The Moran process on a random graph

Alan Frieze*and Wesley Pegden'
Department of Mathematical Sciences
Carnegie Mellon University
Pittsburgh PA 15213.

Abstract

We study the fixation probability for two versions of the Moran process on the random
graph G, ,, at the threshold for connectivity. The Moran process models the spread of a mutant
population in a network. Throughtout the process there are vertices of two types, mutants and
non-mutants. Mutants have fitness s and non-mutants have fitness 1. The process starts with
a unique individual mutant located at the vertex vg. In the Birth-Death version of the process
a random vertex is chosen proportionally to its fitness and then changes the type of a random
neighbor to its own. The process continues until the set of mutants X is empty or [n]. In the
Death-Birth version a uniform random vertex is chosen and then takes the type of a random
neighbor, chosen according to fitness. The process again continues until the set of mutants X
is empty or [n]. The fization probability is the probability that the process ends with X = ().

We show that asymptotically correct estimates of the fixation probability depend only on
the degree of vy and its neighbors. In some cases we can provide values for these estimates and
in other places we can only provide non-linear recurrences that could be used to compute values.

1 Introduction

Consider a fixed population of N individuals of types A and B, where the relative fitness of
individuals of type B is given by a real number s. The classical Moran process [16] models a
discrete-time process for the fixed-size population where at each step, one individual is chosen for
reproduction with probability proportional to its fitness (s for Type B, 1 for Type A), and then
replaces an individual chosen uniformly for death. In particular, for the numbers Ny and Ng of
individuals of each type, at each step of the process, the probability that Np increases by 1 and
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and the probability that Np decreases by 1 and N4 increases by 1 is

= (wew) ()
Pr=\NaitxrNg ) \NAi+ N5 /)

(With probability 1 —p™ —p~, N4 and Np remain unchanged.)

This process was generalized to graphs by Liberman, Hauert and Nowak in [13], see also [17]. In
this setting, a fixed graph—whose vertices represent the fixed population—has vertex colors that
evolve over time representing the two types of individuals. We will focus on the case where one
vertex begins colored as Type B—the mutant type. In the Birth-Death process, a random vertex
v is chosen for reproduction, with vertices chosen with probabilities proportional to the fitness of
their color type, and then a random neighbor u of v is chosen for death, with the result that u gets
recolored with the color of v. In the Death-Birth process, a vertex v is chosen uniformly randomly
for death, and then a vertex w is chosen randomly from among its neighbors, with probabilities
proprotional to the fitness of their respective types, with the result that v is recolored with the
color of u.

The isothermal theorem of [13] implies that if G is a regular, connected, undirected graph, the
fixation probability for Type B—that is, the probability that all vertices will eventually be of Type
B—depends only on the number n of vertices in G and the relative fitness s, and not, for example
on the particular regular graph or the particular choice of starting vertex (more generally, the same
holds for doubly stochastic—so called isothermal—weighted digraphs). But it is also observed in
[13] that beyond this special setting, the graph structure can have a dramatic effect on the fixation
probability. In the classical Moran model for a population of size N (equivalent to the graph process
when the graph is a complete graph on N vertices, with loops), the fixation probability for Type
B is .

1=s ;1

1—sN s
(where any ~ by indicates that ay/by — 1 as N — o0). But the fixation probability for an
N-vertex star graph is, asymptotically in N, for s > 1,
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(see also [3], 2]).

For the special case when s = 1 the fixation probability can be characterized in terms of coalescence
times for random walks [6], but for s > 1 it is unknown whether a polynomial time algorithm
exists to determine the fixation probability given a particular input graph [7]; in place of this,
heuristic approximations (e.g., see [§]) or numerical experiments (e.g., [I5]) are used to estimate
fixation probabilities. It is known however, that the expected absorption time i.e. the time when
either all vertices are mutant, or all vertices are non-mutant, is polynomially bounded. In fact,
Goldberg, Lapinskas and Richerby [12] prove that the expected absorption time on an n-vertex
graph is O(n®+°(M)), improving results of Diaz, Goldberg, Mertzios, Richerby, Serna and Spirakis
[4]. Given this, one can estimate the fixation probability for a graph by simply running the process
for a sufficient number of times. The paper [12] describe a randomized algorithm that estimates the



fixation probability with a multiplicative factor of 1+¢ and runs in time O(nd+ A2%de 2 log(de™ 1)),
where A denotes maximum degree and d denotes average degree.

In place of analyzing fixed graphs, one can analyze the fixation probability for a random graph
from some distribution. For the Erdés-Rényi random graph G, p, each possible edge among a set
of n vertices is included independently, each with probability p. For the case where 0 < p < 1 is
a constant independent of n, Adlam and Nowak leveraged the near-regularity of such graphs (in
particular, that they are “nearly-isothermal”) to show that the fixation probability on such graphs
is approximated by that of the classical Moran model. When p is not a constant but “small”, in
the sense that p = p(n) — 0 as n — oo, G\, can exhibit significant diversity in vertex degrees,
and numerical experiments conducted by Mohamadichamgavi and Miekisz [9] showed a strong
dependence of the fixation probability of the degree of the initial mutant vertex.

In this paper we give a rigorous analysis of fixation probabilities for random graphs with degree
heterogeneity. In particular, our first result concerns Gy, , when p = p(n) = w. When w(1)
refers to a slow-growing function, this places our analysis right at the threshold for connectivity of
G, p; indeed, in this regime, Gy, is connected w.h.p. (with high probability i.e. with probability
tending to 1 as n — o0), and most vertices have degree close to logn, but still there are ~
logn vertices whose degree is just 1, see for example Frieze and Karoniski [I1]. Also, w.h.p., the
automorphism group of the graph is trivial—that is, any two vertices can be distinguished by their
relations in the network structure (even if they have the same degree), see for example Erdds and
Rényi [5]. Nevertheless, we prove that the degree of the initial mutant vertex (or possibly one of
its neighbors) is enough to asymptotically determine the fixation probability on G, ,: the following
are defined w.r.t. G = G, . d(v) denotes the degree of vertex v.

1
°= logloglogn

soz{u;d(v)g%}. (1)

$1=f{v:d(v) ¢ L = [(1 £ =)np]} (2)
Theorem 1. Given a graph G and a vertex vy, we let ¢ = ¢g]3)0,r denote the fixation probability of
the Birth-Death process on G when the process is initialized with a mutant at vy of relative fitness
s > 1. If G is a random graph sampled according to the distribution Gy, p, then w.h.p., G has the
property that

(a) If d(vo) = o(np) then ¢ =1 — o(1).

(b) Suppose that vo ¢ S1 and N(vg) N So = 0. Then w.h.p. ¢ ~ (s —1)/s. (This includes the case
where vy is chosen uniformly from [n].

(c) Suppose that vg € S1. Then ¢ depends asymptotically only on d(vg), s.

(d) Suppose that vg ¢ S1 and N(vg) NSy = {yo} holds. Then ¢ depends asymptotically only on
d(¥o), -

On the other hand, if s <1 then G has the property that ¢c ., = o(1) regardless of vy.



Here, o(f) denotes a function of n whose ratio to the function f = f(n) has a limit of 0 as
n — oo, and so, for example, part (a) asserts that for any functions f(n),g(n) such that that
limy, o0 f(n)/np = 0 and lim,,_, g(n) = 0, the probability that G, has the property that all of
its vertices vg of degree < f(n) have fixation probability ¢,, > 1 — g(n) has a limit of 1 as n — oo.

Theorem 2. Given a graph G and a vertex vy, we let gbgf)ms denote the fization probability of

the Death-Birth process on G when the process is initialized with a mutant at vy of relative fitness
s > 1. If G be a random graph sampled according to the distribution Gy, p, then w.h.p., G has the
property that

(a) Suppose that vo ¢ S1 and N(vg) N Sop = 0. Then w.h.p. ¢ ~ (s —1)/s.
(b) Suppose that vy € S1. Then ¢ depends asymptotically only on d(vy), s.

(c) Suppose that vg ¢ S1 and N(vg) NSy = {v1} holds. Then ¢ depends asymptotically only on
d(vy), s.

On the other hand, if s <1 then G has the property that qb(D;B = 0(1) regardless of vy.

»yV0,S

Remark 1. In our proofs we establish recurrence relations that enable us to asymptotically deter-
mine the fixation probabiliy in the above cases where it is not explicitly given. Unfortunately, these
recurrences are non-linear, although in principle we could obtain numerical results from them.

2 Notation

For aset S C [n], welet S = [n]\S, e(S) = | {vw € E(G) : v,w € S}|. If S, T C [n], SNT = (), then
e(S:T)={vw:veS,weT}|. N(S)={w¢S:Fves st vwe E(G)}, where we shorten
N({v}) to N(v). We let Np(S) = N(S)NT for TNS = 0. We let dg(v) = |[N(v) N S| and
d(v) = dj,)(v) and A = max {d(v) : v € [n]}.

We let
n d e2np
ny=n————and w
' (np)1/2 ‘

We write A~ Bif A€ (1£0(¢e))Basn—ooand A<, Bif A< (1—-0(¢))B.

~ 100 lognp’

Chernoff Bounds We use the following inequalities for the Binomial random variable B(N, p):

P(B(N,p) < (1 —0)Np) < e /2 0<g<

P(B(N,p) > (1+60)Np)

IN

679277,}7/3 0 < 9 S

IN

PB(N.p) > ANp) < (5)

For a proof of these bounds, see for example [I1], Part V.



3 Random Graph Properties

Assume that np = O(logn). We will deal with the simpler case of np/logn — oo in Section

Lemma 3. The following hold w.h.p.

(a) A <b5np.
(b) 81| < ni=="/4,
(c) For all cycles C of length at most wy we have that C NSy = (.
(d) For all v,w € Sy, v # w we have dist(v,w) > wy.
(e) For allv € Sy and all vertices w # v such that d(w) < wy we have that dist(v,w) > wy.
(f) For all S C [n] with |S| < 2n/(np)*/® we have that e(S) < 10|S|.
(g) For all S C [n] with |S| < 2wy we have that e(S) < |S].
(h) BS C Sy such that
(i) S| € I gy = [10/€°, n4].
(i) e(S:T) ¢ (142¢)|S||T|p where T = S\ 5.

(i) For all S C [n] such that S induces a connected subgraph and such that wy/2 < |S| < n/(np)*/®
we have that e(S : S) > |S|np/2.

(j) For all S C [n] such that S induces a connected subgraph we have that S U N(S) contains at
most 512 max {1, L—Sol} members of S1 U N(S7).

(k) For S C [n], let B(S) be the set of vertices v € S with ds(v) = k. Then for all S C [n] such that
|S| < n/(np)°® and such that S induces a connected subgraph, we have that |B(S)| < ag|S|np
for 2 < k < (np)'/3, where oy, = € /k>.

(1) If n/(np)? < |S| < ny, then there are at most 0|S| vertices v € S that dg(v) ¢ (1+¢)(n—|S|)p,

_ 1
where § = )7

(m) There do not exist disjoint sets S, T C [n] with n/(np)®/® <|S| < n/(np)'/? and |T| = (n—|S|)
such that e(S,T) > a|S||T|p, where a = (np)'/4.

(n) There do not exist S C [n],v € S such that |S| < np, S induces a connected subgraph and
ds(v) > e 2loglogn.

Proof. We defer the proof of this lemma to Section [A]in an appendix. O



4 Birth-Death

X denotes the set of mutant vertices and w(X) := (s — 1)|X| + n. We have

B B s dx (v)
pe =700 =X X141 = 7 3 G )
PO = BIX| X - 1) = s Y T ™
vEN(X)

4.1 The size of (X UN(X))NS;

An iteration will be a step of the process in which X changes. We prove some lemmas that will be
useful in later sections. In the following Z is a model for | X]|.

Lemma 4. Suppose that Z = Zy,t > tg is a random walk on 0,1,...,n and that we have t > tg
implies that P(Zy41 = Zy + 1) > v where v > 1/2, as long as Zy > pt, where p > 0 is sufficiently
small. Suppose that n is large and that 0,n are absorbing states. Suppose that for values a,b > 2a
we have Zy = 2a > 2pty. Then with probability 1 — O(e*Q(a)), Z reaches b before it reaches a.

Proof. Let 0 = /2 + 1/4 and let & be the event that Z makes at least (t — tg)o — a/2 positive
moves at times to + 1,...,¢t. If & occurs for tg < 7 < ¢ then Zy > a + 2(t — tg)o — (t — to) =
a+ (y—1/2)(t — tg) > max {a, pt} for p sufficiently small. (This is true by assumption for ¢ = ¢y
and the LHS increases by v — 1/2 > p as t increases by one.) Let t; = to + (b—a)/(y —1/2). If
£ = ﬂtTl:tO &; occurs then Zy, > b. The Chernoff bounds imply that

2 & 1y 1) —Q(a)
P(=£)< > P(&)S D exp —2<2—4> (1 —to) p < e ),

T=to+a/20 T=to+a/20
]

Lemma 5. While, | X| < n/(np)*/®, the probability that (X UN (X)) NSy increases in an iteration
is O(e72 Jwp).

Proof. The probability estimates are conditional on there being a change in X.

Let S = S1UN(S;). We consider the addition of a member of S; to X UN(X). This would mean
the choice of v € X and then the choice of a neighbor of v in S;". Since v is at distance at most 2
from S, Lemma @ implies that d(v) > wg. Let C' be the component of the graph Gx induced
by X that contains v. Assume first that |C| < wp/2. Then v has at least wy/2 neighbors in X and
so we see from Lemma (ED that the conditional probability of adding to S; N X is O(e~2/wp).

Now assume that wg/2 < |C| < n/(np)?/8. Let Cy denote {v € C : dx(v) > 0}. We estimate the
probability of adding a vertex in S; to X U N(X), conditional on choosing v € Cy. Now Lemma



@) implies that e(C) < 10|C| and Lemma implies that e(C : C) > |C|np/2. So, very crudely,
|Co| > |C|/10 by Lemma [3|[al We write

P(|(X UN(X))N S| increases | chosen vertex is in Cp, chosen neighbor is in X)

1 demsf(v)_ 1 Z d)’msf(U)Jr XmS+ Z XmS+
dx(v) |Gl

(8)

veCoNSo x(v) velh

where

Cq = {U e Cy \ So : dx(’U) > d(U)/2} and Cy = () \ (So U Cl)

The first sum in (8] is at most |[CyNSy| and it follows from Lemma B3|(d)) that |CoNSy| < |C|/(wo—1).
It follows from Lemma[3|(f) and dx (vo) > log n/40 that the second sum in (8) is at most 800|C|/np.
As for Co, let Ay, Ag, ..., Ay be the components of the graph induced by Cs. It follows from Lemma

(ED that
£ d~
D D DR SEE o) PNt

veCy i=1 veA; i=1 veEA;

2 7 ’AZ‘ |CQ|
< 22 = —
- npz (52 max{l’ wo }> o <€2wonp ’

and we are done by since |Cy| < |Cp|. O

We next consider N(X) N Sy. At any point in the process, we let X denote the set of vertices that
have ever been in X up to this point. Note that X induces a connected set.

Lemma 6. W.h.p., there are no vertices in Sy added to N(X) and no vertices in N(Sp) added to
, 3/4 . .
X in the first wy' ~ iterations.

Proof. Suppose that a member of Sy is added to N(X) because we choose v € X and then add
u € N(v) to X, and N(u)NSy # 0. It follows from Lemma that d(v) > wp and the choice of u
is unique. So the conditional probability of this happening is O(wg’/ 4 Jwo) = o(1), that is conditional
on there being a change in X.

Suppose that we choose a v € X and add a neighbor w € N(Sp) of v to X. We estimate the
conditional probability of this. Lemma @ rules out v € X. Now v cannot have two distinct such
neighbors wy, we. Otherwise we violate Lemma or @ Lemma @ implies that v has degree
at least wp and so the probability of choosing the unique w is O(wg’/ Y wo) = o(1). O

Remark 2. We will see in the next section that w.h.p. the size of |X| follows a random walk
with a positive drift in the increasing direction. It follows from this that to deal with cases where
0 < |X| < w for some w < w(l)/2, we can assume that there will be have been at most O(w logw)
iterations to this point. More precisely we can use the Chernoff bounds as we did in Lemma [{] to
arque that if | X| is not absorbed at 0 then |X| will reach w in O(wlogw) iterations. Thus, given
|X| = w at some point in the process we have |X| = O(wlogw).



4.2 p, versus p_

In this section we bound the ratio py/p_ for various values of |X|. We will see later when we
analyse the cases in Section that if |X| < 20/&3 then we only need to consider cases where
|X NS, IN(X)NSy| <1. This will in turn follow from the results of Section

Case BD1: |X|<20/e3 and |X N S|, |N(X)N S| <1.
Let X3 = X NSy and let Y1 = N(X) NSy, Yo = N(X)NSy. Either X7 = {21} or X; = 0 and
either Yy = 0 or Yy = {yo}. Let X () denote a connected component of X.

Because | X is small and X® induces a connected subgraph, Lemma [3{lg) implies that X
induces a tree or a unicyclic subgraph. Let (5¥) be the indicator for X inducing a tree and let

5p =360

Note that the number of edges inside X is precisely |X| — dp > 0, and the number of edges inside
X that are not incident to X is precisely |X| — dr — dx(X1) > 0.

Thus we have from @ that

o< (1+e)np(IX| = |X1]) = (2(1X] = 07 — dx(X1))) N dx(X1)
= w(X) (1—¢e)np d(X1) )
s [ —=enp(|X]—|X1]) = (2(X| - o7 —dx(X1))) = dx(Xy)
P2 ) ( (I+ e ) >

We can simplify this as follows. If | X| > | X[, then | X| —dr — dx(X1) = o(np) = o(np(|X| — | X1])-
On other hand, if | X| = |X;| =1, then 67 = 1 and dx(X;) = 0. Thus in fact we have

s dx(X1)
pe < ol (3901 - 13+ BEVY. )
s dx(X1)
pe > ol (0= 390x1 - 13 + HEY) (10)
We see from that
P < w(lX) ((1 +€)np(\X(\1—_\)€()17L)p+ dx\g (X1) . \1;1P>11§y N dg(%f(;))
_ 1 ((1 —e)np(|X| — [Xa]) = 1 — [X[IN(X \ X31) N S1| 4+ dx\ g, (X1) N Y1\ Yo dx(Y0)>
b= = w(x) (L +e)mp Snp | d(Yp)

The -1 in the lower bound for p_ accounts for vertices in N(X) having more than one neighbor in
X. It turns out from Lemma that there can be at most one such vertex and this will have
two neighbors in X. Also |X||N(X \ X1) N Si| < |X||IN(X \ X1) N S1| = O(|X|e3log1/e) is a
crude upper bound on the number of edges between X \ X; and N(X \ X;) N S1, see Remark
and Lemma (EI) Because np > ¢ *log1/e we can absorb the |X||N(X \ X;) N S;| into an error
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term. (When X = X; this term goes away regardless.) A similar application of Remark [2| and
Lemma [3|fj)) also implies that |V \ Yg|/np is o(¢|X]). This can clearly be absorbed into the error
term from |X| > 1. When |X| = 1 it’s contribution after dividing by w(X) will be o(p4) and it
can be ignored. Thus we write

1 1+e)np(|X| —|Xq]) +ds X Y.
b < (( Inp(|1X| = [X1]) +dg g, ( 1)+dx( o))' (11)
w(X) (1—2)mp a(%)
1 1 —e)np(|X| —1X1]) +dx X dx (Y:
p— > (( Jnp(|1X| = [Xa1]) +dg g, ( 1)+ x( 0))_ (12)
w(X) (1+2)mp a(Yo)
We now use @D - to estimate p4 /p_ in various cases.
Case BDla: X; =Y, = 0.
In this case equations @, and enp > 1 imply that
s(1 —3¢e)|X| <p, < s(1+ 35)|X\'
w(X) w(X)
Equations , imply that
(1—3e)|X| <p < (1 +35)|X|.
w(X) w(X)
So we have
Pr s, (13)
Case BD1b: X; = {z1}, Yo =0 and (|X| > 1 or d(z1) = Q(np)).
If | X| > 1 then equations , imply that
(1=39)(X| =) +d)/rp _ - (L+32)(X] = 1) +d(zr)/mp. "
w(X) w(X)

We then have, with the aid of (9) and and the fact that d(x1) = Q(np) implies dg (z1) ~c d(z1)
that X
b+
— e S . 15
o (i ) 1

If | X| =1 then py = wixy and po ~e w‘?()?)l%p and so holds in this case too.

Case BD1lc: X; = {21}, Yo =0 and |X| =1 and d(z1) = o(np).
We have py = s/w(X) and (L1, imply that p_ = o(1/w(X)). So, in this case,

P+ np
— ~ — 00. 16
p_ € d(xl) ( )

Case BD1d: X; =0 and N(X) NSy = {yo}-
In this case equations @, imply that

s(1 —3¢e)|X| <p, < s(14 3¢)|X|

w(X) ST ) 17)



We have dx(yo) = 1. To see this observe that X defined in Remark [2] will be a connected set of
size o(wp) and so Lemma implies that dx(yp) = 1

Equations , imply that

1 1 1 1
w(X)<(1—35)|X|+d(yO)> Sp_gw(X) ((1+3€)|X|+d(y0)>. (18)
So, in this case,
b, 2 (19)
P L g

Case BDle: X; = {z1} and N(X)N Sy = {vo}.
If | X|] =1 then py = wixy and po ~e w(z()?)lr{p. If | X| > 1 then Lemma |6 implies that z; = vg
w.h.p. Lemma [3(d) implies that z1 ¢ Sy and so d(x1) > np/10. This means that dg(X;)/d(X1) >

1 —200/e%np giving

o (13X <1 < o
Equation is replaced by
(1 —3e)(|1 X[ — 1) + d(z1)/np + 1/d(yo)
w(X)

(1+39)X).

g

(14 3e)(|X|—1) +d(x1)/np + 1/d(y0).

<p-< w(X)

(20)

But Lemma implies that d(yo) > wp and the term 1/d(yo) is absorbed into error terms. Note
that x1 = vy ¢ Sp and so d(z1)/np > 1/10. So holds.

Case BD2: |X| € I = [20/e®,n; = n—n/(np)'/?] and |X| > et where t denotes the iteration
number and

1/2
(XUN(X) N8 < {1 SIS (21)

OE2|X | Jwo)  wy!® < |X| < n/(np)®5.
It follows from Lemma ,(ED that

e(X : X) > min{e(X \ S :X),e(X, X\S)} X\ S :X\S)

—2¢)|X \ S1]|X \ Silp

f
(=20 (1x1-0 (L)) (%1~ 1si)p (@2
>

1 —3¢)| X[ X]p. (23)

> e
> (1

v

and similarly
e(X : X) < (1+3¢)|X]||X|p.

Note that to go from (22) to (23) we use |X| > |Si| from Lemma [3[[b]) and the assumption that
| X| > et.

10



Now,

s e(X\S1:X) _ s(1—58)|X|(n—|X]|)

P2 LX) T (domp nw(X) ' (24)
s e(X\ S1:X) s(1+5¢)|X|(n — |X])
pe< oy (xS < 0 %)

When | X| < n/(np)®/® we use (21)). For larger X we have from Lemma (]ED that | X|(n — | X]|) >
e 2n|Sy.

On the other hand,

I e(X:X\8) _ (1—5¢)|X]|(n—|X])

_> . > 26
P==0@X) Qtom - nw(X) ’ (26)
1 e(X:X\S) (14 5¢)|X|(n—|X])
_< NX)NnS|) < . 27
P _w(X)( A—omp NEIN&])< nw(X) (27)
When |X| < n/(np)*® we use ([21). For larger X we again use | X|(n — |X|) > e~ 2n|S;|.
We see from - that
Pt _ s(1—4e)[X[(n —|X]) nw(X)
P+ : > (1 - 10¢)s. 28
, o (X) (15X~ x7) = 1) >
P+ _ s(1+5¢)[X][(n —|X]) nw(X)
LS . — < (1 +10¢)s. 29
b = nw(X) A= doe(x  x) = (1 109)s (29)
and so
gi ~ 8 (30)
Case BD3: | X| > n;.
We have, very crudely, that w.h.p.,
SNCOL _ - _sINCOL L INGOL - INGn]
Snpw(X) w(X) Snpw(X) w(X)
So,
pr o 1
s - 31
o = 5 (31)

4.3 Fixation probability — Proof of Theorem

In this section we use the results of Section to determine the asymptotic fixation problem, for
various starting situations.

11



4.3.1 Case analysis

First recall the following basic result on random walk i.e. Gambler’s Ruin: we consider a random
walk Zy, Z1,...,on A ={0,1,...,m}. Suppose that Zy = z9 > 0 and that if Z; = = > 0 then
P(Ziyy1=2—1)=pFand P(Z;41 =z +1) = a=1— . We assume that 0,21 > 2y are absorbing
states and that a > . Let ¢ denote the probability that the walk is ultimately absorbed at O.
Then, see Feller [10] XIV.2,

5 (Bla)* — (/o)

1= (B/a)

Feller also proves that if D denotes the expected duration of the game then
m 1-(8/a)* . a

S N I (53)

(32)

D =

We next argue the following:

Lemma 7. W.h.p. either X becomes empty or | X| reaches size w = 20/ within O(c~3) iterations.

Proof. Suppose that we consider a process Z1, Zo, . . ., such that Z; is the size of X after ¢ iterations,
unless X becomes zero. In the latter case we use 0 as a reflecting barrier for Z;. Now consider
the first 7 = 40s/(3(20 — 1)) steps of the Z process where o = sy 1 € (3, 1) Given the
probabilty that the walk followed by X increases with probability ~ s, the Chernoff bounds imply
that w.h.p. Z makes at least 270 /3 positive steps and this means that Z will at some stage reach

20/e3. Going back to X, we see that w.h.p. either | X| reaches 0 or | X| reaches 20/&3. O

Lemma 8. If | X| reaches w = 20/e3 — oo then w.h.p. X reaches [n].

Proof. We first show that if |X| reaches w then w.h.p. |X| reaches ny = n — n/(np)"/2. This
follows from Lemma [4| with a = 10/&3 and b = ny, applied to the walk Z; = |X| at iteration ¢. In
particular, as long as | X| > max {a, et}, the hypotheses of the lemma are satisfied with a positive

bias ~. s, by .

Now assume that |X| = n;. The analysis of Case BD3 shows that there is a probability of at least
n = (1/5np)"* that X reaches [n] after a further no = n — ny = n/(np)"/? steps. Now consider
the following experiment: when |X| = n1, the walk moves right with probability at least 1/2 and
left with probability at most 1/2. If it moves right then there is a probability of at least n that
|X'| reaches n before it returns to n;. If it moves left then implies that there is a constant
0 < ¢ < 1 such that the probability of | X| reaching 20/ before returning to n; is at most (1—¢)™,
for any constant ( < s/(s+ 1). (Since this event can be analyzed with Case BD2 exclusively.) Let
m = n~'logn. Then we have m(1 — ¢)™ — 0 and mn — oo. So w.h.p. X will reach [n] after
at most m returns and never visit 20/e3. Indeed, the probability it does not reach [n] is at most
o(1)+ (1 —n)™?2 = o(1). (The first o(1) bounds the probability that | X| moves right from n; fewer
than m/2 times.) O

The next lemma concerns the case where d(vg) = o(np).
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Lemma 9. Suppose that d(vg) = o(np) and let w = np/d(vy). Then w.h.p. vy € X for the first
w!'/? iterations.

Proof. If X = {vp} then it follows from Case BD1c that p_/py = O(1/w) and the probability X
becomes empty is O(1/w). If vg € X and |X| > 1 then the probability that vy is removed from
X in the next iteration is also O(1/w). This is because all of vg’s neighbors have degree Q(np)
outside X (Lemma [3|{d)) and all vertices of X other than vy have many more neighbors in X than
X. (Note from Lemma [5|that no vertex in X other than vy can be in Sp).

So, the probability that vy gets removed this early is O(w'/?/w) = o(1). O

Case BDF1: vy ¢ S; and Yy = 0.

This includes the case where vy is chosen uniformly at random. (This follows from Lemma [3|(b]).)
We have d(vg) ~. np and Lemma |5 implies that only Case BD1la is relevant for the first wg/ 4
steps, and in this case the bias p; /p_ in the change in the size of | X| is asymptotically equal to s.
Equation implies that so long as the bias is asymptotically s, | X| will reach m = 2wé/ % before
reaching 0, with probability ~. (s — 1)/s. Equation [33| implies that w.h.p. this happens during
the first wg/ * jterations. Lemma E then implies that w.h.p. X will reach [n] from here, proving
Theorem [I|(b).

Case BDF2: d(vp) = o(np): We are initially in Case BD1c and Lemma [J] implies that we stay in
this case for the first w'/? iterations, where w = np/d(vy). Whenever | X| = 1, we see from that
the probability X becomes empty in the next iteration is O(1/w). Furthermore, with ¢ = 2
then implies that | X| reaches w'/? with probability ~. (s — 1)/s before returning to 1. Combining
the above facts, we see that |X| reaches w!/3 within w!/? iterations and we can then apply Lemma
to complete the proof of Theorem a).

Case BDF3: vy € S1,d(vg) = anp, N(vg) NSy = ) where « # 1 is a positive constant.

This is part of Case BD1b of Section We consider the first w(l)/ 2 steps. It follows from Section
that X NSy C {vg} throughout the first wéﬂ iterations. We note that dg(x1)/d(z1) = 1—o0(1).
At iteration j < wy we will have p,/p_ equal to either (1 — o(1))s/(1 + (a — 1)/j) (by (15))
or (1 —o(1))s depending on whether or not vy is still in X. And we note that if vgp € X then,
conditioned on X losing a vertex in the next iteration, the vertex it loses is vy with probability
asymptotically equal to

anp 1 o
n_np —
(IX|-Dnp 1 4 anp 1 - ]X’ —14a (34)
n np n np

Also, if vy leaves X then Lemmaimplies that it only returns to X with probability 0(5_2(,0(1)/ 2 Jwo) =
1/2

o(1) in the next w,’”~ iterations.

We can thus asymptotically approximately model | X| in the first wé/ ? iterations as a random walk
Wo = (Zo = 1,Z1,...,) on {0,1,...,n} where at the tth step if Z;_1 = j > 0 then either (i)
P(Zi = Z41+1) = a5 =s/(s+1+(a—1)/j) or (ii) P(Z; = Ze—1+1) = 5 = s/(s+ 1).
The walk starts with probabilities as in (i) and at any stage may switch irrevocably to (ii) with

13



probability ~. n; = a/(j — 1+ «), by (34 . The fixation probability is then asymptotlcally equal

j w

to the probability this walk reaches m = Wo/ before it reaches 0. Let ¢; = % denote the

probability of reaching 0 before m in the random walk W, where there is always a rlghtward bias
of s.

Let pj = p;(BDF3) denote the probability that the walk reaches 0 before m = w(l)/3. (The BDF3

in brackets indicates that while p; always refers to the probability of the stated event , its value
depends on the particular case.) Then pg = 1 and p,,, = 0 and

pj = ajpjr1+ (1 —a;)(1 —ny)pj—1 + (1 — aj)n;q; (35)

forl<j< wé/ 2, from which we can compute p;, asymptotically.

If | X| reaches wé/ ? then Lemma implies that it will reach n w.h.p. This establishes part (c) of
Theorem [Il

Case BDF4: vy ¢ S; and N(vg) N So = {yo}:
As such we begin in Case BD1d. We again consider the first wé/ 2
we remain in this case, unless vy leaves X.

rounds and we see that w.h.p.

1/2

Thus, as in BDF3, we can asymptotically approximately model | X| in the first w,’” iterations as a
suitable random walk, showing that the fixation probability is a function just of d(yp) in this case.
Equation becomes

p; = pj(BDF4) = Bipjr1+ (1 = B;)(1 —n;)pj—1 + (1 = Bj)njq; (36)

where 8; = s(s+141/jd(yo)), which comes from replacing by (L8). This establishes part (d)
of Theorem [Il

Case BDF5: vy € S; and N(vg) N So = {wo}:
This has the same characteristics as Case BDF3. They both rely on .

4.3.2 s<1

Arguing as above we see that except when |X| < 20/¢® that w.h.p. the size of X follows a
random walk where the probability of moving left from a positive position is asymptotically at
least % > & for | X| > 1%5 We argue as in we did at the end of Case BDF2, with right moves
and left moves reversed, that w.h.p. X becomes empty.

4.3.3 s=1

It follows from Maciejewski [14] that the fixation probability of vertex v is precisely m(v) =
d(v)~1/ > weln] d(w)~!. In a random graph with np = O(logn) this gives max, 7(v) = O(logn/n)
and when np > logn this gives max, m(v) = O(1/n).

14



4.4 np>logn and s > 1

If np/logn — oo then all vertices have degree ~ np, see Theorem 3.4 of [11]. So S; = 0 and all
but @), , , of Lemma (3| hold trivially. But @ is only used to bound e(X : X), where
there is the possibility of low degree vertices. This is unnecessary when np/logn — oo since then
w.h.p. (S :S) ~ |S|(n — |S|)np for all S. Property is only used in (9), to bound e(X).
But because |X| is small this will be small compared to |X|np and only contributes to the error
term. Properties , are not used in analysing Birth-Death. In conclusion we see that only
Case BDF1 is relevant and Theorem [I] holds in this case.

5 Death-Birth

The analysis here is similar to the Birth-Death process and so we will be less detailed in our
description. We first replace @, @ by

_ DBy _ 1 sdx (v)

o0 B =L s 2
_ . DB _ 1) — l dx(v) | X|

p-=p="(X) =P(X| = [X|-1) HUEEX sdx(0) +de@) = 0 (38)

We use the notation of Section 4l We will once again assume first that np = O(logn) and remove
the restriction later in Section £.4.

5.1 The size of (X UN(X))N S,

Lemma 10. While, | X| < n/(np)?/8, the probability that X N (Sy\ So) increases in an iteration is
0(6_2/(,00).

Proof. We consider the addition of a member of S; to X. This would mean the choice of v €
N(X)N(S1\ So) and then the choice of a neighbor w of v in X. Let C' be the component of the
graph Gx induced by X that contains w. Assume first that | X| < np. We have d(v) > np/10
and Lemma implies that dg(v) < (loglogn)?. So we can bound the probability of adding a
member of S \ So by O(e~2loglogn/np) = O(e2 /wy).

Now assume that np < |C| < n/(np)*/®. Then,

P(X N S; increases) < %,
where dx (v) dx (v)
sax (v sax(v
A= E and B = E :
sen s, () + dx (0) veny) Sdx () +dg (V)
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Now applying Lemma (ED to each component of Gx shows that

7sy | 75| X]|

< .
NN S| e

and so A <

On the other hand, Lemma @ imply that

- N(C\ 51— [C NS [C\ Sil(n —[C] = [Si1])p — [C'N Sy
s _Z onp _Z np

C
3 |C\ Sif(n — %(:]3)1?— €N S| >3 Cl(n — 0(”))p;n\1)0ﬂ51!(np+ 1) >

€1 (0 —otmp - ") e |x]
Z 5np EC: ? - 7'

C

3/4

We next consider the first wy’ "~ iterations.

Lemma 11. W.h.p. N(X) NSy does not increase during the first wg/4 iterations.

Proof. Consider the addition of a member of Sy to N(X). Suppose that a member of Sy is added
o N(X) because we choose v € N(X)where N(v) NSy # () and we then choose w € N(v) N X.

Lemma @ implies that d(v),d(w) > np/10 and so we can bound this possibility in the first wo/ /4
iterations by O(wg/4/np) = o(1). O

Lemma 12. W.h.p., if d(vg) < e=2 then dx(X1) < 1 during the first w8/4 iterations. (We remind
the reader that X1 = X N S1.) Furthermore, if such a neighbor leaves X then dx(Xy) = 0 for the
3/4

remaining iterations up to wy

Proof. After the first iteration either X = () or X = {vg,v1} where v; € N(vg). As long as | X| > 1,

the chance of adding another neighbor of vy to X is O <(|X|_f)(22)+711@0)_1) =0 (%) So, the

probability that dx(vg) reaches 2 is O(e~ Wo/ /np) = o(1). The same calculation suffices for the
second claim. O

5.2 Bounds on py,p_

It follows from Lemma |11| that we only need to consider the case where (i) |X| > wl/ or (ii)
| X| < w1/2 and X NS; C {vp} and [N(X) N Sy| < 1.
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Case DB1: |X| < 20/&3 and [X;],[Yp| < 1.
We remind the reader that X is connected and so w.h.p. if v € N(X) then dx(v) = 1, except
possibly in one instance where dx (v) = 2. We write

s dx (v) dx (v) dx (Vo)
=l 2 o RIS — + .
vEN(X)\Yo x () +dx (v) VEN(X)N(S1\S0) sdx(v) +dx(v)  sdx(Yo) + dx(Yo)
(39)
5 1 Yol
~e — +
n ’UGN%(:)\YO dX (U) SdX (%) + d)’((}/o)
1 Yol
X veNuixuyy X (V) sdx (Yo) +dx (Yo)

Here we have used the fact that d(v) > np/10 and np > | X| to remove dx(v) from the first two
denominators. This is also used to remove the second summation in . So, separating w € X
from the rest of X we see that when |X| > 1, (using Lemma [3|fj)),

5 1 Yol
p+~e | 1X] = 1K w;ﬁ dg(v) = sdx(Yp) +dx(Yo) )

veEN (w)\X

When |X| =1 we have p_ = 1/n and when |X| > 1

b (1= ) h

Case DB1la: |X|=1and X = {z}:

5 Yol i = anp where o =
Dt ~e <a + sdx (Vo) + dX(Yo)> if d(z) = anp wh Q(1). (43)
[ z) 10sdlz ] if d(z) = o(np). (44)

Explanation for (43), (44): Let A = ZveN(x 1/d(v). This replaces the first sum in ([40). If
d(z) = Q(np) then Lemma [3|fj) implies that A ~. a. If d(z) = o(np) then Lemma [3|({d)) implies
that np/10 < d(v) < bnp for v € N(x).

Case DB1b: |X|>1 and X; =Y, =0.
It follows from that w.h.p.

X1 (45)
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Case DBlc: |X|>1 and X; = {71} and d(x1) = anp > ¢ 2 and Yj = 0.

s(IX| -1+« X
o~ U= ), o A
n n

Here we have used Lemma (ED to replace the sum in by a. (When we apply the lemma, the
set S will be the connected component of X that contains z.)

(46)

Case DB1d: |X| > 1 and X; = {21} and d(x1) = O(¢~?) and Yj = 0.
s(IX[ - 1) 1 d(z1) = 0y X
e LT and pe e = (X - 1 ~ 2 4
P+ n anep n X + s61 +d(x1) — 61 n (47)

where §; = dx(z1). Note that Lemma [12] implies that w.h.p. 21 has at most one neighbor in X.
We have used Lemma @ to remove the sum in .

Case DBle: |X| > 1 and X; =0 and Yy = {yo}.

s 1 | X|
e R e L (49)
dx(yo) = 1 follows from Lemma , since X of Remark [2|is connected.
Case DB1f: |X| > 1 and X; = {v} and Yy = {yo}.
In this case, if d(vg) = anp then o = Q(1) since vy ¢ Sy, we have
s 1 | X|
~e— [ |X]—1 V2N W —— dp_ ~o —. 49
pore 2 (IX1 -1 ot ) and e~ (49)

Case DB2: 20/ < |X| < n/(np)*/5.

We assume first that X induces a connected subgraph. Let B(X) = |J;~o Bix(X), where By(X) =
{v¢ X :dx(v) = k}, see Lemma [3{(). Then Lemma [3|{f) implies that if k¥ > 10 then |By| < a;|X|
where a; = 10/(k — 10). To see this, observe that if not then we can add ap|X| vertices to X
to make a set Y, such that |Y| = (ax + 1)|X| < 2n/(np)*/® with e(Y) > kay|X| = 10]Y|, which
contradicts Lemma [3|(f).

Then, ifﬁ(X) = N(X)\ (B(X)US1) then from Lemma (E[)and Remark (used to replace
|X| by |X| in one place,

IN(X)| > e(X\ 81, X\ S1) =) Br(X)

k>2
(np)*/3 5np
el X |np 10|.X
> (12X \ Sif(n K] - [sip - Y Ty 0
k=2 k=(np)1/3
em’ | X|np

> (1—3¢)|X|np — | X N Si|np — + (10 + 0(1))| X | log(5np)

6
> (1 —4¢)|X|np.
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So,

3\'—‘

Z S|X| and p <@
~ 1+8 n T T on
eN(X

If X induces components Cq,Cy, ..., Ck then

1
ZE Z 1+a *Z Z 1—|—5

EN(X =1 veN(C
k

1 s|Cil s|X|
> — - —
Z Z 1+£ N€nZ (1+e)np  (1+¢e)np

=1 yeN(Cy) =1

Case DB3: n/(np)?/% < |X| < ny.
Let D(X) ={v € X :dg(v) € (L+e)(n— |X|)p}. Then, using Lemma [3|(al) (b)) (1) (1),

dx (v) dx (v)
2 sdx(v)+dx(v)gv 2 s((L=¢e)np— (L +¢)(n—|X|)p) + (1 —¢)(n—|X]|)p

veD(X)\S1 eD(X)\S1
e(D(X)\ S, X \ S1) + 5np| S|
=t (- DX (25 + Dn— (s + DIX]e)p
(1+36) | X|(n — | X ])p
=t (= DX = (25 + Dn— (s + DX’ (50)
3 dx(v) <X NS <|8] < 1x] (51)
i) sdx(v) +dg(v) — - ~ np
dx (v) where 6 = o
iy W)+ dxy < O ? = )

The last inequality follows from Lemma .

So we see that if | X| = {n then after summing the above inequalities and simplifying, we see that

£(1-9)
S TreoDE (53)

We now look for a lower bound on p; .

1 sdx (v)
P+ = — Z
" vEN(X)N(D(X)\S1) (s = Ddx(v) + (1 +&)np

v

1 3 sdx (v)
" e NCONDXNS)) (s =1 +e)[X[p+ (1+e)np

se(X\ Sy, X\ S1) — se(X \ D(X), X)
(s=1)(1+e)X[p+ (1 +e)np

o (1= 26)|X|(n — | X])p — se(X \ D(X), X)

- (s =11 +e)[X[p+ (1 +e)np

v

, from Lemma .
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With o = 1/(np)/4 and 6 = 1/£2(np)'/2,

_ _ {a9|X](n— | X |)p s < |X| < 27, Lemma 3} (m) applied to S = X.

e(X\D(X), X) < (np _ () _
(XAD(X), X) 50(n — | X|)np Lz <|X|<ny, Lemmalf|l)(a) applied to S = X.

It follows from this that in both cases e(X \ D(X), X) < ¢|X|(n — |X|)p. So,
s(1 —3¢)6(1—¢)

Pt 2 oD 4e)E+l4e (54)
s§(1—§)
MG DE+ T (55)

In which case
pr o SE1=8 14(s— 1)
p- " (s—DE+T (1€

= S.

5.3 Fixation probability

We first prove the equivalent of Lemma

Lemma 13. If | X| reaches w, where w — oo then w.h.p. X reaches [n].

Proof. We first show that if | X | reaches w then w.h.p. | X| reaches ny = n—n/(np)*/?. Let a = w/2
and m = n; — a. There is a positive bias of ~. s in Cases DB2, DB3 as long as | X| > a. It follows
from that the probability | X | ever reaches a before reaching m is o(1).

Now consider the case of |X| > n;. Comparing and we see that pPP(X) > pPP(X).
Comparing () and we see that pPB(X) < PfD(X) . By comparing this with Case BD3
of Section we see that this implies that p?P(X)/pPB(X) > 1/(5snp). Now consider the
experiment described in Lemma Beginning with |X| = nj, we still have a probability of at
most (1 — ¢)™ of |X]| reaching 0 before returning to n;. Now there is a probability of at least

n= (5snp)s_"/(”p)l/2 of | X| reaching n before returning to n;. O

5.3.1 Case analysis

We consider the following cases:

Case DBF1: vy ¢ S;_and Yy = 0.

In this case Lemmas |10 and |11{imply that we remain in Case DBla or DB1b while | X| < wé/ 2 and
there is a bias to the right p4 /p_ ~¢ s. (Lemma also implies that X NSy remains empty. In this
case, before adding to X NSy we must add to N(X)NSy.) Remark [2 implies that w.h.p. we either
reach | X| =0 or |[X| = wé/Q within O(cu(l)/2 logwyp) iterations. If |X| reaches w(l)/z then Lemma
implies that w.h.p. X eventually reaches [n|. Consequently ¢ ~. (s —1)/s. This proves part (a) of
Theorem [21
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Case DBF2: v, € S1,Yy =0 and d(vg) = anp where anp > ¢ 2.

In this case we remain in Case DBla or DBlc while |X| < w(l)/ % as long as vg is not removed
from X. If d(vg) = anp then the probability that this happens, conditional on a change in X, is
~e 8/((s+1)|X| =14 «). There are | X| chances of about s/n of choosing v € X. Then for each
w € X \ {vo} there is a chance of about 1/n that v is a neighbor of w and that v chooses w as w.
This leads to (35) with n; = s/((s+1)j — 1+ «) and gives p;(DBF2).

Case DBF3: vy € $1,Y) =0 and d(vg) = O(s72).

In this case the term ¢ (d1) = % in ([47), where §; = dx(x1), may become significant. It
1/2

is only significant while vg € X and |X| < wy'”. In which case d; is either 0 or 1. If 6; = 1 and
|X| = j > 2 then conditional on | X| decreasing, d; becomes 0 with asymptotic probability 1/j. If
91 =0 and | X| = j > 2 then §; becomes 1 with asymptotic probability 0. If | X| =1 and X = {vo}
then d; becomes 1 if and only if X does not become empty after the next iteration. This leads to
the following recurrence: let p; s be the (asymptotic) probability of | X| becoming 0 starting from
|X| = j and 6; = 6. Then we have poo = po,1 = 1 and py, s = 0 for m = wé/Q and 6 = 0 or 1. The
recurrence is

Pj0 = YPj+1,0 + (1 =) (L = nj)pj—10 + (1 — 750
pi1 = vipj+1,1 + (1 =) (1 —n;)(1 = 8;)pj—11+ (1 — )1 —nj)8pj—1,0 + (1 — vj)n;q;-

Here v; = (s(j—1))/(s(j —1)+j—1+1(0)) is asymptotic to the probability that j = | X| increases,
n; = s/(sj + j — 1) is asymptotic to the probability that vy leaves X and 6; = n; is asymptotic
to the probabilty that vy’s neighbor in X leaves X. (We have a = 1 in the definition of 7;, since
vo ¢ S1.) mj,q; are as in . This, with the previous case, establishes part (b) of Theorem

Case DBF4: vy ¢ S; and Yy = {yo}:

If | X| = 1 then implies that np; ~. s(1+d(yo)/(s+d(yo)—1) and np_ = 1 and if | X| > 1 then
we (1) either remain in Case DBle while | X| < wé/z or (ii) yo moves to X and we are in Case DBlc
or DB1d, depending on d(yo). The probability that we switch from (i) to (ii) is asymptotically
equal to & = d(yo)/(np(j — 1) + d(yo)), where j = | X|. The recurrence for p; is

pj = Nj(1 = &5)pjr + A&7 + (1 — X)) (1 = mj)pj—1 + (1 — Aj)njg;

where \j = (s(j+1/(d(yo)+s—1)))/((s(j+1/d(yo)+s—1)+7) (We have o = 1 in the definition of
n; in (35)), since vg ¢ S1.) We have ¢; = p;(DBF2) if d(yo) > e 2 and ¢; = pj1 if d(yo) = O(e™?).

Case DBF5: vy € S; and Yy = {yo}:
In this case we begin in Case DBla with d(vg) = anp where a = €2(1). Then we stay in Case DB1f

while | X| < wé/ ? unless vy leaves X. In which case we move to Case DBle. The recurrence for Dj
is

pj = (1= pg)pjr + i (1 = nj)pj—1 + 111545
where p1; = (s(ae+1/(d(yo) +s—1)))/((s(j =1+ a+1/d(yo) + s —1) + j) is asymptotically equal
to the probability that vy leaves X given that |X| decreases and 7; is as in . This establishes
part (c) of Theorem
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We see from the above cases that when | X| is small the chance that X reaches wé/ ? yields (a), (b)
of Theorem [2] because if | X| reaches wy then there is a positive rightward bias and X will w.h.p.
eventually become [n].

The case s <1 The above analysis holds for s > 1. For s < 1 we go back to the case where
|X| < wp. If s <1 then we see from - that there are constants C7 > 0,0 < Cy < 1 such
that if | X| > C) then p;/p- < Cs. It follows that w.h.p. |X| will return to Cy before it reaches

w(l)/ % and then there is a probability bounded away from 0 that |X| will go directly to 0.

The case s = 1 It follows from Maciejewski [I4] that the fixation probability of vertex v is
precisely m(v) = d(v)/ 3, epp d(w). In a random graph with np = Q(logn) this gives max, 7(v) =
O(1/n).

54 np>logn and s > 1

When np > logn then S; = () and and all but @), , , of Lemma [3| hold trivially. Now @)
and are used in bounding e(X : X) and are not therefore needed. is not used in Death-Birth.
The proof of () does not need np = O(logn). There is always a bias close to s and the fixation

s—1
5 -

probability is asymptotic to ===
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Proof of Lemma (3

() The degree d(v) of vertex v € [n] is distributed as Bin(n—1,p). The Chernoff bound (f]) implies

that

(&

5n,
P(A > 5np) < nP(Bin(n,p) > 5np) <n (5) L

=o(1).

(]ED We first observe that the Chernoff bounds , imply that

P(B(n,p) ¢ 1) = 3 (ZL) P (1 — p) < ool (56)

i¢l.

The degree d(v) of vertex v € [n] is distributed as Bin(n — 1, p). So,

E(|S1|) _ n]P’(d(l) ?é Ia) < nefsz(nfl)p/(?ﬂro(l)) — nlfsz/(?ﬂro(l))'

Now use the Markov inequality to obtain the upper bound.
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P(3v e S1NC:=(d)) <Zk( >k'pk]P’B(n—3,p)¢I€—2)

< 2(np)w°e e2np/(340(1))
=o(1).

Explanation: we sum over possible choices for a k-cycle C' of K,,. There are less than (Z)k:‘
k-cycles in K,,. There are k choices for a vertex of C' N .S;. Given a cycle C and v € C we multiply
by the probability that the edges of C' exist in G, and that (dg(v) + 2) ¢ I..

2

n\ 9 -2 A N ;
P(H’U, w : —\@) < <2> Z < L >k!pk+l Z < . )pz (1 _p)n—k—Q—z <
k=1 =0
np/10 ne i 2
n(np>wo+1 Z <Z(1 _pp)> e~ P < n(np)wo—H(2(106)np/106—np)2 < n1+1/10+2/3—2+o(1) _ 0(1)‘
=0

Explanation: we sum over pairs of vertices x,y and paths P of length k < wq joining z,y. Then
we multiply by the probability that these paths exist and then by the probability that =,y have
few neighbors outside P.

(8

9N 1 npjans (N L =2\ n—t—2—i
PGy @) <23 on ey (M)

=1

i
1=0
< 2n(np)2eotle=(Enp/4tnp) — (1),

Explanation: we use a similar analysis as for property @ The factor e ¢""/4 bounds the
probability that v has between (1 — €)np — wo and (1 + £)np neighbors outside the chosen path
vertices, see . The sum over ¢ bounds the probability that w has fewer than wy neighbors
outside v and the path.

®
pas < S () (&))< B (2 (92)") = o

5=20 5=20
Explanation: we choose a set of size s and bound the probability it has 10s edges by the expected
number of sets of 10s edges that it contains. The final claim uses that fact that np = O(logn).

raso@ < £ () (D) < S (7Y -0

s=4
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We use a similar analysis as for property @) The final claim also uses that fact that np = O(logn),
in which case (nepwg)?° < ne).

At least one of S, T has size at most n/2 and assume it is S. Suppose first that S induces a
connected subgraph. Suppose that |S| < n/(np)®/8. We first note that

n

1—€2/4 2
(np)8 T S =Tl

n—|[T| <

Then we have
e(8:T) < (1+¢)[S|np = (1+€)[S|[T|p+(1+e)[S|(n—|T])p < (1+¢)|S| TIp(1+e%) < (1+2€)[S]Tp.
On the other hand, Lemma @) implies that

e(S:T) = (1—2)|Slnp — 20[S| = (1 — 2)|S|np = (1 — 29)]5] Tp.

So now assume that n/(np)?% < |S| < n/2. Let IA(d) = [n/(np)¥®,n/2]. Fix S; and all edges

incident with S;. Then, where m stands for |S;| and n. = n1_€2/4,

P (31S] € Ty, e(S: T) < (1= 2)|S] |T1p)

3 (7t o
— S
s€l(a

n—m _ 1 2
Z ( >SS 2ps l,—¢ snp/7
S

sel)

1 —e2nps/8
<52 > e

IN

IN

SEI(d>
=o(1).

Explanation of : Given s there are (7;) choices for S, s°72 choices for a spanning tree T
of S. The factor p*~! accounts for the probability that T exists in G p and then the final factor
e~ s(n=s=m)p/3 comes from using the Chernoff bounds to bound the probability of the event A that
e(S:T) < (1—2¢)|S||T|p, since e(S : S) is distributed as Bin(s(n — s),p). These are computed
conditional on the event B that each v € S having a lower bound on its degree. Because A is a
monotone decreasing event and B is a monotone increasing event, we can apply the FKG inequality
to argue that P(A | B) < P(A). (The use of the FKG inequality, or rather Harris’s inequality is
explained in [I1], Section 26.3.)

When it comes to estimating [P <E||S| € ./T\(d), e(S:T)>(1+¢)5] \T|p) we apply a similar argument,
but this time when we apply the FKG inequality we use the fact that each vertex has an upper
bound on its degree.

We now deal with the connectivity assumption. Suppose now that S has a component C' of size less
than 10/e3. Then, using Lemma [3|[g)), we see that w.h.p. |N(C)| > d(C) — 2|C| > (1 — 2¢)|C|np
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since SN Sy = 0. Clearly [N(C)| < (1 + 2¢)|C|np, since C NSy = 0. So, S will inherit the required
property from its components. Indeed, if the components of S are C7,Cs,...,C) then because
there are no edges between components,

k

k
“(8:7) =3 2e(Ci: 1) 2 (1 = 2)|CUITIp = (1 = STl

i=1

The upper bound on e(S : T') is proved in the same way.

(1)

- n/(np)®/® n 1 n/(np)®/8 s
P(3S:e(S:S) <|Snp/2) < Z <S>88—2ps—1e—s(n—s)p/3 < = Z (el—np/4np> — o(1).
s=wp/2 s=wp /2

Explanation: the sum bounds the expected number of spanning trees in components S for which

e(S:S) < |S|np/2.

(i) Suppose first that |S| < wg. Let ng = (5np + 1)wp be an upper bound on [S U N(S)| and let
so = 7/€%. Then, using (@),

P(3S : ﬂ(ﬁ[)) <o(1)+ Z <Z> s— 2 s—1 <SO> (SSonp> e—sos2np/(3+o(1))

50
N 5snpe2—e2np/(3+o(1) \ %
<o(l) + 5= Z(enp)s P 5 = o(1).
s°p = 55

Explanation: here (; ) (5580:17 ) bounds the number of choices for up to 7/&? vertices in (SUN(S))N
Si.

When |S| > wy we replace sg by s1 = [7s/€2w01 to obtain

no
pas @) < Y (1)s () (P10 ) e

S=wq
no 2—e2np/(3+0(1)) \ !
n Hsnpe p
< — 8 =o(1).
< gp 2 (em) ( - ) ol1)

We use (Z)pk to bound the probability that v € Bg(S).

(np)Y/3 n/(np)°/8 n—s s agsnp
. 52,51 k
0= (e () ()
/3 n/(np 9/8 En 2\ ¢
wl/“ (e Y

k=2 =k
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() We can assume that S induces a connected subgraph and then sum the contributions from each
component. We first consider the case where |S| < n/2.

n/2

P(HS : —|) < Z <n> 88—2p8—1 (9‘9 ) (26—52(71,—3)];/3)6'3
S S
s=n/()?
n/2 1—e2(n—s)p/3 %\ °
< ! Z nep Ze T =o(1).
P omnjtnwy? f

When n/2 < |S| < n; we drop the connectivity constraint and replace (Z) by 4°. The summand is
S
then equal to (46(26_62(n_s)p/3/9)0> .

(m) Here a = (np)'/*.

SR TR S [ O [ e

s=n/(np)?/

n/(np)'/3 _ s 0(n—s)
ne /e\o0(n—s)p/2 ne e\ asp/2
= Z (s . (5) ) (9(n —s5) <E> > = o(1).

s=n/(np)?/*

()

Let o0 = e 2loglog n.

np np
P(3S,v : —\) < nz <Z> Ss—2ps—1 <Z>pa < Zns+1es2sps+a—1 < 2nnp+1(26)nppnp+a—1' (58)
s=1 s=1

Explanation: (i) chooses the neighbors of v in S. The last inequality follows from np > 1.

Now suppose that np = clogn. Then,

log(RHS(58)) = nplog(np) + logn + (¢ — 1) logp
< (c+1)lognloglogn — (o — 1)(logn — O(loglogn)) — —oc.
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