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Abstract

We consider a space of sparse Boolean matrices of size n X n, which have finite
co-rank over GF'(2) with high probability. In particular, the probability such a matrix
has full rank, and is thus invertible, is a positive constant with value about 0.2574 for
large n.

The matrices arise as the vertex-edge incidence matrix of 1-out 3-uniform hyper-
graphs The result that the null space is finite, can be contrasted with results for the
usual models of sparse Boolean matrices, based on the vertex-edge incidence matrix of
random k-uniform hypergraphs. For this latter model, the expected co-rank is linear
in the number of vertices n, [4], [6].

For fields of higher order, the co-rank is typically Poisson distributed.

1 Introduction

For positive integers r > 1, s > 3, let M (s, r,n) be the space of n X rn matrices with entries
generated in the following manner. For each ¢ = 1, ..., n there are r columns C; ;, j = 1,...,7.
Each column C;; has a unit entry in row ¢, and s—1 other unit entries, in rows chosen
randomly with replacement from [n], or without replacement from [n] — {i}, all other entries
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in the column being zero. In general we consider the arithmetic on entries in the matrix,
(and thus the evaluation of linear dependencies), to be over GF(2). If so, in the “with
replacement case”, if two unit entries coincide the entry is set to zero. When r = 1, the
matrix consists of an identity matrix plus s—1 random units in each column.

When s = 2, and entries are chosen without replacement, M is the vertex-edge incidence
matrix of the random graph G, _,u(n). This model of random graphs has been extensively
studied, and is known to be r-connected for r > 2, Fenner and Frieze [7], to have a perfect
matching for » > 2, Frieze [8], and to be Hamiltonian for r > 3, Bohman and Frieze [3]. By
considering s > 3 we are considering r-out, s-uniform hypergraphs. This is closer to a model
of random matrices considered in Cooper, Frieze and Pegden, [6], where the columns are
chosen independently from all columns with s ones. A more general paper by Coja-Oghlan
et al., [4], gives the limiting rank in this latter model for a wide range of assumptions on
the distribution of non-zero entries in the rows and columns. The fundamental difference
between the r-out model of random matrices, and those of [4], [6] is the presence of an n x n
identity matrix as a sub-matrix in the without replacement case.

Of particular interest is the case r = 1 which gives n xn Boolean matrices. We will show that
over GF(2), for r = 1,s = 3, the linear dependencies among the rows of M (dependencies
for short) are w.h.p. either small (bounded in expectation) or large (of size about n/2), and
the distributions of these dependencies are somewhat entangled. For r = 1,5 = 3, define a
Poisson parameter ¢ for small dependencies. The value of ¢ differs marginally in summation
range between the “with replacement” ¢g, and “without replacement” models ¢ as follows:

1 —1 /i 1 -2 /i
bR = Zz(%ﬂ)éZj? op = ZZ(2€*2)627. (1)
>1 j=0 J: >2 j=0 J:

The numeric values are ¢r ~ 0.5215, and ¢z ~ 0.1151, where a ~ b means approximately
equal.

Let m be the probability distribution given by

and define

P(o, ) — g e S 7)) (i) (%)J (1 _ 2—10>H. (3)

Here as in the rest of the paper, ¢ indicates the dimension of the space induced by small
dependencies and A\ indicates the dimension of the space induced by large dependencies.



Theorem 1. Let M be chosen w.a.r. from M (3,1,n). Let d > 0,d = O(1) be integer. The
limiting probability that, over GF(2), the matriz M has co-rank d, is given by

lim P(co-rank(M) = d) = Z P(o,d — o). (4)

n—00
o=0

In particular,
P(rank(M) = n) ~ P(0,0) = e *x(0) = e_¢H (1 - (%) > .

Theorem 1 differs from previous results on sparse random Boolean matrices on several counts.
In particular, the co-rank (dimension of the null space) is finite, and the matrix is invertible
with probability e~?m(0), where m(0) ~ 0.2888. The problem can be seen as an instance of
the change in rank, if any, arising from small perturbations of the identity matrix.

The finite co-rank given in Theorem 1 can be contrasted with results for the edge-vertex
incidence matrix of random hypergraphs, ([4], [6]), where the expected co-rank is linear in
the number of vertices n, and the probability of a full rank matrix is exponentially small.

The joint distribution of co-rank given by (3) is a curious mixture of a Poisson with parameter
¢ given in (1), and the distribution 7(:) given in (2). This distribution was previously
observed for dense matrices in [10] (see below for a full definition). This mixture arises due
to a gap property in the size of the dependencies (small or large), which we next explain. The
negative correlation between the two types of dependency is characterized by the binomial.

Let € {0,1}" be a dependency if €M = 0. Let || = |{j : x; = 1}|. We say that a set of
rows D C [n] is a dependency if D = {j : ; = 1} for some dependency x. An ¢-dependency
is one where || = ¢ or |D| = £. The following theorem summarises the type of dependency
we can expect:

Theorem 2. W.h.p. either (i) a dependency x is small i.e. |x| < w where w — oo slowly

or (1) x is large i.e. || =n/2+ O(y/nlogn).

This in itself is rather interesting. Omne does not expect to find this gap in the size of
dependencies . Estimating the interaction between small and large dependencies is the
problem we solve. A dependency «x is fundamental if there is no other dependency y # « such
that y < @, componentwise. We will prove in Section 2 that the number Z of fundamental
small dependencies is asymptotically distributed as Po(¢) i.e. Poisson with mean ¢.

Equation (4) arises from the fact that P(o,\) is the limiting probability that M that the
small dependencies span a space of dimension ¢ and the large dependencies span a space of
dimension \.



For the model of random matrices over GF'(2) in which the entries m, ; are i.i.d Bernoulii
random variables with P(m;; = 1) = p, the distribution of dimension d of the null space
is given by 7(d) of (2) for a wide range of p. This result was obtained for p = 1/2 by
Kovalenko et al., [10], and extended to the range min(p(n),1 — p(n)) > (logn + ¢(n))/n,
(where ¢(n) — oo slowly) by Cooper [5].

Finally we consider some other related cases. For r = 1 and s = 2, M has expected rank
~ n — (logn)/2. This is because the expected number of components in a random mapping
is ~ (1/2)logn, (see e.g., [9]). Note: For s even, the rows of M add to zero modulo 2. The
following theorem will be immediate from the proof of Theorem 1.

Theorem 3. Ifr > 2 and s = 2, 3, then M has rank n* =n — Loy, w.h.p.

Results for other finite fields follow easily from the analysis over GF(2). We use the non-
standard notation GF(t) for a finite field of order ¢, rather than the usual GF(q); and for
brevity we consider only the ‘without replacement’ case. We consider three simple models
with w.a.r. entries from a distribution {f;} over the non-zero elements i of GF(t). Because
M has 3 entries in each column, there are more cases for GF(3).

Model 1: The field is GF(3), and all three non-zero entries in a column are 1.

Model 2: The diagonal entries are 1, and the two other non-zero entries in each column are
drawn u.a.r. from the distribution {f;}.

Model 3: All three non-zero entries in each column are drawn u.a.r. from the uniform dis-

tribution { f;}.

For Model 2,1let v = fi_1,« =) fifi—i—1. For Model 3,let v = >, fifi—i, a = Zi+j+k:0 fifife-

Let ¢; be given by
=2

ﬁi
¢y = Z % (27@—2)f Z T (5)
>2 i=0

Theorem 4. The following asymptotic results hold over GF(t).
1. Model 1: If t = 3 the limiting probability that M has rankn — 1 is 1.

2. Models 2 and 3: If t > 3 then provided o < 2y < 1,

d
P(rank(M) =n —d) ~ % e 7



In the simplest case where the entries are sampled uniformly from the non-zero elements of
GF(t), the theorem holds for either model with v = 1/(t — 1).

Notation: Apart from O(-), o(-), §2(+) as a function of n — oo, we use the notation A4,, ~ B,
if lim,, o A,/B, = 1. The symbol a =~ b indicates approximate numerical equality due e.g.,
to decimal truncation. The notation w(n) describes a function tending to infinity as n — co.
The expression with high probability (w.h.p.), means with probability 1 — o(1), where the
o(1) is a function of n, which tends to zero as n — oc.

Outline of the proof for GF(2) with r=1,s =3

Because the proofs are rather technical, we give a detailed proof in the “with replacement”
model, and indicate separately in Section 9 why these results are also valid in the “without
replacement” model. The difference in the range of summation indices for ¢ is explained
in detail in Section 9.2.

We refer to the rows of M as M;,i € [n] and to the columns as Cj,j € [n]. By a set of rows
S, we mean the set of rows M;,7 € S. A set of rows with indices L is linearly dependent
(zero-sum) if Y .., M; = O(mod 2). A linear dependence L is small if |L| < w, where
w = w(n) is a function tending slowly to infinity with n. A linear dependence L is large
if |L| = (n/2)(1 + O(y/logn/n)). As part of our proof, we show that w.h.p. there are no
other sizes of dependency. A set of zero-sum rows L is fundamental if L contains no smaller
zero-sum set and is disjoint from all other zero-sum sets. The zero-sum sets of size about
n/2 are not disjoint. We count k-sequences of large dependencies with a property we call
simple. Many of the problems with the proofs arise because the large dependencies are not

disjoint, and are conditioned by the simultaneous presence of small linear dependencies in
M.

We next outline the main steps in the proof of Theorem 1.

1. In Section 2 we prove that the number Z of small fundamental dependencies has
factorial moments E(Z), ~ ¢F, where ¢ is given by (1). Thus Z is asymptotically
Poisson distributed and

P <M has 7 small fundamental linear dependencies ~ g'e_¢> .
7!

2. For M € M(3,1,n) w.h.p. any fundamental sets of zero-sum rows of M are either
small (of size ¢ < w) or large (of size £ = (n/2)(1 + O(y/logn/n))). This is proved in
Section 3.



3. In Section 5 we discuss simple sequences of large dependencies, and in Section 6 we
estimate the moments of these sequences and determine their interaction with small
dependencies.

4. We estimate the number of simple sequences, conditional on the the number of small
fundamental dependencies. This leads to an approximate set of linear equations whose
solution completes the proof of Theorem 1.

2 Small linear dependencies in GF'(2): with replace-
ment

Notation For 1 < k < w, where w — oo arbitrarily slowly with n, let X (M) or Y (M)
denote the number of index sets of k-dependencies in M. A k-dependency is small if k < w
and we use Y; when k < w and use X when k ~ n/2. We will show that for other values of
k, X =0 w.h.p. We also use Z;,d < w to denote the number d of fundamental (minimal)
dependent sets among the rows of M.

We first consider dependencies with s = o(n'/?) rows. For L C [n], let F(S) denote the
event that the rows corresponding to S are dependent. Let Y denote the number of s-set
dependencies.

Lemma 5. If |S| = s = o(n'/?) then

Ifw— o0, w < s=o(n'?) then Y, =0 w.h.p.

Proof. Suppose that s = o(n'/?) and S = [s]. Then,

o= (:2) () (0 (7))

~ (ﬁ) e, using s = o(v/n). (7)

n

Explanation: 2 (f—l) (”;S) is the probabilty that exactly one of the two random choices in
a column of S lies in a row of S. (5)2 + (%)2 is the probabilty that neither of the two

random choices in a column of [n] \ S lies in a row of S.



This verifies (6). It follows that

s (£)(2) o - 222

As EY, 1 /E(Y;) ~ 2/e we have that EY,, = e~ and so w.h.p. there are no dependencies
with w < s = o(n!/?). O

The next lemma deals with small fundamental dependencies. For S C [n], let F*(S) denote

the event that the rows corresponding to S deprise a fundamental dependency. Let

(s —1)!

SS

Os, (8)

Rg =

where

Lemma 6. P(F*(S) | F(S)) = ks.

Proof. The rows of the dependency S consist of an s x s sub-matrix Mg g and a zero (s xn—s)
sub-matrix. For ¢ € S, if M;; = 1, then wh.p. there is a unique entry M;; = 1 which gives
rise to an edge (i,7). If M;; = 0 we regard this as a loop (i,7). Thus Mg is the incidence
matrix of a random functional digraph Dg, and S is fundamental iff the underlying graph
of Dg is connected. For s > 1, P(Dg is connected) = k4 (see e.g., [1] or [9]). O

We now prove

Lemma 7. Small fundamental dependent sets of M are pairwise disjoint, w.h.p.
Proof. Let S,T be two small fundamental zero-sum row sets with a non-trivial intersection
C = SNT and differences A = S\T, B =T\S, where A, B # (). As the functional digraphs

Dg, Dy are connected At least one column of A U B must contain two random ones. The
probability of this is at most

(1)) () e 0

Given this lemma we can now prove



Lemma 8. The number Z of small fundamental dependent sets among the rows of M 1is
asymptotically Poisson distributed with parameter ¢r, and thus

¢d
P(Z =d) ~ d—ffe—¢R. (10)
Proof. Fix S C [n] and let Sy,..., Sy be a partition of S with |S;| = s;,i = 1,2,...,d. Let
P(s1,...,54) be the probability that each S;,i =1,2,...,d is a fundamental set, given that
S is a dependency. Thus,

d
(31)51...(8d)3d 1

P(sq,... = P(Dg, ted) = — i — Do,
(S1y---,54) e lzll—I d (Dg, connected) = E(S )os,

Explanation: the factor w is the conditional probability that the random choices
for columns with index in S; are in rows with index in S;.

Thus, using (6), we see that

E(Z)dwz%)se?s 3 (817”5_7%)13(31,...,3[{) (11)

s>1 ’ s1+-+54=5

> Y Ileedr e

s>1 s1+...+s54=s5 i=1

- (Z %(26_2)805>

s>1
=i (12)
Thus, by the method of moments, the number of small disjoint fundamental zero-sum sets
Z tends tend to a Poisson distribution with parameter ¢g. O]

3 Large zero-sum sets: First moment calculations

Define an index set J, as follows,

J. =1{n/2 — Vanlogn < <n/2+ +/anlogn} and J, = [n]\ J,, a > 0. (13)

Lemma 9. (Large linearly dependent sets.) Let X, denote the number of (-dependencies
among the rows of M.



(i) ey, EXo~ 1.
(ii) Let D = [n]\([w]UJy), where w — oo arbitrarily slowly withn. Then ), ., EX, = o(1).

Proof. From (7), the expected number of dependencies of size £ is

=x=(1) () (59) (- (59)

We next approximate the expression for EX,. We note the following expansion.

4 7 2k k 3
(1+2) log(1—2%) +(1—2) log(1+2?) = —2 ( ST Y L (1 T )) .

k>4

We write EX, = (})®7, { = (n/2)(1 + ¢), where

B, — (1 —252)“? ((1§5)2+ (1;5)2> E
(11— (1+¢2)
exp {% (1+¢)log(l—e*) + (1 —¢)log(1 + 52))}

exp § — 53—|—€4+€7+Zﬂ g% 1—|— =
p 2 3 {keven} k_ k+1

k>4

:%exp{— <53+%4+67)}, (15)

where |e7| < 2|e|”/3 for sufficiently small e.

Also for £ = (n/2)(1 +¢), |e| < 1,

()= (+00)) Tz oo (G 5vs)

where |eg] < |]%/10.

(1=¢)
2

N N~ DN

Case 1: (€ J; . From (16) with |e| = 24/(logn)/n we have

53 (1) = oum

¢ Jq



so that

2% 3 (ZL) = 1-0(1/n*?).

LeJy
Using (15), for £ € Jy, ®," = ¢®*) /27 Then, as ne® = O(log®*n/\/n),

D EX; =) (ZL) S =1+ o(1),

ledy ledy

For future reference, we note that for || < ¢ < 1,

n\ 1 , &t
(el 0)

_ (L+0(1)) )exp{_n(£+gs+§+é+gﬁ+g7)}

2mn(l — &2 2 2 12
ey S

Case 2: { € D. Write D = [n]\ ([w]UJ;) as D = D;UDyU D3 where Dy = {w, ..., 3n/10},
Dy = {7n/10,...,n} and D3 = D\ (D; U Dy). Thus, for ¢ € D3, { = (n/2)(1 + ¢) where

—2/5 <e < —y/(2logn)/n or \/(2logn)/n <e < 2/5.

Case { € D;. For sufficiently large n, Stirling’s approximation implies that

n < n"
0] - Ez(n — E)"“’

so for some constant C' (in both with and without replacement models)

w0 () (50) () (7)) -

Continuing with this expression, using ¢ = An for A < 1/2,
2)\
M1 = )=

—C <2A(1 — ) (1 — A+ 1A_2A>H>n

BX, <C ( M= AN+ (1 - mH)"

10



The function g(\) is strictly concave and has a unique maximum at A = 1/2 with g(1/2) = 1.
For A\ < 3/10, g()\) < ¢(3/10) = (7/5)e™ %" < 1 so that

Y EX, <C> g(3/10)" = o(1).
leDq leDy

Case { € Dy. Referring to (17), the function h(e) = (€2/2)((1+¢)*+2/6 + ¢ + &7) satisfies
h(e) > 2/25 for e > 2/5, and so

Z EX, < Z e M — o(1).

LeDo LeDy

Case l € Ds. For \/(2logn)/n < |e| < +/(25logn)/n, the function h(e) > (1—o(1))(logn)/n.

Let D3, be the values of ¢ in this range

Z EX; = O(y/nlogn)/n'=°W) = o(1/n'/?).

{eDs,

Let D3, = D3\ D3,. Then €%/2 > (25/2)(logn)/n, and (1 +¢)* +€%/6 + e + 7 > 9/25.
Referring to (17),
> EX,=0(n)/n* = o(1/n%).

Z€D3b

4 Higher moments of large zero-sum sets: Background

Let AAB denote the symmetric set difference (A U B) \ (A N B) of the sets A and B.
Suppose that, over GF(2), the rows M][i],i € A indexed by A are zero-sum, thus z, =
Y ica M[i] = 0. Let B be another set such that zz = 0. We can write 24 = zap + 2405
and zp = zpa + 2anp. Adding these two sets of rows modulo 2 has the effect of canceling
the intersection AN B. Thus (i) z4 + zp = 0, whether z4np is itself zero-sum or not; and
(11) ZA+2Zp = ZAAB-
Recall that a set of zero-sum rows is fundamental if it contains no smaller zero-sum set of
rows. For small sets we were able to count fundamental dependencies directly. We have to
adopt an alternative strategy for large zero-sum sets. We use an approach similar to the one
given in [5]. We count simple sequences of large linearly dependent row sets B = (Bj, ..., B),
k > 1 constant, and where |B;| € J; so that |B;| ~ n/2. A k-tuple of large dependent sets
B = (By, ..., By) is simple, if for all sequences (j; < jo < ... < 7;) and (1 <[ < k) the set
differences satisfy

|Bj,ABj,A---AB;| € Jy (19)

11



For any given matrix M there is a largest k such that By, ..., By are simple. In which case,
we say k is mazimal and By, ..., By is a maximal simple sequence.

Let V(M) = {0} U{B : B is zero-sum in M}, then (V(M),A) is a vector space over GF
under the convention that 0- B =0, 1- B = B. In V(M) a simple sequence (B, ..., B) is
an ordered basis for a subspace S of dimension k.

Given k = O(1) linearly dependent sets of rows with index sets By, -, By, there are 2*
intersections of these sets and their complements. For each & = (x1, -+ ,2%), ¢ € {0, 1}
we let I, = ﬂizl,m,kBi(Ii) where BZ-(O) = B; = [n] \ B; and BZ»(I) = B,. The index sets I, are
disjoint by definition and their union (including o = (0,---,0)) is [n].

Next let B(x) = Az’:zilei for x € {0,1}*. Let K = 2¥ — 1. Define a K x K matrix
U=Ulz,y], z,y € {0,1}*, @,y # 0, by U(x,y) = 1 iff I, C B(x).

Row index @ =(x1,xs,...,xx) is the indicator vector for B(x) = Ami:lBi,

Column index y =(y1,¥2, - .., yx) is the indicator vector for I, = ﬂ Bl-(yi),
k

i=1,...,

Thus B(z) is the union of the sets I,, where y; = 1 for an odd number of the given sets B;
such that x; = 1. This follows inductively by generating By, BiABs, (B1ABy)AB;3 etc in
the given order. It follows that U(x,y) = 1 iff z; = y; = 1 for an odd number of indices i,
and thus, over GF'(2),

Ulz,y) = Z«’L’zyz (20)

Our aim is to use U, treated as a real matrix to show that wh.p. |I.| ~ n/2* for every
x. We do this by observing that given the characterisation U(x,y) = 17,cp(), the vector

(1], € {0,1}", & # 0 is the solution z over the reals of an equation
Uz:bwherebwgl, (21)

assuming that B = (By, ..., By) is simple. To prove that |I,| ~ n/2%, we prove the properties
of U listed in Lemma 10 below.

Equation (20) implies that by arranging the rows and column indices of U in the same
order, U will be symmetric. We will choose an ordering such the first k£ rows and columns
correspond to z; = e;,1 = 1,2,...,k where e; = (1,0,...,0) etc. After this we let @) be the
k x K matrix with column indices x made up of the first £ rows. Thus row i represents
B;,i=1,...,k and U contains a k x k identity matrix in the first k rows and columns.

The row indexed by & = (z1,...,x)) is the linear combination Zle x;7; of the rows of Q,
and corresponds to B(x) in the vector space V(M) given above.

12



Lemma 10. The K x K matrix U has the following properties:

(1) The matriz U symmetric.

(ii) Every row or column of U has 28~ non-zero entries.

2k72

(i1i) Any two distinct rows of U have common non-zero entries.

(iv) The matriz U is non-singular when the entries are taken to be over the real numbers,
and the matriv S = UUT = U? = 2¥72(1 + J) is symmetric, with inverse S™! =
(1/25=2)(I — J/2%); where J is the all-ones matrix.

Proof. (i) This follows immediately from (20), and the above construction.

(i) Fix & and assume that z; = 1. There are 287! choices for the values of y;,i = 2,3,..., k.
Having made such a choice, there are two choices for y;, exactly one of which will give

Z?:l iy = 1.

(iii) Fix @, 2’ and think of rows @, ', + ' as non-empty subsets of [2¥]. Then we have
|| = |@'] = o\ 2|+ |z \@| = 271, by (iii). Thus [@[+|@'| - (| \z|+|2"\z|) = 2lzNz’| =
2k,

(iv) That the matrix U is non-singular over the real numbers, uses an argument given in
2] (pages 11-13). Let S = UUT. Let u,v be distinct rows of U, then w - u = 27! and
w-v =282 Thus S = 2¥72(] + J), where J is the all-ones matrix. The reader can check
that S™' = 55 (1 — 5¢J) 257! which implies that U is invertible too. O

The definition of a simple k-tuple (Bj, ..., Bg) requires that all sets B; be large and their set
differences to be distinct and of size ~ n/2. Let (|By|,...,|Bk|) ~ (n/2)1 be the vector of
these set sizes. Over the reals, solving (21) gives the sizes of the subsets I.

Lemma 11. Let (B, ..., By,) be a simple sequence. Then for all x € {0,1}*,

n logn
Il=—[1+£2F/—=—|. 22
|| 2k< \V > (22)

Proof. Let i =1, ..., K index the rows of U and let B(x) be the set corresponding to the row
x of U. Let Uz = b where b, = 2|B(x)|/n = 1 + ¢;, where |g;| < 24/logn/n. The matrix
S = U? so S¢ = Ub = ¢ where ¢; = 2871(1 + 4,) where §, = >_¢;/2""!, the summation
being over a 2¢~!-subset of rows « of U. Thus, as J is K x K where K =2F — 1,

1

1 1
x=S5""tec= T (1 - ?J) 211 +6) = Sl

13



where |n| < 2%, /logn/n. It follows that w.h.p. the solution to (21) satisfies |I,| = (n/2%)(1+£
2k, flogn/n) for all x € {0,1}". O
Remark 12. The proof of Lemma 11 implies that if we have a K x K matriz in which (ii),
(7i) of Lemma 10 are satisfied asymptotically, then

5 Simple sequences of large zero-sum sets.

Let By, B, ..., By be a simple sequence. In row M; of the matrix M, there is a 1 in the
diagonal entry M;;. As s = 3 there needs to be two (random) 1’s in column C; chosen in
a way to ensure the linear dependence of By, ..., Bx. The following lemma describes where
these non-zeros must be placed.

Lemma 13. By, -+, By are dependencies if and only if the following holds for all i € [n]:
suppose that i € I, * = (x1,...,x). Suppose that the two random non-zeros e1(i), es(i) in
column i are in I, I,, respectively. Then we must have x = u + v(mod 2).

Proof. Consider 1 <m < k. If x,, =0 then i ¢ B,, and so either none or both of j, j" are in
B,,, and so zero or two unit entries in this column are in B,,. We must therefore have either
U, = U = 0 OF Uy, = Uy, = 1 and @, = Uy, + Uy If 7, = 1 then exactly one of e;(7), ea(7)
are in B,, and so u,, = 1,v,, = 0, or vice versa. Thus in all cases x,, = u,, + vy,. O

The main result of this section is the following.

Lemma 14. Let k > 1 be a positive integer, and let X, count the number of simple k-
sequences of large dependencies. Then E(X}) ~ 1.

Proof. We have to estimate the expected number of simple sequences (Bj, ..., By) of large de-

pendencies. By (22) of Lemma 11 the index sets I, have size |I;| = (n/2¥)(1+O(y/logn/n)).
Let K = 2F — 1 as above, and let

K
Q= {h = (ho, b, ... hi) : hy satisfies (22),> " h; € Jl} .

=0

Then we define ®(h, k) by

he
ho
n haw B ha'\”
B =D <ho,h1, . .,hK) I\ 2 2 (Z (7) ) (23)
heQ x#0 J:{)v:}w u
n
_ o(h, k). 24
%(h())hla"whl() ( ) ( )



Explanation of (23). Let h, = |I,|. The multinomial coefficient ( oy counts the
number of choices for the subsets I,. In the product, in order for By, ..., By to be zero-sum,
for £ # 0 we need to cancel the diagonal entries M;; = 1 of j € I, within the columns
indexed by I,. This is achieved by putting one entry in rows [, and one in rows [, where
u + v = x. The last factor counts the choices for the entries of columns indexed by I, over
the row index sets I, either zero or two in an index set, in order to preserve the zero-sum

property.
Set hy = (n/2%)(1 4 &) where |ez| = O(y/logn/n). We note that Y e, = 0, implies that

log?/
thsm:%zgane kas anthme ka <Og7>

And then Stirling’s approximation implies that

2m™n

<h0, s hK) " Mec 1}k<<n/2k><1 T e0)e(\2mn )
= 2M ex Z ha (5m - —2) + O(logn)

xe{0,1}*

K
Z €2 + O(logn) p = 2Fn°W.

ze{0,1}*

_ okn
= 27" exp  ok+1

In addition, by considering random 2*-colorings of [n] we see from the Chernoff bounds that

5 (pon ) = 27006, )

heQ

With respect to (23), using ) _ e, = 0, we see that
ho

3 (%) _ (Z ERIRE ) >>h0

u

JONC %zﬁ)



If & # 0 then each index z occurs exactly once in Y (uw) (€4 +6p) and 80 D (uw) (Eu+Ey) =

utv=x utv=x
>, €z = 0. Therefore,

ha ha
Doy oy 1
2 P =12 Z 22k(1+5u+5v+5u5v)
{u,v} {u,v}
ut+v=x utv=x
ha
1\"
= <@> 1 + - Z 264w
{u,v}
utv=x

h
1\™ €u6v
= (@) exXp Qk (1 +€m) log | 1+2 E
{u,v}

utv=x

1\ n 26uEw log3/2n
~(3) oo {5 X o (M

Note that
A= Z Z 26uEw = Z%Z&Hu = 25”25”’
x#0 u{f{l}m u z-;g u v#uU
gives

Thus using > hy = n,

2 ha
1 m log
O(h, k) = <2k) exp 2% Zs +Z Z 2€4Ew +O< i )

x#£0 {u,v}

utv=ax

1 og32n//n
:2%60(1 g /) (27)

It follows from (24), (25) and (27) above that

E(X;)=1+0 <1Og ") = 1+0(1). (28)
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6 Conditional expected number of small zero-sum sets

Let (By,. .., B) be a fixed sequence of subsets of [n] with |B;| € J; fori =1,2,...,k < w.
Let B be the event

B = {(By,...By) is a simple sequence of large row dependencies} . (29)

We need to understand the conditioning imposed by this event B. Suppose that |I,| = hy ~
n/2* for z € {0,1}".

Lemma 15. Given B and i € I, the distribution of the row indices k,{ of the other two
non-zeros in column i is as follows: if & # 0 then choose w,v such that * = u + v mod 2

with probability
2R Py

hyh;’
and then randomly choose k € I,, € € I,,. If € = 0 then choose w with probability

p(u, U) = Z

Yy+tz=x

h2

p(u, U’) = Z

ye{0,1}* h?;’
and then randomly choose k.l € I,,.

Proof. This follows from the fact that the non-zeros in each column are independently chosen
with replacement and from the condition given in Lemma 13. O

Let (S, s = |5j] <w, j=1,2,...,£ <w) be a sequence of pairwise disjoint small subsets
of [n] and S = Uﬁ:l S; and s = |S|. We define the events

¢
S; = {5} is a small zero-sum row set} for j =1,2,...,f and S = ﬂ S;.
j=1

¢
S; = {5; is a small fundamental zero-sum row set} for j =1,2,...,¢ and §* = ﬂ S;.
j=1

Lemma 16.
P(S* | B) ~ P(S"). (30)

Proof. Let I, © € {0,1}*, be as defined in Section 4. Let S, = SN[, and J;, = S; N I,
and lj, = |Jje| for i = 1,2,...,m and J, = U;n:l Jijz and by = |Jz|. Let Jo = Ip \ S
and fo = |Sp|. We now consider the probability that column ¢ is consistent with S. We let

he = |Ip] and s, = | S| for = € {0,1}".

17



Case 1: i € Ip\ Jo. For each column i € Iy Jo, the task here is to estimate the probability
that the two non-zeros e (i), ea(7) are in rows consistent with the occurrence of S. Because
i € Iy and B occurs, we know from Lemma 13 that e;(i), es(i) € I, for some u € {0,1}".
For S to occur, we require that zero or two of e;(i), ex(7) fall in J,,, an event of conditional

probability (1 — Sy/he)? + (Su/hu)?

Let E, denote the number of non-zero pairs from Iy \ Jp falling in J,,. Then the conditional
probability that the non-zeros of Iy \ S are consistent with S is given by

u

2\ Fu
P(Io \ Sop is consistent S | B) = E H (1 - 22—” +2 (Z—u) ) (31)

Given B, we see that E,, is distributed as Bin(hg — So, p(u,u)), and has expectation

B(E.) = (ho — 50 " i
" VR AR 4t (hpy)? 28
The Chernoff bounds imply that E,, is concentrated around its mean (ho — so)p(u, w) ~ 2,
where N = n/2%. Thus,
ho 2/3 : : 1 —Q(n'/3)
E. — o <n with probability at least 1 — e : (32)

Going back to (31) and using (32) we have

P(1 \ So is consistent with the occurrence of S | B) ~

28u N/2¢ Su k—1
H <1 — W) ~ exXp -2 Z 2_k = 675/2 . (33)

u

Case 2: i € I, \ Jz, ® # 0. Given B, and i € I, suppose that the non-zeros e; (i), ea(7)
of column i lie in I, I, respectively, u € {0,1}*. The probability of this is p(u, = + u).
The number E,(u,x + u) of such pairs of non-zeros in I, I, has distribution Bin((hg —
sz)p(u, T + u)), and expectation asymptotic to (hy — Sg) /2871

The rows of Sy,...,S; have to be zero-sum in this column, so either exactly one non-zero
falls in each of Sj4, 5 z4u for some 1 < j < £ or exactly one non-zero falls in each of

18



Iy \ Su, Ipiw \ Sziw. The probability of this is

14 3 L Er(u,z+u)
Sju Sjz+u uw — Su Netu — Sztu
P(u,xz +u) =E <Z }i ;i: + = +h N e )
=1 u T+u u T+u

N2 N N

—(sutsatu)/2871

) (N—sg)/2F~1
( SjuSjatu N — Sy N — sm+u)
~ +

J=1

~ €

For a given x there are 2¥~! unordered pairs Sy, Sgiu, SO

P(I, \ Sg is consistent with ) ~ exp T Z (Su+ Sppu) p =€/ (34)
{u,z+u}

(In the sum in (34) sy + Sgtw and Sgiq + Si contribute as one term.) Thus

P(I, \ Sg is consistent with S,Va # 0) ~ e~ (2" =152 (35)

Case 3: i € Sj C Iz, « # 0. For ¢ € Sj,, one non-zero needs to be in S;, and the
other to avoid S;. Let v = o + u. Suppose that the pair ey (i), ex(?) fall in I,,, I, ,. The
probability this happens is

1 (Sjuhe —8jv  Sjwhu—5ju

The events {u,x + u} are disjoint and exhaustive, so for a given i € S;, the probability
p(i, j) of success (i.e. the S;-indexed rows of column i sum to zero) is

.. ]_ 5',uN_5‘71; S',UN_S‘7u
p(i,j) = Z Pj(u’u+m)N2k—1 Z (JW Nj +]W N])

{u,ut+x} u,v=x+u
Noh 1 +0 ~)) (37)

Every column of S}, has to succeed or S} is not a small zero-sum set. Thus

P(S, succeeds) ~ <Sj(1 XT;(SI/N))) ’ '

As > sje =5,

P(S, succeeds V) ~ (N;_l)sj_sj’o . (38)
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Case 4: i € Sj9 C Ijo. In the case that © =0, and S;¢ C I, the non-zeros in a column
of Sj o must both fall in the same index set I,,; one in S;,, and one in I, \ ;.. Thus P(u,u)
is now summed over all I,,, a total of 2¥ such sets. For i € S, the probability p(i) of success

is
H= 3 Pt~ 30 (25 552) ~ i (140 (5))
{uu} u

The final term is the same as in (37), and we obtain

P(S; 0 succeeds) ~ (N;il)%o (39)

Using (33), (35), (38) and (39), we obtain

KL . sj B _ m 25 S5
818~ ] (i) e e =T () e )

J=1 Jj=1

after using (7). This completes the proof of P(S | B) ~ P(S). To replace S by §* we just
need to let K;,7 =1,2,...,m denote the set of i in Case 3 where ¢ € S;,. We see from (36)
that the positions of the non-zeros in the columns K; are asymptotically uniform over S;.

This is because each k € Jj,, is chosen with probabﬂlty asymptotic to —u . hu “ and sumlarly
for k € Jj44u. In which case, the conditional probability that S; is fundamental is obtained

by multiplying by r,;. This completes the proof of the lemma. O]

We can now use inclusion-exclusion to prove

Lemma 17. Let 3, be the event that there are exactly o disjoint small fundamental depen-

dencies. Then,
$r

P(3, | B) ~ 2ES

o!

~ P(3,).

Proof. Let

n=g Y 3 ZIP’(

T 1<s1,...,50<w | S;|=5;,i=1

,,,,,

1 L 2i8i—5v 1 (21,51-75’
RN RN (G IR S VRN |6 it
1<81,.,80<w ’ ’ j < i—
¢
1 0 (2 —2)5 ¢
(B

s=1
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The first approximation follows from Lemma 16 and the second from (7), (8).

Using Inclusion-Exclusion, we have

P(S, | B) =Y (-1} (ﬁ) T~ ) (1) (ﬁ) %

(>0 (>0

Lemma 10 gives us the unconditional probability.

Let X} count the number of simple k-sequences as in Lemma 14.

Lemma 18. If o = O(1) then E(X}, | ¥,) ~ 1.
Proof.

E(Xy %)= Y, PB|%)

B=(Bi,...,Br)
_ Z P(X, | B)P(B)
B=(By,...,By) P(X,)
P(B) ok
_1 o T
B—(B;., )P( ) zzza( ) <‘7> g
_ P(B) oo (k) 1
- 2y 2y <a> no2 .
B=(B1,....Br) 2o 1<61 5050 | Sy =s4i=1
P(B) oK\ 1
2 P(%,) 2D <a> 02 4
B=(B4u,...,Bg) >0 1<s1,...,8¢<w | S;|=s4,i=1
P(B)
2 FE )
B=(Bi,...,By)
=E(X;) ~1

21
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7 Joint distribution of small and large dependencies

7.1 P,(0,d): the case of no small fundamental dependencies.

Let P,(0,d) be the probability that M € M (n) has no small fundamental dependencies and
the maximum number of large simple dependencies is d. Let m(d) be given by (2). The
purpose of this section is to prove the following.

Po(0,d) ~ mt(d) e®. (41)

Let V' be the vector space generated by the dependencies. Let £, be the event that the
dimension of V' is A. Let

p(0,A) =P(Eg A Ly) and p(0) = P(Z).
Lemma 19. For 0 < XA = O(1), p(0,\) ~ P(0,\) where P(0,\) = 7()\) e 2.
Proof. For 0 < k = O(1), we have from Lemma 18 that

1~ E(Xy | Do) =Y B(Xi | Zo A Ly)p(A | 0), (42)

where p(A | 0) = p(0,A)/p(0). Let ‘H be the event that there exists a set of dependent rows
H where w < |H| ¢ J;. Then we have

k-1
~ [ -2). (43)
1=0

Justification for (43): Given Xy A L) A —=H there are 2* vectors in V. Choosing i members
of a simple sequence generates a subspace of dimension 4, and we eliminate 2¢ vectors from
consideration as the next member of the sequence. Given —=H the number of simple sequences
is given by the RHS of (43). Equation (43) then follows from P(H) = o(1).

It follows from (43) that for A\ > 0,
(0, )
1 ~Y
; p(0)

The asymptotic solution of (44) is given by the following lemma.

k

|
_

(2> —29). (44)

N
Il
=)
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Lemma 20. For A > 0, the solutions to

o0

1—ZqAH —25,  k>0. (45)
A=k 1=0
are given by g, = w(\) of (2).

Proof. Gaussian coeflicients are defined as

i) -2 »

Using (46) with z = 2, equation (45) can be rewritten as

1=20) H(z%’ -1 Y a m . (47)

Z lﬁ Ix = Vi, k> 0. (48)
A=k 2

Fix ¢ > 0, multiply equation k& > § in (48) by (—1)k_52(k55) [§]2, and sum these equations
over k > 0. This gives

i yi=ig(s m K :ii(—n’f—é {?}22(k26) mqu (49)

= =
DI W ESIAE
— g B o g(—m“ {2 } g] 22(’“5“) (50)
= ¢s. (51)

Explanation: (50) to (51): Gaussian coefficients satisfy the identity

(14+2)(1+zx) - (14 2"12) = Z [Z] 22) g, (52)

(=0
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To prove the last summation on the right hand side of (50) is zero for A > ¢, use (52) with
Y4

r=—-1,2=2¢=k—J§ and r = XA —§. This gives Zz\;g [’\25]22(2)(—1)6 =0 for A > 4.

For z < 1, taking the limit of (52) gives

0 00 Z(g)ﬂlg
(1+ 24x) sy 53
[[a+=0=2 g (53)

Replacing ¢ by A in equation (49), we see that the solution g, to (45) is

>0 (—1)k22("2") =)
LS ) i

k=X i (21671' _ 1)
()" < (1) (%)(ﬁ) (1)
: (
[T (1 - (%)l> i | (1 _ %)2> 54)
B (é)A Hi:.m L D), (55)

where 7(A) is given in (2). To get from (54) to (55), use (53) with z = 1/2 and z =

(—1/27M1), O
The p(0, \) only satisfy (45) asymptotically and so to prove the lemma, we show that for
large K,
> g <e, (56)
%
where € > 0 is arbitrarily small. Now,
k-1 k-1 1 A1
A oiy _ okA _ kx (1 (k—1)A
H(z 2') =2 H(1 2H)22 <1 ' 2H>22 .
=0 =0 =0
It follows that
Z gy < 27 KE=D,
A>K
c>0
Thus (56) holds if K > /2log, 1/e. O
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7.2 P,(1,d): the case of one small fundamental dependency.

Introduce the notation P,(|m,d]) for the probability that M € M (n) has exactly m small
fundamental dependencies and the maximum number of large simple dependencies is d. Thus
there are small dependencies Dy, ..., D,, and (not necessarily unique) large dependencies
By, ..., B4 corresponding to M having a null space of dimension m + d. In the case m = 0,
it follows from (41) that P,(0,d) ~ m(d) e~9.

Before considering P, (m, d), we explain the basic principle by deriving P, (1,d). The general
case will follow from the recursive application of this.

Let M € M([n]) and let L be a fixed set of rows, |L| = ¢. We write

(S, R
w-(3 )
Here Sy is ¢ x ¢, Ris £ x (n—{), C'is (n — ¢) x £ and M’ has rows and columns indexed by
[n] — L.
The event R = 0, is dependent only on the columns of [n] — L in M. Provided ¢ = o(n'/?),

R = 0 has probability
/ 2(n—20)
P(R=0) = <1 — —) ~e
n

Given R = 0, M’ is a uar element of M ([n] — L). This follows directly from M is a uar
element of M ([n]). Each column of M has 2 random entries, and these are not in the rows

of L. At this point
S, 0
M = ( CL Y. ) : (57)

Independently of what happens in the columns of [n| — L in M, the event that within the
columns of L the sub-matrix Sy, is the vertex-edge incidence matrix of a connected random

mapping Dy, and thus each column of the sub-matrix C' has one uar entry, is (see Section
2)

Oy.

20\" (¢ —1)!
P(DL)N<E) ( ot )
The probability P, ,(0,k) ~ e ®w(k) that M’ has no small dependencies and k large
ones is given by (41) above. Let P*(j,k;1) be the probability that exactly j of the k large
dependencies of M’ remain as dependencies after adding back the sub-matrix C'. To maintain
continuity of exposition, the analysis of this event is deferred until Section 7.4. Equation
(63) of Section 7.4 with m = 1, gives

o~ () Q076
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Let
P,(1,4], L) = P(M has 1 small fundamental dependency L and j large dependencies),

Thus using (41), and the above

P,(1,4],L) ~ (%)6(5— Diog e Y (’;) (%)k m(k)e .

k>j

The probability that L is dependent, but R # 0 is O(¢?/n). The events that L is the unique
fundamental dependency are exclusive and exhaustive, so P([1, j]) is the sum of these. Thus,
summing over (Z) for £ > 1 gives

Po(1,]) ~ ¢e™®- ) (lj) (%)k (k).

k>j

7.3 The general case of null(M) = d, with m small fundamental
dependencies

The matrix M’ in (57) is a uar element of M ([n] — L), and we can repeat the above con-
struction with M’ instead of M. We remove a set of columns L’ and conditional on R’ = 0,
the sub-matrix M"” is a uar element of M([n] — L — L'). In this way we can obtain the
probability P([2, j]) of two small and j large dependencies, and so on.

To systematize this, let My = M, Ly = L, Ry = R,ng = n,ly = |L| and let My = M’ ,n; =
ng — fo. Thus, My is a uar element of M (ng) and with some relabelling of [n] — L, M; is a
uar element of M (n,), etc.

In this way, we remove a sequence (Lg, Ly, ..., L,,_1) of column sets, of total size at most
mw. As n —mw ~ n, the result (41) holds in M (n,,) with the same asymptotic probability.
Taking the subspace M ([0, k], n,,) of M (n,,), we work back to the subspace of M with small
fundamental dependencies Lo, ..., L,, and j < k large dependencies, and thus to P, (m, j]),
the probability of M ([m, j],n).
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Summarizing the necessary generalizations, we have

m—1
P(R(L;) =0, j=0,...m—1)~ [ e, (58)
§=0
m—1 £
20\ (¢; —1)!
P(Dyp,,j=0,...m—1)~ (—j> : %% (59)
j=0 " gj]
K (1Y 1\*7
P*(j,k;m) ~ el B I Sl
Gk~ (M) (5) (1-35) (60)
Poy(0,K]) ~ e m(k). (61)

The last line is (41). For continuity of exposition, the proof of (60) is deferred until Theorem
21 in Section 7.4 below.

The dependency of probability in (60) on the sizes {; < w,j = 0,...,m — 1, is hidden in
the (1 + o(1)) term in the asymptotic notation. We multiply (58) by (59), and add over all
distinct sets of removed columns (Lo, ..., L,,_1), and noting that each entry is repeated m
times in such sequences, we obtain a quantity W(m) given by

Z > (fo, Y, ) ﬁ =0)-P(Dy,))

T 0>1 0=lo+ ALy =

Y OY e

T >1 b=Lo+- A lm—1 §=0
¢m

m!’

Thus, multiplying ¥(m) by (60) and (61), and summing over k > j large dependencies,

Py(m, j]) ~—6 N PG ksm) - w(k)

k>j

Legw(E 0D e

Finally, the probability that null(M) = d is
d
P(null(M Z P,(m,d — m])
m=0

which completes the proof of Theorem 1.
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7.4 Going back from M’ to M. Change in dimension of null space.

St

Write M = < c o

) as given in (57). In this section we prove the following theorem.
Theorem 21. Suppose that the (n — L) x (n — L) sub-matriz M’ of M has no small depen-
dencies, and k large simple dependencies, and the L x L sub-matriz S;, of M has m small
fundamental dependencies of total size L. Then the probability P*(j, k;m) that the mazimum
number of large simple dependencies in M 1is j is given by

- (@027

Before proceeding with the proof of Theorem 21, we give an outline of the proof structure.
Each columns of the sub-matrix C' has a unique random non-zero entry in the rows of M’.
On average about ¢/2 of these non-zeros fall in the rows of any large dependency B of M.
To extend B to a dependency A of M, we may need to include some rows of Sy in A to
cancel any non-zeros of C' which fall in the rows of B.

Thus in general AN L # (), and some rows of A were deleted to give B. If M’ has k large
dependencies By, ..., By, then any extension of these sets needs to preserve and extend the
intersection structure I,, x € {0,1}* in M’ to M. If j < k of the sets B; extend successfully
then the final intersection structure will be given by I,y € {0,1}/. The interaction of this
structure with L is the one described in Section 6 and summarized by (40). The extensions
are not unique. If A is a large dependency, and L is small, then AAL is large. It was exactly
this problem which obliged us to construct our proofs in this way.

Proof of Theorem 21

Suppose M’ has k large dependencies By, ..., By, but no small dependencies. In this case
there is a well defined vector space of dimension k£ spanned by By, ..., B;. Assume the m
small dependencies D;,j = 0,...,m — 1 occupy the first L columns. The matrix M can be
written as follows.

Dy 0 0 e 0 0
Con D 0 - 0 0
M C?,Q C‘LQ PQ cee 0 0
: : : i 0 0
C’O,m—l C(1,m—1 C2,m—l e Dm—l 0
CO,m Cl,m OQ,m e Cmfl,m M’
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Let |D;| = ¢; where L = (bg++ - ~+€y,_1). Each (n;—¢;)x{; sub-matrix C; = (Cj j11, ..., Cjm) "
has exactly one random one in each column. The probability any of these ones fall in any C};
where j+1<i<m—1for j=0,..,m—1is O(w?/n). Conditional on this not occurring,
the non-zero entry in each column is w.a.r. in n' = n— L. Tidying up, and writing C} = Cj,,
we have

Dy 0 0 0
0 O 0 0 D o
=l s 0 o | = (24) (64
o 0 -~ D,1 O
Cy € O, A

Let us write B, ¢ D, and say B, agrees with Dj if there exists a set of row indices J, 5, a
subset of the row indices of D;, such that B, U J, s is a dependency of M. We will be able
to extend B, to a dependency A, = B, U ({J_, J,.s) if and only if B, ¢ Dy, s = 1,2,...,m.
In which case we say that B, occurs.

For i € D;, column ¢ has a unit entry in row ¢, and if the random unit entries are in rows

t,t’. We use the notation e,(i) = t € Dy, e3(i) = t' ¢ Ds. Let X be the set of column
indices associated with the cycle of Dy.

Lemma 22.

(a) B, o Ds if and only if |{i € Xs: ex(i) € B, }| is even.

(b) Over the random choices, e3(i),i € Dy, s = 1,2,...,m, P(B, o Dg,s = 1,2,...,m) ~
1/2m,

(c) Suppose that' Y C [r] is arbitrary. Then P(B,1 | Biyi € Y, =B;,i ¢ Y) ~ P(B,11). Le.
the occurrence of B,y1 is asymptotically independent of the occurrence or non-occurrence
of the events in By, Bs, ..., B,.

Proof. (a) Suppose the vertices of the cycle of D; are labelled 1, ..., ¢, with edges (1, 2), ..., ({—
1,0),(¢,1). Let (i,7 4+ 1) be such an edge, where i,7 + 1 € Dy and thus i + 1 = e;(¢). Then
let x; = 1if e5(i) € B,. We introduce variables y;, z;,4 = 1,2, ..., ¢ and these will be used to
define the index set of rows J, g, if this is possible. We interpret y; = 1 to mean i € J, ; and
z; = 1 to mean that e, (i) € J, 5. For B, U J, to be a dependency we need x; +y; + 2, =0

fori =1,2,...,¢. For consistency we need ;.1 = z; for i = 1,2,...,¢ where y,.; = y;. This
leads to the equations y; + ;4.1 = x;,7 = 1,2,..., . These equations are feasible if and only
if

T+ T+ +xp=0. (65)

If (65) holds there are exactly two possible choices for the y;. Choosing an arbitrary value
in {0, 1} for y;, determines y;,7 = 2,...,¢ and thus J,., = {i : y; = 1}.
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Figure 1: Example: Cycle (1,2,3,4) with labelling. The edges (7, e;(i)) are drawn solid,
and edges (i, e5(i)) dashed.

We deal with the attached trees by working backwards from the cycle to the leaves. Suppose
that vertex 7 is not in the cycle and that the values x;,y;, z; have been determined for its
parent j its tree. We are forced to take z; = y; and then y; is determined from x; +y; +2; = 0.
Each time we find that y; = 1, we add ¢ to J, ;.

(b) This follows from the fact that | B;| ~ n/2 and |L| = o(n'/?) and ey (3) is chosen randomly
from a set of size n —w. Furthermore, the values e(i),7 € Dy, are independent of the choices
(i), € Dy, if 51 # s9.

(c) Let I = (Py, Py, . .., Por) be the partition of [n— L] induced by By, Bs, . .., B, as described
in Section 6. Each part of the partition contains ~ n/2" rows. The occurrence of B;,i €
Y,—=B,,i ¢ Y is determined by the the allocation of the es(i) into each part. As such, if es(7)
lies in some part P, 1 <t < 2" then it is distributed uniformly over P;. Each part of I, is
split into two asymptotically equal parts by B,.,;. In one “half” we will x; = 0 and in the

other “half” we will have x; = 1, where z; is computed with respect to B, ;. It follows that
(65) holds with probability ~ 1/2. O

Lemma 22(b) implies that P(B,) ~ 1/2™ and then (c) implies that the probability P*(j, k, m)
of 7 sets surviving out of k£ is asymptotic to

- () (2 (-2
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8 Further comments: Rank over GF(t), and GF(2) for
r>2,s =2,3: Proof of Theorem 3

8.1 Rank over GF(2) for r > 2,5 =2,3
Case r = 2,s = 2. An n x 2n matrix of this type has even column sum and row rank
n*=n—1w.h.p.

Borrowing from [9] Theorem 16.5, for r = 1, the expected number of fundamental zero-sum
sets of size ¢ is

n =1\ /n—1-—0\"" : 1
— | l—k—1 @_
ox= () (1) (520) e e e

= (1),

-2

i

As the last sum tends to e‘/2 we have EX, < 1/(. If L is zero-sum, so is [n] — L. For r = 2
the total expected number of /-dependencies, 2 < ¢ < n — 2 is at most

Fon () ~E(5) - o(2)

Case r = 2,s = 3. It follows from the proofs that an n x 2n matrix of this type has full
row rank w.h.p.; as the ’second matrix’ cancels the constant number of dependencies in the
first (if any).

8.2 Rank over GF(t), t > 2: Proof of Theorem 4

The proof of Theorem 4 is greatly simplified by the w.h.p. lack of large dependencies.

Case I: The sum of all rows. Let W(M) be an indicator that Y ", 7; = 0, i.e.that the
rows of M sum to zero. Then with arithmetic over GF(t),

EW — (> fifieia)” . Model 1,2
a (Zi+j+k:0 fzfyfk) Model 3

Thus unless t = 3 and f; =1 (Model 1), EW — 0 as n — oc.
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Case II: The sum of ¢ rows. Let L be a set of row indices of size ¢. For a given column
1 where i € L, for the rows of L to be dependent, one of two events must occur. Either
there is a unique random entry in the rows of L which cancels the entry M;; in row i (Model
2, v = fi—1; Model 3, v = >_ fifi—i). Or there are 3 entries in the column which sum to
zero (Model 2, a = > fifi—i—1; Model 3, a = Ziﬂ.%:o fififx). For a column i, where
i € [n] — L there must either be no random entries, or two random entries adding to zero,
with probability 5 = >" f;fi—;. Thus

w\ (6 (-t AN (LN e
o (1) (=5 (5) () () (%)) - o
l n n n n n
The sum of ¢ rows, ¢ < w.
From (67) above, using the methods of Section 2 we find EY is given by

(22'@46—24

EY, ~

Extracting the moments of the fundamental dependencies Z from EY; as in Section 2 gives
¢, as given by (5).

The sum of ¢ rows, w < { = o(n).
As 3,7 <1 then Y EX,., — 0. This follows by comparison with the analysis in Section 3.

The sum of ¢ rows, { = cn.
Let ¢ = cn, then

EX., —0(1) ((27(:(1 _ci) + ac?)° (gcdr_(lc)_(lc_)c)) -c>

=0(1) (DG)".

We prove that, provided 1 > 2y > «, then D(c¢) < 1, G(c¢) < 1 for ¢ € (0,1), and thus
EX,., — 0.

Firstly D(0) = 2y < 1, and D(¢) = 27 — (27 — a)c which is monotone decreasing in c.
Secondly G(0) =1, G(1) = 1,and G'(c) =0at c=1£/B/(B+1). Letc=1—+/B8/(B + 1),
then G(¢) =2v/B(B+1) —28. As 2y/B(B+1) — 208 < 1, G(c) is a minimum at ¢.
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9 Appendix A. Converting between the with and with-
out replacement models

9.1 EY, for ¢ small.

Regarding (70), let

(525 (W) )

Then
(Y ()
i ! - _ n—{
; ((”i”?) (1 - 3(;+§3zt£€)22> |
However <(n ﬁ21>2)" = (14 0(1/n))e, -
and for £ = o(n)
. (1 ) 3(; :Qf—gf)_? 2>H = (1+0(¢/n))e”?, (69)

which proves equivalence as A ~ 1.

EX, for ¢ large. Note from (69) that B is less than one for any feasible ¢, and if ¢ =
(n/2)(1 +o(1) then B = (1+ O(1/n))e 2. Also for any ¢ — oo,

(€ —1)" = ()" <€_71) = (1+0(1/0) ().

E(X); for ¢ ~n/2. Referring to (24), in the with-replacement model we have

d(h.k) =[] (2 2 %%) hm (Z (%)2>h

2#£0 {u,v} u

utv=x
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The equivalent to ®(h, k) in the without-replacement model is

B haho  (ha — 1)ho (ho — 1), (ha)s \ )
v =112 2 G, <(n—1)2+z<(”—1)2)>
wh0 \ | tepzo o
n? \" ho  \'™® S P A 20 — 2\ ™
~et0) (57 g(“zm) (- =)
—®(h,k) - C.

As hy = (1+0(1))n/2%, and (1 — ho/ 3 hyhy)'= ~ e=2/2" we have

H 1— ho he ~ (6—2/2k)2’c—1 — o 2H1/2H!
>~ huhe ’

x#0

h n/2k
2N n

Combining this with (68) gives

and

— k—1 _1_ k—1
O~ @3 2T1/2871 112kt

9.2 Without replacement

Let S = {2 < /¢ < w} where w — oo slowly with n. For ¢ € S, let Y;(M) be the number of
index sets of zero-sum rows of size ¢ in M. Similarly to (7)

o) (25 (W) () o

Assuming that ¢ = o(y/n) then

2(0 —1))*

ee-br 7 ) e (1 4 o(1)).

If L is zero-sum then the sub-matrix M ;, is the incidence matrix of a random functional
digraph Dy with no fixed points, in which case there are ¢ — 1 off-diagonal entries in any
column of My, 1, and we exclude cycles of size one. The probability that the underlying graph

of Dy is connected is

EY, =

(1) 2
P(D;, connected) = ( ) Z —.
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