21-301 Combinatorics
Homework 3
Due: Monday, October 30

1. Suppose that in the Tower of Hanoi problem there are n rings and 4 pegs. Let H,
denote the minimum number of moves required to move the rings to peg 4. Show that

H, <2H, ,, +2™—1

holds for any 1 < m < n.
Suppose next that we take m = [n'/?]. Use this to prove that

H, < 2%, (1)
The inequality (1 —2)%/2 <1—2/2 for 0 < x < 1 could be useful. You can assume that
(1) is true for n < 10.

Solution One can proceed as follows: Move the top n — m rings on peg 1 onto peg 2
in H,,_,, moves, using all pegs. Then move the remaining m rings on peg 1 onto peg 4
in 2™ — 1 moves, using pegs 1,3,4. Then move the n — m rings on peg 2 onto peg 4 in
H,_,, moves, using all pegs. The number of moves used is 2H,,_,,, + 2™ — 1.
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Now assume that m = {n W and also assume inductively that H, ,, < 23(n—m)
Then equation (1) is true for small n, say n < 10 and for larger n we have

H, < 23n=m)' P+l g gm 1 = 93nt2om/m) Ly gm <
23n1/2(1—m/(2n))+1 ‘l’ 2m _ 1 S 23n1/2—1/2 + 2m o 1 S 23n

1/2

2. Show that the number of sequences out of {a, b, ¢} which do not contain a consecutive
sub-sequence of the form abc satisfies the recurrence by = 1,b; = 3,b, = 9 and

Cp = Cp1t bn—2 + Cp—2 + bn—3 (3)

where ¢, is the number of such sequences that start with a.
Now find a recurrence only involving b, by using (2) to eliminate ¢, from (3).

Solution: There are 2b,,_; sequences of the required form that start with b or ¢. There
are ¢, sequences that start with a. This explains (2).

There are c,_; sequences that start with aa, b,_» sequences that start with ac, ¢,_»
sequences that start with aba and b,,_3 sequences that start with abb. This covers the
possibilities for sequences starting with a.

We have
bn - 2bn—1 - bn—l - 2bn—2 + bn—2 + bn—Q - 2bn—3 + bn—3

and so
bn = 3bn—1 - bn—S‘



3. Let ag,ai,as, ... be the sequence defined by the recurrence relation
an, +4a,_1 + 30,0 =2n+1 forn > 2

with initial conditions ag = 1 and a; = 4. Determine the generating function for this
sequence, and use the generating function to determine a,, for all n.

Solution:
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