Class 19

Orbits: If z € X then its orbit O, = {y € X : Jg € G such that g xz = y}.

Lemma 1. The orbits partition X.

Proof r=1x*x and so x € O, andsz:UmeXOm.

Suppose now that O, N0, # 0 i.e. g1, g2 such that g1 xz = go *y. But then for any g € G we have
gra=(g0(97" 0g2)) ¥y € O,

and so O, C O,. Similarly O, C O,. Thus O, = O, whenever O, N O, # (. O

The two problems we started with are of the following form: Given a set X and a group of permu-
tations acting on X, compute the number of orbits i.e. distinct colourings.

A subset H of G is called a sub-group of G if it satisfies azioms A1,A2,A3 (with G replaced by H).
The stabilizer S, of the element x is {g: g*x = x}. It is a sub-group of G.

Lemma 2.
If x € X then |O.||Sz| = |G|.

Proof Fix x € X and define an equivalence relation ~ on G by
g1~ g2 if g1 xx = go xm.
Let the equivalence classes be A1, Ag, ..., Ay, We first argue that
|A;| = |Sz] 1=1,2,...,m. (1)
Fix i and g € A;. Then
heAj s grx=hxx < (g oh)xz=x< (g oh)€S,. ~h€cgos,

where go S, ={goo: o€ S5,}. Thus |4;| = |go Sz|- But |goS,| =S| since if 01,02 € S, and
gooy=gooythen g-lo(gooy)= (g og)oo; =01 =g 'o(gooz)= 0y This proves (1).

Finally, m = |O,| since there is a distinct equivalence class for each distinct g * . O



Examples:

In example 1 with n = 4 we have

In example 2 we have

T O, Sy
ITIT {rrrr} G
brrr {brrr,rbrr,rrbr,rrrb} {eo}
rbrr {brrr,rbrr,rrbr,rrrb} {eo}
rrbr {brrr,rbrr,rrbr,rrrb} {eo}
rrrb {brrr,rbrr,rrbr,rrrb} {eo}
bbrr | {bbrr,rbbr,rrbb,brrb} {eo}
rbbr | {bbrr,rbbr,rrbb,brrb} {eo}
rrbb | {bbrr,rbbr,rrbb,brrb} {eo}
brrb | {bbrr,rbbr,rrbb,brrb} {eo}
rbrb {rbrb,brbr} {eo, €2}
brbr {rbrb,brbr} {eo, €2}
bbbr | {bbbr,rbbb,brbb,bbrb} | {eq}
bbrb | {bbbr,rbbb,brbb,bbrb} {eo}
brbb | {bbbr,rbbb,brbb,bbrb} | {eg}
rbbb | {bbbr,rbbb,brbb,bbrb} {eo}

bbb Tbbbb} G

T O, Sy
rrrr {e} G
brrr {brrr,rbrr,rrbr,rrrb} {e,r}
rbrr {brrr,rbrr,rrbr,rrrb} {e,s}
rrbr {brrr,rbrr,rrbr,rrrb} {e,r}
rrrb {brrr,rbrr,rrbr,rrrb} {e,s}

bbrr | {bbrr,rbbr,rrbb,brrb} {e,p}
rbbr | {bbrr,rbbr,rrbb,brrb} {e,q}
rrbb | {bbrr,rbbr,rrbb,brrb} {e,p}
brrb | {bbrr,rbbr,rrbb,brrb} {e,q}
rbrb {rbrb,brbr} {e,b,r,s}
brbr {rbrb,brbr} {e,b,r,s}
bbbr | {bbbr,rbbb,brbb,bbrb} {e,s}
bbrb | {bbbr,rbbb,brbb,bbrb} {e,r}
brbb | {bbbr,rbbb,brbb,bbrb} {e,s}
rbbb | {bbbr,rbbb,brbb,bbrb} {e,r}
bbbb Te) G




