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Homework 1: Due Monday September 10.

Q1 Solve the following knapsack problem:

maximise 3x1 + 7x2 + 12x3

subject to
2x1 + 4x2 + 5x3 ≤ 16

x1, x2, x3 ≥ 0 and integer.

Solution

w f1 δ1 f2 δ2 f3 δ3

0 0 0 0 0 0 0
1 0 0 0 0 0 0
2 3 1 3 0 3 0
3 3 1 3 0 3 0
4 6 1 7 1 7 0
5 6 1 7 1 12 1
6 9 1 10 1 12 1
7 9 1 10 1 15 1
8 12 1 14 1 15 1
9 12 1 14 1 19 1
10 15 1 17 1 24 1
11 15 1 17 1 24 1
12 18 1 21 1 27 1
13 18 1 21 1 27 1
14 21 1 24 1 31 1
15 21 1 24 1 36 1
16 24 1 28 1 36 1

Solution: x1 = 0, x2 = 0, x3 = 3. Maximum = 36.
Start with x1 = x2 = x3 = 0. δ3(15) = 1 and so we add one to x3. We have
used up 5 units of the knapsack. There are 10 units left. δ3(10) = 1 and
so we add one to x3. We use up another 5 units and so we are left with 5.
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δ3(5) = 1. We add one more to x3. There are now 0 units in the knapsack.
δ3(0) = 0 and so we move to column 2. δ2(0) = 0 and so we move to column
1. δ(0) = 0 and we are done.

Q2 A county chairwoman of a certain political party is making plans for an
upcoming presidential election. She has received the services of 10 volunteer
workers for precinct work and wants to assign them to five precincts in such a
way as to maximize their effectiveness. She feels that it would be inefficient
to assign a worker to more than one precinct, but she is willing to assign
no workers to any one of the precincts if they can accomplish more in other
precincts.
The following table gives the estimated increase in the number of votes for
the party’s candidate in each precinct if it were allocated the various number
of workers.

Number Precinct
of Workers 1 2 3 4 5

0 0 0 0 0 0
1 4 7 5 6 4
2 10 11 10 11 12
3 15 16 15 14 15
4 18 18 18 16 17
5 22 20 21 17 20
6 24 21 22 18 22
7 26 25 24 23 22
8 28 27 27 25 25
9 32 25 30 28 28
10 33 28 34 32 30

Use dynamic programming to find all solutions to the problem of maximising
votes.
Solution Let fr(w) be the maximum increase in votes in precincts 1, 2, . . . , r
assuming that w workers are assigned to them.

fr(w) = max
0≤i≤w

{ai,r + fr−1(w − i)}, r ≥ 1,

where ai,r is the increased number of votes gained from i workers in precinct r.

f0(w) = 0.
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w f1 x1 f2 x2 f3 x3 f4 x4 f5 x5

0 0 0 0 0 0 0 0 0
1 4 1 7 1 7 0 7 0
2 10 2 11 1,2 13 1 13 1
3 15 3 17 1 17 0,2 18 1,2
4 18 4 22 1 22 0,1,3 23 1,2
5 22 5 26 2 27 1,2 28 1,2
6 24 6 31 3 32 2,3 33 1,2
7 26 7 34 3 37 3 38 1,2
8 28 8 38 3 41 2,3 43 1,2
9 32 9 40 3,4 46 3 48 2
10 33 10 42 3,4,5 49 3,4 52 1,2 55 2

Solutions: Maximum = 55.

x1 = 3 x2 = 1 x3 = 3 x4 = 1 x5 = 2
x1 = 3 x2 = 1 x3 = 2 x4 = 2 x5 = 2
x1 = 2 x2 = 1 x3 = 3 x4 = 2 x5 = 2

Q3 Give a recurrence to solve the one item production problem when orders
can be delayed by at most two periods.
(a)
Suppose that it costs b per unit per period to back-order. In our first attempt
we will keep track of bi, the number of items currently back-ordered for
i = 1, 2 periods: The recurrence is

fr(b2, b1, i)

= min
x

{c(x)+b(b1+b2)+fr+1([b1−(x−b2)]
+, [dr−[x−b1−b2]

+, [i+x−dr−b1−b2]
+)}

where [ξ]+ = max{0, ξ} and the minimisation is over

x ≥ b2, x ≤ H + dr − i + b1 + b2.

(b)
One can keep −i = b1 + b2 if b1 + b2 > 0 and then one does not need b2.

fr(b1, i)

= min
x

{c(x)+b[−i]++fr+1([dr− [x−b1− [−i]+]+, [i+x−dr− [−i]+−b2]
+)}
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where the minimisation is now over

x ≥ b2, x ≤ H + dr − i + b2.

(c)
Finally, we observe that if b2 > 0 then b1 = dr−1. if in the last period we did
not produce enough to fulfill all one period old back-orders, then all of last
periods demand will have to back-ordered. So now if i < 0 then b1 + b2 = −i.
Furthermore, if i < 0 then either (i) i ≥ −dr−1 and b1 = −i, b2 = 0 or (ii)
i < −dr−1 and then b2 = −i − dr−1, b2 = dr−1.

fr(i)

= min
x

{c(x)+b[−i]++fr+1([[−i]+−(x−b2)]
+, [dr−[x−b1−[−i]+]+, [i+x−dr−[−i]+−b2]

+)}.
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