‘em- all choices o€ (S, £) ac above.

@ The ayou\o [7 s oumenable it all o ks ac hons

are OKWLQM\O\-Q. ’rl\,\‘s 'S eq/u:val-e/\/d' —\'o T_j Lkav'mﬁ
o fee awenable achon.

E Xawlpl-és :

g Fwte oups  ace omtnnble : T keld is (S €)-Fylner
for 6y (S, €)] for the Lebt-mult achon AT

ﬂz 'S OLW\&MLJLZ" GL:V&/L Cgl ?_)‘ ;‘uge-.‘denH/ lm‘ﬁ
wdervals will be (S, €)- Foluer.

Non—exwLes:
(n} TL{ £r€e_ %rouio F‘Z_:<A/L’> is M!‘ a.m.lee.
C_onsioe-ZF S = Zat'btz.

CLO\)M'- ’I'Lu,,—e S o (S, Vz)'pﬁflw %'{' Qor o
fee achion F.LQ/X.

E£CC5 S(’\PPDS’Q WL L\o\a( SVLCL\ o <ot C. /IL&,\
Jrkz%m\DL\G\MCwIH\ XG\/T&)’\Q
Qe S with aex=y woaldd be a Bile acyelic
oph with moe than hald o ik verbics having
[320,3:-60_ H. No such G existe. a(c)




@/Hlm'guppose Hat T°AX i a gﬁe Japres Boref

&\sl/uo-n with ocbit e,zt el E. T E ¢ hypey‘?mak
Men 7’9 amenable.,

24 Lot S be o arbibary Ale subset of T and €50
\A/e_ wankt to bnd aa (S €)- Folner set jn X .

Fix FBERs G: e, wihess: th&wLemesg A E
Define f—or‘ new o Borel 9@4-/-\ CX by
An=ixeX : Sox<lxdg §.
Claw 0 X = U, A,
ﬁ@ For each x¢X, S'x is a Like subset
o [xlg UL, . Thusy T Sex <[ . Blco)
We Moy hus bad new with /m(A>>i ¢.
Apptywﬂ our Lowma o EFn SE  we ceo
/A(A) jm[] (A )A/A(X> >1-¢.

in Parl‘scukar wée map aaﬂx XGX Sal-\%gyi
/
Mg, (A )7’1 1 nﬂ
Pml’ C,= [x]gn.
Clam 1: C s (S €)-Feher
pd (e By consbuckion, mt (D= A AC.
SO mc(h\*s(C)}: mc(AnﬂC>
:Mtijn(AD
> 1-¢ as desied. BECL
We did i+ again? B (The)




¢ DST
Lecture 229
Gieneric Lly?e,rﬁ.’n‘.kwess

ia&!‘ J’\‘W\e, we ex‘oerix”/vtu_oQ an ln\lncs{m O’@ measwe H‘.ury‘;

,/“lmZ 80\0‘0032 'Hwtl’ F’ (S o oooudmué non-amenable
XU\P acl'\'vt.% M (/“—a.e.) Q&Q,M-Preservf«% 80m|

shion e a standard PmLabLIZJy spoce (X, p).
/I/lt@vx ks ovrbit eziw‘valamz ‘rﬂ(ﬂdﬂm cs NOT kypef‘ﬁ{n;\({-

'To&eay, wé arﬂue de‘ our Md*ad-‘vue wuc%ﬂ
o‘ﬁ Baie (:od-&gor*y C&me+ odz\lécl— rwn-l\y'perﬁ'n;#enessf

T hm (HSOt‘jfk’KecL\ris, 1496 | buildica on Sulliven-Weiss-Wright | Woadin)
Sbtpfos_a 'HM\\' E 1S L CBEQ on & poltslm space _Z

ﬂ‘-&/l, H\.o.rﬁ 1S an E-’invar{an{‘ C,OWLQA_%Q(" BOI‘(’_(
cel CSEX such Hat ETC s kyPerei’nik,.

TO‘CO\" “Po.ranw:(—rize QHW+$" a{— W'A’MSSEZP l’l'gMSS, O-M-QL
&Mleze where Huse aH?mpJ'S succeed .




@ Tpﬁ (Thm) ¢
For C onvenience , leix o Borel Liear ocder < o X.
By Felowan -Moore, &ix Borel involubons 7,3 X »X
with Un ?n:E- \/\/& PCcursively &ﬁwx@, for‘
each sew s FBER F, on X :
o F, = A

T

® X "S,n\/ R XFS v OR ., (%) =7

whire K= oluegest et o [,
g = <vea_v-3es¥ elt of [y]FS ]

Observe Hhat F, Sk € E .

Now) for each s ew® we Pud' Eﬁ_zuﬂ‘:o—rn
Each Eg is hypecliite by at, aud E_<E
We also put C=§xeX : [XJE;ME?-

i1

Cl_a)m O: The aSSiﬂnyw«d—s o~ > E0_7<,—|—>CQ_ ore
unibormly Borel n the semse Huad
Pz 1lxy, o) e XxXxw® 1 x E.v§ aul
= i(x)o—)eXxw“g XeCTE are Borel,
T’_Dﬁ((p): Weike P=U Fox N, ¢ sep™ ,a@cer
kaxmlessly z&wkﬁ,:nﬁi (Cx,\);g,ﬂswzﬂx (iy,s‘).
Then (%,6)6Q B Vm (x,1.09,0)eP. B(Co)



@ Qﬁ (The, cont.)

ClOLIWL 1: For each ><'9XF H,e verlﬂ‘cal Seo(ﬂ'ovt
Q= fo e xeCof

15 C,omea%er v W

P£CC1—> - Pl,ul”l’wxas Ax,m: §¢eww; X Eo* 7"‘(X)§»

we see Q= o Axwn . T Horebore

suflices lo chow Hut each Axm contdning
on open dewse set. Vor this it sutlices bo
show for all sew<w Hhat N NA, . has

non-¢/ inkenor, \/\/6 now ln

Cxam e [X]FS and [1'"6()]}: p a

A S | ”[W&WI we. Mﬁ?/ ﬁy\ﬂ n€w %o ‘HAA+

X Fs."n z"‘(X)‘ The"" ‘J\fS“n = NsnAx,m- B (c1)

\I\/Q may rewnte e Pf'ior CL(MWL as
Vxe X V% ew? Xéccv_
A S Q S BP RS Moty :mvoke K’um&‘ows'fd' ufam °

Vo cw® V%X xe(s
‘:\'XM‘S any 07 n this Comeager set, we see Heat
Co s oa E-invanant comeager Zorel set,
Moreover | E[\C¢= E. fcm so Tn Pa,—kw\ar we
see  Hhat EFCO_ ‘o lr\ype,r@in'k o dosiced. B(Thm)



& DST
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The Gabvin-Prkry Haoewm (pact 1)
Det: Gien a set B we Lol
IS A S PTG

,D;_Q—:;‘e—: Qo‘m%,&’ Spale s [W]w, We may c‘oézn)w'ﬁy it

Wit §xe2%: 370, 0y-17. Thus, [w]™ has
o skl Bopel skruckue intw.n}td iérom ZW

M(&u,viw‘pdlgry’ Lq7%).
SW‘DFO% ot e ond Cz[w]w%k s Borel.
Then Hore s Be[w]w s.+. CI\[B]w s Consbunt.
Follbw;% Ellenhuck (1‘77—"(), we Shall prove Hie
’MSMJJ‘ s VLOW'PO(CS):L @'opoL03y ﬁ@m(—wﬁ a L)nojtﬁézf‘

%ow@,l w-a[eje\om.
Qg_le:’ﬂ\e Ellewbucle 1@_301034\5 o Lwl® s %@mkaq
by Q\N‘Sn[w]w Lo seQiw
o [B]Y for Belw]®
So a J-y‘oicml basic open set i
[s,B1=WNsN[B]Y:= jAlW]™: SEA ol A<BY

— e e e e ey — —— =—— — 3 3 @



zﬁ

Q Q&wx.ﬂti‘k! ’rtxis 4—0901005\/ {g J—e_pnuy MW-SQF&MLQ.
I“é ng ' xezwi s an almost oeis\im'mL dguwn[[y
ol eloments of [w]w) theu {[Bx] 1 e2WS s
A Pa;rw;SQ OQ“SSOL'VLa‘ g(l.m‘-t/ b'e }’LOVI'SZ OPLVl S—Q{'_S

f[iooﬁa.?/, wé £ocw$ ovL a C,om‘oinal‘oﬁ«l Z@mm& "{VL{'
will do  sowe heavy ZIP/HV\Q or  ws.

2_6_{%2 Fix ngw]w) ond towsider sez“"} Be[w]w.
@ B accepbs s (b X ) ik [5,37 & won-of
andk [s, B S X,
@ IS rejects s (Lo X)) & wo /\C'[B]w
accepts s

Kewacks: Let’s connect Huse wibh He Ellenbuck hop.
@ 1B acceptz ¢ ik X exac“, when [s, B]
wifnesses that [B]wf'\X has non- @ (ndeqon

L) Swpose that B reyecks all o b Lale
subsels 1o for all €2 and  Acels,B]
we hae [ ATE X . Then [B]“nX
has emp+>/ ntecior.

Ké;/ L omma: So(ppose Hat X €Lwl” Ow holds:

) Theee s A€[wl® tod accops &

T) Thee s A€fwl™ fhat rejechs all of
gt Qimll‘ﬁ SMLS&"S.




@ Tp_ﬁ (Key iemmaz .Tvul{x}.qj s\/gouloQ kt &xejooo

Su‘opo,ce Hat @ Qails, Lo, that co rebecf—s B. We
shall recwsivel/y Conshuct Bne[w]w\ 0 €0 S0 Hoat

2 :
i BH "Bn-ri .\\/omuk be L’-eu'r'ﬂ" "b o{\‘dc""y b
8 A < Apyy use elemonds ot 24% hece.

a Eai) S anz QBA
0 BVL ~eyecks every subset of gai»---a O‘w-ii-
Suspend disbeliel and assume we can oull s e
Put A= {ang tnewd nobing for all v Wt ASTB,.
Clasm O: A reyecks all £ e Buike subsets.
E£ (o)t Consider s € {ai, L gy, \%\/ Coushuchon
i3, reyecks s and Hhue A r-e;\eck s as well (o).
We  vow Fzrfurm He teunive conshuchon.

Slﬁ(ﬁe O: Put B, = W which re,:\Ccl‘S evry cubeot o Q/

Slﬂge e+l SU\QFO% we L‘-ﬁve) BVL ond G= {ia; :3]4.,\2
ae obove. We want o &

aa, €05, wth ag?ay
d a4l < BVL W;H\ avku za“,gg %"H'i—
such bt B rgecks all subsels ot 3 vl

'rowaro(s o cpv\Mova'cl"\om) £ UpPOSL no SucL\ A
a’""t Sn—ti €Xt.5{’. \/\/Q 5'/\4“ recmivelf C;oms’wu.c_Jf

Cke\:ﬁ\]w) b e, o S € A such Hrat
= Ck 2Ck+1_
B b <by
1 &, vib, ., bl € Cy
°Ch accephs 5 Uiby




@ p'ﬂ(KQ.y ;,iewm«.a) wnwlo>
S"&SQ O Choose Ouny b, >a.4 n B,,L. By
assww\ahm, 8, does nof rﬁbed all subcets of
a.vib.y but i+ re;\ed"s all subsetz s A, .
’r‘\wsl Mmre ($ somé C e[Bn]w a»u( s 9'071
so Hat C, accepts s,0 b5,
SqLaﬂo_ k1l Clsose Any b »b in Cr . By
assunplion, Cp does not reyect all subsefs ot
Zn v, {L’k*ii, LM-'{' k rﬁsec('; a“ SVLL%"S o\e A
As beleorg hoe ic some Ck*i ¢ [Ck]w oqu
Swet € A 30 that Ck*i ac(eﬂoh Smiuzt’luii'
Thes Compb,l-es the recursive (Suk>ConSMCJfM~

Now, Haue ace owm ly ﬁn.(-ely ey FossZ“é
vo\lues O{L Sk , So ﬁx some 'm\&vu(lc Kgc\)
so that VkeK s =5, Pk B= & U b, kek].

Claim L: 2 accephs s,
pl (c): Consider on arbibury Cels, Bl
Lot kel be Lpast with b €C . Thew
Ce[suthy Bl <€ [sufyf | € X . BD

/nu's C,lcu'm oonl*rwin‘d% H\.e, guc,{' ‘P‘VA’ Bn
rﬁ)éth ey subget 6f a, (in PMlew’, s).
Haviv% hit o Cana'ch'W, we cowchQL Hot

H/*«ﬂ on ;Ml e Cuws e COMSLFMQHUVL Con be

complebed . Claim O thon  qraaks @l B.2)




“ DST
Lectue 51
TL\Q Galvln‘ Pnkg/ ’H'Leorewi_ CPOUJF 2)

EQ_C_@_U." TI’L& E”@VA’MCI‘C 4‘0!90(03\'/ o2 % 8 [w]w w‘cH«

basic open sebs [s,B]= SAef]™ . SEA add ASBS
br 52 and Beluw '

Key Lowma: Suppose Hhat X <[w]”, One helds:
[Tl Thee s A€lwl® wibh [AICCEX
T__I’_EY There s Aéfwj s.¢. [A]wnX has WJ‘}/ wierior.

Deds: Suppose that X E[w]™
@ X s Ramsey § thee is Aclwl™ sk either
. [/'\]wSX, or
o [A1"NX =
Ga’vin-Pﬁkry VS ezzw‘vatemL o “Borel cete ace Ramsey.”
® X s go_ml,oLe.L&L;/ Ramsgry & br all now—em,o#y
loos (¢ opewt [5/ B]Q[w]wl Haee is Ae[g/[g'z s.b either
Q [:5, Al QX’ -
als AlNX =0 .
© X is Ramsey nall & o all non-emphy [5B]
the secoud alferwodive holds. Too, Hae is Ae[g/g—j

wth  als AINX = 5.




@ E”.‘l&: The collechon ot Qamse/y anll subsede o¥

[w]w forms a o—ideal.

Qﬁ: Suppose that (X)pe, s & Sequene of Ronall
Subgeds ot [w{?”. We want U, Xn R-nall.
i x vuon-}D/ [S,B] with the Luoioe O‘Q ‘EMOQWS
Aels,Bl with [sAlN UX, =&
We shall recwsiw_ly Construct g, &7 2 ol B elw]”
so Hat OS, L Sny Gy has move 15D
0 By €[5, B,]

B ‘fbr all subsets t<s, 7[““, Bm]an:Q’.
841:136 O: Pt s,=s ad B =1
34;&6@ ntls (icen Sy and B, Lot (+k)k<m
%wmeruf-c H«e_ subsets oﬁ Sn, and recwsively
buwld a Gt.ECreaSinﬁ sequence Ck G[S,,,BJ with
[+k)ckzn§§.n :525‘ (uso'n.% that th is E’m&”>,
Pud‘ B,Hi il Ck—i ) and SMi: s, 00. o1
25, Vb some beB,, .
"W/u‘s Cowpl.e\lcs Ha. vecwsive C’owslwucﬁow, PmL
Claim: [s, ATnU, X, =&
P For Pived new  we kuow that
[SIA] S U [+) Bn-(v'_(_’i

res,

owd s 15, ANNX, =F @R



@M(Elleruclc): T8 X <]wl® is Elleduck-BP
e X i COW\‘o\Zl'QLf Ramsey.
ﬁ'\p_“; We ProcaaoQ 1 5ev€m\ SJ«”_.OS-
Sk A: TE X s open, it is Qamsey.
E(’(A\) Appty ow K@y #EMM o X
Case T: [AT7EX. ©Q @
Coce TL - [/,\lw/)z has emPL}/ interior. T4 is
O\Oé/n' Yowe i+ s eW‘L}/ @ a(A)
_S_J{i&&: T X 'S open 1 S Cowwl.el-ety Ramsey.
2EMB Fix non-ewply [5,B] € [0l ad bt
('P: [WEW‘AES,B] be 'H\e l'bomeomoq)i’bfsm

Ao &  —> 0 1 1 0 o ”;

——— _— ey —— — —— — —— — i

Now [SIB—_(NZ is  opent  So e CP'Pf&"Mﬂe
s Romsey. Wibness this by Aelwl” and
CLchLc Yot LP(/O workes leor [S,B}. a(3)
,5_4'310_,@_" TE X e c,boszgﬁ, e cpw‘oLQLe\7/ Qam.se/
pl (©: (® 8(O
Ske D T& X s wowhee dase b 1 Ramse)/ wall.
Eg(D)' We Moy ASSUne X e closed with
ewply inderiov. Fix now-eaphy [,BT . X 1
C,owplel-e\zy Rowzse)/) so Hhare is AE€[sBY st
s s, A] €SX  or

z [s, A1 X =@
m &rﬁ*{' a‘oJ'\on Connot occul. @(D>



@11’260* (ﬂ'm, (,onLDA
5#—6,0 E: T¢ X s mehge_r, e watse/y wall.
ol (B): This &llows &om skep D and our
coclier ngoslhm«. g()
i_Jr@Q_E'- I¢ X s BP, s Cowptﬂ‘j‘ely Pamsey.
el (D) Wale X =Vaw with ¥ opert and
W meager. Fix now-ewph, [s,BT.
Frt, use skep BE b Ay 316[5,51
so tat |5 Bv}ﬂ\/\) = @. Next, use
skp B b find A€ls B such Hhat
eithae als ATCY ..

n[s,A]nY=¢-
As [, 41aW =8 we concldy Hol
eiher a5 ATSK on
n s, AlNX =
e dosired. B BTy

Renmarks: Vocous asserbous here have cowerses.
Su\ppose X € [wi®., Then
2 X s BP # X s cowplelely Ramsey
8 X is nwdewse B X s meager B X 1o Rew].
Thie boils down o s’www:g E‘Vtm“énw&vl%)
whicl &llows From owr t/\e/y L omma.




D DST
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Kosenthal s ¢* oQichLomy_ (P”+ 1)

'Toéﬂouy’s szel'up S i some set , Vnew we have
sets AL B, €S with A, NB, = .

_;__D_giz We Sovy ot the Sequemce (A"18H>néw s
in&ag&oﬂ&&' ':£ neor all aoﬂ‘.a;le d(iSlsvaﬁ F,G.gw
(A, " N\B, +8.

E@éﬁi; The sequince (AH,BV}MU (s oonverﬂe,n‘r 2
VseS ome of S new 3?’/,\4% s cobiile
{n€w :s¢ B,
Negabou: Fse S with both  Dnéw sehdd inkate.
ATV seB,$
Mobivakion guPPoSZ we hae Q,L?S-%K and we
want o dest whetor \Qn converges CPJ-wise).
T2 we bix digjoint losed C, PSR ad
pub A = fseS b (sDe ]
B, = 1s¢St & (s)eDS
we can ask about Convereien @ o (An,8w>.ne-w'

'If ot Cpnvﬁr%@n“" then some $€S s m
in &n;\[e,?/ manly A,, and 15, ’ Prec(moql'mﬁ
Conlvgen 2 d’g fn(5>.




@Exa/m}ob;_ S'—‘fxC'Zw: X s eve/m}m”y Of
A =$xeS: x(n) = O
Bn:?xésﬁ x(n) = 1%

TLL5> (AmBn) (S ,ooH« 5»«006\06MOQ€n+ av’tﬂ Convefgem{‘.

._PQQ: S"L{’FOS?— that (A,",Bm\)néw s Sequence 0\0
OR‘.SSO{VL'{— Pairs O‘g S.,Llose}s O@ S ’n’(.é/w, Ssomg.
smbsecluwcz K 1vuﬂq0e.¢o€em+ or:(’,'bkveraéxn‘[f-

_]‘nzﬁi We Jdebive X < [w]w as ol owws re‘ofew+
elements of [w]w by I.Ac.reasing ewum—exm(ﬁ'cms) and
P"‘+ Zn; :EG(AJ e X # Vkewo

ﬂ zAn; : :'.Ak.evwz‘ N ngnyz 1<k oOQalz 7 ¢

Ext Considar ‘{g‘; %gg 21 b o § elwl®

For k=S we ask (A;nA,nAN(E,NB) LD
The set X is (Candor-d closed | ond so the
G\Alva&‘P{“f‘Cn/ Hencem applies. Fix Zelw]®
st eiber [T [2IYEX  on

M [21¥nX =&
wnl‘ﬁ Z= {ng o iewi " {nc,rﬁasin% Enumeradion .

£



@ _f? g’(PfOﬁ .‘_COVL\L.>
c{alm T I@ [ZJW_C_Z ) Hon the Subse{ue‘ﬂcz
(A'"zm ,Bmz;+.> (4 ina(e,oemfen#.

E@(CI): Fix disjoint finde F, G €ODD.

We wont (1A, N (B, #3.
ek ‘

Buld a subset ol Z so 4had F appors
Ck‘l' €iven fmoeo'czs O,Nﬂ 61 o} eroQ Iuo(lces:

eveut l:_ ‘l:_. _'7.‘ L F
odd "7 ol gl

For exawple, L% F=%1,3%, 4F%
G=15,7, 117,

fake  fimg) | oy, (my (e, (M), oo (i ()% EF

Y ele .

D NEZ0 N N
) G & &
The vrecult ¢ i X b Wy pothes: ;
‘ 7' R ARESTS Bt
IWM@VL% @'e (/A( Moga EM wu) . [ (CI>

Claim T: T8 [2]"NX =, thou He sepuence
(Am; ) @\MC) 1S cOmverg@m‘\‘.

PQ (c1: Su\ppoez v»olr, a-vl_i Gx s€S and wBule
onsgo'me T =fiew:! SeAm;% , Jefiewt selBa % .
%u,lloq Y.C_Z Wluoge :IAC,V-Q,O.SZVLS &Aumkw allervales

bebween T 5. Theu TeX as s wabids all
required intersechons  conbradichiag the hypothecis, BT

@ CP/\o ‘D>




@/_.\:*l' wall be Covwemi@mL bo a,(%mﬂg hic S(m\sh“«y

EY_‘QQ“ Su((‘poie bor cach mews we hae a
Sequence (A:) %nm>new ot J:s3ozn+ poirs A
sabsety & S, Al Aeast ove holds:

I Theee is « subsequence (N;)ie,, s4t.

Hmew (Ay: )B:) (¢ mdependent.
@ ’rere s a Scﬂoseclu&nce ("'2){6&) S.\L.
Vi €co CA:Z ’ B,: > (s converc\(em{‘.

Q_Q-_Z Suppose @ {Qm‘.ls ; we achieve E’Il_j b/u
A.‘aﬁwhz—nl—f@ﬂ. st 2 o sulosqu—@vtca

”io W;l’L\ (Ac,io ) Bf}o) C,oth‘K@vL'J’l us;M,S
our  previous  Proposifion. ok o further
subsequence b with (Af, | Bpi)
(‘_,ovxvergem*i-. C,onlfw% P 4’11«{9 faslum)
o Hen chock Hat e dingonal
sequene (Vl%;);ew is as desired ﬂ@
@ (Propd




D DST
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ROSQW‘H&Al ‘s ,61 ORECLD‘OVM_!X_ (Par‘l‘ 2)

————

%: A Cr‘eal) BOLMCLL SP"‘CQ- S an IR‘ Vecl'of‘ SF“CQ

e,cluf{)‘oe_A with & norm so Hot He Mo(ucon
mebrc o(i(x,y>\—ﬁl]x—yll 'S cOmPlel-e.

EXOLWQL&_S_: Fix « set S.
@ £E(S)= fPeR>: 2, 10()] 20T with coord-wise
operatbions . The norm is || @Hfzslﬁml.
We wrle 4% & A*(w) €R™
L£2(S) = {2 R3: sup, [U)| <00t with coord-wise
operabions. The norm s I - sufsl‘p-(Q\.
P_g__@‘ A sequence (xn)n&w in o Banach space X 'S

Weal(lx Cau.cl«;{ ;£ {or every COH[’I‘HUOU‘-S f-'vteam map
T: X =K the sequeace (T(X")>néuu Converges in K.

Eemarksi
@ T¢ X and e dual are se\?am‘ote, Han Q\/er)/

(VLO“W‘"> \oouwﬁeeﬂ séquence " X aon‘J-g o wea‘cly
C MCL"Y Su \oﬁeglu enCé,
® Twn LY Hu Sshadard bosis ” Sequew o (%m)new

aAwCJ—s wno weakly CaucL\y su\osectuevlce,,
?emarlcalo'y, /Qi s the ‘gho_tﬁvt_on‘sca_\ im_p_eézl‘fqgmL to {'(misf




@ Thn (Rosewthal 1974):
Stftpeose Hat X is a (real) Borack spae., Emd—iy one

D_:; Every bounded Sequemce  in X admits a
weakly Cotuc[«y 5MbS€1M€VlCQ-

1@ ’rlwne 'S S(AL»S’OOLCQ oe X .‘samor‘PL\\‘c o /éi'

Cavea‘l"- “ISomor\ok.‘c" i the sewse of J'opo\ogn‘uul veckor spac2s.

NO{' MC@SS"-Y‘;L;/ “ :Sow.eévfc«”y :Somorp]'u’c."

Lejr's CO\nV&(‘+ "Htis in‘-o A Mo C,oleml-om‘a\ eorwt.
D’f_:@ﬂ Guvw Co 2ol Bowach space X, we sm/ Tﬂmi‘
o Seguence (K dnew, 15 Atish 4
da,b>0 VNew Ve, e K
o Z lcnl £ “ .\%\;C"X"”z = ‘oz ICnl :

neN n<N

E\’imark" T4 e, 15 Lr-sh, Heou e
map ﬁl———ézn ) x,, Y:elafs an  isomorphiom
ﬁ/m_ji fo its image.

So it subbces b Prove

Thw® (Rosenthal )
Suppose that (L) ... s o bowded Sequouce in LS.
Thew T+ adwite a subsequence (4,) b one of
@ (L) pointwise convergent
@(\an) i Zi—c‘sk.

Why 7 Take S=%T:X >R Linwe Vi [TC| < M1l
£ T+ T



@ _g\e (The®):
Givenr owr bousded sequence (Qm> ‘N /gm(5>,
we define bor rakiowal p<q sebs Aﬁa”' EMESE

Alt=$seS:f (s>¢p3
%V‘z‘t: gge S ¢ fn(g\) ZCLz

Cua:nly’ AI’;‘t NnBFt= [reisdess
By ;iechwe 32, we wmy Pass b a Subse_%uencg_
So&ksgyfn{s one oé
\V/F,OL (Aiﬁ,) Bf}) 'S Covwe,rge/vx'l', onr
(ol ?Lp,q' (A":” Bi‘l) 0s —imeeeevween‘l'.
_C_:[OL\VH. I: \V/F/‘l (Aenq/' Ei@) Cony =2 (gm) P&-w.‘se Conv.
Rﬁ(CI_) - Exercise l(cT)
Claim Tt Fp 0 (AR, BOE) indep = (£ £5-ish.
‘()fi(C'ﬂf)i Fix b<oco st all ]l£n|'w< b.
Then | = cdill ) € b Z lel. oy ? Wbl

We Sl«au declace 0&33;2‘8‘ and ho pe
Huat O\’%ICV\I < ][ch(?n‘(ao_

néN

4
|

A
e




@ P@ (ﬂmﬁq Con‘-.>
_PQO-CC]]:, Bofilta)

Pt F = <N e, 207
G= in<N ¢, <038

By iw_o(epem(zwca ot (An,8n>, we bud
se (1A, nN B,

néfF néeh

te (VA o] By

néG néel-

\/\/6 H\-Z/vk CDMPKLQ
chn‘en(3> < Zlcnlf? - Z ‘Cnlq/
neGa

néeF

=NaE RCO I M_ZFIC.JCL - n%‘Icnl P
So
2Nz bl 2 2, cdth - 3 c.f(®
2 Zn %lcn{ e Zn F lcn‘
& (q;,ﬂ Z,L leal.
TVL other wor&%
G Sl 15l
esl’“Ll"Skt'\ﬁ our  degired L ishuess . BE(cI)
B(Th*)
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rG(rOPLLS asSOCEOA-eoo with ﬁmcl-iows (f:'om‘f' 1)

_Dﬁ__&f Suppose Hat Qe‘Z—‘X is a rFarHal gmcl-im
@ G£ s the small egt Smph_ C,om"w'uiw% £\AZ~
@ E£ N EGg iy the spuallest eq. rel. conbainive .

Rewack: The sebs §xeX 1 £0)=x3 aud X\ oo (2)
meet each Eﬁ‘c(ass i at most onp Fom{-_ T+ s
Haus Jr\/‘)i(_a“y h.gurmless f—o ASSUwe H\o& -{Q 'S
jf-_ol—al and ﬁxe—&-wim}‘ bee. Witk Huese assump hows,

we waeiangy L o ?(x)n/ or E0)=x
de‘g\/ '.ﬁ? gm)néu ,fm(,Q:‘e“(y).

Ef’_"“f“_t_‘_: When X Cs sk Borel apnd qe-z - s
Borel | Hen so ae Glg and Eﬁ.

EX&LMP‘QS:

D T¢ £:X —-X s o Borel mjeckon | Hhean
Gl_{i has OKQ%PQ_Q bownded by 2. Seo 7(5(63055'

@ Fowm @, W irrabional rolabion Yéelcﬂg
au examFL@ o’@ «‘vxSec(—?ve Bore' ‘@ sahsfﬁ/mﬁ
7(5 (Gf;} = _5




@ M(Con}.)

@ we examne the sl«» ol on Q&ms spa@ [w]
v\wd as a sl'oQ 30&‘ SuBsPM.Q oe 2‘*’

S: A= AN fmin AS

PEZQ—: j(B(Gs) = No. |
f_{i_: First observe Hat C:/‘\*"’W“V‘A (s o
Borel poper No-coloing of Gy . T+
st Su\Qe{ceS bo argquwe Hoat ﬁo(‘ kew, no
Bore/‘ Bunclion Cifwzw——%k s o
rper colorvg b Go. Galvia- Pakey
y:el&s Aé[w]w so Hat Qr[Aj(w 'S
conshunt. Tw packcular ¢ (A)= c(s(/i»)
Prec u&v\ﬁ ¢ Bom Be‘/vﬂ R poper Color'm& @(PmP‘)
Rewwfl& The aLove arz'jumw{’ QPPltes b the wider
class & Elleubuck-BP co(onn.%s
/roatay we shall discuss a few resulby  fromt
Kecha's = Solecki- Todorcevic (1949) BIlusH—ukv&%

that He aboe examples are ?\«lt represenbnbive
pra grvg()\ms induce d. '07’ [Boel \de—»mns

ﬂm A (KS’F)‘ Su\ppo;e Hat :?X:——‘?Z i,
o~ ‘? KQJL P{’ @«Le Bore‘ puwc,\'{ovt on su Bore| X




Observe ficst that for any RBEX | He set
BB\ 27'®) Gﬂ"iniepaopew‘-, as

xeBNI(B) = LG43
Fix now - a countauble 6WFVL3 a(csekm kﬂ& ‘ﬁor
H\a Bore‘ v-a[%ebm oL X \A/Q C,Onsiae&r
the  countuble collechon {A\g"(A):Aedz o
Bocel G\g-éw().epeuoew‘(- seds.

Clast: The Lumily FANECAY 1 A ehT covers X,
_P_EQ‘ For each xé'Z) since GV #x we may

Fed Acdh sb xeA ad L6074 B(c)
This Cover witnesses 7(5(61)57\70‘ B (Tha A)

Ded: Givew £:X 2K ok BEX | e say dhat
R s forward recurrent f VxeX Jiew £'GHe3
E(tulvalwuy) Um "(R)=X .

The B (ks Suppose thod £:X =X o5 o
Liced -pt Bree Bocel funchon on skl Borel X .

TFAE:[I] X (Gy) ¢3

@ A (6;{) < N,
EETM s o Borel fwd cecurrent
G{;‘imoepemqwjr set.
Rewark: We. vy we alkeon @ Is

I,IIL——?-] H\gorel eX with B,X\B bo‘HL gwo{ r‘ecuvren"”,
as Haen BN\ E(B) saksfies @ .




@pg(ﬂm B):

_ﬁj %]if__]: @ B,

@ﬁ_@ Fix ke and o Bocel Q,o[ON'Ns C;X_—ék
o Gp. Debie Pocel b: X —k by
bix+> Least ¢k s. b % c(#6)) =1,
Observe forall xeX Hat b(£6)) = b(x).
Define Borel RCX by B: §xeX :cl)=b3.
TLL?s % ‘s iew& recucvent ‘97 dofinbon 0¥ b.
% s Gj’\‘w&p as L) = b)) while
e (£6)) # c(x) | so at wmost ome of x, £x) v wn B, 2,

IO =5[T]: Fx RBorel BCX Hak s &ud
recurrent  auol G£r£v¢o?epwg?en¥. Delive Borel
OQf»X — W0 \07/ oQix}—;-,&as{— new with £"Gel3,
Next | detine TBocel c¢: X —Z L,

Alx) mod 2 , & x¢€13
AR {2 & xeR,

C(aim: This ¢ s a proper ooloriv‘ﬁ P 6£

geCC) Gliven x€X , ot most ome of x £(x)
s in B, T8 weidhke s n B, then

d(x) = d(L6) +1 .
E e wowy C(ﬁ(x))'?é () as o(zsiwwl. QCC) @

7 (Thm B)
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GU‘oths associoted with {?uncl-\‘ovts (Pou‘{’ 2)

P_/Q_f__ﬁiswpom bk X a5 sl Borel and B: XX is Borel.
@ The forward orbit o€ xeX s the set
9G= £ () s new S
@ We Say 'le' ¢ ‘s a.pw‘odz?c '£ evé/ry fovwanJ(
ocbit s inbule. Equiv, VxeX Vo £'60# x.
Kemacks :

@ A sek s fowad vecurcent (oor ) exackly w keu
it meels eves Lorward orbit.

@ For oy Borel \q‘X—)X, He set of Pen"oé(ic
POé‘/LB ixeX : duro fw(xv"x-i meets  each
Ep-class in o Buaile set. e may dhus reqerd

oy such £ ac a‘o@n‘oiic "ol o smoobh <eot.’

Markw iemmog‘- Swﬁpos& Hat X s std  1Sorel
and ‘H\K\” £‘X—>X S o a\oe,v-iodk?c %or‘el funchon.
ﬂﬂ/\/\ f— a&mlh a vomtskivuz& s—e{uwce o’@ Q,«o[ recwrcu"’
%Ofﬁl maY‘lC-QfS. Mor'e_ Frﬁcf&el/y' Mure ore 60m|
Sel’s An C X $oul‘\f$'£y'wtﬂ?

@ Ay SA.
g ﬂb’l AVL - ¢

a A,\ 'S :?orwwA( recuccent bor £




@ _"2‘@ (ML s(ce(—cm

The arr&um" s very siwulor o He kau famm
for ape(‘io&cc CRBERs ﬁmm Lecture 727

WLOG X =2, We defie B~ each n&w o
BOFG\ 'qu-[kvo.m'an{— guwcl—im St 2")—‘52“ via
X Least teZ™ with -fw(x>ﬂ\)\ﬂ_ nbacte.
Debine Eﬁore' An/= {xé i xéJ\(;"mg, Check
Hat Aw:nn/‘\rnlmwh each Eg—class n
at wmost ore point, and declave An: AINAL.
@(ML) s‘ce}glﬁ)
_D,f_f;—g"’ A (Borel) e_iw:val.@n(.e relabion is i\‘zpersmou{'h

i€ b s an :M(,reaSiV'ﬁ Union ot symooth eq. rels.

Cor’ Gien Oy Socel .QMC(;M £ : X —>» X on
sl 60%‘9‘ X , the c‘vauc,Q_oK ectvdvau/nce,
~lodion Eg is hype_r*swon«.

&ﬁ—: \/\/LOGL, we wmay assume Hat € ic aPen‘oon'c.
Fix a vovmskiwﬁ s@quen e (/—\,‘)M_w & &d
re(,u-\r‘vfn+ Borel mar kers. De?—.ne _£or e-aC,‘rL
new a @ore‘ guw.cl'-\‘ovt 3n:X '—>An vVia

An * X ﬁk(¥>, k Least s.t. fk(X>eAn-
xEn\// :M %n(>0=3,l(y).

These owe smooth by consbuchon | ot wiMss
Wy persmoothues s & E. B(cor)




@ ﬂt_v_n_ (Miuer, 2008) Su\ppose_ Hat =€X—%X ‘s o
Borel bunchion on Polish X, Then %BP(Gf—)ég—
More ?recisely) Here s on E-t"l'AVAn‘av\‘lL Comeager
Borel TEX so ot X, (G, 1Y) £,

Kemark : A nearly cdenbical arﬂumw‘f yields %(Gﬁ)és
fOY‘ an7 BOF&' PrDLthu(l'b/ meéoshré /(,L on X—.

‘Qﬁ(—”\m) The Pen‘oo(fc Parl— o@ qQ 'S easy bo Pore |
3-color, so bor convenience we assume that £
tS aPer‘ioc&:c, Fix A Vd—Vll'SLtc'yL% 3610(-&\4@ (/.\n)new
o’e %QwA re Curvent BOr—e_l MArkaJ‘&) asSw\m.‘nﬁ {op

aesH\.eHcs H\o} AOZZ, D\‘s\‘\oiwkfy, FwH‘.‘MS
[?DVL = AA\AVH;L , So ‘H\“dv X: un va
Claim O: VxeX I e .f‘”(x)an .
Ef(co)i | o¢ mew be arL:iJ-rmy, ok &ix Some
\/éfw(x>ﬂAm. Fix nzm /(.easf' with Y¢An+i_-
Then A (w(x)ﬂBn as  desieed. @(co)
We slall use He sequence (Bren, * Parame hize

aHW“S a"‘ \ou'.log‘mg O\ QQW(;( recuvvent %o,-d Se'l'
whose cowplement s also  Borel.

Towade Huat Q/M-OQ7 delive bor ge DY Hg cot
BG, = UiB., to()=1% .
Deﬁiu, oalso  a Bore| set Cgszw I°7
(e)eC i 3%mn P00e B A LG EB

T obher words, B oaud XNB. both meet °(x)
3n?-{miLeL>/ ollen.




@ ‘E{Z(’ﬂ«m y me*l

C(aim 1.'- VXGX, Cx 1S a Coww.aﬁer s«,{,Lses(- o@ 260

P Fix xeX and s€2° We wank o &d
some t2s st 0‘5\N1=> Bs and XN\B neet F4x).
By Claim O, &ind m#zn = Lew(s) suck Hat
2, and 15, both wmeet (). Exlend s
b any e’ Wik ) =1 wd tn)=0.
Thewn fo,- omy €N, we see

€ B, end B &X\By
ensuring mer Ry ok X \Bp meet P°(). B(co)

Tn other wodds

VxeX Vee?2% (x,0)eC.
Kuneabowski - U Lam  then \/.‘e\&s

V62 V¥xeX (x,e)¢C.
Tn Pwh‘wlar Hheae s T€¢2% such Hat He et

Y=CT = §xeX: |f40n8. | = [Btn=\&))|- \’z

15 Ep-lnvanant and Comeaoer, Tn Par‘-\culal‘,
By ad Y\Be are both fud recucrent e 417
As d discussed Adact Hme His ”‘"P(‘G’S Hhat
O(B (GQQ I\Y) < 4 oS OQQSH‘QﬂQ @(Thm)




Y DsT
Iec{'ure ?Dé
H\I/gersmoo\'l«wess (%! CBERs)

Qg__@: l£1 XS the eq rel J\Q evenlal otgf‘eemew!' ont [Rw'
X El \/ 'a% gmew\’/nam X(n>=y(vn>.

TL‘M (Dougl«u‘y“j'ac\\xom— Kecl\n's) 199 q’) :
Suppose Hot E s o CBER on X . TFAE:

@ E s lr\ypemq{wlk

l_:ﬁ_? E is kﬂ;erswwo{-k

[IC] E 45 Ey

T E<gE, for some Borel Hunckion {

[ BBy for some (£2)-bo-1 Borel funchon q.

pt MM @ @
@—";@ - Fix nereasing smooth B, with E=UE.
Fx Borel reduckions 9 : X >R Lo E, 4 4Ag.
Then Yo map ©: X —=>RY debued by
@(x7 > QP.,\ (x>
s o Borel reduchon &owm E lEL. @




@ QQ(TMJ COVL{'):
@#@: Tt sufbes bo show that lEi has He
form E{ bor some Borel £:R“— K"

For exampte, +L¢ Ly Hat “zeves out”
‘H\& ﬁ-‘rSl' no h Z2erp en*ry d{oes Jolo 'I.e.)
g { “rrz > O LA ~2 ?o(‘ n&w/ "elk\{o;} ze[Rw
Ow

—_— O @

[E @ réplﬁ(,-.l.% E Wil"\ <H~e ﬁ)fward fsaMFm
i e mo.%a ot J(tuz ceduchon we may AssUme
Hat Ey bor volabioval comvenience. As E

E-

'S0 CBER We. iy Ex a Borel aoqse. wColonﬂ-ﬁ
C GQ ——> )

We  now oaeﬁk'ne QA @ore,( %:Xm %—Z‘w via

31(x,m)+——9 g(f(")’ C(x,g(x))) f m=0

(X, W\‘i) | t{ |.M>O.

Observe Honk q s (£2)- fo- 1 as if
%(x m)= (y,n) | etler (x,m)= (y n+l) OR
(%, m)= (x ©) Mak X SoJ*-Sﬁes CCx,y) n. /‘“So)
the map xXF=>(x,0) s & Borel reduchont
bom Ep b E,. &



@ Pﬁ (TLIWI, c,oml.>3

ﬁ): A%MV\, }'o s[mpl.'\\ey nolobion we Sl«a.” assSumwe
Haot E = E’j bor some (£2)-L-1 Borel funchon
CS:X—)X ,and i b esdublish kyperﬁiw:lrwe;s

ot E. A He Periooea‘c Par{- o1o~ g (s Swooth,
WLOG we My  aASSping -H\,} 3 ¢S apem‘ooa?c.

B}’ 'H\a Mm‘ lcer iemma, ﬁ'x o vavu'sla.'wﬂ sequen (0
(A'“)mew of Eewoq r&curren{‘ Borﬁl mm"k‘-enf‘s)
assum.'m& for aeS-H\Q{'\‘CS ‘Hr\m\L Ao = X :

Q—f_—e: @ For mnew defe Bocel Se i XX by
SEPIEN g g'() where ¢n is Least with qiGOEA
" X -,f no such 1+ exists
In packeular, xeAnw = WV sT()=x=4°().
® For new debine Bocel w,: X =X Ly
W,y = S:o S"to '*'OS: ° s

n

We view S::\ aS awn al—{-.é,mﬂ' o 54—3‘9‘ o Am widh

——

o shide of fw?)l*h (ob most) v, and W, as the walk
res»«l@-\'nﬁ ﬁmm Slef’i’;'\ﬁ b Ao'/-\,_,...,Aw
Claim O Eack 87 o2 (2" -bo-1, and -
each W, 1% (2™ =t =1
pE(CO): Trfuchom, using bt o is (£2>-ko-1. B(co)
We may thus detie FBERs F, on X via
xF. v w6 2w, ().
As wil E, x, it Lollows that F.SE,.

' %’urn.




(4) 08 (Thw, cont) : [Z]=> L] Ceont)
We shall see Hod (F”)M_w withesses l\yperﬁnfkness d@ ES
Clalm i: Fn = Fn*i
M: Suﬂoose that  x F,‘ v ondl ?u‘} 2=w, () 2w, ().
Fix men Lagest with €A, (certudy 2eA,=X)
and observe that
Z= 5:0--- 052(x>= 5:0 T °$,‘°(x)
:S“'\o - os:(y>: S:qo - oSﬁ(y)
as Vi>m s does nobhing (else we'd hae zeA;).
I+ gouows HMA- S:;l °--'°S‘.’.*.(><>=Ef5ﬂ.°" osmo“(y>
and  thus Wiy, (x) = WWH(Y> as desired. A(c1)
Cl’&.th 2' E3=Unl:n.
Efi(CZ): T4+ suﬁﬁ\ws o show EcS CU F qu)‘oose
Hot  x E% Y. The élsagreemu’f bew Heir
foma-rvg orbiB) %wGOA 3“’(7) ¢S vL , Se £IX
f&v‘%ﬂ ml So H\l\-‘l’ A S As owd' {vom H\,S SQ\('

Let zeA. be He Lt e(emamt ot A, g
e,q/u:va\&vtl'bf H\L e\vs*' C(.WWA\" O’e‘ A tn CJ“(Y)

FW‘A“y, ?«‘Ck ey Sudlle‘u&atl?/ ,&,3(; so Hat
2:37‘(X>:%“)(Y>‘ bor L, y4én.
T Lllows Heat
Z = S:0~-- °S:(7<>
=She o5 (y)
oand  thus Hat W ()= wily) as desced . B(CR)
So (FV\)‘% witnesses l\/‘{pQFE{w;RweSS o Ef\' @

B(Thm)
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/rl\e Cssem-l":al uncouvt\—a\ci(hl'y_ o£ LE:L

Qem“f [Ei s He eq. cel. o\Q eve,u{‘u‘ aSr‘e@mw.*l' on IRw

Todoy we will show tat [E; s NoT Borel reducible
to ory CBER. But g\‘rsjf, we need « l:>c<stc fock
that, inexplicably, we havent yeb seen.

PVOQ: Su\pposa that X, Y oe Polish ad P X->Y
VS Bm*e‘ (or va{‘ BP‘Msumue) ﬂm Hhare 1S A
COM&J&(‘ set C QX So that CP/\C s  Conbuuous .

p¥: For eack open VEY  we kuow Hat P7I(V)
IR BP suL%‘{' o‘e X, 'T_lu‘s meons we ma,/

wrle @Y=, AM,  bor some open U, X

ord  sowe mean e /V[V cX.

N ow «Qw‘x a countable base (B 'ﬁor Y

*l—oeo[o%\/ on Y, andl put C=X\NUiM, : Ve ],

Cul—minly C s COV'\-QQ%U) WkoQ CPFC ‘e conhuupus

os b all Veld we have CP-'(V\)QC = U, NC, E(bep>

Q@mark: o Course He previous Pm?o;[jﬂ;m lﬂol&S
£0r o WllLCLl [Ofoazﬁ-ef‘ ClaS§ O’g J’Ofoloc&\\u\ SPOL(.QS,



@ T_L‘_“/L (KQCLM‘S‘ Louveau, 1qq‘7_) .

Suppose that F is a2 CBER on X ad  Hat
PR =X s o Bore! homomorphism  fom
Ey b Fo Theo tee ae %€ R™ st
A Vmew olm) 7 [3(m)
o Pl = Q(R).
In PW"‘\CMlaP, P s ot a reduchon,

_E£I With Loss of 3wml[+y, we assume that X s
Pol:sh ond. H\o\‘l’ CP ‘s Combuuwous. This s hue
“ ot o meagec set” by ouwr previows Prvpos[h‘ow,
ouv\a( a“—e.rwanﬂs wé o(\‘scuss Ll,ow b bneale He
aﬁswmi' o avoid this meaa0 set.

We SL\A“ re_c,w‘sivet\/ Conebact a, ) Bn € an 5.4-.
Aa,%aus, b, Ebu,
BYVm<n Anm) # b, (wm)

2 TeRY Planv) = G(b,m7)
As usml' A¥TeR” P?) abbreviales
TTERY L PAYT io mowmanger”
el o(tm”y, V¥Te R Q) abbreviakes

) i'@”e KW . Q(?r)i i c,omeage,r."



@ P£ (Tkm) c,ovul.)

Slmae O ale q°=b°:¢@

Stage n*l: We have a, b, ¢R" and, by Localizakion,
may Lx  basec open \,\/’S}'R_K such Heot
V¥V eW’ $lan~7) = P(b,~7).
For f—:xeﬂ Te \/\/', we consider the mop
{,:R—X
> Planr~7).
Thew f,, [IK] s conbined in @ siwsle (countable)

F"C[GLSS' as (-P 1S QA LLom ﬁom, u‘:l l—o F Tl’tuS,
Jrhere e & nowm.zagﬂ_f BP sa“’ on wal-‘C)« i'%r
v S C,ovwl—twd‘. ioc_allal—{aw Yiel(&& basic op €L

Ur SR b Vel Visell, £60= £,(5).
NOW\,MH«UC e o./\\«y c,owal—auy oy EPHWS 179

TAT) so some U works &r a novmeaqer BP
st O’Q TeW?, ioc,aliz-c Q%Ot;n) %XM{\ V\/Q—V\/'S-L

V*Tew V*eelk Vreell Danr~7)=Plo s 7).
Kuml—owski-UXam \/ie\ovs
Ve U Ve U V¥reW Dlancv) =% los77) |

Pt'ck o(x‘s)-\‘mjr r, s Hx& wor k as akove) avJ
Aeclare

Aui = A7
b, = b, 5.

Uhes cowptel—es the vecurive C,owSerch,



@ P‘VK (ﬂm, C,ovnl.>1

We  vow PM+ d:Unan So  Vmew o((w\?#g(m)_
(3= U b
We also &x Vnew some T €RY such Hat
Plan~2) = Pb,~7.)
as 6uamnl-€-2_el by our conshuchon,
Obsere that Lim, 0T = X

/K'\W\,. \On(‘a/n = /@
FfMH\/, c,ovttﬂ'nw‘-'y og (P ivn,o(ies Hm+
Gl = ()
as  desired. [ (Th )

OK, Let’s discuss how o handle Rorel .
The Pmpos(kam yielon Comengor C so Hat
WIC ¢ conbnuous. The omly F(mce that we
used oon"\'vtw'*y £ @ in He above OLY‘%WML
s W the very Last step. Thus, i+ s
@wus\r\ b ensue Hhat all ot

M T, 0"V, A,
M up C.
To aCCOmplisl'L 'H\Is) i op em dense On cR®
with 1 0O, €C aud as we recursively build
A ond by, 5 tmu| doneously buld s\m'wkms cp-tn
A, B, SO, wn which the remainder of
the Conshuchon will be Ferﬁ:rwu.oe. # (Thw)
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The dock side (afler Gereg Hiorth, 1463-2011)
Recall: [, s the eqrel & evendual agreement on IR

Tooqay’s 3"5[_.: I-E;L s not Bocel reOQuCZLLQ o aury orbit
qu‘valz,tca v{takw o’g o Boml act-'uvl o/@ a %l-‘sl« ‘S”"*P

‘2__—4_"@ A 'l'o?ologt\c.al %ﬂ?b\ﬁ 'S 31@\4? whoso Uw\oQQ(‘Lfe‘yﬁ
set g &lwi‘aﬁaﬂ with o J-o\oolo%\/ v*e/m&nvwg the

%v'ou‘o o(&mlﬁ‘ovk av@Q 12T (o Comjﬂ'vtuous.

@ A PotCS,’L Qoul 1S & Q:.L‘SL J’blﬁol

o%t\Cal goup .
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