10.

Random Graphs
Homework 1

. Suppose that p = ¢/n where ¢ is constant.

(i) Show that whp G,,, contains no set of vertices S with s = |S| < (20¢*)~'n such
that S contains 2s edges.
(ii) Show that whp the maximum degree A <
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(i) Show that whp the vertices of degree at least z>* form an independent set.
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. Let Ay, Ag, ..., Ay be events in some probability space. Let & be the event that exactly

k of these events occur. Show that
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where
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. Let p = n~*(Inn + ¢). What is the limiting probability that G, , has exactly k isolated

vertices?

. Suppose that p = (In(n?/c)/n)'/2. What is the limiting probability (as n — oo) that

G, has diameter 27

. Suppose that 0 < ¢ < 1 is constant and p = ¢/n.

(i) What is the limiting probability that G,,, has girth ¢?
(The girth of a graph is the length of its shortest cycle).
(ii) What is the limiting probability that G, , is a forest?

. Let C' be a component of size k = O(1) in G,, where m = o(n). What is the limiting

probability that C' is still a component in G, ran?

Let By, be the random sub-graph of the complete bipartite graph K, ,, obtained by
keeping each independently with probability p.

(i) When does By, gn,c/n have a giant component whp?

(ii) When is B,, ,,, connected whp?

(iii) When does B,, ,,, have a 2-factor whp?

. Suppose that we give each edge of K,, g, an independent uniform [0, 1] edge weight.

What is the limiting expected value of the length of a minimum spanning tree?

. Bi_out is the random bipartite graph with vertex bipartition [n] + [n]. Each vertex

chooses k random neighbours from the other side of the bipartition. For what values of
k is it true that Bj_,,; has a perfect matching whp?

Gr—out 18 the random graph with vertex set [n]. Each vertex chooses k random neigh-
bours. Show that Gj_,.: is k-connected whp, for k& > 2.



11. Let T be a fixed tree on k vertices. Show that if K is sufficently large then whp
Glrn,Knlogn contains n vertex disjoint copies of T' covering every vertex of [kn].

12. Let H be a fixed unicyclic graph on k vertices. Show that if K is sufficently large then
whp G}, rcn3/2, 1ogn contains n vertex disjoint copies of H covering every vertex of [kn].



