Department of Mathematical Sciences
CARNEGIE MELLON UNIVERSITY

OPERATIONS RESEARCH II 21-393
Homework 4: Due Wednesday October 24.

1. Formulate the following as an integer program: There are n students
and exams E, Es, ..., E,, C [n] need to be scheduled. Here E; is the set
of students that need to take exam i. Exams take place in the morning
and in the afternoon. There are s rooms available and each room can
hold r students. The rules are (i) A student must not be asked to take
more than one exam per day; (ii) Several different exams can be held
in the same room at the same time provided there is capacity in the
room to hold the students. The problem is to minimise the number of
days needed to carry out all of the exams.

Solution Let
1 Exam 7 in room j on morning of day k
B 0 Otherwise

_J1 Exam i in room j on afternoon of day &
bk 0 Otherwise

e — {1 There is an exam on day k
"7 10 Otherwise
Then the problem is to
Minimise y1 +y2 + - + U
subject to

Tijkm t Tijra < Yk Vi, 4, k.
E :(x”km + T jka) =1 Vi.

7.k
Z |Eilxijom <17  Vj, k.
Z |Ei|Tijha <7 Vi, k.

D (Tighm + Lo jham + Tigha + Cogra) 1 VRV BN Ey # 0.
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2. Solve the following problem by a cutting plane algorithm:

minimise 4x; + 5%y +3x3
subject to
21’1 + X9 —XI3
1+ 4dxy @

(AVAIAY

13

x1, X2, 3 > 0 and integer.
Solution

Initial tableau
Ty T x3 x4 x5 | RH.S
-4 -5 -3 0 0 0 Z
2 -1 1 1 0 -2 Ty
-1 4 -1 0 1 13 | x5

r1 To x3 x4 w5 | RH.S
- 0 3 1 T 1 |7
1 1 —1 13

i L3 0 F 1 7w

Primal feasible, but the solution is not integral.

We add a cut which eliminates the current optimal solution.
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We do a dual simplex pivot to obtain

r1 X9 x3 x4 x5 Yy | R.H.S

= 0 = 0 0 0] % [z

2 0 2 1 0 2 |y
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The solution is primal feasible and so optimal but still not integer.

We add a cut which eliminates the current optimal solution.

—1 1 n 1
—1 — =& ==
3 1 3 3T Y2 3
We obtain tableau

r1 x9 x3 x4 x5 vy | RH.S

=7 - 50

= 0 3 1 0 O = T

i 1 i 0O 0 O 13—0 [E4

? ? i ?

§1 0 §1 0 1 0 % Iy

We do a dual simplex pivot to obtain

1 Ty x3 T4 Ts Yo | R.H.S

-1 0 0 0 0 -4 18 Vs
3 0 0 1 0 4 0 Ty
o 1 0 0o 0 1 3 T
O 0o o0 o 1 1 0 T
1 0o 1 0 0 -3 1 T3

Which is optimal integral.

3. Solve the following problem by a branch and bound algorithm:

Maximise 4x; —2x9 +T713 —I4

subject to
T +5$3 < 10
T +I9 —T3 S 1
6£L'1 —51’2 S 0
- +2x3 —2x4 <3

X1,T2,T3,T4 Z 0.
T1, To, T3 integer.

Solution



1. LP relaxation:
1
(@1, 22, T3, T4) = (— -, = O) Value = 141.

Sub-problem 1: add constraint x; < 1.

6 9

1
(1'1,1'2733371)4) - (17 g, 5,0) V(Llue = 145

Sub-problem 2: add constraint x; > 2.
No solutions.

Subproblem 1.1: add constraint x5 < 1.

5 11

1
($17I2,$37x4) - <6, 1, F, 0) Value = 146

Subproblem 1.2: add constraint xo > 2.
5 11 1
(21, T2, T3, 4) = (6’2’ E’[)) Value = 126.
Sub-problem 1.1.1: add constraint x; < 0.

1 1
(1, T2, T3, 4) = (0,0, 2, 5) Value = 135.

This solution is feasible.
Subproblem 1.1.2: add constraint x; > 1. No solutions.

Sub-problem 1.2 is fathomed i.e. there is no solution to this problem
which is better than our current incumbent.

Optimal solution: (x1,xo, x3,x4) = (O, 0,2, %) Value = 13%.



