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Graphsand Properties

#® Graph property = a collection of graphs.
# Monotone = adding edges cannot violate it.
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Graphs and Properties

#® Graph property = a collection of graphs.
# Monotone = adding edges cannot violate it.
® §,, =random order-n graph with edge probability p.
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Graphs and Properties

Graph property = a collection of graphs.

Monotone = adding edges cannot violate it.

Gn.p = random order-n graph with edge probability p.
Whp = with high probability (approaching 1 as n — o).

Markov’'s Inequality:
for a random variable X > 0and areal a > 0

BlX]

Pr{X >a] <
a
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Monotone Properties

Theorem For any monotone A and p; < po

Pr{Gnp € Al <Pr[Gn,p, € A].
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Monotone Properties

Theorem For any monotone A and p; < po

Pr|(Gnp € A] <Pr|G,,, € A].

Proof Define py € [0, 1] by

p1 + (1 —p1)po = p2.
Let G € Qn,pl and Gy € Qn,pO. Then G1 U Gy ~ Qn,m.

Pr[GléA] SPI‘[GlUG()EA].I
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Thresholds

po = po(n) Is a threshold for a monotone property A if Vp(n)

0, ifp/po— 0,

Pr[gn,pEA]_){l if p/py — oo.
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Thresholds

po = po(n) Is a threshold for a monotone property A if Vp(n)

0, ifp/po— 0,

PriGny € Al = { 1, 1fp/pp — oo.

Example py = + is a threshold for having a cycle. Indeed,
® if p=o(1/n), then
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Thresholds

po = po(n) Is a threshold for a monotone property A if Vp(n)

0, 1fp/po— 0,
1, ifp/pg — oc.

Pr|G,, € A] — {

Example py = + is a threshold for having a cycle. Indeed,
® if p=o(1/n), then

Pr[Jcycle] < E[#cycles] = Z <n> 1) Pl < Z(np)i 0.
i>3

® ifp> 2= thenE[e(G)] =p(5) > (2+¢) 25
By Chernoffs bound, whp e(G) > n.
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Monotone = 4 Threshold

Theorem (Bollobas-Thomason’87) Every non-trivial
monotone property A has a threshold.
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Monotone = 4 Threshold

Theorem (Bollobas-Thomason’87) Every non-trivial
monotone property A has a threshold.

Proof Choose pg = p(1/2), I.e.
Pr|Gnp, € Al =1/2.

po exists as f(p) = Pr|G,, € A] Is a polynomial with
f(0)=0and f(1) = 1.
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po = p(1/2) isathreshold

Givene >0, let (1 —¢)™ < 1/2. Let p < pg/m. Let
Gi,...,Gm € Gy p and
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po = p(1/2) isathreshold

Givene >0, let (1 —¢)™ < 1/2. Let p < pg/m. Let
Gi,...,Gm € Gy p and

H=GU--- UGy ~ le_(l_p)m.

As1l—(1—p)™ < pm < po,
%SPr[HQA]gpr[ViGiQA}:(1_Pr[gn,p€“4})m‘

= Pr{Gnp e A| <e.
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po = p(1/2) isathreshold

Givene >0, let (1 —¢)™ < 1/2. Let p < pg/m. Let
Gi,...,Gm € Gy p and
H=GU--- UGy ~ le_(l_p)m.

As1l—(1—p)™ < pm < po,

%SPr[HQA]gpr[ViGiQA}: (1_Pr[gn,pe“4})m‘
:>Pf[gn,p€~’4] < E.

Other direction: take G, ,, U+ - UGy p,-
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Connectivity Property C

ldea 1: Connectivity = 3 spanning tree
E [# spanning trees| = n""% . p" 1,
The “window” Is

p=(1+0(1) .
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Connectivity Property C

ldea 1: Connectivity = 3 spanning tree
E [# spanning trees] = n"% . p"~ 1
The “window” Is
1
p=(1+0(1))

n.

E[# spanning trees| — 0 = G ¢ C.
E [ # spanning trees| — oo
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Connectivity Property C

ldea 1: Connectivity = 3 spanning tree
E [# spanning trees] = n"% . p"~ 1
The “window” Is
1
p=(1+0(1))

n.

E[# spanning trees| — 0 = G ¢ C.
E [# spanning trees| — co A G € C.
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|dea 2: Look at Cuts

Cut:
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|dea 2: Look at Cuts

Cuts or Isolated Components?

Cut:
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|dea 2: Look at Cuts

Cuts or Isolated Components?

Cut:

C), = # k-components

Observation: G € Ciff Oy =0VEk € [1,n/2].
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Connectivity Threshold

Theorem (Erd6s-Renyi’60) Let

ThenPr|G,, €C| —

In particular, po(n) =

logn

p:
n n

e ¢, e| = 0(1),

0, c — —0Q,
1, c — +0o0.
logn

IS a threshold for connectivity.
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Let 5" = Soi/2,

Pr{ZCkzl} < E[Zcﬂ
= > E[Cy] < > (Z)(l—p)k(nk)kk%kl
[(Z) < (en/E)F & (1 —12) < e—ﬂ
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Let 5" = Soi/2,
Pr{ZCkzl} < E[Zcﬂ
- SEla] £ 30 ())a-prnorr
[(Z) < (en/E)F & (1 —12) < e—ﬂ

< nz (O(logn) e_”p+kp)k — 0.
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Let 3= 3.
n[Sa] < p[Sa
= > E[Cr] < ) (Z)(l—mk(n’“)k‘”p’“
[(Z) < (en/k)F & (1 —2) < e—ﬂ
< nZ( (logn) —”p+’<p)k — 0.

Thuswhp Cy = --- = CLn/QJ = 0.
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__ logn |

P . 07(11) (COnt )

Thus, whp G, , € C iff C; = 0 (i.e. no isolated vertices).
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p = 281 OS) (cont.)

n

Thus, whp G, , € C iff C; = 0 (i.e. no isolated vertices).

It is enough to prove Pr[C; = 0] — e~®  because

0 < Pr[C;=0]-Pr[CeC]

Pr[3i e [2,n/2] C; > 0] — 0.

IAIA
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Poisson Distribution with Mean p

n independent trials, Pr [success]| = £, constant p.

n

Poisson(pu) = # successes as n — oo.
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Poisson Distribution with Mean p

n independent trials, Pr [success]| = £, constant p.

n

Poisson(pu) = # successes as n — oo.

E [# successes| = n x

P
— =N
n
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Poisson Distribution with Mean p

n independent trials, Pr[success] = £, constant ..

Poisson(pu) = # successes as n — oo.

E [# successes| = n x

Pr |7 successes| = (
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| solated Vertices

E[Ci]=n(1—-p" 1 —eC.
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| solated Vertices

E[Ci]=n(1—-p" 1 —eC.

The k-th Factorial Moment:
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| solated Vertices

E[Ci]=n(1—-p" 1 —eC.

The k-th Factorial Moment:

For fixed £k

k

Mi|C1] = (n)r (1 —p)k("_l)_(2) — (e7%)* = My,[Poisson(e™)].
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| solated Vertices

E[Ci]=n(1—-p" 1 —eC.

The k-th Factorial Moment:

For fixed £k

k

Mi|C1] = (n)r (1 —p)k("_l)_(2) — (e7%)* = My,[Poisson(e™)].

This is known to imply that C'; — Poisson(e™¢). In particular,

PriCi=0]—e° .1
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Sharp Threshold

Connectivity Threshold

po IS a sharp threshold for a monotone A if Ve > 0 whp

Gn.(1—e)po € A AN G, (144), € A.
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Sharp Threshold

Connectivity Threshold

po IS a sharp threshold for a monotone A if Ve > 0 whp
Gn.(1—e)po € A AN G, (144), € A.

Examples,

& connectivity: sharp,

# having a triangle: not sharp,

# having a cycle: ‘one-sided sharp’.
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Friedgut’s Theorem

Note: Sharp threshold = a%Pr Gnp € Al #O (219)
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Friedgut’s Theorem

Note: Sharp threshold = a%Pr Gnp € Al #O (}%)

Theorem (Friedgut’99) If for a monotone A

0 1
a—pPr[gn,p & A} =0 (E) ,

then Ve > 0 there is a finite family F of graphs such that

Vn,p
Pr[Gn, € AA {an F-subgraph}]| <e. i
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Applying Friedgut’s Theorem

Difficult to apply: the type of AU B depends on which one
appears ‘earlier’.
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Applying Friedgut’s Theorem

Difficult to apply: the type of AU B depends on which one
appears ‘earlier’.

Theorem (Achlioptas-Friedgut’99) For fixed k > 3
k-colorability has a sharp threshold.
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M odél anM

® G, - random M edges.
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M odél anM

® G, - random M edges.
o G, ,: edge probability p.
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M odél Qn,M

® G, - random M edges.
o G, ,: edge probability p.

Theorem For a monotone A,
Pr [gan c .A}

iS a non-decreasing function of M. |
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Relating G, , and G,, ;s
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Relating G, , and G,, ;s

Theorem For any non-trivial monotone A, there is a
threshold M, that Is,

0, If M/My— 0,

Pr{Gnu € A] = { 1, if M/My — oo.
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Relating G, , and G,, ;s

Theorem For any non-trivial monotone A, there is a
threshold M, that Is,

0, If M/My— 0,

Pr{Gnu € A] = { 1, if M/My — oo.

Theorem Let M = %87+ (") Then

(e || = 0(1),
Pr[gnyMEC}—W 0, c — —00,
L c — +o0.

In particular, My = n logn Is a threshold for connectivity.
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Connectivity of G,

Proof Enough to consider |c| = O(1). Take small € > 0. Let

~logn+c—e¢

p
n

Take G € G, . Letl = M —e(G). If1 >0, let

H =G + [ random edges; H ~ G, .
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Connectivity of G,

Proof Enough to consider |c| = O(1). Take small € > 0. Let

~logn+c—e¢

p
n

Take G € G, . Letl = M —e(G). If1 >0, let
H =G + [ random edges; H ~ G, .

By Chernoff’'s bound, Pr|e(G) > M| — 0. Hence,

—c+e

Pr{G,m €C|>Pr[GeC]—Prle(G)>M]>e° —o(l).
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Connectivity of G,

Proof Enough to consider |c| = O(1). Take small € > 0. Let

~logn+c—e¢

p
n

Take G € G, . Letl = M —e(G). If1 >0, let
H =G + [ random edges; H ~ G, .

By Chernoff’'s bound, Pr|e(G) > M| — 0. Hence,

—c+e

Pr{G,m €C|>Pr[GeC]—Prle(G)>M]>e° —o(l).

Upper bound: remove edges from G, ,, p = ‘227tcte '}
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Hitting Time Version

# Random graph process:

Gy = nIsolated vertices;
Gyi1 = G+ arandom edge.

# Hitting time 7| A| = min{M : G € A}.
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Hitting Time Version

# Random graph process:

Gy = nIsolated vertices;
Gyi1 = G+ arandom edge.

# Hitting time 7| A| = min{M : G € A}.

Theorem (Erdos-Renyi’60) Whp 7 (6 > 1] =71[C].
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Hitting Time Version

# Random graph process:

Gy = nIsolated vertices;
Gyi1 = G+ arandom edge.

# Hitting time 7| A| = min{M : G € A}.

Theorem (Erdos-Renyi’60) Whp 7 (6 > 1] =71[C].
Proof Let B={H:0>1& H ¢ C}.
ldea 1:

Pr|dM : Gy € B] < ZPI[GWM EB} - 0.
M
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ldea 2: Using Gy C Gyaa
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ldea 2: Using Gy C Gr4q

Fix large ¢ > 0. Let m,. = |*987=¢|,

n

Pr|[dM : Gy € B Pr|dM < m_ 6(Gpr) > 1]
Pr[dM € (m—_,my) Gy € B]

p— +Ppo+ p+

+ + IA
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ldea 2: Using Gy C Gr4q

Fix large ¢ > 0. Let my = | 227 |.

Pr|[dM : Gy € B Pr|dM < m_ 6(Gpr) > 1]
Pr[dM € (m—_,my) Gy € B]

p— +Ppo+ p+

+ + IA

Now,

pr = PrlGum, £C] = 1—¢ " +0(1),
pP— = [ (gnm )Z ] = e +0(1)°
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TheOld Trick

® Recall: B={H:6>1& H ¢C}.
® Aim: Pr|dM € (m_,m4+) Gy € B| — 0.

Let

logn —c—=¢
P = ;
n

G € Gnyp.
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Counting Components (Again)

Lemma Whp C; <lognand Cy = --- = CLn/QJ =0,l1.e. G

consists of at most log n isolated vertices and one
component.
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Counting Components (Again)

Lemma Whp C; <lognand Cy = --- = OLn/QJ =0, le. G
consists of at most log n isolated vertices and one
component.

Proof
E[Ci]=n(1l—p)" ! <e™4+0(1) =0(1).

E[Ci]
< logn > 0.

So Pr|[Cy > logn|

We already proved that whp Cy = --- = C|,,2) = 0. I
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Process between m_ and m,

Pr[dM € (m_,my) : Gy € B]

+ + IA

_|_

Prle(G) > m_]

Pr|[C7 > logn|

Pr|dk € [2,n/2] C} = 0]
(°5")

my > 0.

(3) = o(n?)
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Process between m_ and m..

Pr[dM € (m_,my) : Gy € B] Prie(G) > m_|
Pr|[C7 > logn|

Pr|dk € [2,n/2] C} = 0]

(o5m)
D —od)

+ + IA

_|_

M+

Putting all together: whp r[C]=7[d>1]. |
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Some Spanning Subgraphs

0, ¢c— —o0,

Pr|G,, € —
t[Gnp €Al {1, ¢ — 400,
® Erdos & Renyi’66:

A = {perfect matching}, n even, p = °8n+c,

n

® Korshunov’83, Komlds & Szemerédi’83:
A = {Hamiltonian}, p= logn+loslogn+c_

® Riordan’00:

1 log d

A = {d-dimensional cube}, n = 2%, p = 1 + ¢ 5%,
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Perfect Matchings

Gn.np. random subgraph of K, ,, Pr|edge| =p
(or random n x n 0/1-matrix).
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Perfect Matchings

Gn.np. random subgraph of K, ,, Pr|edge| =p
(or random n x n 0/1-matrix).

Theorem (Erd6s & Renyi’64) Let p = 2"+ and G € G, -
Then

—2e™ €

Pr |G has a matching| — e

In particular, py = %62 is a sharp threshold.

n
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Using Hall’s Theorem

Proof No matching < 35 s.t.
® |5 =1(S) +1,

® |S] < [n/2],

® Vrel(S) I'(x)Nn S| > 2.
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Using Hall’s Theorem

Proof No matching < 35 s.t.
® |5 =1(S) +1,

® |S] < [n/2],

® Vrel(S) I'(x)Nn S| > 2.

Pr[ﬂ such S :|S|>2] < E[#such S]
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Using Hall’s Theorem

Proof No matching < 35 s.t.
® |5 =1(S) +1,

® |S] < [n/2],

® Vrel(S) I'(x)Nn S| > 2.

Pr[ﬂ such S :|S|>2] < E[#such S]

E[C1] =2n(1 —p)" — 2e¢. As before C; — Poisson(2¢7°). |
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M odel ann,M
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M odel Qnyan

Gn.nor: random M edges of K, .
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M odel Qn,an

Gn.nor: random M edges of K, .

Theorem Let M = 2"*¢n2 and G € Gy, Then

—2e” ¢

Pr |G has a matching| — e

In particular, My = nlogn is a sharp threshold. |
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Random Graph Process Gy, C K,

Hitting time version: 7 [matching| =7 > 1].
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Random Graph Process Gy, C K,

Hitting time version: 7| matching| =716 > 1].

Proof Take large ¢ and m,. = |1987=¢ |,

n

Interesting interval: M € (m_,my)
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Random Graph Process Gy, C K,

Hitting time version: 7| matching| =716 > 1].

Proof Take large ¢ and m,. = |1987=¢ |,

n

Interesting interval: M € (m_,my)

Pr[3|S|:|S| >3] <myE|[#such S| — 0.
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Random Graph Process Gy, C K,

Hitting time version: 7| matching| =716 > 1].

Proof Take large ¢ and m,. = |1987=¢ |,

n

Interesting interval: M € (m_,my)

Pr[3|S|:|S| >3] <myE|[#such S| — 0.

Pr[3]S|:[S|=2] < Pr[G,_ hassuch 2-element S|
+ Pr|Ci(Gp_) > logn]
+ logn Pr[such 2-element S is created |

— 0.}
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General Spanning Subgraphs

Theorem (Alon-Furedi’92) Letv(H) =n, A(H) < d
D=d*+1and G € G,

If n%d — logn — oo, then whp H C G.
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General Spanning Subgraphs

Theorem (Alon-Furedi’92) Letv(H) =n, A(H) < d
D=d*+1and G € G,

If ”ng — logn — oo, then whp H C G.
Proof Let F = H?; A(F) < D.

Lemma (Hajnal-Szemeredi’70):
J F-stable sets V, U---UVp = V(F), each |V;| = & £ 1.

Take V(G) =UyU---UUp with ’U@‘ — |Vz‘
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Partial H-Embeddings

Build f; : Vi U---UV; — Uy U---UU; inductively.
Let m = |Vi1| = |U;+1| and

F={(u,v):u€Uj1, ve Vi1 ') C fi(Ta(u)) }.
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Partial H-Embeddings

Build f; : Vi U---UV; — Uy U---UU; inductively.
Let m = |Vi1| = |U;+1| and

F={(u,v):u€Uj1, ve Vi1 ') C fi(Ta(u)) }.

Observe F ~ G, 1 >pi-

Pr|FAIL] = Pr[no matching]
= O(me P™) = o(1/D).

So, whp f; exists Vi e [D], i.e. H C G. |
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Random Edge-Weights

» The model: Random independent weights w., ¢ € (),
each uniformly distributed in (0, 1).

# T =the minimal spanning tree.
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Random Edge-Weights

» The model: Random independent weights w., ¢ € (),
each uniformly distributed in (0, 1).

# T =the minimal spanning tree.

Let ¢(3) = -2,

Theorem (Frieze’85)
1. E[w(T)] — ((3).
2. Ye >0 Pr[|w(T)—{(3)] >¢e] —0.
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Random Edge-Weights

» The model: Random independent weights w., ¢ € (),
each uniformly distributed in (0, 1).

# T =the minimal spanning tree.

Let ¢(3) = -2,

Theorem (Frieze’85)
1. E[w(T)] — ((3).
2. Ye >0 Pr[|w(T)—{(3)] >¢e] —0.

Proof of 1. Let G, = ([n],{e: we < p}) ~ Gnp.
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An Expression for w(7T)
w(T) = Zwe

ecT
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An Expression for w(7T)
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An Expression for w(7T)
w(T) = Zwe

ecT

1
— Z/ Ly, >pdp

eETpO

1
:/ g 1we>pdp
p=0

ecT
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An Expression for w(7T)
Zw
= Z/ L, >p dp
- 420;1w6>pdp

1
é—o

{eeT:edGp}|dp
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An Expression for w(7T)
w(T) = Zwe

ecT

1
— Z/ Ly, >pdp

eETpO

1
:/ g 1we>pdp
p=0

ecT
1
[o—o

{eeT:edGp}|dp

—_

where x(G) = # components of G.
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Computing E [w(T) |
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Computing E [w(T) |
E[w(T)] = /1OE[%<GP>—1>Jdp

p_
= [ " EBlkG)]
p=0

Basic Thresholds — p.34



Computing E [w(T) |

3logn
- / E|

- / n Z( )kk 2P (1= p) R (14 O(p)

k>1
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Computing E [w(T) |

1
Blw(T)] = /OEM(G)—l)]dp

3logn 1/3

p=0 " k>1
1/3

nFEh=2 k—1 k(n—k)

= / p" (1 =p)*" R dp

R -
k>1
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Computing E [w(T) |

1
Blw(T)] = /OEM(G)—l)]dp

3logn pl/3
R / DY
p=0  E>1
Ve k=2
R
1

~— 7
2

k>

(Z) g2 ph=1 (1— p)k(n—k) (1+ O(/fzp)) dp

1
/O pFt (1 = )RR qp

i ’%k 2 (k= 1) (k(n — k) |
=" T k(n -k + 1)) o3

k>1
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Abovethe Connectivity Threshold

Lemma Let p = 2198 Then

n

Pr[Gpp ¢ C) = o(1/n).
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Abovethe Connectivity Threshold

Lemma Let p = 2198 Then

n

Pr[Gpp ¢ C) = o(1/n).

Proof As before, we argue that
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