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Abstract

We consider the following question. We are given a dense digraph Dg with minimum in- and out-degree
at least an, where a > 0 is a constant. We then add random edges R to Dy to create a digraph D. Here
an edge e is placed independently into R with probability n™¢ where € > 0 is a small positive constant.
The edges E(D) of D are given independent edge costs C' = C(e),e € E(D), where C has a density
f(z) = a+bx+o(x) as ¢ — 0. Here a > 0,b are constants. The prime examples will be the uniform
[0, 1] distribution (@ = 1,b = 0) and the exponential mean 1 distribution EXP(1) (a = 1,b = —1). Let
C(i,7),1,7 € [n] be the associated n x n cost matrix where C(i,j) = oo if (i,5) ¢ E(D). We show that
w.h.p. the patching algorithm of Karp finds a tour for the asymmetric traveling salesperson problem
whose cost is asymptotically equal to the cost of the associated assignment problem. Karp’s algorithm
runs in polynomial time.

1 Introduction

Let D(«, n) be the set of digraphs with vertex set [n] = {1,2,...,n} and with minimum in- and out-degree at
least an. We are given a digraph Dy € D(a,n) and then we add random edges R to Dy to create a digraph D.
Here an edge e is placed independently into R with probability n~° where € > 0 is a small positive constant.
The edges E(D) of D are given independent edge costs C(e),e € E(D), with a density f(z) where

f(z) =a+bx+o(x) as z — 0. (1)

Here a > 0,b are constants. The prime examples will be the uniform [0, 1] distribution (¢ = 1,b = 0) and
the exponential mean 1 distribution EXP(1) (a = 1,b = —1). Let C(i,7),7,5 € [n] be the associated n x n
cost matrix where C(i,j) = oo if (i,j) ¢ E(D). Here we are interested in using the relationship between the
Assignment Problem (AP) and the Asymmetric Traveling Salesperson Problem (ATSP) associated with the
cost matrix C(i,7),1,7 € [n] to find a tour whose cost V(AT SP) satisfies v(AP) < v(ATSP) < v(ATSP) <
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(1 +0(1))v(AP) w.h.p., where v(e) denotes the optimal cost. We say that the output of the algorithm is
asymptotically optimal i.e. it produces a tour whose cost is at most (1 4+ o(1)) times optimal

The problem AP is that of computing the minimum cost perfect matching in the complete bipartite graph
K, , when edge (i,7) is given a cost C(i,7). Equivalently, when translated to the complete digraph K, it
becomes the problem of finding the minimum cost collection of vertex disjoint directed cycles that cover all
vertices. (Here it is simplest to think of loops as cycles of length 1.) The problem ATSP is that of finding a
single cycle of minimum cost that covers all vertices. As such it is always the case that v(ATSP) > v(AP).
Karp [27] considered the case where D = K,. He showed that if the cost matrix is comprised of independent
copies of the uniform [0, 1] random variable U(1) then w.h.p. v(AT'SP) = (1+o(1))v(AP). He proves this by
the analysis of a patching algorithm (see below). Karp’s result has been refined in [I7], [22] and [2§].

Karp’s Patching Algorithm: First solve the AP to obtain a minimum cost perfect matching M and let
Ay = {C1,Cy, ..., Cy} be the associated collection of vertex disjoint cycles covering [n]. Then patch two of
the cycles together, as explained in the next paragraph. Repeat until there is one cycle.

A pair e = (z,y), f = (u,v) of edges in different cycles Cy, Cy are said to be a patching pair if the edges €/ =
(u,y), f' = (x,v) both exist. In which case we can replace C}, Cy by a single cycle (C; UCyU{e’, f'})\ {e, f}.
The edges e, f are chosen to minimise the increase in cost of the set of cycles.

Theorem 1. Suppose that Dy € D(a,n), a > 0 where « is constant. Suppose that D is created by adding
random edges R to Dy and that each edge of D is given an independent cost drawn from distribution . An
edge e ¢ E(Dy) is placed independently into R with probability n=¢ where ¢ > 0 is a sufficiently small positive
constant. Then w.h.p. v(ATSP) = (14 o(1))v(AP) and Karp’s patching algorithm finds a tour (Hamilton
cycle) in polynomial time whose cost V(ATSP) = (1 + o(1))v(AP) w.h.p.

For the moment assume that C' is distributed as EX P(1) i.e P(X > x) = e~®. We will discuss more general
distributions in Section [l

This model for instances of the ATSP arises in the following context: Karp’s heuristic is well understood for
the case of the complete digraph with random weights. If we want to understand its performance on other
digraphs then we must be sure that the class of digraphs we consider is Hamiltonian w.h.p. The class of
digraphs D(a,n) is a good candidate, but we can only guarantee Hamiltonicity if « > 1/2. If we want to
allow arbitrary « then the most natural thing to do is add o(n?) random edges, as we have done.

It is often the case that adding some randomness to a combinatorial structure can lead to significant positive
change. Perhaps the most important example of this and the inspiration for a lot of what has followed, is the
seminal result of Spielman and Teng [39] on the performance of the simplex algorithm, see also Vershynin
[41] and Dadush and Huiberts [12].

Spielman and Teng [39] inspired the following model of Bohman, Frieze and Martin [§]. They consider adding
random edges to an arbitrary member G of G(«). Here « is a positive constant and G(«) is the set of graphs
with vertex set [n] and minimum degree at least an. They show that adding O(n) random edges to G is
enough to create a Hamilton cycle w.h.p. This is in contrast to the approximately %nlogn edges needed if

we rely only on the random edges. Research on this model and its variations has been quite substantial, see
for example @], [5], [6], [7], [9], 0], [13], [16], 23], 301, [311, [32], [6], [37, [38], [0].

Notation Let G denote the bipartite graph with vertex partition A = {ay, as,...,a,}, B ={b1,bs,...,b,}
and an edge {a;,b;} for every directed edge (i,j) € E(D). A matching M of G induces a collection Ay, of
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vertex disjoint paths and cycles in D and vice-versa. If the matching is perfect, then there are only cycles.

The proof requires a number of definitions of values, graphs, digraphs and trees. It might be helpful to the
reader if we list them along with their definitions. See Appendix A.

2 Proof of Theorem [1]

We begin by analyzing the solution to the AP on the graph G. (We slightly relax the definition of AP to that
of finding a minimum cost perfect matching on a bipartite graph.) We prove the following;:

Lemma 2. W.h.p. the optimal solution to the AP contains only edges of cost C(i,j) < v, = n~(17%),

(We note that this lemma implies that only O(n'*¢) of the added edges play a role in the algorithm.)

Lemma 3. W.h.p. after solving the AP, the number v of cycles is at most rologn where 1o = n'=%.

Bounding the number of cycles has been the most difficult task. Karp proved that the number of cycles is
O(logn) w.h.p. when we are dealing with the complete digraph K,, with independent uniform [0, 1] costs.
Karp’s proof is very clean but it relies on the key insight that in this case the optimal assignment comes from
a uniform random permutation. This seems unlikely to be true in our case and this requires building a proof
from scratch.

Given Lemmas [2] [3| the proof is straightforward. We can begin by temporarily replacing costs C'(e) > 7,
by infinite costs before we solve the AP. Lemma [2| implies that w.h.p. we get the same optimal assignment
as we would without the cost changes. Having solved the AP, the memoryless property of the exponential
distribution, implies that the unused edges in F(D) of cost greater than =, have a cost which is distributed
as v, + EXP(1).

Let C = C4,Cy,...,Cy be a cycle cover and let k; = |C;| where ky < ky < -+ < ky, 2 <l <rglogn. (There is
nothing more to do if £ = 1.) Different edges in C; give rise to disjoint patching pairs. We ignore the saving
associated with deleting the edges e, f of the cycles and only look at the extra cost C'(e') + C(f’) incurred.
We will also only consider the random edges R when looking for a patch. The number of possible patching
pairs 7 satisfies

WcZZkzk]:%<n —Zk2>

i<j

l(n—1)

—((n—L+1+0-1)) > 5
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Each of these 7 pairs uses a disjoint set of edges. We define the sets
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Each edge of E ( ») \ E(Dy) appears in R, with probability at least p, = n <W) , independent of

other edges. (The factor n=¢ accounts for being included in the random set R. Then if C(e) > =, we use

the memoryless property to get the second factor.) Let & be the event that at some stage in the patching



process, |C| = ¢ and that there is no patch using only edges in Ry. If & does not occur then we reduce the
number of cycles by at least one. We have
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= o(1).

W.h.p. the patches involved in these cases add at most the following to the cost of the assignment:

rologn

1 o\ 2

Given the last equality and the fact that w.h.p. v(AP) > (1 — 0(1))¢(2) > 1 where ((2) = Y 7o, k™2, we see
that Karp’s patching heuristic is asymptotically optimal. The lower bound of (1 — 0(1))((2) on v(AP) comes
from [3].

3 Proof of Lemma [2

We show that w.h.p. for any pair of vertices a € A,b € B and any perfect matching M between A and B
that there is an M-alternating path from a to b that only uses at most 10/ non-M edges, each of cost at
most £7,/10. (A path is M-alternating if its edges alternate between being in M and not being in M.) So the
difference in cost between added and deleted edges is at most 7,,. We need to prove a slightly more general
version where r > r( replaces n, see Lemma [6]

The idea of the proof is based on the fact that w.h.p. the sub-digraph induced by edges of low cost is a good
expander. There is therefore a low cost path between every pair of vertices. Such a path can be used to
replace an expensive edge.

Chernoff Bounds: We use the following inequalities associated with the Binomial random variable Bin(N, p).

P(Bin(N,p) < (1 —0)Np) < e~ " Nv/2,

P(Bin(N,p) > (1+0)Np) < e " Ne/3  for0<f<1.
e YNp
P(Bin(N,p) = vNp) < (—) for v > 1.
gl

Proofs of these inequalities are readily accessible, see for example [21]. We have the same bounds for the
Hypergeometric distribution with mean Np. This follows from Theorem 4 of Hoeffding [24].

Assume now that ay, ag, . . ., a, is a random permutation of A and similarly for B. We let A, = {aq,as, ..., a,}
and B, = {by,by,...,b.}. Welet G, = (A, U B,, E,) denote the subgraph of G induced by A, U B,.

Lemma 4. If r > ry then with probability 1 — o(n™'), (i) G, has minimum degree at least ayr where ag =
(1 —o(1))a and (ii) G, is connected and (iii) G, contains a perfect matching.



Proof. G, is the union of two bipartite graphs, I'g, I'y where I'y comes from Dy and I'y comes from R. The
degree of a vertex in 'y has a hypergeometric distribution with mean r« and so the minimum degree condition
follows from the Chernoff bounds above. If m, p satisfy p = m/2n* = n=¢/2 then the Chernoff bounds imply
that adding edges to Dy with probability p will add fewer than m random edges w.h.p. On the other hand
Frieze [19] showed that w.h.p. K, ,, has a Hamilton cycle. For p as large as given, this can easily be shown
to be 1 —o(n™1) if 7 > ry. This is because the probability there is no Hamilton cycle in K, ,, is of the same
order as the probability that there is an isolated vertex. And this is at most 2r(1 —p)" < 2ne """ = o(n~1).
This verfies connectivity and the existence of a perfect matching. O]

We let AP, denote the problem of finding a minimum weight perfect matching between A, and B,. Let
M, = {(a;,¢(a;)) : 1 =1,2,...,r} denote the optimal solution to AP,.

For a set S C A, we let
No(S) = {bj € B, : Ja; € S such that (a;,b;) € R and C(4,j) < §, = %} where ~, = r~(1729),
Lemma 5. If r > 1y then the following holds q.sY]

Ny()| > &1

Z ~ 1 forall S C A,,1<|S| <rl e (3)

Proof. For a fixed S C A,, s = |S| > 1 we have that | Ny(5)| is distributed as Bin(r, ¢s) in distribution, where
l—go=(1—n"*+n"*e ) <(1-4n°p,)" It follows that ¢, > n~°8,s/3 for s < r'~¢ and so rq, > %.
Let vy = er*/?s Then, using the Chernoff bounds, we have

40 -
,',,1—5 7.1—25 ,,.1—25
P-@) <Y (B <v) < S (TE) e Z N (T8 e L o)
(_‘)—Z s ( Zn(r7QS)—VS)_ Z p € = Z . e =e .
s=1 s=1 s=1

]

We let G, denote a digraph with vertex set A, U B,.. The edges of G, consists of M, = {<b¢>(a¢)7 a;) i€ [r]}
directed from B, to A, and edges D, = {(ai,b;) : (i,7) € D,j # ¢(i)} directed from A, to B,. The edge
(bg(a,), ai) of M, is given cost —C/(i,$(i)) for i € [r]. The edge (as,b;) of D, is given cost C(i,). Paths in G,
are alternating in the sense that ignoring orientation, they alternate between being in M, and not being in
M..

Lemma 6. The following holds q.s.: assume that v > ro. Then for all a € A,.,b € B,, G, contains an
alternating path from a to b of total cost less than ~,.

Proof. Fix a = ay,b = by and let an alternating path P = (a1 = 1,41, .., Ys—1, Tk, Y& = b1) be acceptable if
C(ziy:) < Bryi=1,2,..., k. Now consider the sequence of sets Sy = {a1},51,52,... C A, T1,Ts,... C B,
defined as follows:

T, = Ny (Uj<i Sj> and S; = ¢~ 1(T;). Tt follows from ([3)) that w.h.p.

ere\" ere\ "
A =T > [ — | — ) <rlE
1S ]l\_<40> as long as (40) <r

)

LA sequence of events A, holds quite surely (q.s.) if P(=A,) = o(r=%) as r — oo for any constant K > 0
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So define 7 to be the smallest integer ¢ such that (%)i > r17¢. Note that ig < 2/e. Thus w.h.p. |S;,| > r'~=.
Replace S;, by a subset of S;, of size 7'~ and then after this, we have that w.h.p. |S;11]| > 5.

For a set T' C B, we let
No(T) = {a; € 4, : db; € T such that (a;,0;) € E(D) and C(i,7) < ,}.

We then define Ty = {0} 71, T, .., g1 © B, 51,52, Sigu1 C A, by 8 = N (Uy<zj\}> and T, = ¢(S;)
and argue as above that |[T},41| > 5 with probability 1 — o—Qere/?).
For S g AryT g Br let
Er(S,T)={a; € S,b; €T :(i,5) € R,C(i,j) < B, }.
Then,

er 627“2 1+42e
P(EISCAT,TCBT:S,T>—,E S.T) = ><22r SR G (RS
c C By |S||T| = 150 Er(S,T) =) < exp{ 1600r12€} e

A~

It follows that with the claimed probability there will be an edge in Fr(Si,+1,Ti,+1) and we have found an
alternating path of length at most 2iy + 3 using edges of cost at most 3, and this completes the proof of
Lemma [6] O

Corollary 7. No edge of M, has cost more than 7, q.s.

Proof. Suppose e = {a;,b;} € M, and C(e) > ~,. It follows from Lemma |§] that there is an alternating path
P = (a1,...,b;) of cost at most 7,. But then deleting e and the M,-edges of P and adding the non-M, edges
of P to M, creates a matching from A, to B, of lower cost than M,, contradiction. O

4 Proof of Lemma [3

Here is an inital outline of the proof strategy.

1. We analyse the sequential shortest path algorithm for solving the assignment problem. By this, we mean
that given M,., we obtain M, ,; by solving a shortest path problem. A shortest path here corresponds
to a least cost augmenting path that increases the matching cost by the minimum.

2. We make the edge lengths non-negative so that we can use Dijkstra’s algorithm.

3. We estimate the number of short cycles created in this process. We bound the number of short cycles
only, as there cannot be many vertex disjoint long cycles.

4.1 Linear programming formulation of AP

For the remainder of the proof, assume that r > ry. We consider the linear program L£P, that underlies the
assignment problem and its dual D,. We obtain M, from M, via a shortest augmenting path P, and we
examine the expected number of short cycles created by this path. A simple accounting then proves Lemma
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Let LP, be the linear program

Minimise Z C(1,7)x;; subject to wa—l i€ wa—l jer], x;; > 0.

1,J€[r] JE[r] 1€[r]

The linear program D, dual to LP, is given by:

Maximise Zuz + Zvj subject to u; +v; < C(i,7),4,j € [r].

i=1 j=1

4.1.1 Trees and bases

An optimal basis of LP, can be represented by a spanning tree T, of (G, that contains the perfect matching
M,., see for example Ahuja, Magnanti and Orlin [I], Chapter 11. We have that for every optimal basis T},

C(i,j) = u; +v; for (a;,b;) € E(T}) (4)

and

C(Z,j) > u; + Uy for (ai,bj) ¢ E(TT) (5)
Note that replacing u; by u; = u; — A\,i = 1,2,...,r and v; by v; = v; + A\,i = 1,2,...,r for any A has no
afffect on these constraints. We say that u,v and u, v are equivalent. It follows that we can always fix the
value of one component of u,v.

For a fixed tree T' and u,v let C(T,u,v) denote the set of cost matrices C' such that the edges of T satisfy
. The following lemma implies that the space of cost matrices (essentially) partitions into sets defined by
T,u,v. As such, we can prove Lemma [3| by showing that there are few cycles for almost all u,v and spanning

trees satisfying (4)), (7).

Lemma 8. (a) Given u,v, if T, Ty are distinct spanning trees of G, then C(11,u, v)NC(Ts, u,v) has measure
zero, given u,v.
(b) If uy = v} = 0 and (u,v) # (0, V') then for any spanning tree T of G,, we have that C(T,u,v) N
C(T,u',v')=10.

Proof. (a) Suppose that C' € C(T1,u,v) N C(Tz,u,v). We root 11,75 at a; and let u; = 0. The equations
imply that for ¢ € [r], u; is the alternating sum and difference of costs on the path P, from a; to a; in
Ty. So, unless P;; = P, for all ¢, there will be an additional non-trivial linear combination of the C(i, j) that
equals zero. This has probability zero.

(b) There is a 1-1 correspondence between the costs of the tree edges and u, v. ]

The next goal is to show that w.h.p. we can choose optimal dual variables of absolute value at most 2v, =
2r=(1=2)_ Let € be the event that we can choose |u;], |[v;| < 2y, for all i, j.

Lemma 9. £ holds q.s.

Proof. Let & be the event described in Lemma@ Fix a;,b; and let P = (a;,,bj,, ..., a;,b;, ) be the alternating
path from a; to b; promised by &. Then, using and , we have

k—1

k k—1
= Z C(ir, i) — Z Clirgr, Ji) > Z (wi, +vy) Z(Uml, Vi) = Ui + ;. (6)
I=1 I=1 I=1

=1
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Fix u, = 0 for some s. For each ¢ € [r] there is some j € [r] such that u; +v; = C(4,j). This is because
of the fact that a; meets at least one edge of 7" and we assume that holds. We also know that from @
occurs that uy +v; <, for all i’ # ¢. It follows that u; — uy > C(i,5) — v > —, for all ' # . Since i is
arbitrary, we deduce that |u; — uy| <, for all 4,47" € [r]. Since u, = 0, this implies that |u;| < ~, for i € [r].
We deduce by a similar argument that |v; —v;| <+, for all j, 7" € [r]. Now because for the optimal matching
edges {a;,by(i)) } » 1 € [r] we have u; + vy = C(i, ¢(i)) < 7, we see that |vj| < 27, for j € [r]. O

Corollary [7] bounds the cost of the edges in M,.. The next lemma proves the same bound for the costs of the
other edges in T;.

Lemma 10. C(e) <, ¢.s. foralle € T,.

Proof. We condition on the values u,v. Suppose there is an edge e = (a;, b;) € T,.\ M, such that C(7,7) > 7.
Suppose we replace C(e) by 7, and resolve AP. Corollary [7/implies that the matching will be unchanged. The
optimal tree might change to 7). Now the values u,v are obtained from u; by taking the paths in T}, 7; and
alternately adding and subtracting the edges in paths. Because the costs (and maybe the tree) has changed
there will be a non-trivial sum of positive and negative costs that sum to zero or one that sums to .. Both
events have probability 0. [

The next two lemmas help us to understand the structure of the tree 7,. Fix M, and let GF = G%(u,v) be
the subgraph of G, induced by the edges (a;,b;) for which u; + v; > 0. We first show that T, is a uniform
random spanning tree of G, containing M,.

Let 7,(u,v) denote the set of spanning trees of G(u,v) that contain the edges of M,. This is non-empty
because T, € T.(u,v). Let f(u,v) denote the joint density of u, v then

Lemma 11. IfT € 7,(u,v) then

P(T, =T |uv)fuv)= J[ ™™, (7)

(ai 7bj ) GG;S (Ll,V)

which is independent of T'.

Proof. Fixing u,v and T, fixes the lengths of the edges in T,.. If (a;,b;) ¢ E(T,) then P(C(i,j) > u; + v;) =
e~ ite) " where 27 = max {x,0}. If (a;,b;) € E(T,) then the density of C(i,j) is e~ (*+%). So,

PO =T uvfuv)= [ e’ [[ e®m= [[ e ()
(ai,b5)¢E(T) (as,b;)€E(T) (ai,b;)€G(u,v)

]

Thus
T, is a uniform random member of 7,(u,v). (9)

This property is key for the proof. It also explains why we need to modify costs when they are not EX P(1).
Equation does not hold for more general distributions of cost.

We need the following simple graph theoretic lemma:



Lemma 12. Let v be a vertex of degree d in a graph G. Let T be a spanning tree of G maximum degree A
and let p < d be a postive integer. Then T contains at least |d/APT] edge disjoint paths P = (vq,...,v,)
such that (i) {v,v,} € E(G) and (i1) P constitutes the last p edges in the path from v to v,. We refer to these
paths as useful paths.

Proof. We prove this by induction on d, with d = A” as the base case. If d > A” then we iteratively remove
leaves of T' that are not adjacent to v in G. We then choose a leaf w at maximal distance from v. Let the

path from v to w be v = xg, 21, ..., 2, = w. Deleting the edges of the tree rooted at x,_,_; after removing
the edge {zp—,—1, 7k, } yields a tree with at least d — AP*! vertices and at least d/APT! — 1 paths of length
p- O]

The next lemma will show that G} has a large minimum degree. We use this to show that there are many
non-basic variables with small reduced costs. It is not obvious at the moment, but this makes it unlikely that
the shortest augmenting path with respect to M, creates a short cycle.

We need to know that w.h.p. the minimum in- and out-degree in G is high. We fix a tree T and condition
onT, =T. Fori=1,2,...;r,let L; . = {j:(:,j) € E(G")} and let L;_ = {i: (i,j) € E(GT)}. Then for
i=1,2,...,7 let A;; be the event that |L; | < r'"''¢ and let A; _ be the event that |L; | < r'~!e

Lemma 13. Fiz a spanning tree T of G that contains M,. Let € be as in Lemmal[9 Then

PEi:(AisVA_)INE|T. =T)=0(1/r).

Proof. We can assume as in Lemmal[J that C(¢, j) = ui4v; < 4y, for (a;,b;) € T. Let Y = {C(i,J) : (a;,b;) € E(T)
and let 6;(Y") be the indicator for A, A E. Let B be the event that (5] holds. Now Y determines u,v and B
determines that 7" is an optimal basis tree. We fix us = 0 and write,

~ [a(WPB|Y)dY

IED(-ASHr NE | B) - f]P)(B | Y)dY (1())

Then we note that since (a;,b;) ¢ Fr U E(T) satisfies the condition (),

P(B|Y) =[] (P(C(,j) > (uw(Y) +v;(Y)"))
(ai,bj)
= e_W, (11)

where W =W (Y) =3, (wi(Y) +v;(Y)) "

We first observe that McDiarmid’s inequality implies that

W — V)| 2 1) < 2050 { -1 - (12)

To see this, we view the random variable W as a function of 2r — 1 random variables, each independently
distributed as EX P(1) conditioned on being at most 4+,. (The variables are the costs of the tree edges.) If
we change the value of one variable then we change W by at most 4r7,. To see this, suppose that in this
change the cost of edge e = {a;,,b;,} goes from C(e) to C(e) + n,|n| < 2v,. The effect on u,v, under the
assumption under the assumption that w;, does not change is as follows: (i) v; - v; + 7 for all j € [n] and
(ii) u; <= u; —n for all i € [n] \ {i1}. So, u; + v; changes only for i = i;.



Then we have, using Holder’s inequality with p = n3/4, that

/ S(Y)P(B|Y)dY = / e 6 (Y)dY

Y

(p—=1)/p 1/p
< (/ e~ PW/(p—1) dY) (/ 51(y)p dY)
Y Yy

(r—1)/p 1/p
— o EW) (/ e PW=EW))/(p—1) dy) (/ 5 (Y)P dY) ) (13)
v Y

/ P(B|Y)dY = e EW) / e W-EW) gy (14)
Y

Y

We also have

Putting t = n*? in (12), we see that if Q; = {Y : |[W — E(W)| < n*3} then Y € O w.h.p. Conditioning on
Y € Oy we have that since p = n** then

/ o~ P(W=E(W)/(0-1) gy / o~ (W-E(W)) gy
Ye

Ye

Combining this with , and we see that
P(A s ANE|B) SP(A L AE)YP ~ (A, | E)VP. (15)

Due to equation , for the remainder of this proof, we will now only take our edges to be selected conditioned
on & holding and that the C(¢, ) for (a;,b;) € T satisfy C' < «,. Denote this conditioning by F.

Fix j and let P; = (i1 = s,J1,%2,j2,---,,Jx = j) define the path from a, to b; in T. Then it follows
from that vj, = v;,_, — C(i;,Ji—1) + C(i,51)). Thus v; is the final value Sy of a random walk S; =
Xo+ X1+ -+ X,,t =0,1,...,k, where Xg > 0 and each X;,t > 1 is the difference between two copies
of C subject only to F. Assume for the moment that £ > 5 and let v = w;,_, € [—2v,,27,]. Given x
we see that there is some positive probability py = po(z) = P(z + Xg—2 + X1 + C(ig, Jk) > 0 | F). Let
no = min{z > —2v, : po(z)} > 0.

The number of edges in G of cost at most 7, incident with a fixed vertex is dominated by Bin(r,~,) and so
w.h.p. the maximum degree of the trees we consider can be bounded by 2%, So the number of vertices in
T at distance at most 5 from a, in T is O(r'%). This will justify assuming k& > 5 in the context of the next
claim. Lemma (12| with p = 5 and d = an implies that there are Q(r'~'%) choices of b; giving rise to edge
disjoint useful paths. We know that each such j belongs to L;  with probability at least n, conditional on &,
but conditionally independent of the other useful j’s. Using equation and the Chernoff bounds we see
that for some constant A > 0,

P(A, 4 AE | B) SP(AFTI% ) < Aprl=10/2) < o0,
It follows that by taking the union bound over i € [r] and +,-, we have
P(Ji: (AipVA)ANE| T, =T) < o(1/r?) 4 2re /) = o(1/1?).

Taking the union bound over choices of s < r and +, — proves the lemma. n

So, from now on we assume that £ occurs and that A, + does not occur for any s =1,2,...,r.
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4.2 Construction of the augmenting path

As previously mentioned, we will go from M, to M, ; by solving a shortest path problem. We let G, be the
orientation of G, with edges oriented from A, ; to B, 1 except for the edges of M, which are oriented from
B, to A,. The forward edges (a;,b;) ¢ M, are given their costs C(i, 7). The backward edges in (a;,b;) € M,
are given costs —C/(4, j). This reflects the idea that traversing a forward edge means adding it and traversing
a backward edge means deleting it from the matching. We obtain M, from M, by finding a minimum cost
(augmenting) path P, = (x1 = a41,Y1, %2, - -, To, Yo = bpy1) from a, 41 to b4 in G,. As defined so far, the
backward edges have a negative cost. In order to use Dijkstra’s algorithm, we must modify the costs so that
they become non-negative.

We let

Upyr = min {C(r+1,7) —v;(T}) : j € [r]} and
Vpp1 =min{C(r +1,r+ 1) — upyq, min {C(i, 7 + 1) — uy(T,.) =i € [r]}}. (16)

We use costs a(i,j) = C(i,§) — u; — v in our search for a shortest augmenting path. Our choice of w11, v, 11
and , implies that C (7,7) > 0 and that matching edges have cost zero. This idea for making edge costs
non-negative is well known, see for example Kleinberg and Tardos [29]. The C cost of a path P from a,,; to
by41 € B differs from its C' cost by —(u,41 + vr41), independent of P.

We now introduce some conditioning C. We fix M, = {(ai, byy), i =1,2,... ,7"} and assume that u,v e U =
{u;, v; « |ug], |v;] <27} and that for all i, neither A; . nor A; _ of Lemma [L3| hold. The constraints (4)),

on the C(i, j) become that
C(i,¢(i)) = u; +vg fori=1,2,...,r (17)
C(t,7) > u; + vj, otherwise.

Note that with this conditioning, the tree T, of basic variables is not completely determined. The tree T, will
not be exposed all at once, but we will expose it as necessary. We also define some extra conditioning C+
that will only be needed in Section when we deal with non-basic edges. Not only will we fix M,., but
we will also fix T, and u,v € U.

4.3 Dijkstra’s algorithm

We let IT'* = I'*(u, v) denote the (multi)graph obtained from G* by contracting the edges of M, and let T, be
the tree obtained from 7). by contracting these edges. We have to consider multigraphs because we may find
that (a;, #(a;)) and (a;, ¢(a;)) are both edges of G (u,v). Of course, T, can only contain at most one of such
a pair. It follows from @D that given u,v, ﬁ is a uniform random spanning tree of I';.

We use Dijkstra’s algorithm to find the shortest augmenting path from a, 41 to b, in the digraph G,. Because

each b; € B, has a unique out-neighbor ay-1(;y and C'(b;, ay-1(j)) = 0, we can think of the Dijkstra algorithm
as operating on a digraph T, with vertex set A,41. The edges of [, are derived from paths (a;, #(aj),a;) in
G,. (We are just contracting the edges of M,.) The cost of this edge will be 6(@',3’) which is the cost of the
path (a;, ¢(a;),a;) in G,. Given an alternating path P = (@i, bj,, @iy, . . . a;,) where ¢(a;,) = b;, for t > 2

there is a corresponding 1(P) = (a;,, @iz, .- ., a;,) of the same length in G,.

The Dijkstra algorithm applied to éT produces a sequence of values 0 = dy < dy < --- < d,y1. The d;
are the costs of shortest paths. Suppose that after k rounds we have a set of vertices Sj for which we have
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found a shortest path of length d; to a; € Sy and that d; for a; ¢ Sy is our current estimate for the cost of a
shortest path from a,; to a;. The algorithm chooses a;= ¢ Sy to add to Sy to create Syy1. Here [* minimises
d; + C’(z l) over a; € Sk, a; ¢ Sk. Tt then updates the d;,a; ¢ Sky1 appropriately. In this way, the Dijkstra
algorithm builds up a tree DT}, that is made up of the known shortest paths after k£ rounds. Here DT} = a,;.

Let 6,0 = dy —d;i+u; —ue+C (¢, ¢(¢)). Note that if i < k < £ then 0 < di—ka(i,é) —dy, = C(i,0) —0; 4. Having
fixed u, v and 7, the only restriction on C'(4, ¢) for (i, ¢) non-basic is that C(i,¢) > 6, ,. This holds regardless
of the other non-basic costs C(p, q), (p,q) # (i,¢). The memoryless property of the exponential distribution
then implies that under the conditioning C+ (defined at the end of Section[4.2), the non-basic/non-tree values
C(i,¢) are independently distributed as follows:

If 6;, > 0 then d; + C(i, £) — dy is distributed as EX P(1).

. 18
Otherwise, d; + C(i, () — dj, is distributed as —6; o+ EXP(1) < uy —u; + EXP(1). 18)

4.3.1 Final argument

Referring to the augmenting path P, = (x; = a,41,¥1, %2, - . ., Ty, Yo = br11), suppose that 1 < 7 < ¢ and that
]\//TW is the matching obtained from M, by adding the edges (g, yx),k = 1,2,...,7 and deleting the edges
(Tht1,yk), k =1,2,...,7 — 1. Suppose now that z, = a; and y, = b;. Observe that vertex ¢ is the head of a
path, () say, in the set of paths and cycles Ay . (@ is directed towards i.) We say that vertex x, creates a
short cycle if 7 lies on () and the sub-path of Q from j to 7 has length at most ¢, = n*. In this case we also
say that the edge (i, j) creates a short cycle. Extending the notation, we say that z, creates a short cycle if
r+ 1 (y, = by11) is the tail of @ and the length of @) is at most ¢;. For r > ry we only count the creation of
a small cycle by an edge (x,y) if this is the first such edge involving z. (In this way we avoid an overcount
of the number of short cycles.) Call this a virgin short cycle. Let y, denote the number of virgin short cycles
created in iteration r. We then have that

E(ve )<—+£1+ZE>@ (19)

Here n/¢; bounds the number of large cycles induced by M,,, i.e. those of length greater than ¢;. The r¢/2
term bounds the contributions from the matching M,,. The sum bounds the expected number of small cycles
induced by M,,. To see this, suppose that C' is a non-virgin short cycle and that it was created by adding the
edge (x,y). There must have been some earlier virgin short cycle created by adding an edge (z, z) and this
will be counted in the sum.

We claim that .
Sc= > E(x,) < n' 1 (20)

r=rg

Assume for the moment. Then we have,

E(ve) < —+ ; Dy n'lE <y (21)
1

Lemma [3| now follows from the Markov inequality, so it only remains to prove .

4.3.2 Proof of (20

We fix r > rg.
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Edges incident with a,.; or b.,; The costs of edges incident with one of a1, b,;1 are unconditioned at
the start of the search for P.. They have not been part of the optimization so far. Let & be the minimum
C-cost of an alternating path from b;,7 < r to b1 through G,. It follows from Lemma@that w.hp & <
for all j < r. To create the shortest augmenting path from a,,; to b,,; we must find the minimum p* of
the C(a,41) + &;. There are at least aor indices j for which the edge (a,+1,b;) exists in G,, see Lemma .
It follows that w.h.p. p* < min; C(a,41,b;) + 7 < 2v,. There are at most ¢; indices j that would lead to
the creation of a short cycle and for these the probability that C(a,+1 ;) + & < 27, is at most 2v,. Thus in
expectation, edges incident with a,,; in this context, only contribute O(¢17,) to the number of short cycles
over all. The same argument can be applied for edges incident with b, ;.

Basic Edges Consider the point where we have carried out k iterations of the Dijkstra algorithm and we
are about to add a (k + 1)st vertex to the tree of known shortest paths. A path (a,¢(a’),a’) in the tree T,
gives rise to a basic edge (a,a’). Basic edges have C value zero and so if there are basic edges oriented from
DTy to A,4q1 \ DT}, then one of them will be added to the shortest path tree and we will have dy,1 = dy.
We need to argue that they are unlikely to create short cycles. At this point we will only have exposed basic
edges that are part of DTj.

Fix a; € V(DT)). We want to show that given the history of the algorithm, the probability of creating a
short cycle via an edge incident with a; is sufficiently small. At the time a; is added to DT, there will be a
set Ly of size at most ¢; for which adding the edge corresponding to (a;,bj, ag-1(¢;)),a; € Ly creates a short
cycle. This set is not increased by the future execution of the algorithm. At this point we have only exposed
edges of G, pointing into a;.

Let e = (a;,z), € A,. We claim that

~ 1
from which we can deduce that

l
P(an added basic edge is bad) = O (—1> : (23)

rl-1le
where bad means that the edge creates a short cycle.

To prove (22) we use two well known facts: (i) if e = {a,b} is an edge of a connected (multi)graph G
and 7" denotes a uniform random spanning tree then P(e € T) = Rcss(a,b) where R.;; denotes effective
resistance, see for example [34]; (ii) Ress(a,b) = %(gg"”“)
walk starting at = to reach y, see for example [I5]. We note that in the context of , we may have
exposed some edges of T,.. Fortunately, edge inclusion in a random spanning tree is negatively correlated i.e.

Plee T, | fi,...,fs €T,) <P(e € T}), sce for example [34].

where 7(z,y) is the expected time for a random

Given (i) and (ii) and Lemmal[L1]it only remains to show that with G = I'¥ = I'*(u, v) that 7(a, z) = O(r'11¢),
for a,z € A,. For this we only have to show that the mixing time for a random walk on I',. is sufficiently small.
After this we can use the fact that the expected time to visit a vertex a from stationarity is 1/m, < ritile
where 7 denotes the stationary distribution, see for example [33]. We estimate the mixing time of a walk by
its conductance.

Let deg(v) > r!~1¢ denote degree in I'*. For S C A,, let &g = e(S,S)/deg(S) where e(S, S) is the number
of edges of I';(u, v) with one end in S and deg(S) = >, _gdeg(v). Let & = min {dg : deg(S) < deg(A4,)/2}.

vES
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Note that if deg(S) < deg(A,)/2 then deg(S) > deg(A,)/2 > r?~11¢/2 which implies that |S| > 177 /2 and
so |S] < r(1 —r7tie).

Assume first that |S| < r!71€ /2. Then

Dy > Y pes(deg(v) =[S - =118 /2 _ 1l
B deg(5) - S 2

If r1=1¢/2 < |S| < r — r'71¢/2 then we use the random edges R. We sum over the 2°(") choices for S and
the 70 choices for fr. Then we see via the Chernoff bounds that with probability 1 — e~ ™) there are
at least r2~1%¢ edges in R from S to S. The failure probability e~ ") ig gmall enough to handle the )
choices of S, T,.. So,

By > =15 (24)

It then follows that after r steps of the random walk the total variation distance between the walk and the
steady state is at most 72(1 — ®%/2)" = e~ ") see for example [33]. This completes our verification of

and hence .

We will also need a bound on the number of basic edges in any path in the tree DT, constructed by Dijkstra’s
algorithm. Aldous [2], Chung, Horn and Lu [II] discuss the diameter of random spanning trees. Section 6 of
[2] provides an upper bound for the diameter that we use for the following.

Lemma 14. The diameter of T, is O(r/2+3%2) with probability 1 — o(r~2).

Proof. Let A be the adjacency matrix of I'} and let D be the diagonal matrix of degrees deg(v),v € A, and
let L =1 — D Y2AD~'/? be the Laplacian. Let 0 = \g < A\; < --- < \._1 be the eigenvalues of L and let
o =1—X\;. We have \; > ®?/2 (see for example Jerrum and Sinclair [26]). So we have

1
o<1 (25)
Now let py = r'/? and 6 denote the minimum degree in I'* and
3 r?
_ ) — O(y1/2+302y
IRy R
It is shown in [I1] that
: , r
P(diam(T) > 2(po + js)) < 52" (26)

Putting 7 = 5logr into yields the lemma.

(Unfortunately, there are no equation references for (26)). It appears in Section 6 of [2] and Section 5 of [11].
In [11], 0 = max {1 — Ay, A\,_1 — 1}. Tt is used to bound the mixing time of a lazy random walk on I'* and in
our context we can drop the A, term.) O

Non-Basic Edges Each a; € DT} corresponds to an alternating path P;. As such there are at most ¢,
choices of ¢ such that (i,¢) would create a bad edge. This is true throughout an execution of the Dijkstra
algorithm. Also, while we initially only know that the C(i,¢),¢ # ¢(i) are EXP(1) subject to (L7), as
Dijkstra’s algorithm progresses, we learn lower bounds on C/(i, ¢) through . For this part of the argument
we condition as for C+. Note that assuming u, v € U only affects the costs of basic edges. The reduced costs
C(i,¢) will thus be (conditionally) independent.
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We have to show that w.h.p. there are many non-basic pairs (i, ) “competing” to be the next edge added to
DTj,. This makes the choice of a bad edge unlikely. Examining we see that for there to be any chance
that an edge (7,¢) has low cost, it must be that u, — u; must be at least some small negative value. The
following shows that in most cases there will be sufficiently many a, ¢ DT}, for which this is true.

Suppose that vertices are added to DT, in the sequence i = 41,19,...,%, and that u; <wu;, <--- <wu; and
that j = 71,72,..., 4. Forrg < j <rlet

F(i,u,j) = |®(i,u, j)| where ®(i,u,j) = {t > j: w;, <u; + e} where g, =70

Let X,.(i,u)={j <r: F(i,u,j) <re?}. If j ¢ X,(i,u) let ®(i, u, j) be the first re2 members of ®(i, u, j) in
the sequence i. Note that given u, X, (i, u) is determined by 1i,j.

Lemma 15. | X, (i,u)| < 4re,.

Proof. Assume without loss that i; = ¢ and replace the notation ®(i,u, ) by ®(u,j). We show that we can
assume that u; < ug < -++ < w,. Assume that u;, = max{uy,...,u.} and that & < r. Consider amending
u by interchanging u and w,. Fix j < r. We enumerate the possibilities and show that F'(u,j) does not
increase.

If 7 > k then we have that k& ¢ ®(u,j) and ®(u, 7) may lose element r, since u, has increased. Assume then
that j < k.

Before | k ¢ ®(u,j),r ¢ ®(u,j) | After | No change.

Before | k ¢ ®(u,j),r € ®(u,j) | After | k € ®(u,j),r ¢ ®(u, ).
Before | k € ®(u,j),r ¢ ®(u,j) Not possible.

Before | k € ®(u,j),r € ®(u,j) | After | No change.

So in all cases F'(u,j) does not increase. u, is now the maximum of the u;. After this we can assume that
u, = max {uy, ..., u,}. We now apply the argument above but restricted to uy, ..., u,_1 or use induction on
T.

Next let k1 be the smallest index k in X, (i,u) and let J; = [ug,,ur, + V-&,]. The interval J; contains at
most re? of the values u;. Then let ky be the smallest index k in X, (i,u) with uy > ug, + 7.6, and let
Jo = [k, ur, + Y-€-] and so on. Using the fact that u € U we see that in this way we cover X,.(i,u) with at
most 4¢,7! intervals each containing at most re? of the values u; for which j € X, (i, u). [

Now let
K, ={k:|X,(i,u) N[k —re2/2,k]| > rei/4}.
And for each k ¢ K,, let ¥, be the first re2/4 members of [k — re?/2,k] \ X,.(i,u) in the sequence i. Note
that given u, ¥y is determined by 1i,j.
Lemma 16. |K,| <2|X,(i,u)| < 8r¢,.

Proof. Let z; be the indicator for (j, k) satisfying k —re?/2 < j <k and j € X,(i,u). Then if z = > ik Bk
we have

2> Y rel/d=|K|re} /4

keK,

2< Y rel/2 <rellX, (i u)]/2.

JjEXr(iu)
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and the lemma follows from Lemma [15] O

It follows from the definition of K, that if k ¢ K, then there are at least r2/4 x re2 pairs (j € Wy, £ € ®(i, j))
such that j < k < ¢ and u, < u; + v,¢,. Note that 6,, > —¢e,7, for each such pair. We next estimate for
k¢ K,and rg < k <rand j <k < ¢ < r the probability that (j,¢) minimises d; + 6(@',6). The Chernoff
bounds imply that w.h.p. 722n=°/5 > rlogr of these pairs appear as edges in the random edge set R. (We
can afford to multiply by 12 so that this claim holds for all choices of i,j and hence of Wy, (i, j), j ¢ X, (i,u).)
Given this, it follows from the final inequality in that

P(an added non-basic edge is bad | C+) < ¢; (afyr + %) < 20187, (27)

T

Explanation: There are at most ¢; possibilities for a bad edge e = (a;,a,,) being added. The term &,7,
bounds the probability that the cost of edge e is less than ¢,7,. Failing this, e will have to compete with at
least r?c'n~¢/5 other pairs for the minimum.

We will now put a bound on the length L of a sequence (tx,zx),k = 1,2,...,L where t;,k ¢ K, is an
iteration index where a non-basic edge (yx, xx) is added to DT,.. The expected number of such sequences can
be bounded by

> e = (f) o= () o, 29

1 <to<---<tr,
T1,L25-05 xr

if L? > 3e2e,v,1% or L > 3er!/?-51e,

Explanation: We condition on the tails y; of the edges added at the given times. Then there are at most r
possibilities for the head x; and then 2¢,7, bounds the probability that (yx,xy) is added, see .

Combining Lemma [14] and we obtain a bound of r'~2% on the diameter of DT,. (Each path in DT,
consists of a sequence of non-basic edges separated by paths of 7, and so we multiply the two bounds.)

4.3.3 Finishing the proof of

Let (. be the 0,1 indicator for e; being a virgin bad edge i.e. one that creates a virgin short cycle. Note
that Z::TO Y 51 Gk < n. We remind the reader that the following inequalities are claimed to be true for
sufficiently small € > 0,

We write

n s

Yo < Z ZIP’(ek is bad | )i + o(1),

r=rg k=1

given that P(C) =1 — o(1).

We then have that with C equal to the hidden constant in ,

n T . n 7,-.1—205 n T
Z ; P(ey is bad | )¢ < Cly Z o +2 Z 4 kzk: VrErCrk- (29)
r=rg k= r=ro T=ro =r0

k¢ K,

Explanation: For each a; € DT}, the set of possible bad edges does not increase for each k' > k. This is
because each a; € DTy, is associated with an alternating path that does not change with &’. The first term
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bounds the expected number of bad basic edges, using and our bound on the diameter of DT,.. The
second sum deals with non-basic edges and uses .

Now

n _
Tl 20e

7a177€
r=ro

< lnt " logn (30)

and
n n

Z Z Cr,kglfyrgr < 51%0&0 Z Z Cr,k < gl’}/rogmn = 0<€1)- (31>

r=ro k=1 r=rg k=1

Finally, it follows from the fact that only edges of cost at most -, are added that for any k < r, P(ej is bad |
C) < £17,. (There are always at most ¢; choices of edge that could be bad and the probability they have cost
at most 7, is 1 — e < ~,.) So, from Lemma [16]

n

D) Plerisbad [C)n < 6 > Koy < 86Y  rype, < Lm0, (32)

r=ro keK, T=T0 =70

After adding the O(¢17,.) contribution from the edges incident with a, .1, b.11, this completes the justification
for (20 and the proof of Lemma .

5 More general distributions

Replacing C(i, j) by aC(i, j) yields a distribution as in (1)) where a = 1. We assume then that a = 1.

Suppose first that the cost density function can be re-expressed as f(z) = e~ e +0(#*) ag 2 — 0, where b # 0.
We let F(z) = P(C > x) = b le 0@ 45 2 — 0. In this case we run Karp’s algorithm with the given
costs. Let Et = {(4,7) : u; + v; > 0}. Equation (8) becomes

P(T, =T |u,v)= H F(u; +v;) H f(u; +vj).

(ai,bj)€E+\E(T) (ai,bj)EE(T)
So, for trees 17, Ty we have where ,
P(T, =T | u,v) _ H fu; + ;) H F(u; +v;)
P(T, =T | u,v) F(u; +v;) f(u; + ;)

(a;,b5)€E(T1)\E(T2) (as,b;)EE(T2)\E(T1)
— H heCOr?) H p=10007)
(a3,bj)EE(TI\E(T2) (aibj)€E(T2)\E(T1)

— 07 = o(1).
So, we replace uniformity by near uniformity and this is enough for the proof.

When b = 0, such as when C'is uniform [0, 1] then we proceed as follows: In the analysis above we have assumed
that f(x) = e ® i.e. that the costs are distributed as exponential mean 1, EX P(1). We extend the analysis to
costs C' with density function f(z) = 1+0(22) as z — 0 as follows: Given C(e) = x, we define C(e) = y = y(z)
where C(e) is exponential mean 1 and P(C(e) < y) = P(C(e) < z) ie. 1 —e ¥ =P(C(e) < z) = z + O(z?),
for small z. We then find that y + O(y*) = x + O(2?) and so = = y + O(y?).
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We run Karp’s algorlthm with C' replaced by y(C). We have shown that w.h.p. the tour found by Karp S
heuristic has cost >, U where U < (, for all 7 and so the corresponding C' costs U; satisfy U; = U +O(U 2).

Consequently, the increase in cost of using C' over C is O(n¢?) = o(1). Of course it would be more satisfying
to apply the algorithm directly to C' and we conjecture that the proof can be modified to verify this.

6 Final Remarks

We have extended the proof of the validity of Karp’s patching algorithm to random perturbations of dense
digraphs with minimum in- and out-degree at least an. It would be of interest to extend the analysis to the
case where @ > 1/2 and there is no random set R. At the moment, the only gap in a proof comes from our
inability to prove that there are enough acceptable non-basic edges to prove
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A Definitions

¢ = a sufficiently small positive constant.

81 = n45.
ro = n'"%.
2e—1
V=170
g =
= ——.
10
g, = 1%,

G, : This is the bipartite subgraph of G induced by A,, B,.
M, :This is the minimum cost perfect matching between A, and B,.
[, : This is the subgraph of G, induced by contracting M,..
u, v) : This is the subgraph of G, induced by the edges (a;,b;) for which u; +v; > 0.
u, v) : This is the graph obtained from G} (u,v) by contracting M,.
er : This is the digraph obtained by orienting the edges of G, from A, | to B,,1,
except for the edges of M,, which are oriented from B, to A,.

[, : This is the digraph obtained from G, by contracting M,..

T, : This is the spanning tree of GG, corresponding to an optimal basis.
A,, : This is the tree obtained from T, by contracting M,..
DT, : This is the tree comprising the first k vertices selected by Dijkstra’s algorithm below.
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