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Homework 1: Due Monday September 15.

Q1 Solve the following knapsack problem:

maximise 4x1 + 8x2 + 13x3
subject to

3x1 + 4x2 + 5x3 ≤ 16

x1, x2, x3 ≥ 0 and integer.

Solution

w f1 δ1 f2 δ2 f3 δ3
0 0 0 0 0 0 0
1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 4 1 4 0 0 0
4 4 1 8 1 8 0
5 4 1 8 1 13 1
6 8 1 8 1 13 1
7 8 1 12 1 13 1
8 8 1 16 1 17 1
9 12 1 16 1 21 1
10 12 1 16 1 26 1
11 12 1 20 1 26 1
12 16 1 24 1 26 1
13 16 1 24 1 30 1
14 20 1 24 1 34 1
15 20 1 28 1 39 1
16 20 1 32 1 39 1

Solution: x1 = 0, x2 = 0, x3 = 3. Maximum = 39.
Start with x1 = x2 = x3 = 0. δ3(16) = 1 and so we add one to x3. We have
used up 5 units of the knapsack. There are 11 units left. δ3(11) = 1 and
so we add one to x3. We use up another 5 units and so we are left with 5.
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δ3(6) = 1. We add one more to x3. There are now 1 units in the knapsack.
δ3(1) = 0 and so we move to column 2. δ2(1) = 0 and so we move to column
1. δ(1) = 0 and we are done.

Q2 Consider a 2-D map with a horizontal river passing through its center.
There are n cities on the southern bank with x-coordinates a(1)...a(n) and
n cities on the northern bank with x-coordinates b(1)...b(n). You want to
connect as many north-south pairs of cities as possible with bridges such that
no two bridges cross. When connecting cities, you can only connect city i
on the northern bank to city i on the southern bank. Construct a Dynamic
Programming solution to this problem. (You can assume that a(1) < a(2) <
· · · < a(n), but you cannot assume that b(1) < b(2) < · · · < b(n). If both
sequences are increasing, then the problem is trivial).
Solution: Let f(j) be the maximum number of bridges choosable if we only
use (a(i), b(i), i ≥ j). Then

f(j) = max

{
f(j + 1) do not choose (a(j), b(j))

1 + f(min{k > j : b(k) > b(j)}) choose (a(j), b(j))
.

Q3 The people of a certain area live at the side of a long straight road of
length L. The population is clustered into several villages at points a1, a2, . . . , ak
along the road. There is a proposal to build ` fire stations on the road. The
problem is build them so that the maximum distance of a village to its near-
est fire station is minimised. Formulate the problem of finding the optimum
placement of fire stations as a dynamic program. (Assume that fire stations
are to be placed at integer points only on the line.)
Solution: Let

c(i, j : a) = max
k:i≤ak≤j

|ak − a|

be the maximum distance of a village in [i, j] to a firestation serving [i, j] if
it is placed at a. Then let

c(i, j) = min{c(i, j : a) : i ≤ a ≤ j}.
Let f(x, i) be the maximum distance from a village in [0, x] to its nearest fire
station in [0, x] if i fire stations are optimally placed to service the villages
in [0, x]. Then f(i, i) = 0 for i = 0, 1, 2, . . . , ` and

f(x, i) = min
i≤y≤x

{max{f(y, i− 1), c(y, x)}}.

Here y is the tentative place to put the ith firestation.
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