21-301 Combinatorics
Homework 6
Due: Monday, October 31

1. Let G = (V, E) be an r-regular graph with n vertices i.e. every vertex has degree r.
S C V is a dominating set if w ¢ S implies that there exists v € S for which {v,w} € E.
Show, by the probabilistic method, that G has a dominating set of size at most %ﬂn

Solution: Let p = h‘TT and let S7 be a random sub-set of V' where each v € V' is placed
inot S, independently with probability p. Let S; be the set of vertices that are not
adjacent to any vertex of S;. The set S = S; U S, is a dominating set.

1+1
E(|S]) = E(IS1]) + E(S2]) = np +n(1 = p)"™ < np+ne”"? < ann'

So there must be a dominating set of the required size.

2. Let S1,S8s,...,5, and T, Ts, ..., T,, be two partitions of the set X into sets of size k.
Show that there is a set {s1, o, ..., s;n } that is a set of distinct representatives for both
81,527. . .,Sm and T17T27. .. ,Tm.

Solution Consider the bipartite (multi-)graph G' with vertex set A = B = [m] and an
edge (i, 7) for each x € S; NT;. This graph is k-regular and so has a perfect matching
which we will write as e; = (i, m(¢)) for i« € [m]. Now choose an element z; € S; N Ty
for each edge e;. Clearly z; € S; and x; € T for i € [m]. So the only thing we need
to do is to show that the z; are distinct. But if z; = x; then S; N S; # 0 and then
S1,59,...,5, is not a partition, contradiction.

3. Let G be a bipartite graph with bipartition X, Y such that the degree d(x) > 1 for all
x € X and d(z) > d(y) for all edges (x,y) of G. Show that G has a matching that
covers every vertex of X.

(Hint: Suppose there is no such matching. Consider S C X with fewer than |S|
neighbours and as small as possible.)

Solution Suppose that there is no matching covering X. Then by Hall’s Theorem,
there exists a witness S C X such that |[S| > |N(S)|. Assume that S is as small as
possible and the T'= N(S). Then we have |S| = |T'| + 1, else we can delete an element
of S and find a smaller witness. Now let S" = S\ {s} for some s € S. Then we have
|A] < |[N(A)| for all A C 5" else A will be a smaller witness than S. So by Hall’s
theorem, there is a perfect matching of S’ into 7'. But this implies that

D d(x)=d(s)+ > d(z) > d(z) =) d(y).
zeSs zeS’ zeS’! yeT
But if E£(S : T') denotes the set of edges from S to T then
> dz)=E(S:T)| <) dy),
zeSs yeT

contradiction.



