Class 16

Principle of Inclusion-Exclusion

2 sets:
|A; U Ag| = |Ar| + |A2] — |41 N Ag|

Soif Aj, Ay C Aand A; = A\ A;, i = 1,2 then

|A1 ﬁA2| = |A| — |A1| — |A2| + |A1 ﬂA2|

3 sets:
AN Ay N As| = Al - |AL] —|A2| — |As]
+]A; N Ag| 4+ |A1 N As| + | A2 N As]
—‘Al N A, ﬂA3‘.

General Case

A Ay, .. Ay C A

For S C [N], As =g 4i-
E.g. Aprisy = AsNA70 Agg.
Ay = A.
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Inclusion-Exclusion Formula:

A= 3 (~)]Ag).
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Simple example. How many integers in [1000] are not divisible by 5,6 or 8 i.e. what is the size of
A1 N A2 n A3 below?

A=4, = {1,2,3,...,} |A] = 1000

Ay = {5,10,15,....} |A1| = 200

Ay = {6,12,18,...,} |As| = 166

As = {8,16,24,...,} |As| = 125
A{l’g} = {30, 60, 907 ey } |A{1,2}| =33
A{LB} - {40, 807 1207 ceey } |A{1’3}| - 25
A{z,s} = {24,48,72,...,} |A{2’3}| =41
A{1)273} = {120,240, 360, ...,} |A{1)273}| =38

|/L NA;N 1213| = 1000 — (200 + 166 + 125)
+(33+25+41)-38
= 600.
Derangements

Let A be the set of permutations on [n]. A derangement is a permutation 7 such that 7 (i) # i for
i=12...,n

We must express the set of derangements D,, of [n] as the intersection of the complements of sets.



We let A; = { permutations 7 : 7(¢) = ¢} and then

Al
=1

|Dn| =

We must now compute |Ag| for S C [n].

|A1| = (n — 1)!: after fixing 7(1) = 1 there are (n — 1)! ways of permuting 2,3, ...,n.

|Ag1,21] = (n —2)!: after fixing 7(1) = 1, 7(2) = 2 there are (n — 2)! ways of permuting 3,4, ...

In general

|As| = (n —[S])!

|Dn| = (=)~ |s])!
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Surjections

Fix n,m. Let
A={f:[n] = [m]}
Thus |A| = m™. Let
F(n,m)={f € A: fisonto [m]}.
How big is F'(n,m)?

Let
A;={feF: f(x)#1, Ya € [n]}.
Then .
For S C [m)]
Ag {feA: f(z)¢5 Vaen]}

= {f:[n]—[m]\ S}

So
|[As| = (m — [S])".

Hence

F(nym) = Y (=1)¥(m—|s|)

5C[m]

= () mw

k=0



