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We show that a certain 3-dimensional assignment problem
is NP-complete, To do this we show that the following prohlem
182 MP-complete: given bipartite graphs G, 7, with the sme
sets of vertices, do there exist perfect matchings My, M, of G,
(7 respectively such than M, 0 M, =7

1. Inroduction

Let P. ¢J. R be 3 finite digjoint scts of egual
size. For w=(p,g.r)ET=Fx 0 xR we define
s{uy={(p.g){p.r) (g.r)} and for 4 C T we let
s(A)y=1 _ s(u)

Aset 4 CT s called a partial assignment if n,
v =4 implies s{w) Ms{v)=8

A roral assignment A is a partial assignment
which satisfies s{A)=(PH Q)U(P X R) L
(Q A R).

In this paper we prove the NP-compleleness of
the following I-dimensional assignmen: problem
(3DA):
Instance:  disjoint finite sets P, 0. R of equal size,
Aset SCPXOXR.

Question:  does there exist a total assignment A C
57

This is a special case of the integer program-

ming problem (with a, , =0 or 1}

maximize > > 3 - JTS AR

i=1 =1 k=1

subject (o

E"rr,t_]-l jak;l...__.l‘}]_
=1
> Xy =1 i k=1,....m
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ij=1,...,m,

X 5 =0orl, i k=1, .

This has been studied by Burkard and Frohlich
[1]. Leue [6] and Vlach [7].

One application of 3DA is the following timeta-
bling problem: given m teachers, m classes and m
tume pericds and a set § of triples ( p, ¢, r) where
we can schedule teacher p 1o meet class ¢ in time
period r. we ask is it possible, using only triples
from &, to arrange that in each time period, each
teacher is assigned to exactly one class and vice-
versa, so that after m periods every teacher has
taught every class?

Note that this is a different timetabling prob-
lem to that discussed in Even, Itai and Shamir [2].

It is shown that 3DA is a special case of the
3-dimensional matching problem of Karp [53].

2. Complexity proof

Given disjoint finite sets P, Q@ of equal size, a
marching is a set M C P > @ such that |M|=|P|
and every element of P U Q occurs in exactly one
ordered pair of M.

The NP-completeness of 3DA will be shown (o
follow from the NP-completeness of

DISJOINT MATCHINGS (DM)

Instance:  disjoint finite sets P, O with |P|=|Q|
and sets A, A, CP X 0.

Cuestion:  do there exist maichings M, C A, for
i=1, 2 such that M| N M, =&7

The known NP-complete problem which will be
reduced to DM is MONOTONE ONE-IN-THREE
SAT (1-35AT) - Garey and Johnson [4. p. 259].

1-35AT

Irstance: A set V= {v(i):i=1,....n} of boolean
variables. A set C={C,,.... C.} of
clauses such that (i) |G| =3, =
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l,....m, {ii} no clause contains ne- have

glected variables. 47 R
Question:  is there a truth assignment for ¥ such MO V[jland MOV [i1=2

that each clause in C has exactly one {models of 5) = true) (2.1)

true variahble?
or

MNC[j]=Fand M2 F[]

Proof. Suppu?':nse that C = {v(k):kEK,} where {models of j) = false).
|K;|=3 for i=1,...,m. We construct the follow-
ing instance of DM:

Theorem 2.1, 1-35AT cc DM.

Definition of A5. Fori=1,....m let

P=XUDUF, = T
O=YUEUG ib[!]:é-i {(x[2i =1, k], y[2i — 1, K]),
where (x[2i =1, k] v[20. K1),
x=(x[i, jl:i=1,...,2m,j=1,..., n}, (/L k] y[24,K]).
Y= {ylifl:i=1,....2m,j=1,..,n}, (Fli k], e[E]). (4 [i], p[2i =1, K]),
D={d[i]:i=1.....m}, (x[26, k], eli k1))
E={eli]:i=1,....m), (see Fig.2).
F={fli.kl:i=1,..., m,kEK,), For a given J let
G={gli,kl:i=1,...m, kEK,). {x[i.j]:j & K, where 1=[i,/2]}
Definition of A;. For j=1,.... n let :{-‘f[f{"jr..f]:r—]----*’.-}'
I ) == '-_ .1. ¥ .I 4 5 o 2
Ejj] (Lol i= 1., z) {defines i(1). i(2),...) where i{1) < {2} = --- <i(s,)
ET and let
Ll ot ) 201 = (<l 1), 7)) =1, s
(y[2m+ 1.7]=y[1.7]) then
n where i(s, + 1) = i(1). o
A= (P[;/lu?[i]) Note that Z[ /1N (V[j1W V[j])=§& provided
i=1 that
"-"{{d["r- eli]):i=1....,m} Assumption. No variable ©{ ) occurs in exactly
U{(fLi. k], gl k]):i=1,....m kEK,). m— 1 clauses.

We can make the ahove assumption hecause
there is a polynomial time algorithm that solves all
if MC A4, is a matching then for j=1..... nowe instances of 1-3SAT that do not satisfv the as-

We note (see Fig. 1) that

x[1,3] x[2,3] x[3,3] 4,31 x[5,1] x[5,1] z[7.1] x[8, 1]

r\_ “ “ " Y |~ A

L . ~ b &
‘}__,.-., . by 1‘“: % \\ -
el N| | J .

¥lz.3) vz, il vl3,7] yl4,3] ¥[5,9] ¥l&,i) ¥[7.3] ¥[8,3]

Fig. I, 4, {7 =4; continuous edges are in [ ;]; broken edges are in F[ ]
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£li, gl =x[2i-1.x)

=[2i-1,q]

x[zi-1,7] £[i,p]

fli.z]

ali] x[21,p] x[2i,9] xf2i,2]

vl2i-1,p] v[2i,p] ¥vl2i-1,q] wl2i,q] vl[2i-1,r]

Fig. 2. CS[i] (K, ={p, q. F}).

sumption.

Now let 2= U/ Z[j] and let A4, =
U CS[i) U Z. Note that ZM 4, =8

For i=1,...,m and k € K, define (see Fig, 3)

CM[i. k] = l:J {(x[2:i.4]. gli i)}
U {(d[i],y[2i—1.k]),
(x[2i = 1, k) y[2i,k]). (fLi. k] e[7])}
w0 {(x[2i—1,4). p[2i— 1.5]).

JEX— [k}
(/i) »[2iD)}-
We next note that

if M C A, iz a matching then for i=1...., m there
exists k, € K, such that M M CS[i]= CM[{, £, [{2.2)

Note also the following properties of CM[J, k]

CM[i. k] n¥[k]=8. {2.3a)
CM[i k] N ¥V [k] #8. {2.3b)
CM[i, k] N ¥ ] #8. =K, — [k}, (2.3c)
CM[i, kN ¥V [jl=0jEK,— [k}, (2.3d)
CM[i, k] n(V[fluF [ =0 2K, (23¢)

We must now show that 1-35SAT has a solution

x[24-1,p] £li,p] =x[2i-1,q) £li.9) =x[21-1,c]

vl2i-1.0] wvl2i,p] wl2i-1.4] wvi2i,8] wl2i-1.r]

Fig. 3 CM[i. r] (K, =[p.q.¢)L

vl2i,z)

alie]l  wlial  gli =]

e[i]

if and only if the above example of DM has a
solution.

Suppose first that 1-3SAT has a satisfying as-
signment of truth values. In one such assignment
let

T={j:o(j)=true} and T={l,...n}—T.
Fori=1,....m we can by assumption define k; by
TrK,={k}. Then let

M= U riju U Pl

JET JET
u{(d[i].e[i]):i=1,...,m}
U{I:f[i.ﬁ],g[f,k]]l:?'— l....,m, kE K‘}

and

M= U eM[i.k]uz.
=1
That M, N M, = follows from (2.3) and Z M4,
= .

Conversely suppose we are given disgjoint
matchings M, C A, fori=1,2 Let T={;: ¥[j]C
M} and assign v( j) = true for jE T and v{ )=
false for j = T.

MNext (using (2.2)) let k; be defined by M, N

£[i.x] alil x[zi,p]  =l[2i,qg] =Lil,x)

v[2i,7] e[1] ali.g) afi,al ali,z]
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CS[i]=CM[i k] for i=1,....m. It follows from
(2.3b) that M, N P[k,] 8. Thusif M, 2 Vik,] we
would have M, N M, 8. Thus M, Z V[k,] and so
by (2.1) we have M, D V[k] and keTilori=
1.....m. Now for j €K, — {k,} we use (2.3c) and
(2.1) in a similar manner to show that j & T\ Thus
the truth value assignment satisfies all clauses in
the required manner.

Corollary 2.2. 3DA is NP-camplete.

Proof, We show that DM = 3DA. Thus let p=
{ProeeesPor)s @= {G1r-- 2l ) Abs A, define an ins-
tance of DM. Let R={1,....m} and let §=
U™ 5 CPXOXR wherefori=1.2,5=4,%
(i) and fori=3,....m, ;=P X QX {i}.

We need only note that any total assignment
A C § induces m disjoint matchings M, = {{ 7. q):
(p-q,i)EA} and that given a disjoint pair of
matchings M, C A, for i=1. 2 we can easily ‘ex-
tend’ them to a complete assignment. Indzaed (F >
Q) — (M, U M,) defines an m — 2 regular bipartite
graph which can be decomposed nto m — 2 dis-
joint matchings Mj,..., M, Then 4 = U7, (M, X
{i}) forms a total assignment and A C 5.

We note next that 3DA is a special case of
3-dimensional matching (3DM)

3DM

Instance: disjoint finite sets X, Y, Z of equal size.
At TCXXK VX Z

Quesrion;  does there exist 5 C T such that each
element of X U YU Z occurs in exactly
one member of 57

Remark 2.3. 3DA o 3DM.

Given an instance P, O, R, § of 3JDA we
proceed as follows: Let X=PXQ, Y=PX R.
Z=0XR and T={{p.q) (p. 7). (g r))
(p.q,r)ES). It is clear that S contains a total
assignment if and only if 7 contains a matching.

We finally note another hard special case of

DM that can be deduced from 3DA: there exist
ACXXY BCXXZ CCY¥YXZ such that T=
{(x.p.z): (x,y)EA, (x.2)EEB and (p,.z)EC]. -

A practical instance of the above problem is
deseribed in Frieze and Yadegar [3].

Thiz leads to an easy prool of NP-completeness
of PARTITION INTO TRIANGLES (Garev and
Johnson [4. pp. 68-69]) even when the graph
under consideration 18 tripartite.

3. Complexity of DM

The instance of DM constructed in Theorem
2.1 has the following property: the bipartite graphs
{(P.Q.A,) for i=1, 2 arc both planar and no
vertex has degres excecding 3.

If we restrict the instance of DM to those with
vertex degrees bounded by 2 then the problem
becomes polynomially solvable even if we have 10
find disjoint matchings M, of graphs (£, 0, 4, for

i=1,.k
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