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Pólya’s countingtheoryprovidesa wonderfulandalmostmagicalmethodto solve a largevariety
of combinatoricsproblemswherethe numberof solutionsis reducedbecausesomeof themare
consideredto bethesameasothersdueto somesymmetryof theproblem.

1 Warm-Up Problems

As awarm-up,try to work someof thefollowing problems.Thefirst coupleareeasyandthenthey
getharder. At leastreadandunderstandall theproblemsbeforegoingon. Try to seethecommon
threadthatrunsthroughthem.

1. Benzeneis a chemicalwith theformula
��� ���

. The6 carbonatomsarearrangedin a ring,
and all are equivalent. If two bromine( ��� ) atomsare addedto make a chemicalwith
formula

��� ��	 �
� � , therearethreepossiblestructures:
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How many structuresarepossiblewith the following formulas? In part (a) therearefour
hydrogenatoms,onechlorine,andonebromineatomarrangedaroundthebenzenering; in
(b), two hydrogens,two chlorines,andtwo bromines;in (c), two hydrogens,an iodine, a
chlorine,andtwo bromineatoms.The6 carbonatoms(the

���
part) form thebenzenering

in thecenter. Rotatingamoleculeor turningit overdonot turn it into anew chemical.

(a)
��� ��	 ��� ���

(b)
��� � � ��� � �
� �

(c)
��� � � � �
� �
� �

2. In how many ways can a strip of cloth with � stripeson it be coloredwith � different
colors?Do not countasdifferentpatternsthatareequivalentif thecloth is turnedaround.
For example,thefollowing two stripsareequivalent,where“R” standsfor “Red”, “G” for
“Green”and“B” for “Blue”:

R G R B R R B

B R R B R G R
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3. In how many wayscana tablecloththat is divided into ����� squaresbe coloredwith �
colors?Therearetwo answers,dependingonwhetherthetableclothcanbeflippedoverand
rotatedor simply rotatedto makeequivalentpatterns.

4. In how many wayscana necklacewith 12 beadsbemadewith 4 redbeads,3 greenbeads,
and5 bluebeads?How many necklacesarepossiblewith � beadsof � differentcolors?

5. How many wayscanyoucolor thecornersof acubesuchthat3 arecoloredred,2 aregreen,
and3 areblue?

6. How many wayscanyoucolor thefacesof a dodecahedronwith 5 differentcolors?

2 Illustrati veSolutions

We’ll begin with a few problemsthataresimpleenoughto solve without Pólya’s method,which
we will do,andthenwe will simply applythemagicmethod,showing thetechnique,but without
explainingwhy it works,andwe’ll seethatthesameansweris obtainedin bothcases.

2.1 A Striped Cloth
� In how many ways can a strip of cloth with � stripeson it be coloredwith � different

colors?Do not countasdifferentpatternsthatareequivalentif thecloth is turnedaround.
For example,thefollowing two stripsareequivalent,where“R” standsfor “Red”, “G” for
“Green”and“B” for “Blue”:

R G R B R R B

B R R B R G R

We will considera coloring valid if two or moreadjacentstripeshave the samecolor. In
particular, a solidly-coloredstrip will bea perfectlygoodsolution(whereall thestripesare
thesamecolor).

If we did not considerstripsto bethesamewhenturnedaround,theansweris obvious—eachof
the � stripescanbe filled with any of � colors,makinga grandtotal of � � possiblestrips. But
this answeris too big, becausewhenyou turn the strip around,it matcheswith onethat hasthe
oppositecoloring. At first it looks like we have double-countedeverything,sinceeachstrip will
matchwith its reverse,but this is obviously wrong,if we consider, say, a strip with 2 stripesand
threecolors.Thereare �  �!#" colorings(ignoringturningthestrip around),but thetotal number
of uniquecoloringsgiventhatwe areallowedto turn thestriparoundis obviouslynot " $ % , which
is not aninteger.

Theproblem,of course,is thatsomeof thecoloringsaresymmetric(in thecaseabove,3 of them
are symmetric),so the real answeris gottenby addingthe numberof symmetriccasesto the
numberof non-symmetriccasesdividedby 2. In this case,thecalculationgives:

�'& "
(��% !*) +
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With this in mind,thegeneralproblemis not toohardto solve;we justneedto beableto countthe
symmetriccases.But a symmetricstrip hasthesamestuff on theright ason the left, sooncewe
know what’sontheleft, thestuff ontheright is determined.There’saminorproblemwith oddand
evensizedstrips,but it’s not difficult. For anevennumberof stripes,say ,.-0/ 1 , thereare 2 3
differentsymmetricpossibilities.If , is odd, ,�-�/ 1#4�5 , thereare 2 3�687 symmetricpossibilities.
Using thefloor notation 9 : ; to meanthesmallestinteger larger thanor equalto : , we canwrite
this in termsof 2 and , asfollows:

28< = > 6?7 @ A B C D
Sincethis is the numberof symmetriccolorings,the total numberof coloringscanbe obtained
with thefollowing formula:

2 >�E 2 < = > 6?7 @ A B C/ 4.28< = > 687 @ A B C - 2 > 4.2 < = > 687 @ A B C/
We canusethis formulawith ,�-0F and 2�-0G to solve theoriginal problem,andtheansweris
135. In addition,checkthatthefollowing arealsotrue:

H If all fiveslotsaregreen,clearly, there’sonly oneway to do it.

H If thefiveslotsmustbefilled with threeredsandtwo greens,thereare6 waysto do it.

H If youcanusetwo reds,two greens,andablue,thereare16 waysto color it.

Now wewill illustratea methodthatwill solve theproblem(andmany similar problemsbesides),
but we will not,at first, explainhow or why it works.

For whatappearsto benoapparentreason,look at thetwo permutationsof thesquaresof thestrip
of cloth. Call the coloredlocations I , J , K , L , and M from left to right. Therearetwo symmetry
operations:leave it alone,or flip it over. In cycle notation,thesecorrespondto: N I O N J O N K O N L O N M O
and N I M O N J L O N K O .
Thefirst one(leave it alone)has5 1-cycles.Thesecond(flip it over)has1 1-cycleand2 2-cycles.
Let P 7 standfor 1-cycles,P B standfor 2-cycles.In thiscasethereareonly 1- and2-cycles.If there
were3-cycles,we woulduseP Q , et cetera.

Indicatethe two permutationsasfollows: PSR7 and P?77 PSBB . Thereis oneof thefirst typeandoneof
thesecondtype,sowrite thefollowing polynomialwhichwe shallcall the“cycle index”:

T - 5�U PSR7 4*5�U P?77 PSBB/ D
The2 in thedenominatoris thetotalnumberof permutationsandthe1 in front of eachtermin the
numeratorindicatesthatthereis exactlyonepermutationwith this structure.

Now, do thefollowing strange“substitution”. Sincewe’re interestedin threecolors,we’ll substi-
tutefor P 7 theterm N :V4XW�4�Y O andfor P B , theterm N :SB�4XW B�4�Y B O . We only have P 7 and P B in
this example,but if therewerean P R , we’d substituteN :SR'4.W R�4�Y R O . Similarly, if therewere4
colorsinsteadof 3, we’d usefour unknownsinsteadof just : , W , and Y .
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Doing thesubstitution,weobtain:

Z#[�\ ]_^X`�^Xa b c�^�\ ]_^X`�^Xa b \ ]ed�^X` df^.a d b dg h (1)

which,whenexpanded,gives:

i j ]'` kSa'^ i j ]�`�a kf^ i l ]�` d a d ^X] c ^�` c ^Xa c^ i l ] d ` d a
^ i j ] k `�a'^ i l ] d `�a d ^Xm8]enS`�^.m8] n8a'^.m8]�` n^Xm8]
a n�^ l ] k ` d ^ l ] k a d ^ l ] d ` k ^ l ] d a k ^Xm8`�a n�^.m8` n?a^ l ` k a d ^ l ` d a k
Here’s themagic.If youaddall thecoefficientsin front of all theterms:

i j ^ i j ^ i l ^Xo o o ^pm�^l ^ l [ i m q . And 135is thetotal numberof colorings!But there’smore.Theterm
i l ]e` d a d has

a coefficientof 16,andthat’sexactly thenumberof waysof coloringthestrip with a blue( ] ) two
reds(̀ d ), andtwo greens( a d ). Why on earthdoesthis work?

Actually, thereis a much betterway to “add all the coefficients”—noticethat if we simply sub-
stitute1 for ] , ` , and a , we get thesumof thecoefficients. But thereis no needto expandequa-
tion (1) beforedoingthis—justlet ] [ ` [ a [ i in equation(1). Thisgivesus \ m c?^�m�o m d b r g [\ g s m�^ g t b r g [ i m q .
Dependingonhow you learnthings,youmaywantto jumpaheadto section3.1wherewe look in
detailat thissimpleexampleof astripedcloth. Alternatively, youcancontinuereadingin orderto
seea few moreexamplesin detailfirst beforelooking at theunderlyingmathematics.

2.2 Beadson a Necklace
u Countthenumberof waysto arrangebeadsonanecklace,wherethereare v differentcolors

of beads,and w total beadsarrangedon thenecklace.

With a necklace,we canobviously rotateit around,so if we numberthebeadsin orderas
1, 2, 3, 4, thenfor a tiny necklacewith only four beads,thepattern“red, red,blue,blue” is
clearly the sameas“red, blue,blue, red”, et cetera.Also, sincethe necklaceis just made
of beads,we canturn it over, so if therewerefour colors,althoughwe cannotrotate“red,
green,yellow, blue” into “blue, yellow, green,red”, we canflip over thenecklaceandmake
thosetwo coloringsidentical.

Using standardcountingmethods,let’s solve this problemin the specialcasewhere v [ g andw [ s (two colorsof beads,andonly 4 beads—it’s a very shortnecklace).Thenwe will apply
Pólya’smethodandseethatit yieldsthesameresult.

With 4 beadsandtwo colors,we canjust list thepossibilities.Thereis obviouslyonly oneway to
do it with eitherall redbeadsor all bluebeads.If thereis oneredandthreeblueor thereverse—
threeredsandoneblue,similarly, there’sonly oneway to do it. If therearetwo of each,theblue
beadscaneitherbetogether, or canbeseparated,sotherearetwo waysto do it. In total, thereare
thus6 solutions.

Now let’s try Pólya’smethod:
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If thebeadpositionsarecalled x , y , z , and { , herearethepermutationsthatmapthenecklaceinto
itself:| x } | y } | z } | { } , | x { z y } , | x z } | y { } , | x y z { } , | x { } | y z } , | x z } | y } | { } , | x y } | z { } , and

| y { } | x } | z } . (Check
these.)Notethatwe arelisting eventhe1-cycles(thebeadsthatdon’t move)becauseit will help
usin settingup theequation.

In thenotationwe usedpreviously, we canwrite down thecycle index:

~���� �e��
�X� �S�� � � �.� �S�� �.� � �� �
Sincetherearethreepermutationshaving 2 2-cycles,thereis a � in front of theterm �S�� , et cetera.
Let � � � | � �X� } , � � �

| � � �X� � } , and � � �
| � � �X� � } . Sincethereareonly two colors,we only

need

�
and � . Substituteasbeforeto obtain:

~�� | � �X� } � �X� | � �X� } � | � � ��� � } �.� | � � �X� � } � �.� | � � �X� � }� � (2)

If we expand,weobtain: � � � �S� ���X� � � � � � � � � ��� � �
It’ seasyto checkthatthesetermscorrespondto the6 waysbeadscouldbearranged,wherethere’s
auniquewayto do it unlesstherearetwo of eachcolor, in whichcasetherearetwo arrangements.

Also noticethatit givesourdetailedcountaswell. If wethink of the

�
ascorrespondingto a“red”

bead,and� to a “blue” bead,thecoefficient in front of theterm

� � (which is 1) correspondsto the
numberof waysof makinga necklacewith four redbeads.The2 in front of the

� � � � termmeans
thattherearetwo necklaceswith two beadsof eachcolor, et cetera.

And noticeagainthatby substituting

� � � � � into equation(2) weobtainthetotal count:

� � �.�
� � � � �'�X�
� � � �X�
� �� ��� � � � � � � �'�X�� � � �
Now let’s try somethingslightly moreinteresting.What if therearethreecolors? Let’s call the
colors“R”, “G” and“B”, for “red”, “green”,and“blue”.

Here’sa brute-forcecount.Checkto seethatyouagreewith thecountsbelow:

� All thesamecolor (3 ways)

� Threeof onecolor andoneof another(6 ways)

� Two of onecolorandtwo of another(3 ways)

� Two of onecolorandtwo differentcolors(3 ways)

In thepreviousexample(4 beadsand2 colors)we workedout how many waystherewereto do
all but the lastone—oneway with all the samecolor or with 3 of onecolor, andtwo wayswith
two of eachof two colors.

A little bit of scratchwork shouldconvinceyou that therearealsoonly two waysto do the last
case(thetwo beadsof thesamecolor canbeadjacentor not).

5



Thusthegrandnumberof waysto placebeadsof 3 differentcolorson anecklacewith 4 beadsis:

�
� ���.�
� ���.�
� �'�X�
� ���*� � �
With threebeads,theequationfor thecycle index � (correspondingto equation(2) above) is:

� �
� � �X���.� �  ��X� � � �X���X� � ¡ � � ¡���� ¡��X� ¡ ��
� � � ¡��X� ¡f�.� ¡ � ¡��X� � �  ����  ��X�   �¢ �

(3)

If we justwantthegrandtotal,wecansubstitute
� ���_�*�����

into equation(3) to obtain:�   �X�
� � ¡ � �'�X�
� � ¡ �.�
� �¢ � ¢ �f�.£ ¤
�X� ¥��X�¢ � � � ¢¢ �*� � �
We can,of course,expandequation(3) andobtain:� �  '���  ��X�   �?� � �e¦ ��� �S¦ �
� � � ¦ � � � ¦ ��� ¦ �'�X� � ¦ �� � � � ¡ � ¡��.� � ¡ � ¡��X� � ¡ � ¡ �8� � � � ¡ � �
�X� � � � ¡f�.� � � ¡ � � �
Notethatgroupscorrespondingto thevariouscombinationsof beadsin thelist abovearegathered
togetherwith parentheses.

Clearly with a small numbersof beadsandcolors, it’s probablyeasierjust to do a brute-force
enumeration,but if thenumberof beadsor colorsgetslarge,Pólya’s methodbecomesmoreand
moreattractive.

To illustrate,look at a necklacewith 17 beadsin it. A little playingaroundwill show you thatthe
cycle index polynomialyouneedis this:

� �¨§?© ª© ��� � § © ª ��� ¥ § © §S«¡� ¤ �
Let’s try to solve this with 4 colorsof beadsto obtain:

� �
� ¬ � � �����X� � © ª ��� � � ¬ © ª � � © ª ��� © ª �.� © ª ���� ¥ � ¬ � � �X���X� � � ¬ ¡�� � ¡���� ¡��X� ¡ � «� ¤ �

(4)

Substituting
¬ � � ���*���.��

into this yields
£ ® £ ¤ � � � ¤ ¤

solutions. If you have a really
strongstomach,you can multiply out the expressionfor � and get the breakdown for various
colorcombinations.

Noticethat if you have a particularproblem,you canoftensolve it without a completeexpansion
of theexpressionfor � . For example,if you want to know, for the17-beadnecklace,how many
examplesthereare with 2 red, 4 blue, 3 yellow, and 8 greenbeads,all you needto do is to
calculatethe coefficient of

¬ ¡ �   � ¦ � « andyou will have the numberyou want. A very valuable
tool is the formula for multinomialcoefficients(which is just a generalizationof the formula for
binomial coefficients). Hereis the multinomial expansionof

� � ��� � ¯
, of
� � �.�_�*� � ¯

andof� ¬ � � �°���p� � ¯
. It’ seasyto seewhatthegeneralizationto any numberof variableswill be.(The
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binomialexpansionhasbeenwritten in a slightly differentform thanusualsoyou canseehow it
relatesto themorecomplicatedversions.)

± ²V³�´ µ ¶¸·º¹» ¼ ½ ¾ ¿» À ½ Á Â
ÃfÄÅ Ä ÆeÄ ²SÇ ´ È'·

¶¹
Ç ÉeÊ

ÃfÄÅ Ä ± Ã°Ë Å µ Ä ²eÇ ´ ¶ ÌSÇ
± ²_³�´�³.Í µ ¶¸·Î¹» ¼ ½ ¼ Ï ¾ ¿» À ½ À Ï Á Â

ÃfÄÅ Ä Æ Ä ÐSÄ ²eÇ ´ È Í Ñ
± Ò�³X²_³�´�³.Í µ ¶¸· ¹» ¼ ½ ¼ Ï ¼ Ó ¾ ¿» À ½ À Ï À Ó Á Â

ÃfÄÅ Ä Æ Ä ÐSÄ Ô Ä Ò'Ç ² È ´ Ñ Í Õ Ö

To illustratewith ourexampleaboveto countthenumberof necklaceswith 2 red,4 blue,3 yellow,
and8 greenbeads,we look at thethreetermsin thenumeratorof equation(4). We arelooking for
coefficientsof termslike this:

Ò'× ²eØ ´ Ù Í Ú
.

In
± Ò#³.²V³.´�³�Í µ Û Ü

, thecoefficient will be Ý Þ Ä ß ± à Ä áeÄ â Ä ã Ä µ . Therewill beno appropriateterms
from theexpansionof Ý ä ± Ò�Û Ü?³°²?Û Ü8³°´eÛ Ü?³pÍ Û Ü µ . From Ý Þ ± Ò�³°²
³°´�³pÍ µ ± Ò'×?³°²S×?³°´ ×?³pÍ × µ Ú ,
the part on the right will only generateevenpowersof the variables,so the only way to get the
termwe want is to pick

´
from thefirst term,and

Ò
× ² Ø ´ × Í Ú
from thesecond,andthis will occurã Ä ß ± Ý Ä à Ä Ý Ä áeÄ µ times.Sothecoefficientweareinterestedin is:

Ý Þ Äà Ä áeÄ â Ä ã Ä ³ Ý Þ ã ÄÝ Ä à Ä Ý Ä áeÄâ á ·*å æ Ý â à æ Ö
Thus,thereare901320waysto makesuchanecklace.

3 What’ sGoing On?

The constructionof the functionsabove is rathermysterious,so let’s spenda little time looking
at why it might work. We’ll begin by examiningsomevery simplecasesof symmetryto seewhy
Pólya’smethodworkson these.

Notethatnoneof thesectionsbelow providesa proof thatthemethodworks;eachsectionsimply
providesanotherway to think aboutwhatis goingon.

3.1 Striped Cloth Analysis

Let’sexaminethefirst problemwelookedatagain,wherewecountedcoloringsof astripedcloth,
but we’ll start from the simplestpossibleexample—apieceof cloth with onestripe. Clearly, if
thereare Ã colorsavailable,thereare Ã waysto color thestripe.

Thereis only onepermutation:
± Ý µ , sotheassociatedequationfor Ã colorswill look like this:

ç ·¨è ÛÛÝ ·
² Û ³�² × ³*é é é ³X² ¶

Ý Ö
Thishasthe Ã terms

² Û , ² × , . . .
² ¶ .
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But perhapsthat is too simple; let’s considera cloth with two strips. If the colors are calledê�ë ìVë í
ë î î î
, thenhereare the possibilitiesfor ï ë ð ë ñ ë and ò colors, where ó ê'í
ô , for example,

representstheclothwith onestripecolored
ê

andtheothercolored
í

. Of courseó ê'í'ô is thesame
as ó í�ê�ô :

ï
õöó ê'ê�ô ÷ (5)ð õöó ê'ê�ô ó ì�ì�ô ÷ ó ê'ì�ô (6)ñ õöó ê'ê�ô ó ì�ì�ô ó í
í
ô ÷ ó ê'ì�ô ó ê'í'ô ó ì�í'ô (7)ò_õöó ê'ê�ô ó ì�ì�ô ó í
í
ô ó ø_ø ô ÷ ó ê'ì�ô ó ê'í'ô ó ê ø ô ó ì�í
ô ó ì ø ô ó í ø ô (8)

Notice that if thereare ù colors,therewill be ú û ü ý stripsof the form ó ê'ì�ô , where
ê

and
ì

are
differentcolorsand ù of theform ó ê'ê�ô . Thusthetotalnumberof coloringsis ú û ü ý�þ�ù .

Goingbackto the formulationin termsof permutations,thereareonly two of them: ÿ � � ÿ � � andÿ � � � . Theformulafor � is:

��� � ü� þ � üð	�
Doing themagicsubstitutionfor ù colorsgives:

�
� ÿ � � þ�� ü þ î î î þ�� û � ü þ�ÿ � ü � þ� üü þ î î î þ� üû �ð (9)

� ÿ � ü � þ�� üü þ î î î þ�� üû � þ��� ��� ��� � û
� � � � � (10)

Thereare ú û ü ý termsof theform � � � � and ù termsof theform � ü� (which you canthink of as � � � �
for thebenefitof a comparisonto thelists in (5) through(8), above).

Everysymmetryof thestrip reducesthenumberof possiblepatterns.Theinclusionof thepermu-
tation ÿ � � � makespatternsó ê'ì
ô and ó ì�ê�ô equivalent,wherethey would be considereddifferent
without thatsymmetry.

Considerwhathappensto theequationfor � asadditionalsymmetriesareadded(andthenumber
of distinct coloringsdecreases).Thedenominatorof � is increasedby 1 for eachnew permuta-
tion andalthoughnew termsareaddedto the numerator, therearefewer of them. Considerthe
differencebetweenthe two termsin the numeratorfor � in equation(9)—thefirst expression,ÿ � � þ î î î þ�� û � ü makesù ü terms(countingmultiplicity). Thesecondexpression,ÿ � ü � þ î î î þ�� üû � ,only addsù terms.

In fact,themorethingsapermutationmovesaround,thefewer termsit generatesin thenumerator.
Let’s countthetermsfor all thepossibleshapesof permutationsof 4 itemswith ù colors:

Count Shape Formula Terms
1 ÿ � � ÿ � � ÿ � � ÿ � � ���� ù �
6 ÿ � � � ÿ � � ÿ � � � ü� � ü ù��
3 ÿ � � � ÿ � � � � üü ù ü
8 ÿ � � � � ÿ � � � � � � ù ü
6 ÿ � � � � � � � ù
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Thecountis thenumberof permutationshaving thatshape;theformulais whatgoesin thenumer-
atorof � , andthenumberof termsis countedwith multiplicity—in otherwords,��� �� is counted
differently from �� ��� . Thus the permutationthat doesn’t collapseany colorings, ! " # ! $ # ! % # ! & # ,
addsthe most termsto the numerator, '�( . The permutationthat movesevery color position to
another, ! " $ % & # , hasthe fewest, ' . Even though ! " $ # ! % & # moveseverything,it movesthemin a
restrictedway—thecolorsin slots " and $ cannotmix into slots % and & underthis permutation,
andhence,sinceit doeslesscollapsing,it addsmoreto thenumeratorof � ('  terms).

3.2 A Fixed Point

As a secondexample,let’s considera situationwheretheallowablesymmetriesalwaysleave one
region fixed. In theexampleof the strip of cloth thatwe consideredin section(2.1), if thereare
anoddnumberof stripes,thecenterstripeis fixed—it alwaysgoesto itself underany symmetry
operation.Here’s anotherexample: imaginea structurebuilt with tinker-toys with a centralhub
andeighthubsextendingfrom it on sticks,asin figure1. If you’vegot ' differentcolorsof hubs
andyou want to count the numberof configurationsthat canbe made,it’s pretty clear that the
centralhub will alwaysgo to itself in any symmetryoperation. It’s quite easyto make up any
numberof additionalexamples.

Figure1: Tinkertoy Object

In any examplewhereoneof thepositionsto becoloredis fixedby all of thesymmetryoperations,
it’s clear that if you can count the numberof configurationsof the rest of the object when '
colorsareused,to getthegrandtotalwhentheadditionalfixedpositionis included,you’ll simply
multiply your previous total by ' . What doesthis meanin termsof the permutationsand the
polynomialthatwe construct?

If youhavethepolynomialcorrespondingto thefigurewithout thefixedpoint, to includethefixed
point, you simply needto adda 1-cycle to eachof thoseyou alreadyhave. For example,suppose
your figure consistsof a triangle with the point at the centeraswell that is fixed. If the three
verticesof the trianglearecalled " , $ , and % , andthe point at the centeris called & , without the
centralpointherearethepermutations:

! " # ! $ # ! % # ) ! " $ # ! % # ) ! " % # ! $ # ) ! $ % # ! " # ) ! " $ % # ) ! " % $ # *
With point & included,herethey are:

! " # ! $ # ! % # ! & # ) ! " $ # ! % # ! & # ) ! " % # ! $ # ! & # ) ! $ % # ! " # ! & # ) ! " $ % # ! & # ) ! " % $ # ! & # *
Thenew polynomialwill simply have another+ � in every term,soit canbefactoredout, andthe
new polynomialwill simplyhaveanadditionalfactorof ! ����,��� �,���-�,. . . ,���/ # (assumingyou
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areworking theproblemwith 0 colors. Thetotal countwill thussimply be 0 timestheprevious
count,aswenotedabove.

To make this concrete,look at this trianglecasewith threecolors.Ignoringpoint 1 , wehave:

24365�78:9; 5 8 5 < 9>= 5 7? @
If we include 1 , we get:

2�3 5�A8 9>; 5 <8 5 < 9>= 5 8 5 7? 3 5 8 B 5�78 9>; 5 8 5 < 9= 5 7 C? @
If we substituteB D 9EF9G C in theusualway, we obtain:2�3 D 7 9E 7 9>G 7 9 D < EF9 D < GH9 D E < 9 D G < 9E < G:9�E G < 9 D E G I
andfor

2:J
we obtain:2 J 3 B D 9EF9G C 23 B D 9EF9G C B D 7 9E 7 9>G 7 9 D < EF9 D < GH9 D E < 9 D G < 9E < G:9�E G < 9 D E G C @

3.3 IndependentParts

Assumethattheallowablesymmetriesare,in asense,disconnected.As asimpleexample,imagine
a child’s rattle toy thathashollow ballson bothendsof a handle,andoneof theballscontains3
marbleswhile theothercontainstwo. In how many wayscanthis rattlebefilled with marblesof 4
differentcolors?Or perhapsa morepracticalexampleis this examplefrom chemistry:Imaginea
carbonatomhookedto a nitrogenatom.Youcanconnectthreeotheratomsto thecarbonandtwo
otheratomsto thenitrogen.If theotheratomsto behookedonarechosenfrom amonghydrogen,
fluorine,chlorine,andiodine,how many differenttypesof chemicalsarepossible1?

In therattleexample,thereis no orderingto thethreemarbleson oneendof therattleandto the
two on theotherend,but thetwo endscannotbeswappedsincethey containdifferentnumbersof
marbles.All thesymmetriesinvolveswappingamongthethreeor amongthetwo. Soif K , L , andM representthe marbleson the threeside,andif 1 and N representthoseon the two side,we can
takewhat’s calledmathematicallya “direct product”of theindividualgroupsto getthesymmetry
groupfor theentirerattle.

All the entriesin the table below form the symmetrygroup for the rattle as a whole. Eachis
composedof a productof onesymmetryfrom thethreesideandonefrom thetwo side:

O P Q O R Q O S QTO P Q O R S QTO P R Q O S QTO P S Q O R QTO P R S QTO P S R QO U Q O V Q O P Q O R Q O S Q O U Q O V QWO P Q O R S Q O U Q O V QWO P R Q O S Q O U Q O V QWO P S Q O R Q O U Q O V QWO P R S Q O U Q O V QWO P S R Q O U Q O V QO U V Q O P Q O R Q O S Q O U V QXO P Q O R S Q O U V QXO P R Q O S Q O U V QXO P S Q O R Q O U V QXO P R S Q O U V QXO P S R Q O U V Q
Thus,whenwe have a term like 5 8 5 < from the threegroupandan elementlike 5 <8 in the two
group,thecombinationwill simply generatea termthat is theproductof thetwo: 5�78 5 < , andthis

1Althoughit mayseemthatthesetwo examplesareidentical,they arenot—themarblesin thethreesidecanbeswapped
in any way (sothereare6 symmetries);on thecarbonatom,they canonly berotated(sothereareonly 3 symmetries).
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will happenin every case.It shouldbeeasyto see(if you don’t seeit, work out thepolynomials
andcheck)thatif Y�Z is thecycleindex polynomialfor thetwo groupand Y�[ is theonefor thethree
group,thenthecycle index polynomialfor theentirepermutationgroupwill simply be Y�Z Y�[ , and
it’s clearthat the countsof possibleconfigurationswill simply be the productsof the individual
configurations.

3.4 Cyclic Permutations

Next, let’s look at oneexamplethat is still simple,but a bit morecomplicatedthanwhat we’ve
examinedup to now—we’ll examinethecasewherethepositionscanberotatedby any amount,
but cannotbeflippedover. For concreteness,assumethatyou’vegotacirculartable,andyouwish
to set the tablewith platesof \ differentcolors,but rotationsof the platesaroundthe tableare
consideredto beequivalent.In how many differentwayscanthisbedone?

It seemsthatcyclic permutationsareprettysimple,but asyou’ll see,at leasta little caremustbe
taken. We’ll examinetwo examplesthatseemsimilar at first, but illustratemostof theinteresting
behavior thatyoucansee.We’ll look atthegroupsof cyclic permutationsof both6 and7 elements.

Call thepositions] , ^ , _ , ` , a , and b (for the tablewith 6 placesettings),andwe’ll addpositionc for the tablewith seven. Listed below arethe completesetsof cyclic permutationsof 6 or 7
objects. ]d^
_e`
afbg ] h g ^ h g _ h g ` h g a h g b�h ]d^
_e`
afbg ] ^ _ ` a b�h ^i_e`dafbd]g ] _ a h g ^ ` b�h _f`dafbd]j^g ] ` h g ^ a h g _ b�h `
afbd]j^
_g ] a _ h g ^ b�` h afbd]d^
_e`g ] b�a ` _ ^ h bd]j^i_e`da

]j^i_e`dafb cg ] h g ^ h g _ h g ` h g a h g b�h g c h ]j^i_e`dafb cg ] ^ _ ` a b c h ^
_f`dafb c ]g ] _ a c ^ ` b�h _e`dakb c ]j^g ] ` c _ b�^ a h `dafb c ]j^
_g ] a ^ b�_ c ` h afb c ]j^i_e`g ] b�` ^ c a _ h b c ]j^i_e`dag ] c b�a ` _ ^ h c ]d^
_e`
afb
Noticethatthelower table(for 7 elements)haseverypermutationexceptfor theidentity thesame
(in termsof cycle structure),while the table with 6 elementshasa variety of cycle structures.
The reason,of course,is that 7 is a prime number. With the 6-elementexample,threerotations
of two positionsor two rotationsof threepositionsbring you backto whereyou started. If the
platesonthe6-tablearecolored“red, green,red,green,red,green”,they rotateto themselvesafter
every rotationof 2 positions,or if thecoloringis “red, green,blue,red,green,blue” they rotateto
themselvesaftera rotationof threepositions.In fact, it’s easyto seethatsomethingsimilar will
happenfor any integermultiplesof the tablesize. If the table,however, hasa prime numberof
positions,the only way to bring it backto the initial configurationis to leave it alone,or turn it
throughanentire l m n o rotation.
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Thusif we arecountingcoloringsthat areuniqueeven taking rotationsinto account,we should
expectdifferentbehavior if thenumberof positionsis primeor not. Clearly thecycle indicesof
thetwo examplesabovelook quitedifferent:

prqHs6t qu:v t�wxyvz t xw vz t q{ |
and p�}:s~t }u:v { t }���
3.5 ThreeMor eExamples

Now let’s look at threerelatedexamplesin detail to seeexactly how the cycle structureof the
symmetrypermutationsaffect thenumberof possiblecolorings.

We will look at coloringthethreepointsof a triangle,but with threedifferentinterpretations.We
will call thethreeverticesof thetrianglethatcanbecolored� , � , and � :

1. No symmetryoperationsareallowed. In otherwords,coloring � red and � and � greenis
differentfrom coloring � red and � and � green.The only symmetryoperationallowed is
to leave it unchanged.The symmetrygroupis this: � � � � � � � � � � � . The cycle index is this:p u s � t�wu � � � .

2. Rotatingthe triangle(but not flipping it over) is allowed,So the trianglecanberotatedto
threedifferentpositions,or threedifferentsymmetryoperations.The symmetrygroup is
this: � � � � � � � � � � | � � � � � | � � � � � � . Thecycle index is this:

p w s � t�wu:v>z t w � � � .
3. Rotatingandflipping thetriangleis allowed. In this case,thereare6 symmetryoperations.

Thesymmetrygroupis this: � � � � � � � � � � | � � � � � | � � � � � | � � � � � � � | � � � � � � � | � � � � � � � � . Thecycle
index is this:

p�q:s � t�wu:v � t u t x vz t w � � { .
In eachcase,let’s considerthesituationwith threedifferentcolorsallowed,sowe’ll beplugging
in � ��� v� � v� � � for t � in thecycle indicesabove. Here’swhathappensin thethreecasesabove:

1. First of all, it’s clearin this casethatevery differentassignmentof colorsleadsto a unique
coloringsinceonly theidentity symmetryoperationis allowed. Thusthereshouldbe � w sz � colorings.It’s probablyeasiestto seewhat’sgoingon by expanding

p u s � � v�Fv>� � w
atfirst without usingthecommutativelaw to condensethepossibilities:p u s � ��� v � � �Fv � � �:v � � � v � � �Fv � � �Hv � � � v � � �Fv � � �:v� � � v� � �Fv� � �:v�� � � v� � �:v� � �Hv�� � � v� � �Fv�� � �Hv� ��� v� � �Fv>� � �Hv� � � v>� � �Fv� � �Hv� � � v>� � �:v>� � �s � w v� w v� w v � � � x �Fv � x �Hv � � x v � � x v� x �:v�� � x � v { � � �
Beforegroupinglike elements,the27 termscorrespondexactly to the27 colorings,where� � � correspondsto color � in slot � , � in slot � , and � in slot � , et cetera.

After grouping,thefact thatthereare3 termslike � x � meansthatthereare3 waysto color
usingtwo � sanda � .
There’sonly onesymmetryoperation(theidentity),soweonly divideby 1.
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2. In this case,sincerotationscanmake certaincoloringsidenticalwe’ll expectto have fewer
final configurations.Think of it asmakingall 27 coloringsasin thefirst example,andthen
groupingtogetherthosethatarethesame.

���H�6� ��:�� � ����
sowe’readdingabunchof termsto thenumeratorwith the � � � , but wearealsodividing by
3 insteadof by 1.

Notice that the expansionof � �� hasmore termsthanany of the other possibilities—� � �
in this case,andan additional

� � � � � in the following example. In this case,the � � � will
contribute � � � � �H� � �:� � � —justsix terms(countingeachonetwicebecauseof thecoefficient
of 2). Sotherearenow �  r�¢¡ � � � termsin thenumerator, but wedivideby 3 makingonly
11final terms:���:� � � �� � �>� � �£� � � �F��� � �H�� � � ����� � �� � �H�� � � � �� ��� � ¤
Thereare2 ��� � termssincethreedifferentcolorscanbe arrangedclockwiseor counter-
clockwise,andsincethetrianglecannotbeflippedover, thesearedistinct.

3. In this casewith all possiblerearrangementsallowed,thereshouldbeevenfewer examples
(in this small case,it will only be reducedby 1, sincewe only will combinethe two ��� �
terms).

But let’s look at thecycle index. Thenumeratorwill be thesameasin theexampleabove,
but with theadditionof theterm

� � � � � . Thedenominatorwill bedoubledto 6.

For threecolors,
� � � � � � � � ���>�¥�¦� � � � � �>� � �£� � � , which will have 27 terms(again

countingmultiplicity). Socombiningthis with the33 termswe’ve alreadyconsidered,we
have � � � ��   � § ¡ ��¨ © terms:�rªH� � � �� � �� � �¦� � � �F�� � �H�� � � ���� � ��� � �:��� � � � �� � ��¤

It’ s a goodideato examinethesecasesyourselfa bit morecarefully to seeexactly how theterms
combineto reducethenumberof colorings.Youshouldalsotry to constructsomeothercases.For
example,againwith thesametriangleasabove,supposetheonly symmetryoperationallowedis
to leave « in placeandto swap ¬ and  . Try it with 2 colors,or 4 colors.Try asquarewith various
symmetryoperations,et cetera.

3.6 Yet Another Approach

Let usagainconsiderthesimplecaseof anobjectthathasthreeslotsto becolored,andwe will
considervarioussymmetryoperationson it and what eachwould do to the count of the total
colorings.

3.6.1 Only the Identity

As we’ve saidbefore,if no symmetryoperationsareallowed, thereis only onesymmetryoper-
ation, the identity: � « � � ¬ � �  � , yielding ® � colorings,where ® is the numberof availablecolors.��� � �� � � � � �£¯ ¯ ¯ ���° � � has® � termssoeverythingworksout in anobviousway.
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3.6.2 Identity Plusa Transposition

Whatif thereis a singleadditionalsymmetryoperation;namely, a transposition(theexchangeof
thefirst two items)?Thetwo symmetryoperationsincludetheidentity: ± ² ³ ± ´ ³ ± µ ³ , and ± ² ´ ³ ± µ ³ .
If a coloringhaddifferentcolorsin slots ² and ´ , this additionalpermutationwill collapsethose
two into one.Anotherwayof sayingit is thatthetotalnumberof coloringswill bereducedby half
thenumberof original coloringswith differentcolorsin thefirst two slots.

Originally, therewere ¶�· colorings. A roughapproximationof the new count is ¶�· ¸ ¹ , but this
is too small,sinceit alsocut in half thecountof coloringswith identicalcolorsin slots ² and ´ .
Thereare ¶�º of those,sotheapproximation¶�· ¸ ¹ hastakenout half of those¶�º . Thusto get the
correctcount,we mustaddin ¶ º ¸ ¹ , yielding ± ¶ ·¼» ¶ º ³ ¸ ¹ , which is exactly whatPólya’smethod
givesus.

3.6.3 Identity Plusa Rotation

If we includea rotationinsteadof a transposition,we have ± ² ³ ± ´ ³ ± µ ³ and ± ² ´ µ ³ . Of courseif we
allow rotationby oneunit we canapply it twice sowe have to include ± ² µ ´ ³ for a total of three
symmetryoperations—leaveit alone,rotateonethird, or rotatetwo thirds.

With both rotationsavailable,the only coloringsthatareunaffectedby themarethosewhereall
threecolorsarethesame.With ¶ colors,thereareonly ¶ waysto color all threeslotsidentically.
Sinceany non-uniformcoloringcanundergotwo rotations(or beleft alone),thecountof distinct
non-uniformcoloringsis reducedby a factorof three. Thus,asabove, the first approximation
on the numberof distinct coloringsis ¶�· ¸ ½ , but this hasremoved ¹ ¸ ½ of the uniformly colored
configurations,sowe mustaddbackin ¹ ¶r¸ ½ . Thefinal countof distinctcoloringsis thus ± ¶�· »¹ ¶�³ ¸ ½ , again,exactly theresultpredictedby Pólya’smethod.

3.6.4 Full Symmetry Group

With the full symmetrygroupof 6 operationsallowed on our threeslots,the numberof distinct
coloringswith ¶ colorsshouldbeevensmaller. Thecompletelist of the6 symmetriesincludes:

± ² ³ ± ´ ³ ± µ ³ ¾ ± ² ´ ³ ± µ ³ ¾ ± ² µ ³ ± ´ ³ ¾ ± ² ³ ± ´ µ ³ ¾ ± ² ´ µ ³ ¾ ± ² µ ´ ³ ¿
Pólya’s formulawill be: À�Á�± Â�·Ã » ½ Â Ã Â º » ¹ Â · ³ ¸ Ä . With ¶ colors,thiswill giveus ± ¶�· » ½ ¶�º »¹ ¶�³ ¸ Ä distinctcolorings.

With 6 symmetrygroupelements,eachcolor configurationcanberearrangedin 6 differentways,
so the first approximationto the numberof coloringsis ¶�· ¸ Ä . But any coloring that contains2
colorsthesameandonepossiblydifferentcanonly berearrangedin 3 ways.Thereare¶�º of those,
sothedivisionof ¶�· by 6 tookout twiceasmany rearrangementsasit shouldhave,sowemustadd
in ½ ¶�º ¸ Ä . Finally, thecountof ¶ configurationswhereall threecolorsarethesamewerereduced
by a factorof 6, sowe’ve got to add Å ¸ Ä of thembackin. But we alreadyaddedin ½ ¸ Ä of them
whenwe countedconfigurationswith at mosttwo colors,sowe needonly add ¹ ¶r¸ Ä . Adding all
three,we obtain: ¶�· » ½ ¶�º » ¹ ¶Ä ¿
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