Exercises for IHES minicourse: Poisson—Voronoi tessel-
lations and fixed price in higher rank

Amanda Wilkens

Definition 1 (Poisson point process). A Poisson point process I1 with intensity o € Rso on
a locally compact second countable (lcsc) space X with Haar measure p is a random variable
taking values on the space

M(X) := { locally finite > 6(z;) | z; € X}
ieN
characterized by the conditions:

o For any measurable A C X, the number of points of I in A, II(A), is given by a
Poisson random variable with parameter equal to au(A).

o For any measurable and disjoint A,B C X, the random wvariables 1I1(A),II(B) are
independent.

Exercise 1. Prove the 2 above conditions imply that for any measurable A C X, the points
of IT in A (denoted II|4) are uniformly distributed in A.

Exercise 2. In fact, the first condition above implies the second. Prove this.

Exercise 3. Construct a Poisson point process on the unit square in R?, given a uniform
random variable on [0,1]. Construction here means that you should be able to write some
code in, for example, python or R, that outputs a Poisson point process on the unit square
in R2.

Exercise 4. Apply the properties of the Poisson point process and Exercise 3 to describe

how to construct a Poisson point process on R (or if you prefer, any lcsc space), given a
uniform random variable on [0, 1].

Exercise 5. Prove the Poisson point process on a compact space, for example the circle,
is not a standard probability space (meaning, it is an atomic probability space—find the
atom).

Definition 2 (Ergodicity). An action of a group G on a probability space (M,P) is said to
be measure-preserving if for all g € G and measurable B C M, we have P(¢g~'B) = P(B).
In this case we also say P is G-invariant.

If P is G-invariant and for all measurable B C M such that g7'(B) = B for all g € G
implies P(B) € {0,1}, we say P is ergodic.

Exercise 6. Prove the Poisson point process on R (or any lcsc space) is ergodic.
The notes | | are a nice introduction to the Poisson point process, as is the book [ ].

Definition 3 (Rank gradient). Let G be a semisimple real Lie group, and let X be its
symmetric space G/K for some mazimal compact subgroup K. Let {T';};en be a sequence of
torsion-free lattices in G such that I';\X Benjamini-Schramm (BS) converges to X.



BS convergence: The injectivity radius around a typical point in T';\ X goes to infinity; when
G is simple, this is equivalent to vol(I';\G)) — oo.

The limit
. dI;) -1
lim ————
i—oo vol(I';\ X)
is the rank gradient of G.
Exercise 7. Prove the rank gradient of SLy(R) does not vanish.

Definition 4 (Busemann function). Let X be a metric space and let c : [0,00) — X be a
geodesic ray. The function B, : X — R defined by

Be(z) = lim (d(z, c(t)) — t)

t—o00
is the Busemann function associated to the geodesic ray c.
Exercise 8. Identify the Busemann functions on R™. Then identify them on H".

The book | | is a great reference for boundary behavior of CAT(0) spaces, in particular
semisimple Lie groups.

Exercise 9. Using the construction in | | or | , Section 3], or both, prove the
ideal Poisson—Voronoi tessellation (IPVT) for R™ is trivial. Provide a condition in terms of
the growth rate of a space which guarantees the existence of a non-trivial IPVT.

Exercise 10 (Open question). Prove the constructions in | | and | ] of the
IPVT for H" are equivalent.
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