Finite Dimesional Spaces Vol.Il
by Walter Noll (~1990)

4. Volume Integrals.

41. Negligible sets, almost continuous functions.

We assume that a flat space £ with translation space V is given and we put
n = dim& = dim).

Let B be a norming cell of V (see Vol.I, Sect.51). A concept of volume for
the space £ should have the following property: If the norming cell B has volume
1, then a cell in £ modelled on B of a given scale s € P has volume s™. (Recall
that such a cell is a set of the form ¢ + sB, with ¢ € £.) Intuitively, a subset
S of £ will be negligible with respect to volume if it can be covered by a finite
collection of cells whose total volume can be made arbitrarily small. This is the
motivation for the following:

Definition 1. A given subset S of £ is said to be negligible (in £) if, for every
norming cell B and every e € IP™ one can find a finite subset € of £ and a family
(pp | p € €) in P such that

(i) the collection {p + p,B | p € £} covers S and
()X (pp" [ £) <€

In Def.1, the phrase ”for some norming cell 3” can be replaced by ”for every
neighborhood B of zero in V 7 without change of substance. More precisely:

Proposition 1. If the given subset S of £ is negligible and if B € NhdyV and
e € P™ are given, one can find a finite subset € of S and a family (p, | p € €)
in P* with the properties (i) and (ii) of Def.1.

Proof: We choose a norming cell By that satisfies the conditions (i) and (ii) of
Def.1. By Cor.1 to the Norm-Equivalence Theorem (see Sect.51 of Vol.I) we can
choose o € P ™ such that 208y C B. By Def.1, we can determine a finite subset
h of S and a family (. | 7 € ) in P * such that

S C U{r—f—TTBo | 7€ b} and ZT: < o"e. (41.1)

teh

We modify b by omitting those points r from b for which r + 7.8y is
disjoint from S. Then (41.1) remains valid. Let r € f be given. We may then
choose z,. € § such that z, € r 4+ 7.By. Since By is a norming cell, we have
r € z. + 7.8y and hence r + 7.8y C 2z, + 27,.By. Since 208 C B we obtain
r+71.Bo C 2+ =By. Since r € fj was arbitrary, it follows from (41.1) that

S c U{zr—i—%lﬂref)} and Z(%)"Se.

teh

The conclusion now follows when we put € := {2, | » € b} and p, =
max{’ | r € b, z. = p} for each p € €.
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The following facts are easy consequences of Def.l1 and Prop.l.

Proposition 2.(i) The empty set is negligible.
(ii) Every subset of a negligible set is negligible.
(iii) The union of a finite collection of negligible sets is again negligible.
(iv) The closure of a negligible set is negligible.
(v) The image of a negligible set under a flat isomorphism is again negligible.
(vi) If n > 0, then all finite sets are negligible.

If n = 0, then £ is a singleton and the only neglible subset of £ is the empty
set.

We now assume that a subset D of £ is given. We use the notation Bnb D
for the collection of all bounded subsets of D that have a negligible boundary.
We use the notation NbD for the collection of all subsets C of D, not neces-
sarily bounded, such that every bounded subset of the boundary BdyC of C is
negligible. Of course, we have BubD C NbD. In view of (iv) and (iii) of Prop.2,
every negligible set belongs to Bnb D.

The following results are immediate consequences of Prop.2.

Proposition 3. The interior of every set belonging to BubD [Nb D] also be-
longs to Bnb D [NbD]. If D is closed, then the closure of every set belonging to
BnbD [NbD] also belongs to BubD [NbD]. The union and the intersection of
a finite collection of sets in BnbD [Nb D] again belongs to BnbD [NbD]. If a
flat isomorphism « : € — &' from & to a flat space £ and A € BnbE [Nb D]
are given, then a~(A) € Bnbas (D) [Nbax (D)].

Definition 2. Let a mapping f with Dom f = D and Cod f included in some
flat space be given. We say that f is almost continuous if every bounded
subset of the set of all discontinuities of f is negligible (in £).

We use the notation AcD for the set of all functions f : D — R that
are almost continuous and the notation BbacD for the set of all functions
f : D — R that, in addition, have bounded range and bounded support. It is
easily seen that both AcD and Bbac D are stable under valuewise addition and
multiplication with real numbers, i.e. that theyare subspacec of the linear space
Map(D, R). Moreover, BbacD is a subspace of AcD.

It is clear that a given subset A of £ belongs to Nb & [Bnb £] if and only if
the characteristic function ch 4 : £ — R of A, defined by

1 if zeA
ChA(x)z{O if ze&\A

belongs to Ac& [Bbac&].

Let a function f : D — R be given. We then define the standard
extension f: £ — R of f by

flz) = {g(x) i N g ?\D . (41.3)

(41.2)



The following result is easily proved.

Proposition 4. If D belongs to Nb & then
feAcD <= feAcé.

and B
fe€eBbacD <= fe&Bbacf.

The proof of the following assertion will be deferred to Sect.43.

Proposition 5. Every box in £ belongs to BnbE. (For the definition of boz,
see Vol.I, Sect.51.)

The proof of the following result depends on Prop.5.
Proposition 6. Every bounded subset of a proper flat in £ is negligeable.

Proof: Let a bounded subset S of a proper flat in £ be given. Then S is also a
bounded subset of a hyperplane F and hence included in a box in F. Every such
box is a subset of the boundary of a box in £. Since this boundary is negligible
by Prop.5, it follows from (ii) of Prop.2 that S is negligible.

Of course, a bounded subset of a given proper flat F in &£, though negligible
in £, need not be negligible when regarded as a subset of the flat space F.

The following two results serve to describe a large class of negligible sets.
Their proofs will be deferred to Sect.44.

Proposition 7. Let D € Bnb& and f € BbacD be given. Then the Graph
Gr(f) :={(z, f(x)) | x € D} of f is negligible in £ x R.

Proposition 8. Let &; and Sy be subsets of given flat spaces £ and &, re-
spectively. If one of §1 and Sy is bounded and the other negligible, then 1 X S
is negligible in the flat space £ X &;.

The proof of the following result depends on Props.7 and 8.

Proposition 9. Let a closed set D belonging to Bnb £ and continuous functions
g:D — R and h : D — R be given such that g < h. Then the set (see
Fig.1)

A:={(z.§) |z €D, ¢ < lg(x),h(z)]}
belongs to Bnb (£ x R).

Proof: We use the Compactness Theorem and the Compact Image Theorem
stated in Sect.51 of Vol.I. The first of these insures that D is compact and the
second insures that Rng g and Rngh are compact and hence bounded. Thus,
we may choose a,3 € R such that « < g < h < . It follows that A is a
subset of D X [a, ] and hence is bounded. The boundary of A is the union of
Gr(g), Gr(h), and a subset of Bdy D X [«, (] (see Fig.1). The first two of these
are negligible by Prop.7 and the last is negligible by Prop.8. Hence Bdy.A is
negligible by (ii) of Prop.2.

The proof of the following result is based on Prop.9 and on the Theorem
on Continuity of Convex Functions (see Sect.00).
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Proposition 10. Every bounded convex subset of £ has a negligible boundary
and hence belongs to Bnb &.

Proof: We proceed by induction over the dimension n of £. The assertion is
trivially valid when n = 0. We assume, then, that n > 0 and that the assertion
is valid when £ is replaced by a flat space of dimension n — 1. We choose a
hyperplane F in £ and a vector e € V* that does not belong to the direction
space of F, so that the mapping

(p,&) = (p+ge)): FxR —E& (41.4)

is a flat isomorphism. Now let a bounded convex subset C of £ be given. Then
CloC is also bounded and convex (see Cor.2 of the Half-Space Intersection The-
orem in Sect.54 of Vol.I). We put

D:={peF|p+&e e CloC for some £ € R}.

The convexity of CloC implies that there are functions g : D — R and h :
D — R such that CloC is the image, under the isomorphism (41.4), of the set

A:={{p, &) |peD, ¢eg(p),h(p)}

Morover, the set D is closed and convex, and the functions g and —h are convex.
By the induction hypothesis, D has a negligible boundary in F. By the Theorem
on Continuity of Convex Functions, the restrictions of h and g to the interior of
D in F must be continuous. Moreover, since C and hence A is a bounded set,
Rng h and Rng g must be bounded subsets of R . It follows that h and g belong
to Bbac D, and we may choose «, 3 € R such that o < g < h < . We apply
Prop.7 to conclude that Gr(g) and Gr(h) are negligible in F x R. The boundary
of A is the union of Gr(g), Gr(h), and a subset of Bdy D X [a, §]. The latter
is a negligible subset of 7 x R by Prop.8. Using (ii) and (iii) of Prop.2, we
conclude that BdyA is a neglible subset of 7 x R and hence that BdyCloC is a
negligible subset of £. Since BdyCloC = Bdy C (see Sect.54 of Vol.I) it follows
that C € Bnb&. g1

42. Integrals and volumes.

We assume again that a flat space £ with translation space V is given.

We consider the linear space Bbac £ of functions as defined in the previous
section. A linear mapping from this space to R is called a linear functional.

Let a translation v € V be given. Then, for every f € Bbac&, the composite
f ov clearly belongs to Bbac £. Thus, we may consider the mapping f +— fov
from Bbac £ into itself. It is clear that this mapping is linear and isotone, which
means that f < g implies fov < gov for all f,g € Bbac&. For every A € Bnb &
we have ch4 € Bbac& (see Sect.41) and

chqyov=chy_y. (42.1)
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Remark 1: Given v € V and f € Map (£, R), the graph of f o v is obtained
from the graph of f by the translation (—v,0) € V x R, i.e. we have

Gr(fov)=Gr(f)+ (—v,0). (42.2)

(see Fig.1). 1

Remark 2: The mapping Tr : V — Perm (Bbac £), defined by Try(f) = fov
for all f € Bbac& and all v € V, is an action of the additive group of V on
Bbac £ in the sense of Def.1 of Sect.31 of Vol.I. |

Definition 1. A non-zero linear functional Igl on the function-space Bbac & is
called an integral on &£ if it is isotone in the sense that

f>g = Igl(f) >1Igl(g) forall f,g € Bbac& (42.3)
and translation-invariant in the sense that
Igl(fov)=1Igl(f) forall feBbacf, veV. (42.4)

It is easily follows from the linearity of Igl that the condition (42.3) can be
replaced by the weaker condition

f>0 = Igl(f) >0 forall feBbac€. (42.5)

Definition 2. Given an integral Igl on £, the mapping vol : Bnb& — P
defined by
vol (A) :=1Igl(chy) forall A€ Bnb& (42.6)

is called the volume-function associated with Igl .
The following result is an easy consequence of Defs.1 and 2.

Proposition 1. The volume-function associated with a given integral Igl is
isotone in the sense that

ACB = vol(A) <vol(B) forall A;B€ Bnb¢, (42.7)
translation-invariant in the sense that
vol (A —v) =vol(A) forall A€ Bnb&, veV, (42.8)

and subadditive in the following sense: for every finite collection € of sets be-
longing to Bnb £, the union | J € belongs to Bnb £ and

vol (| J€) <) ol (). (42.9)
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The inequality in (42.9) becomes an equality if the collection € is disjoint.

The following result, whose proof will be given in Sect.43, shows that there
is an integral and that it is unique to within a strictly positive multiplicative
factor.

Theorem on Existence and Uniqueness of Integrals. There is an integral
Igl on &£. A functional J : Bbac & — R is also an integral if and only if J = cIgl
for some ¢ € IP*.

Given any integral Igl on £ and any norming box B of V (see Sect.51 of
Vol.I), there is a v € IP™ such that

vol (C) = s"~ (42.10)

for all boxes C of scale s modelled on B.

From now on we assume that an integral Igl on £ and hence the corre-
sponding volume function vol on Bnb £ is fixed.
Proposition 2. Let § € Bnb& be given. Then the following conditions are
equivalent:

(i) S is negligible.

(ii) vol (S) = 0.

(iii) Int S = 0.

Proof: We choose a norming box B and determine 7 € IP* such that (42.10)
holds for all boxes of scale s modelled on B.

(i) = (ii): Assume that S is negligible and let € € P * be given. By Prop.1 of
Sect.41, we can determine a finite subset £ of S and a family (C, | p € €) of
boxes modelled on B such that

Sc (JClpety and ) p<

pet

Y

€
Y

where, for each p € €, p, is the scale of the box C,. It follows from Prop.1 above
and (42.10) that

vol (8) <Y vl (Cy) = (pp") < e

pet pet

Since € € P was arbitrary, we conclude that vol (S) = 0.

(il) = (iii): Assume that IntS # (). We can then then choose a box C modelled
on B such that C C S. By (42.7) and (42.10) we have vol (§) > vol (C) = s™,
where s is the scale of C. It follows that vol (S) # 0.

(i) = (i): Assume that IntS = (). We then have S C CloS = Bdy S. Since
S € Bnb &, it follows from (ii) of Prop.2 of Sect.41 that S is negligible. |

The following result is often useful for proving that a given set is negligible.
Its proof will be deferred to Sect.43.



Proposition 3. Suppose that a given subset S of £ has the following property:
For every e € IP™ there is A € Bnb € such that S C A and vol (A) <e. Then S
is negligible.

We now assume that a set D € Nb &, as defined in Sect.41, is given. Then,
for every g € BbacD, the standard extension g of g, as defined in accord with
(41.3), belongs to Bbac& and hence it is meaningful to consider the integral

Igl (g).
Definition 3. Let a real valued function f such that D C Dom f C £ and
flp € BbacD be given. Then the integral of f over D is defined by

/ f=1gl(f|p). (42.11)

If D:= & and f € Bbacé&, then (42.11) becomes

/ f=TIgl(f (42.12)

If fis a continuous real-valued function with D C Dom f C £ and if D is
compact (i.e. closed and bounded), then f|p is bounded by the Compact-Image
Theorem (see Sect.58 of Vol.I) and hence f|p belongs to Bbac D. Therefore, the
integral fD f is meaningful.

The following five results follow very easily from the defining properties of
the integral and from Prop.3. The proofs are left to the reader.

Proposition 4. If f|p € BbacD we have |f||p € BbacD and

I/Dfl < /lel- (41.13)

Proposition 5. Assume that D is bounded, i. e. that D € Bnb&. Then

inf(f> (D)) vol (D) < /Df < sup(f=(D))vol (D) . (42.14)

whenever f|p € BbacD.

Proposition 6. Assume that D is bounded, i.e. that D € Bnb&. Let (hy | k €
IN™) be a sequence of functions hj, € BbacD that converges uniformly to a
function limg_,  hy that belongs to BbacD. Then

lim [ By = / (im hy). (42.15)
k—oo Jp p k—oo

Proposition 7. The support of a given function f : D — R with bounded
range is negligible if and only if f € BbacD and fD f=

Proposition 8. Let Dy ,Dy € Nb& be such that Int(D; N'Dy) = (). We then

have
/ = s+ [ ¢ (42.16)
D1UD> D, Do
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whenever Dy U Dy C Dom f C € and f|p,up, € Bbac (D1 U D).

/Df(a:)dxz/pf (42.17)

is often used, especially if the function f is specified by an evaluation rule
x> f(z). In (42.17), the letter = is a dummy and can be replaced by any other
letter that has not been given a previous meaning. (The ”dx” should perhaps
be read as "the dummy is z”.)

If we apply the Theorem on Existence and Uniqueness of Integrals to the
case when £ := R, we see that there is exactly one integral Igl on R such
that vol (]0,1[) = 1. In this case, the term length rather than volume is used
and we write le := vol. For every bounded interval H in R we have le (H) =
sup H —inf H. Let a continuous real-valued function f with [a,b] C Dom f C R
be given. Using the notations (42.11) and (42.17), we then have

/[a,b]f: [a’b]f@)dt:/abf:/abf(t)dt

where the integrals from a to b on the right should be interpreped as integrals
familiar from elementary real analysis (see Sect.08 of Vol.I).

The notation

Proposition 9. Let o : £ — &’ be a flat isomarphism from £ to a given flat

space £'. Then
Bbac& = {foa | f € Bbac&'}. (42.19)

Moreover, recalling that the integral Igl on & is given, we can define an integral
Igl’ on & by
Iel'(f) :=1Igl (foa) forall f€ Bbac&'. (42.20)

Proof: The equality (42.19) is an easy consequence of Prop.2 of Sect.41.

We now define the mapping Igl’ : Bbac & — R by (42.20). It is clear that
Igl’ is linear, isotone, and not zero. To show that Igl’ is translation-invariant,
let v/ € V' := & — & be given. Since a™ is also flat, it follows from Def.1 of
Sect.33 of Vol.I that we can choose v € V such that v/ o = a0 v. Since Igl is
translation-invariant, we have

Igl’'(fov)=1Igl(fov)oa)=Igl(foaov)=Igl(foa)=Igl'(f)
for all f € Bbacvol E'. |

We now choose a point ¢ € £&. Then (x — z —¢q) : € — V is a flat
isomophism and hence induces an intetgral Igl’ on V according to Prop.8. It is
easily seen that Igl’ does not depend on the choice of ¢ € £. We will continue to
use the notation (42.12) when & is replaced by V and Igl by Igl’, respectively.
Using also the notation (42.17), we have

/ / v)dv = / h(z — q)dz forall g€ & (42.21)
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and all h € Bbac V. If the given subset D of £ is such that every bounded subset
of Bdy D is negligible, we have

/ f= flg+v)dv forall geé& (42.22)
D D—q

and all f € BbacD.

Proposition 10. Let an integral Igl on £ and a flat automorphism « of £ be
given. Then there is ¢ € IP* such that

Igl(foa)=clgl(f) forall fe Bbac& (42.23)
and ]
vol (as (A)) = EVO] (A) forall A€ Bnb€& . (42.24)

In addition, if Va = d1y, for some d € IP*, then ¢ = din.

Proof: It follows from Prop.9 that (f — Igl(f o «)) : Bbac€ — R is an
integral on £. Hence, by the Theorem on Existence and Uniqueness of Integrals,
(42.23) must hold for a suitable ¢ € P*.

Noting that ch,_(4) © @ = chy) for all A € Bnb&, it follows from (42.6)
and (42.23) that (42.24) is valid.

Assume now that Va = d 1y, for some d € P*. We choose a norming box
B and a box A of scale 1 modelled on B. It is easily seen that as (A) is a box
of scale d modelled on B. Hence, in view of (42.10), it follows from (42.24) that
d"y = %fy and hence ¢ = din. |

43. Tiles and pavings.

We assume again that a flat space £ with translation space V is given and
we put n := dim€. In this section, we also fix a basis b := (b; | i € I) of V and
a point ¢ € £. We use the notation

T := (Incp,)~ ([0, 1), (43.1)

where Incy, is the linear combination mapping defined in Def.1 of Sect.15 of Vol.I.

Definition 1. Given z € £ and s € IP*, we call the set J := x + s7T a tile of
scale s and corner z (see Fig.1).

Given s € IP*, we define the paving Il of scale s to be the set of all tiles
of scale s whose corners are of the form q + Incy (sk) for some k € Z', i.e.

I, := {q + Incp(sk) + sT | ke Z'}. (43.2)

Let s € IP* be given. It is clear that the interior Int 7 of a given tile J is a

box of scale § modelled on Box (b) (see Sect.51 of Vol.I). Moreover, the paving

I1, is a partition of &£.



The following notations, valid for any given subset S of £, will be useful.

Ay(S):={T €ll, | T C S}, (43.3)
AY°(S):={TJ €l | CloJ C S}, (43.4)
(S):={J ell, | TNS #0}. (43.5)
réeS):={J €ll, | CloJ NS # 0}. (43.6)

In words, A4(S), [As(S)] is the collection of all tiles in Iy which are included
in [whose closures are included in] S. The set I's(S), [['$'°(S)] is the collection
of all tiles that meet [whose closures meet] S.

The following two facts are easily verified.

Proposition 1. Given s € IP* and m € IN*, the paving Il, is a refinement of
the paving I1,,s. More specifically, each tile in Il,,s is the union of a disjoint
collection of m™ tiles in Ilg, so that #A4(K) = m™ for all K € I1,,5.

Proposition 2. Let p € IP*, a tile K of scale p, and s €]0, §] be given. Then
we have

(2 —9)m < #ATPIntK) < #09°(Clok) < (2 +2)m (43.7)

P s
Prop.2 is illustrated in Fig.2 for the case when n := 2 and 3s < p < 4s.

Proposition 3. Let a subset S of £ be given. If, for every ¢ € IP* there is a
s € IP* such that .

S’YL
then S is negligible. Conversely, if S is negligible, one can find, for each € € IP*,
a o € IP* such that

4TC0(S) < Sin for all s € 0, 0]. (43.9)
Proof: First assume that S satisfies the condition described and that € € IP*
is given. Determine s € IP* such that (43.8) holds. Let J € II; be given
and assume that J NS # (). Denote the center of the box Int 7 by p, so that
Int 7 = p+ §Box(b) and hence J C p+ sBox(b). In view of (43.8), the set £ of
all centers obtained as just descibed has no more that 55 elements. Clearly, the
collection {p + sBox(b) | p € £} covers §. The condition (ii) of Def.1 of Sect.41
holds when we put p, := s for all p € £. Since e € IP* was arbitrary, it follows
that S is negligible.
Assume now that S is negligible and that ¢ € IP* is given. By Prop.1 of
Sect.41, applied to the case when B is replaced by 7 — %Ziel b; € Nhdy(V),
we can determine a finite subset £ of S and a family (IC, | p € €) of tiles such

that
S c | JIK, Ipet} and > p" <

pet

€

— 43.10
2n7 ( )
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where, for each p € €, p, is the scale of the tile K,,. We put o := £ min{p, | p €
t}. Let s €]0, o] be given. By (43.10) we have Clo J NS # 0 for a given J € I,
if and only if CloJ N K, # () for at least one p € €. It follows that

#I70(S) < Y #IT°(Ky),

pet

and hence, by Prop.2, that

#ITR(S) < (242

pet

Since (22 +2) = pp—:28 < p,,4s—20 < 2% for all p € €, the desired inequality (43.9)
follows from (43.10).

Proposition 4. Every tile has a negligible boundary and hence belongs to
Bnb €.

Proof: Let a tile K be given and denote the scale of K by p. Clearly, since
Bdy K = CloK \ Int K, we have

#T'5(Bdy K) = #I's(CloK) — #A(Int K).
Using Prop.2, it follows that
s"(#'s(Bdy K)) < (p+25)" — (p—2s)"

for all s €]0,£]. The right side of this inequality can be made less than any
given € € P* by making s small enough. Hence Bdy K is negligible by Prop.3 |

Proof of Prop.5 of Sect.41: Let a box B in £ be given. We may assume that
the given basis b is such that B is modelled on Box (b). It is clear that there
is exactly one tile K such that B C K C CloB and hence Bdy X = Bdy B. It
follows from Prop.4 that Bdy B is negligible and hence that B € Bnb&.

44. Existence of integrals.

The main purpose of this Section is to furnish a proof of the Theorem on
Existence and Uniqueness of Integrals stated in Sect.42. To do so, we make the
same assumptions and use the same definitions and notations as in Sect.43.

We now assume that f € BbacB is given. Since f is bounded, inf f|7
and sup f|7 belong to R for all subsets J of £. Given s € P*, we have
fl7 = 0 and hence inf f|7 = sup f|7 = 0 for all but a finite number of tiles
J € Il; because f has bounded support. Therefore, the sums »_ ;. (inf f|7)
and ) ;- (sup f|7) are well defined because only a finite number of summands
are not zero. These remarks show that the following definition is meaningful.

11



Definition 1. For each k € R the functionals S, : Bbac€ — R and Sk :
Bbac & — R are defined by

Sp(f) =27 3" inffly,  Si(f):=2""" ) supfly (44.1)

Jenszn J€H27kn

for all f € BbacB.
It is clear from Def.1 that

Si(f) < Sk(f) forall ke IN. (44.2)

Lemma 1. The sequence (S,(f) | k¥ € IN) is isotone and the sequence
(Sk(f) | k € IN) is antitone.

Proof: Let £ € IN be given. We apply Prop.1 of Sect.43 to the case when
s := 2"+ and m := 2 and find that

2" = #NAy (L) for all K e Ily-«.

Since inf f|x < inf f|7 when J C K it follows that

27k N imffle < 270D YT inf g,

Kénz—kn JEHQ_(k.H)n

i.e., in view of (44.1), that S;.(f) < Si.1(f). Since k& € IN was arbitrary, it
follows that (S, (f) | £ € IN) is isotone. Applying this conclusion to the case
when f is replaced by —f and noting that S,(—f) = —Si(f), we see that
(Sk(f) | k € IN) is antitone.

Lemma 2. For every e € IP* there is a k € IN such that

Sp(f) = Sk(f) < e (44.3)

Proof: We put b := sup f — inf f and denote by & the negligible set of points
at which f fails to be continuous.

Let e € P* be given. By Prop.3 of Sect.43 we can determine m € IN such
that

2 Fm 4TS (S) < (44.4)

€
%
We put

D =I5 (S). (44.5)
Let k € m+ IN be given. By Prop.1 of Sect.43, each tile in IIy- is the union of
a disjoint collection of 2~ tiles in IIy-«. Hence we have

# Ay (D) = 2h=mInupllo (S),
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Therefore, since b > sup f|7 —inf f| 7 for every J € Sub &, it follows from (44.4)
that

27k N (supfly —inffly) < 27 (HA (D)) < 5 (446)
JEl,_,NSub D
for all k € m + IN. Next we put
C:= U{lC € Ily-m | f|ciok is continuous and not zero }. (44.7)

Since f has bounded support f|ciox can be non-zero for only a finite number of
tiles I € II5—m. Hence Ay-m (C) is a finite set, so that the notation

v i= 27 (#05 n (C))

is meaningful. Again, since each tile in II5- is the union of a disjoint collection
of 28~ tiles in II5-«, we have

v=2"F"(#A,+(C)) forall kecm+IN. (44.8)

Since C is bounded and hence CloC compact by the Compactness Theorem, it
follows from the Uniform Continiuity Theorem (see Sect.58 of Vol.I) that f|cioc
and hence f|¢ is uniformly continuous. Therefore, we can determine § € P~
such that |f(x) — f(y)| < 5 for all 2,y € C such that x — y € éBox (b). Thus,
given any tile J of scale s € ]0,0] such that J C C, we have

: €
sup fle — inf fle = sup{|f(2) - f(y)| [ 2,y € T} < .
We determine m’ € IN such that 2= < §. Observing (44.8), we conclude that

27kn Z (sup f|7 —inf fl7) < for all &k € max{m,m'} + IN.

JEl,_,NSub D

N |

(44.9)
We now put k := max{m,m’}. Let J € II,-« be given. It is clear that the sets
D and C defined by (44.5) and (44.7) are disjoint and hence that J C D and
J C C are mutually exclusive posssibilities. Moreover, if neither 7 C D nor
J C C we must have f|7 = 0 and hence sup f|s — inf f|7 = 0. Therefore, by
adding (44.6) and (44.9), we obtain

27k N (sup flg —inf flg) <,

JEl, g
which, by (44.1), proves the desired (44.3).
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Proposition 1. The sequences (S, | k € IN) and (S, | k € IN) of func-
tionals (see Def.1) both converge value-wise to one and the same functional
S :Bbac& — R and we have

S, <S8<S, forall keN. (44.9)
The functional S is isotone and linear and it satisfies
S(chg) = p" (44.10)

for every tile K of scale p.

Proof: The fact that the sequences (S, (f) | K € IN) and (Sk(f) | ¥ € IN) both

converge to the same limit

S(f) := lim S,(f) = lim Si(f) forall f & Bbac& (44.11)

is an immediate consequence of (44.2) and of Lemmas 1 and 2. So is the in-
equality (44.9).

It is clear from (44.1) that, for each k € IN, S, is a isotone functional. It
follows from (44.11) that S is also isotone. The proof that S is linear is a fairly
easy exercise, which is left to the reader.

Let a tile IC of scale p and s € IP* be given. For every J € Il we then have

. 1 if K
Hlf(Cth’J):{O 1f§§CZK

and
1 ifTNk
s eelr) ={ g HIOR7 S

Hence, using the notations (43.3) and (43.5), the definitions (44.1) yield
Sy (chx) = 27" (#A5-x(K)),

Si(chi) = 27" (#T5-1(K)),
for all k € IN. Using Prop.2 of Sect.43, we obtain

(p—27F)" < 8y (chic) < Sk(chr) < (p+275FH)"

for all £ € IN. Taking the limit £ — oo, we conclude from (44.11) that (44.10)
holds.

Proposition 2. Let G be a given subspace of Bbac & that contains the char-
acteristic function of every tile and is translation-invariant in the sense that

14



fove G forall f € G and all v € V. Also, let ¢ € IP*, be given. Then
J := S|e Is the only linear functional on & that is isotone and satisfies

J(chy) =c27%" forallk € N and J € Iy—«. (44.12)

Moreover, if J' is a given isotone and translation-invariant linear functional
on G, we must have J' = ¢’S|g for some ¢’ € P*.

Proof: Let a functional J with the properties stated above be given. Also let
f € G and s € IP* be given. It is clear that

> (inf fly)chy < f< > (supfly)chy.

JEIl, Jell;

Noting that ch; € & for all J € Il and using the linearity and isotonicity of
J, we obtain

> (inf fl7)J(chy) < J(f)< Y (supflg)J(chy).

Jell; J€ell;
Putting s := 27% and using (44.12) and Def.1, we find that
cS.(f) < J(f) < cSp(f) forall k € IN.

Taking the limit £ — oo we conclude, with the help of Prop.1, that J(f) = ¢S(f).
Since f € G was arbitrary, it follows that J = S|s. On the other hand, if we
define J := S|g, then it follows from Prop.1 that J has the properties stated in
the Proposition.

Now let an isotone and translation-invariant linear functional J' on & be
given. Also let £k € IN and a tile J € II,-» be given. Since the partition 1Ty«
of £ is a refinement of the partition Il;, we can determine exactly one I € II;
such that J C K, and we have

che = > chy (44.13)
J €I, NSubk

Since J' was assumed to be translation-invariant, its value at all tiles of a given
scale must be the same. In particular, we have J'(Z) = J'(J) for all Z € II5—».
Let ¢’ be the value of J’ at all tiles of scale 1. Using (44.12), the linearity of 7,
and Prop.1 of Sect.43, we conclude that ¢’ = J'(chx) = 2*".J’(chs) and hence
that J'(chy) = ¢’27%". It follows that J’ satisfies the requirements of the first
statement of Prop.2 and hence that J' = ¢/S|s. 1

Proposition 3. The functional S described in Prop.1 is an integral and the
corresponding volume-function (see Def.2 of Sect.42) satisfies

vol g(C) = (2s)" (44.14)
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for every box C of scale s modelled on Box (b).

Proof: To prove that S is not only linear and isotone but also translation-
invariant, let v € V be given. Define S’ : Bbac€ — R by S'(f) := S(f ov)
for all f € Bbac&. It is clear that S/, as well as S, is linear and isotone. Now
let k € IN and a tile J € II,—« be given. Then J — v is again a tile of skale 2%
and hence, by (44.10), we have

S'(chys) = S(chs ov) = S(chy_) =27

Since k € IN and J € Il,—» were arbitrary, it follows from the uniqueness
assertion of Prop.2, applied to the case when & := Bbac&, that S’ = 9, i.e.
that S(f) := S(f ov) for all f € Bbac&. Since v € V was arbitrary, it follows
that S is translation-invariant and hence an integral.

Let a box C of scale s modelled on Box (b) be given. Then there is exactly
one tile KC of scale 2s such that C C K. Let € € IP* be given. Then there is
exactly one tile K of scale 2s — € such that C and Int K’ have the same center.
We have K’ C C. Applying Prop.1 of Sect.42 to the integral S and using (44.10),
we obtain

(2s — €)™ = vol 5(K") < vol 5(C) < vol g(K) = (25)".

Since € € IP* was arbitrary, the conclusion (44.14) follows.

Proof of the Theorem on Existence and Uniqueness of Integrals: Prop.3
shows that there is an integral, namely S. Given ¢ € P> it is clear than I := ¢S
is also and integral.

Now let an integral I on £ be given. Using the second assertion of Prop.2,
applied to the case when & := Bbac&, it follows that we can determine ¢ € P*
such that I = ¢S.

Now let a norming box B be given. We may assume that the basis b is such
that B = Box (b). It follows from (44.14) that

vol ;(C) = cvol 5(C) = (2"¢)s",

which shows that (42.10) is valid with v := 2"c. §

Proof of Prop.3 of Sect.42: Recalling that an integral I is given, we determine
¢ € P* such that I = ¢S, where S is the integral (see Prop.3) defined in Prop.1.
Let € € IP* be given and detrmine A € Bnb £ such that S C A and vol ;(A) < §
and hence S(chy) = vols(A) < §. By Prop.1 we may choose k € IN such that
Sk(ch4) < e. By the definition (44.1) of S}, this means that

27 (#T 51 (A)) <€

where the notation (43.5) has been used. Since J NS # 0 implies J N.A # 0, it
follows that (43.8) holds with s := 27%. Since ¢ € P* was arbitrary, it follows
from Prop.3 of Sect.43 that S is negligible.
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45 Extended Integrals.

We assume again that a flat space £ with translation space V is given.

In Def.1 of Sect. 42, an integral was defined as a linear finctional on the
space Bbac& of all functions that have bounded range, bounded support, and
are almost continuous. In this section, we will show how such an integral can
be extended to a class of functions that do not necessarily have bounded range
and bounded support.

We now assume that a subset D of £ is given. We use the notations NbD,
Bnb D, AcD, and Bbac D introduced in Sect.1.

The following result, analogous to Prop.3 of Sect.41, is an immediate con-
sequence of Prop.2 of Sect.41.

Proposition 1. The interior of every set belonging to NbD also belongs to
NbD. If D is closed, then the closure of every set belonging to NbD also
belongs to NbD. The union and the intersection of a finite collection of sets in
Nb D again belongs to NbD. If a flat isomorphism « : £ — &' from £ to a flat
space & and A € Nb & are given, then as(A) € Nbax (D).

Of course, the set Bnb D is a subset of NbD.

The set of all functions in Ac (D) that have positive values will be denoted
by
Pac (D) :={f € Ac(D) | f >0} (45.1)

This set has the structure of a linear cone in the sense that it is stable under
value-wise addition and multiplication by positive numbers.

We now consider the case when D is the entire space £.

Definition 1. Given f € Pac (£), we define, for every -y € IP and every subset
C of &, the truncation Tr/(f) of f at v and C by

f(z) if ze€Cand f(z) <7y,
Trl(f)(z) == v if z€Cand f(x)>7~, (45.2)
0 if ©e€&\C.

We abbreviate

T (f) :==Tri(f) and Tre(f):=Tri(f) if v >sup f~(C) (45.3)

Let f € Pac(€) be given. It is easily seen that, for every v € IP, and every
C € Bnb&, the truncation Tr}(f) belongs to Bbac & as defined in Sect.41.

We now assume that an integral Igl on £, as defined in Sect.2, is fixed. Then
it makes sense to take the value of the integral at any of the truncations Tr}(f)
of f when C € Bnb&. Since f and hence all of these truncations have positive
values, it follows from (42.5) that the value of Igl at all of these truncations of
f is positive.
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Definition 2. The extended integral E+ : Pac () — IP is defined by
gl (f) :=sup { Igl (Tx)(f)) | y€ P, C €Bnb& } . (45.4)

We say that a given f € Pac& is integrable if@+ (f) < 0.

Let 7,7 € P and C,C’ € Bnb & be given. It is clear from Def.1 that
v<+ and C CC' = Tel(f) < T (f)
and hence, by (42.3), that
y<A and CCC = Igl(Tr2(f)) < Igl(Txl(f)) (45.5)
If f € Bbac& NPacé& then Tr}(f) = f when v > sup Rng f and when the

support of f is included in C. Hence we have @+ (f) =1Igl(f) in this case.

Recall that every cell in £ is bounded and convex and therefore, by Prop.10
of Sect.41, belongs to Bnb £. The following result often leads to practical way
of evaluating extended integrals:

Proposition 1. Choose a point q € £ and a norming cell B (see Def.1 of Sect.51
in Vol.I) arbitrarily. We then have

gl (f) = lim lim Igl(TY), 5(f)) - (45.6)

§—00 Y—00

Proof: By the Cell-Inclusion Theorem (see Sect.52 of Vol.I) every C € Bnb € is
included in a cell of the form ¢+ sB with s € IP. Therefore, in view of (45.4), it
is sufficient to consider only sets in Bnb £ that are of the form C := ¢+ sB when
evaluating the supremum in (45.3). This fact leads immediately to (45.5). 1

In the case when f has a bounded support but not necessarily a bounded
range, (45.6) reduces to

Tl (f) = lim Igl(Tx"(f)) . (45.7)

In the case when f is continuous but has not nessarily a bounded support,
(45.6) reduces to

Tl (f) = lim Il (Trg15(f)) - (45.8)

because, by the Compact Image Theorem (see Sect.58 of Vol.I), the restriction
of f to every set of the form g + sB has a bounded range.
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Proposition 2. Let f,g € Pac& be given. Then
f<g=Tel (f)<Tel (9). (45.9)

Also, we have f + g € Pac& and

—t : :
Igl (f+g)=1Igl (f)+1Igl (g). (45.10)
Proof: The implication (45.9) is an immediate consequence of the isotonicity

(42.3) if Igl and Def.2.
Let v,€ P and C, € Bnb £ be given. It is clear from Def.1 that

Tl (f) + Tri(g) > Tel(f +g)

and hence, by Def.2, that

Tel " (f) +1gl () >Tgl " (f +9) (45.11)

On the other hand, let v, € P and C,C’ € Bnb& be given. It is clear
from Def.1 that

T(f) + T (g) < Trgsel™ 7 (f + )
and hence, by Def.2, that
’ —+
Igl (Tro (f)) + 1l (Trg (9)) <lIgl (f+g) .

Since v,7" € P and C,C’ € Bnb £ were arbitrary, it follows from Def.1 that

Tel (f)+Tel (9) <Tel " (f+9) - (45.12)

(45.11) and (45.12) together give the desired result (45.10). §

An immediate consequence of Prop.2 is the following
Corollary. If f,g € Pac& are both integrable, so is f +¢g. If f < g and g is
integrable, so is f. If f < g and f fails to be integrable, so does f.

We assume now that a subset D of £ is given and we consider the space
AcD of all almost continuous functions on D. The following facts are easily
verified:
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Proposition 3. If f belongs to AcD then the value-wise absolute value |f| of
f belongs to PacD and so does fT, defined by

fHa) = {g(a:) ﬁ }ng ig , (45.13)

and we have
f=r=0E=n", (45.14)
[fl=f"+(=HT. (45.15)

Moreover, if f and g belong to PacD so does inf{ f, g}, defined by

inf{f,g}(z) := min{f(z),g(x)} forall z€D, (45.16)

and we have
(f —g)t = f—inf{f, g} . (45.17)

Again, we now consider the case when D is the entire space £. It is clear
from Def.2 and (45.15) that |f| is integrable if and only if both f* and (—f)*
are integrable.

Definition 3. We say that a given f € Ac& is integrable if |f| is integrable
in the sense of Def.2 and we define the extended integral of f by

Tel(f) =Tl (f7) —Tgl ((—f)") (45.18)

We use the notation lac& for the set of all integr_able functions in Ac&
and we consider (45.18) as the definition of a mapping Igl : lac€ — R.

Extended Integral Theorem. The set lac is a subspace of Ac and the map-
ping Igl on the space lac & is linear in the sense that

Igl(f +g) =Igl(f) +Igl(g) forall f,g€clacE (45.19)

and
Igl(cf) =clgl(f) forall ce R, f¢€lacf, (45.20)

it is isotone in the sense that
f2g = T(H)=Tel(g) forall figelacs,  (45.21)
and translation-invariant in the sense that
Igl(fov)=1Igl(f) forall fclac&, ve. (45.22)
Proof: Let f,g € Iac& be given. Using (45.14) and (45.16) we find
f+ot =" =NT+g" = (=9 =
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(fF+g) = (HT+ ()N =f"+g" —h,
where
he=inf (fT+g", (=) +(-9)"), (45.23)
amd hence
(f+9)"+h=f"+g" (45.24)

Replacing f by —f and g by —g in (45.23) and (45.24) and noting that h remains
unchanged, we see that

(=(f+g)T+h=0=NH"+(-9)". (45.25)

Since all the terms in (45.24) and (45.25) belong to Pac &, we can apply (45.10)
to both and obtain

gl (f+g)" +1gl h=Tgl f*+Tgl g* (45.26)

and
Il (—~(f+9)" +1gl h=Tgl ' (—f)" +Tgl ' (—g)" . (45.27)

Since both f and g are assumed to be integrable, it follows from the Corallary
to Prop.2 that h, as defined by (45.23), is also integrable. Subtracting (45.27)
from (45.26) and using Def.2, we see that f + g is integrable and that (45.19) is
valid.

The verifications of the remaining assertions of the Theorem are easy and
left to the reader. |

The theorem just proved states that the extended integral Igl preserves all
the properties of the original integral Igl as described in Def.1 of Sect.42. In
fact, Igl is the restriction of Igl to the subspace Bbac & of Iac&.

The concept of volume introduced in Def.2 of Sect.42 can be extended to
the class Nb & as defined in the beginning of this section.We note that the char-
acteristic function ch 4 of a set A € Nb &, as defined by (41.1), belongs to Pac .

Definition 4. Using the extended integral EJF defined in Def.2 above, the
volume of a given set A € Nb & is defined by

vol (A) == Tgl (ch4) . (45.28)

If the set A is unbounded, then it is likely that vol (A) = oco. However, it
is not difficult to exhibit cases when vol (A) < oo even though A is unbounded.
Prop.1 of Sect.42 remains valid if Bnb £ there is replaced by the larger set Nb £.

Let a set D € Nb& be given. We say that a function f : D — R is
integrable if its standard extension f, as defined by (41.3), belongs to Iac&.
We use the notation Iac D for the set of all such functions. It is clear that is a
subspace of the space AcD introduced in the beginning of this section and that
Bbac D is a subspace of IacD.

The concept of and integral over D introduced in Def.3 of Sect.42 can be
extended to the class lacD.
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Definition 3. Let a real valued function f such that D C Dom f C £ and
flp € Tac D be given. Then the integral of f over D is defined by

| £ =TT (15.29)
D
Prop.4 and Prop.8 of Sect.42 remain valid if Bbac there is replaced by Iac.

46. Iterated integrals.

We assume now that flat spaces £ and & and integrals Igl, and Igl, on
&1 and &, respectively, are given. We also consider the corresponding extended
integrals Igl, and Igl,, which are linear functionals on the spaces lac&; and
Tac &, respectively, as defined in Def.3 of Sect 54. We denote the corresponding
volume functions by vol ; and vol 5, respectively. We use the notation £ := &; x &,
for the product space (see Sect.32 of Vol.I). The translation spaces of & and &
will be denoted by V; and Vs, respectively. Then V := V; x V5 can be identified
with the translation space of £ (see Sect.32 of Vol.I).

Definition 1. We denote by lity 2 £ the class of all functions f € Map (£, R)
that satisfy the following two conditions:

(a) For every x1 € & we have f(z1,-) € lac&,, so that Igl,(f(z1,-)) € R
is meaningful.

(b) The function (z1 — Igly(f(x1,-))) : & — R belongs to lac, so that
Igl,(z1 — Igly(f(21,-))) is meanigful.

We define the iterated integral Igl, , : lit; 2& — R by

Igly 5 (f) = Igly (21 = Igly(f(21,+))) forall f €Titi o €. (46.1)

In a similar manner, By interchanging the roles of & and &;, we define the
class lity 1 £ and the iterated integral Ig12’1 :litg1 € — R by

Igly o(f) :=1Igly(ze — Il (f(-,22))) for all f € ity &. (46.2)

It is easily seen that both Iit; o £ and lity ; £ are translation-invariant sub-
spaces of Map (€, R).
Let C; € Nb&; and C; € Nb &, be given. Since
che, xe, () = che, (x1)che, (x2)  for all x = (z1,22) € € (46.3)
it is easily seen that che, x¢, belongs to both lit; o £ and Iite ; £ and that

Igly 5 (che,xe,) = Igly 4 (che, xe,) = vol1(Cy)vol 2(Ca). (46.4)

The following result shows that, in many cases, integrals on £ can be eval-
uated by iterated integrals.
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Iterated Integral Theorem. There is exactly one integral Igl on £ such that
Igl(f) =1Igl, o(f) forall fe€lit;o€NTacé (46.5)

and
Igl(f) =1Igly (f) forall felitz1€NlacE (46.6)

Proof: Of course, G := Iit; o€ N Iac& is a translation-invariant subspace of
Iac £. We choose basis sets by and by of the translation spaces V; and Vs of &;
and &, respectively. Then b := (b; x {0}) U ({0} x bs}) is a basis set of
E. Every tile in £ corresponding to the basis b, as defined in Sect.43, is of the
form J; x Ja, where [J; is a tile in & corresponding to the basis b; and 7> is
a tile in & corresponding to the basis by. By Prop.4 of Sect.43, it follows that
the characteristic function of every tile in £ corresponding to b belongs to both
Iit; »€ and Bbac & and hence to G.

It is easily verified that Igl, 5 is an isotone and translation-invariant linear
functional on &. Therefore, we can apply Prop.4 of Sect.45 to conclude that
Igl, , differs from the restriction to & of any given Integral on £ by only a strictly
positive factor. By the Theorem on Existence and Uniqueness of Integrals, we
can fix the integral on & such that this factor is 1 and hence that (46.5) holds.

The formula (46.6) follows by interchanging the roles of & and & and
noting, using (46.4), that Igl; , and Igl,; have the same value when f :=
chrixm, - 11

Corollary. For every function f € lity o€ N litg 1€ N lacE, we have Igl, 5(f) =
Ing,l(f) = Igl(f).

Pitfall 1: It is not hard to give examples of functions that belong to Iac & but
not to lit; o & or lity; £. Integrals of such functions cannot be evaluated by
iterated integration. J

Pitfall 2: It can happen that a function f belongs to both lit; o £ and ity ; £
but not to Iac €. In this case, the iterated integrals Igl, (f) and Igl, ; (f) need
not be the same. An Example is the function f: R x R — R defined, for all

s,t € R, by
& ifo<s<t<l1
fls;t) =9 -% ifo<t<s<l1

0 otherwise.

We take both Igl,; and Igl, to be the ordinary real integral. A quick calculation
shows that f belongs to Iit; » £ and that

1 1
telalf) = [ (] fs.0dsae =1

Since f(s,t) = —f(t,s), we also have f € lity; £ and Igl, ;(f) = —Igl; 5(f) =
—1. Although the function f is almost continuous and has bounded support, it
does not have a bounded range and cannot belong to Iac R 2.
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Proposition 1. Let C; € Bnb&; and Co € Bnb &y be given. Then C; X Cs
belongs to Bnb £ and and we have

vol (Cl X CQ) = vol 1(Cl)V012<62). (467)

Proof: In view of Prop.15 of Sect.53 of Vol.I, C; x Cy is a bounded subset of £
and we have

de (Cl X Cg) = (deC1 X CIOCQ) U (ClOCl X deCQ)

Thus, Bdy (C; x Cs) is the union of two sets that are negligible by Prop.8 of
Sect.41, proved above, and hence is itself negligible by (ii) of Prop.2 of Sect.41.
The formula (46.7) follows from (46.4) and (46.5) applied to f := che, xc, -1

Proof of Prop.8 of Sect.41: We assume, without loss, that S; is negligible
in & and that Sy is bounded in &. By the Cell-Inclusion Theorem (see Sect.52
of Vol.I) we can choose a box Cy in & that includes S;. Also, we choose a
norming box By in V; and put n; := dim&;. Using the Theorem on Existence
and Uniqueness of Integrals of Sect.42, we see that we can determine v € P~
such that vol (H) = yp™ for all boxes H of scale p modelled on Bj.

Now let € € IP* be given. By Prop.1 of Sect.41 we can determine a finite
subset £ of & and, for each p € €, a box H,, centered at p and modelled on By,

such that .

ni < .
81 C UHP and Z(pp) — 'YVOIQ(CQ)’ (46 8)

pet pEe

where, for each p € €, p, is the scale of the box H,. Let p € € be given. It
is clear that H, x Cy is a box in £ = &; x & and hence, by Prop.5 of Sect.51
(proved in Sect.43), belongs to Bnb £. Hence (46.7) applies and we obtain

vol (H, x Cg) = vol1(ICp) vol2(Ca) = v(pp)"*vol 2(C2).
In view of (42.9) and (46.8)2, we conclude that

VOl(UHpXCQ) < ZVOI(HPXC2> <e.

pet pet

Since € € IP* was arbitrary and since S1 X S C (U, Hp X C2) by (46.8)1, it
follows from Prop.3 of Sect.41 that &1 x Sy is negligible.

From now on we also use the notations (42.12) and (42.17), with Igl replaced
by Igl, or Igl, when appropriate. Then (46.5) and (46.6) read

/ f = / ( f(.’L‘l, xg)dacg)da:l for all f € Iitl,g ENlacé (469)
E &1 JE

and
/ f = / ( f(.??l,l'g)d.’b‘l)dl‘g for all f € Iitg’l ENlacé . (4610)
E Ey J&

The following result is obtained by applying (46.9) to the characterstic
functions of suitable subsets of £ and by observing Def.2 of Sect.42.
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Proposition 2. Let A € Bnb& be given. Assume that, for each 1 € &, the
set Az,,) = {2z € & | (21, 2) € A} (see Fig.1) belongs to Bnb &, and that the
function (z1 + vol2(A(s,,))) : & — R belongs to Bbac&;. Then

volA= [ vola(A(, .y)de:. (46.11)
&1
Corollary. Let A€ Bnb€& and A’ € Bnb £ be given and assume that they both
satisfy the hypotheses of Prop.2. If, for each x1 € &1, the set A'(;, .y can be
obtained from A, .y, by a translation in V,, then vol A" = vol A.

Proposition 3. Let closed sets C1 € Bnb & and Cy € Bnb & and a continuous
function f : C; x Co — R be given.Then the standard extension f : £ — R
of f (see (41.2)) belongs to lity o £ N lity 1 £ N lacE and we have

/ :/( f(x1, z2)dzo)day =/( f(z1, z2)dzy)das. (46.12)
C1XC2 Ci1 JCo

cs JC
Proof: The set C; x Cy is closed by Prop.15 of Sect.53 of Vol.I and it belongs
to Bnb £ by Prop.1 above. Using the Compactness Theorem and the Compact
Image Theorem (see Sect.58 of Vol.I), we find that C; x Cy is compact and that
f has a bounded range. Therefore, the standard extension f belongs to Bbac&.
A similar argument shows that f(z1,-) € Bbac&, for all 21 € &;.

Now let € € IP* be given. Since f is uniformly continuous by the Uniform
Continuity Theorem of Sect.58 of Vol.I, we can determine M; € Nhdg(V;) such
that .

v -y €M1 = [f(z1,7) — fly1,)] < m

and hence, by Prop.5 of Sect.42, such that
T -y EMp = | f(x1,-) — flyr, )] < e
C2 C2

holds for all z1,y; € C;. Since € € IP* was arbitrary, it follows that (1 —
fc2 f(z1,+)) : C; — R is continuous and hence that (z1 — Io(f(z1,-)) belongs

to Bbac&;. Therefore, f satisfies the conditions (a) and (b) of Def.1, i.e. we

have f €Tity 2 £. A similar argument shows that f € Tty ; £ and hence we have
felity 2 & Nlite 1 £ N TacE. The formula (46.12) follows now from the Iterated
Integral Theorem. |

48. Euclidean integrals and volumes.

In this section, we assume that a genuine Euclidean space £ is given. We
denote the translation space of £ by V and put n := dim € = dim V.
The norming cube determined by a given orthonormal basis e :=
(e; | i € I) is defined to be
1 1
Cub(e) := Box(ie) ={veV]|le v|< 5 for all i€ I} (48.1)

(see Example (A) in Sect.51 o Vol.I). A cell of scale s € IP* modelled on a
norming cube will be called a cube of scale s.
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Characterization of the Euclidean Integral. There is exactly one integral
Igl, with corresponding volume function vol on € such that vol (C) = 1 for every
cube C of scale 1. This integral is called the Euclidean integral on £ and the
volume-function associated with it is called the Euclidean volume.

The proof of this theorem will be based on the following:

Lemma. FEvery integral Igl on &£ is invariant under Euclidean automorphisms
of £. More precisely, for every o € Eis & we have

Igl(foa)=1Igl(f) forall felac€ (48.2)

and
vol (as (A)) =vol (A) for all A€ Bnb€ . (48.3)

Proof: Let an integral Igl on £ and o € Eis& be given. Since « is a flat
automorphism, Prop.10 of Sect.42 can be applied and (42.23) and (42.24) must
hold for a suitable ¢ € P*. Now, since balls in £ are bounded and convex (see
Example (C) in Sect.51 of Vol.I), they belong to Bnb & by Prop.10 of Sect.41.
In particular, vol (z 4+ UblV) is meanigful for all z € £.

We now choose a point g € €. Since a~(¢+UblV) = a(q)+UblV, it follows
from (42.24) that

1
vol (¢ 4+ UblY) = EVOI (a(q) +UblY) . (48.4)

Since a(q)+Ubl V can be obtained from g+UblV by the translation a(q)—q € V,
it follows from the translation invariance (42.8) of vol that (48.4) must continue
to hold when c is replaced by 1. Since a ball has a non-empty interior and hence
non-zero volume by Prop.2 of Sect.42, we conclude that ¢ = 1 and hence that
(42.23) and (42.24) reduce to (48.2) and (48.3), respectively.

Proof of the Characterization: We choose a cube Cy of scale 1. By the
Theorem on Existence and Uniqueness of Integrals, there is exactly one integral
I on & such that vol (Cp) = 1. Since every cube of scale 1 in £ is the image of Cy
under a Euclidean automorphism, it follows from the Lemma that vol ;(C) = 1
for all cubes C of scale 1 in £. |

When dealing with genuine Euclidean spaces, we will omit the adjective
“Euclidean” before “integral” and “volume”. Also, we will use the notations
(42.11) and (42.12) and we will use Igl only the Euclidean integral and vol only
for the corresponding volume. Occasionally, we will write vol ¢ instead of just
vol when we wish to emphasize the dependence of the volume-function on the
space £.

In the case when £ := R, the Euclidean integral reduces to the integral
familiar from elementary real analysis and the Euclidean volume reduces to the
length le (see Sect.42). In the case when dim & = 0, € is a singleton and we have
vol& = 1.
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Assume, for a moment, that genuine Euclidean spaces £ and & are given
and let Igl, and Igl, be the corresponding Euclidean integrals. It is easily seen
that the set-product of a cube of scale 1 in & and a cube of scale 1 in & is a
cube of scale 1 in & x &. It follow that (46.7) is valid when vol, vol;, and
vol 5 are interpreted as FEuclidean volumes. Also, the Iterated Integral Theorem
and Props.1 and 2 of Sect.46 as well as all results of Sect.47 are valid, in partic-
ular, when all integrals and volumes are interpreted as Euclidean integrals and
volumes.

Proposition 1. Let Euclidean spaces £ and £ and a Euclidean isomorphism
a:E — &' be given. Then

foa:/f for all f € Tacé . (48.5)
&’ &

Proof: It follows from Prop.9 of Sect.42 that (f — [, foa):lac€ — R
must be an integral on £. Since the image under « of a cube of scale 1 in £’ is a
cube of scale 1 in &, the integral (f — [ e foa) must be the Euclidean integral
on &, which means that (48.5) must hold. §

From now on we assume that an orthonormal basis (e; | i € I) of V, a
corresponding family (a; | ¢ € I) with terms in IP*, and a point ¢ € £ are given.
The set

1
C:=q+ Box(éaiei |iel) (48.6)

is called a rectangular box centered at ¢ with (a; | i € I) as its family of
sidelengths.

Proposition 2. The volume of a rectangular box C with (a; | i € I) as its
family of sidelengths is the product of this family, i.e. we have

vol (C) =[] ai - (48.7)

i€l

Proof: We proceed by induction over dim&. If dim& = 0 then £ =C is a
singleton and its family of sidelenghts is empty. Hence (48.7) is valid because
vol (£) = 1 and because the product of the empty family is 1.

Assume now that dim & > 0 and that the assertion is valid if £ is replaced
by a space £ having one dimension less than £. Let a rectangular box the form
(48.6) be given. We choose j € T and put I’ := I\{j}, & := q+ Lsple; | i € I},
and )

C'=q+ Box(iaiei liel).

Since C’ is a rectangular box in the Euclidean space £, which has one dimension
less than &, we can apply the induction hypothesis and obtain

vol'(C') = [] i . (48.8)

iel’
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where vol’ is the volume-function for £. Now, the box C is the image of

C'x]—%, %[ under the Euclidean isomorphism

(2, s) = (' + se;)) : &' xR — & .
Hence, by Prop.1 above and by (46.7), it follows that

a; aj

vol (C) = vol’(C') le (]—7, ED :

Since le (]— %, %) = ay, it follows from (48.8) that

vol (C) = (H aZ-)aj ,
el
which yields (48.7). 1

Proposition 3. Let a be a flat automorphism of £ such that

Va=) a;(e; xe) . (48.9)

iel
Then .
/f oa = (H ai> /f for all f €lac& (48.10)
iel
and
vol (as (A)) = (H ai>v01A for all A€ Bnb€& . (48.11)
icl

Proof: In view of Prop.10 of Sect.42 we can determine ¢ € P* such that

/foa:c/f for all f €lac& (48.12)

and
vol (as (A)) = 1vol.A for all A€ Bnb€& . (48.13)
c

We now consider the cube of scale 1 given by C := ¢ + Box (%e). It easily
follows from (48.9) that

1
as(C) = alq) + Box(§aiei liel),
which is a rectangular box with (a; | i € I) as its family of sidelengths. Therefore,
by Prop.2, we have vol (ax(A)) = [[;c; a;. We now apply (48.13) to the case
when A := C and note that vol C = 1. We conclude that [],.;a; = 1. Thus,
(48.12) and (48.13) reduce to (48.10) and (48.11), respectively.
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Proposition 4. The volume
wp, :=voly(UblY), n:=dimV (48.14)

of the unit ball is given by

wn =[] e (48.15)

kenl
where
T [Leey &2 if ke2N
IR ’ (48.16)
af = .
27 .
2 Tlenry oy if k€2N+1.

Proof: We proceed by induction over the dimension n. If n := 0, we trivially
have wy = 1, which is in accord with (48.15) because 0! = ().

We assume now that n > 0 and that (48.15) becomes valid after n has been
replaced by n—1. We choose a unit vector u € V and put U := {u}* (see Fig.1).
Given £ € |—1, 1], we put

Be := (UblV) N (fu+U) —&u . (48.17)
It is easily seen that B = +/1—-&2Ublid and hence that By =

(vV1—=¢6%21y)~(UblY). By Prop.10 of Sect.42 and (48.14), with V replaced

by U, it follows that voly (Bg) = /1 — §2n_1wn_1. Using Prop.2 of Sect.46 and
(48.17), we find that

1 1 n—1
VOlv<Ub1 V) = / VOlu(Bg)df = Wnp—-1 / vV 1-— Lz . (4818)
1 -1

It is an exercise in elemantary calculus to show that

1 k—1
ak:/ V1—2 for all k€ IN*
1

when «y, is defined by (48.16). Therefore, in view of (48.14), (48.18) reduces to
Wn = Wp—10n—1, from which (48.15) follows by the induction hypothesis.

Prop.4 yields, in particular,

4 1 8
w1:27 Wy =T, W3:§7T7 w4:§ﬂ-27 w5:ﬁ71'2.

Of course , the values for wy, ws, and w3 are familiar from elementary mathe-
matics.

The following result is an immediate consequence of Prop.4 above and
Prop.10 of Sect.42.
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Proposition 5. Every ball in £ or V of a given radius r € IP* has volume r"w,, .

The set
G:=q+ (Z a; (e; X ei)> (UbLY) (48.19)
: >
iel
is called an ellipsoid centered at g with (a; | i € I) as its family of semi-axes.

The following result is an immediate consequence of Props.3 and 4 above.

Proposition 6. The volume of an ellipsoid G with (a; | i € I) as its family of
semi-axes is given by
vol G =wy [ ai , (48.20)
iel
where wy, is given by (48.15) and (48.16).

49. Set functions

In this section, we assume that a flat space £ is given. We denote its
translation space by V and we put n := dim & = dim V. We also assume that an
integral on £ and an open subset D of £ are given, and we use the notation

BnbD :={A € Bnb& | CloAC D} . (49.1)

In view of Prop.5 of Sect.41, we have

Proposition 1. The interior and the closure of every set in Bnb D also belongs
to BnbD. The union and the intersection of a finite collection of sets in Bnb D
again belong to BnbD. The set-difference of two sets in Bnb D again belongs to
Bnb D.

The term set-function is used for a function whose codomain is R and
whose domain is a collection of subsets of a given set. Here we consider set
functions from BnbD to R.

Definition 1. We say that a given set-function F': BabD — R is
(a) additive if
F(A1UA) = F(Ay) + F(A2) (49.2)

for all disjoint pairs (Ay, A;) with terms in Bnb D,
(b) isotone if
A1 C A = F(A) < F(Ay) (49.3)

for all A1, Ay € Bnb D,

(c) positive if Rng F' C IP, and

(d) compactly differentiable if one can find a continuous function f : D —
R with the following property: for every norming cell B of V, every compact
subset IKC of D and every € € IP* there is a § € IP* such that

F(z + sB)

vol (z + sB) )] <e (49-4)

30



for all x € K and all s €]0, ] such that x + sB € BnbD.

It is evident that if F' is compactly differentiable, then there is exactly one
function f with the property described in (d) of Def.1; it is called the density
of F.

Proposition 2. If the given set-function F' : BnbD — R is additive and
positive, it is also isotone.

Proof: Let A;, A2 € Bnb D be given such that A; C As. The pair (A, 42\ A1)
is disjoint and its union is As. Moreover, A5\A; belongs to BnbD by Prop.1.
Hence, if F' is additive, we have F(As) = F(A;) + F(A2\Ay). If F is also
positive, it follows that F(A4;) < F(Asz), and (49.3) is proved. |

The following result states that every continuous function f : D — R is
the density of an additive and compactly differentable set function.

Proposition 3. Let a continuous function f : D — R be given. Then fAf
is meaningful for every A € BnbD, so that we can define the set-function F' :
BnbD — R by

F(A) := /Af forall A€ BnbD . (49.5)

This set function F' is additive and compactly differentiable, and its density is
f.

Proof: Let A € BnbD be given. Since Clo A is a compact subset of D, we can
apply the Compact Image Theorem (Sect.58 of Vol.I) to conclude that f~ (Clo A)
is bounded and hence that f|4 € Bbac&, which shows that [ 4 J 1s meaningful
by Def.3 of Sect.42.

The additivity of F' follows from Prop.8 of Sect.42.

Now let a norming cell B, a compact subset C of D and € € IP* be given.
By Prop.6 of Sect.58 of Vol.I we can determine o € IP* such that K + oB
is compact and included in D. Hence we can apply the Uniform Continuity
Theorem (Sect.58 of Vol.I) to conclude that f|.. 3 is uniformly continuous.
Therefore, we can determine § € |0, o] such that

0 < sup fs(x+sB) —inf fs(x+sB) < e (49.6)

for all x € K and all s €]0,6[. On the other hand, by Prop.5 of Sect.42, we have

F(x+ sB
inf fo (z 1 sB) < ﬁ < sup fo (a + B) (19.7)

for all x € K and all s € IP* such that = + sB € BnbD. Since z + sBB € BnbD
for every z € K and s €10, 4], it follows from (49.6) and (49.7) that (49.4) holds
for all x € K and s €]0,9]. 1

The following is a converse of Prop.3 for the case when f > 0.
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Density Theorem. Let F': BnbD — R be a set function that is additive,
compactly differentiable, and positive, and denote its density by f. Then f > 0
and

F(A) :/ f forall A€ BnbD. (49.8)
A

The proof will be based on several lemmas. We choose a point ¢ € £ and
a basis b of V and we consider tiles and pavings as in Sect.43. We may assume
that tiles of scale 1 have volume 1, and hence that tiles of scale s € IP* have
volume s". We use the abbreviation B := Box(b), so that

vol(ac—f—%B) =t" forall z€& teP*. (49.9)

We assume now that A € Bnb D is given.

Lemma 1. There is a 0 € IP* such that
K:=CloA+ 0B (49.10)

is included in D and compact. Moreover, given a tile J of a scale s € |0, 0] such
that Clo J U Clo A # (), we have CloJ C K and hence J € BnbD.

Proof: Since Clo A is compact, the existence of a 0 € P* such that I, as
defined by (49.10), is included in D and compact follows from Prop.6 of Sect.58
of Vol.I. Now, if 7 is a tile of scale s €]0, o[ such that Clo 7 NClo.A # () we may
choose = € CloJ N Clo A. Tt is easily seen that CloJ C x + sB and hence, by
(49.10), that CloJ C K C D, which shows that J € BubD. |

We now choose ¢ € P* according to Lemma 1 and define K € BnbD by
(49.10). Moreover we assume that a positive, isotone, and compactly differen-
tiable set function H : BnbD — R is given. We denote the density of H by
h:D — R. Since H is positlve, we have h > 0.

Lemma 2. For every e € IP* there is a ¢ € |0,0] with the following property:
for each tile J whose scale s is in the interval ]0,0[ and which satisfies Clo J N
Clo A # 0, we have J € BnbD and
H
A) _ h(m)‘ <€ when z is the center of IntJ . (49.11)
STL

Proof: Since K is compact by Lemma 1, it follows from (d) of Def.1 that we
may choose 0 €]0, o[ such that

H(z + iB)
vol (z + £ B)

— h(z)| < e (49.12)

for all z € K and all ¢ € ]0,4] such that (z + £B) € BnbD. Let a tile J of a
scale s € ]0,0] such that CloJ N CloA # ) be given and denote the center of
the box IntJ by x. Then IntJ = x + 5B and CloJ = z + 5B and hence

:U—I—%BCI—FSECQU—F%B for all ¢ € ]s,d] . (49.13)
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Now let ¢ € s, d] be given. Then we can determine exactly one tile J' of scale ¢
such that IntJ’ = = + %B. Since J C J', we have Clo 7' NClo A # (). It follows
from Lemma 1 that Clo J’ C K. We conclude that z € K and = + %B € BnbD
and hence that (49.12) can be applied. Since H is isotone, it follows from (49.13)
that

H(zx + 28) < H(J)< H(z + %B)
and hence
H(z + 5B) ~ h@)" < H(J) — h(z)f" < H(z + %B) Bt
Using (49.9) and (49.12), we conclude that
H(z + SB) — h(z)t" < H(J) — h(z)t" < et" .
Since t € |s, d[ was arbitrary and since (" is continuous, it follows that

H(x + gzs’) — h(x)s" < H(J) — h(z)s" < es™ .

Using (49.9) and (49.12) once more, with ¢ replaced by s, we conclude that
—es" < H(J) — h(zx)s" < es™
which proves (49.11). g
The final Lemma refers to pavings Il as defined by Def.1 of Sect.43.
Lemma 3. For every € € IP*, there is a ¢’ € IP* such that
Y HANJ)<e forallselo,d], (49.14)
JeTSle (Bdy A)
where T'C1° (Bdy A) is defined in accord with (43.6).

Proof: Since the density h of H is continuous by (d) of Def.1 and since K, as
defined by (49.10), is compact by Lemma 1, we can apply the Compact Image
Theorem (see Sect.58 of Vol.I) to conclude that h~(K) is bounded. Hence we
may choose b € 1+ IP* such that 0 < h(z) < b—1 for all x € K. We now
determine § € |0, 0] according to Lemma 2 with the choice € := 1. Let s € |0, J]
be given. In view of the definition (43.6), it follows from Lemma 2 that

H(T) < (h(z) +1)s™ <bs"

holds for every tile J € I'{®(Bdy.A) when x denotes the center of the box
Int7, which is included in IC by Lemma 1. Since H is isotone, we conclude that
H(JNA) < H(J) <bs"™ for all J € TS (Bdy.A) and hence that

> H(ANJ) < bs™(#I'C° (Bdy A)) . (49.15)

JErClo (Bdy A)
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Now let € € P* be given. Since Bdy A is negligible, we can apply Prop.3 of
Sect.43 with S := Bdy A and determine &’ € ]0,§] such that #I'!° (Bdy A) <
75w when s € 0, 6’]. This result and (49.15) yield the desired conclusion (49.14).
1

Proof of the Density Theorem: We define F/ : BnbD — R by

F'(A) = /Af for all A€ BnbD . (49.16)

It follows from Prop.3 that F’ is additive and compactly differentiable and that
f is the density of F’. Since f > 0, it is clear that F’ is positive and hence, by
Prop.2, isotone.

Now let A € BnbD and s € P* be given. We note that I'$° (Bdy A)
and AY" (IntA), as defined according to (43.6) and (43.4), are disjoint finite
subsets of IT, and hence that AS"® (IntA) U{ANJT | J € T (Bdy A)} is a
finite partition of A. Since both F' and F’ are additive, it follows that

F'(A)~FA)= Y  (F(J)-F)+

JEASI (IntA)

> (FANT)-FANT))

Jergle (Bdy A)

. (49.18)

Now let € € P* be given. We determine o € P* according to Lemma 1.
By Lemmas 2 and 3, we can then determine 6 € |0, o] such that
(i) (49.11) holds with h := f for H := F and also for H := F’ whenever
5€]0,6] and J € A (Int.A).
(ii) (49.14) holds for H := F and also for H := F’ whenever s € 0, J].
Now let s € 0, d] be given. Using (49.11) as indicated in (i), we find that
|F'(J) — F(J)| < 25" forall J e A" (IntA) . (49.19)

Using (49.14) as indicated in (ii), we obtain

Y (FANT) - F(ANT))| < 2e. (49.20)

Jerglo (Bdy A)
Using (49.19) and (49.20), it follows from (49.18) that
|F'(A) — F(A)| < 25" (#AS"° (IntA)) + 2¢ . (49.21)

Since vol J = s for all J € I, since vol : Bnb& — R is additive and isotone,
and since | JAS" (Int.A) C Int.A C A by (43.4), we have

s (#AT° (IntA)) = vol (U ASt (IntA)) < vol(A)
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and hence, by (49.21)
|F'(A) — F(A)] < e (vol (A)+1) .

Since ¢ € IP* and A € BnbD were arbitrary, we conclude that F’ = F and
hence, by (49.16), that (49.8) is valid. g
410. Transformation of Integrals.

In this section, we assume again that a flat space £ is given. We denote its
translation space by V and we put n := dim & = dim ). We also assume that an
integral on £ is given and we use the notation (42.11) for it. We also make use
of the integral induced on V and the corresponding volume-function vol y .

The following result shows how integrals transform under flat automor-
phisms of €. It states how the factor ¢ of Prop.10 of Sect.42 can be computed
from the automorphism.

Proposition 1. Let a flat automorphism « of £ be given. Then

1
= — f 11 B 410.1
/gfoa \detVa]/,:f or all f € Bbac& (410.1)

and
vol (as (A)) = |det Valvol (A) for all A € Bnb€& . (410.2)
The proof will be based on the following:

Lemma 1. Let A € V* be given and put W := {A}*. Also, let C € BnbW be
given and define 0 : V — R by

o(v) :=sgn(Av)voly(C+ [-1,1]v) forall veV. (410.3)

Then o is linear and proportional to A, i.e., we have ¢ € V* and ¢ = p\ for
some p € R.

Proof: The assertion is trivially valid when A := 0. Hence we may assume that
A # 0 and choose e € £ such that Ae = 1. By the Theorem on Existence and
Uniqueness of Integral of Sect.42, there is exectly one integral on W such that
the corresponding volume-function volyy satisfies 2vol yy(C) = vol ,(C+[—1, 1]e).
Using the isomorphism v : R x W — V defined by

v, w):=w+&e forall weW, £€ R, (410.4)
we easily conclude from (46.7) that
2s voly(C) = voly(C + [—s,sle) forall seP . (410.5)
We caim that

o(v) =2voly(C)(Av) forall veV (410.6)
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and hence that ¢ = pA holds when p := 2voly(C). If v:=0 then (410.6)
is a trivial consequence of (410.3) because sgn(0) = 0. Let v € V* be given
and put w := v — (Av)e. It is easilily seen that w belongs to W, so that
(410.4) gives y((Av),w) = v. We then apply the Corollary to Prop.2 of
Sect.46 to the case when & = R, & = W, A = [—|Av], |Av]|] x C, and

A= U{{g} X (C+oiaw) | €€ [lav, |Av|]} (see Fig.1).

Since A’(&_) =C+ ﬁw differs from A¢ .y = C only by a translation in W,

we conclude that vol g .1, (A) = vol R ., (A’) and hence that voly (v (A)) =
Vol p(s (A), L.,

voly(C + [—|Av|, |Av]] €) =vole(C+ [-1,1] v) . (410.7)

Using (410.5) with s := |Av| and the fact that Av = sgn (Av)|Av]|, it follows
from (410.7) and (410.3) that (410.6) is valid. g

Proof of Prop.1: In view of Prop.10 of Sect.42, it suffices to show that (410.2)
holds for a particular set A € Bnb & of non-zero volume. We choose a point
q € £ and a basis b := (b; | i € nl) of V and claim that (410.2) holds when
A = ¢+ Box (b). We put € :== Ab* € Skew,,(V", R) and define w : V" — R
by
w(w) := sgn(e(w)) Volv(Z[—l, 1w;) forall weV". (410.8)
i€nl
Let j € n! and w € W™ be given. Applying Lemma 1 to the case when X :=
e(w.j) and C := Y ([~1,1]w; | i € n)\{j}), we infer from (410.8) that w(w.j) is
linear. Since j € n) and w € W™ were arbitrary, it follows that w is multilinear.
Since € is skew, it is evident from (410.8) that w is also skew, so that w €
Skew,,(V", R).
Since €(b) = 1 and Box (b) = > ([~1,1]b; | i € nl), it follows from (410.8)
that
vol (¢ + Box (b)) = vol y,(Box (b)) = w(b) . (410.9)

Since o : £ — £ is flat, we have

a (g +Box (b)) = a(q) + (Vo) (Box (b)) = alq) + ) _[-1,1)(Va)b;

i€nl

and hence, using (410.8) again,

vol (a (g + Box (b)) = voly (D _[~1,1](Va)b;) = |[w((Va)*"b)| . (410.10)

icnl

Since w((Va)*"b) = (det(Va))w(b) by the Theorem on Characterization of
Determinants of Sect.14, the desired conclusion, namely

vol (as (¢ + Box (b))) = | det(Va)|vol (¢ + Box (b))) ,
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follows from (410.9) and (410.10). g

From now on we assume that, in addition to the flat space &, a flat space £’
with translation space V', and a C!-diffeomorphism ¢ from an open subset D of
& onto an open subset D’ of £ are given. The following Lemma is the basis for
the remaining results of this section.

Lemma 2. For every norming cell B of V, for every compact subset K of D,
and for every n € IP* there is a § € IP* such that x + sB € BnbD and

() (Ve9)>(B) C ¢s(x+sB) C o(x)+(1+n)s(Vad)>(B) (410.11)

1+77
for all x € K and all s € ]0,4].

Proof: Let a norming cell B of V, a compact subset K of D, and n € P> be
given. We put v := nog and choose a norm v’ on V’'. Since Rng V¢ C Lis (V,V’)
and since V¢ and v/ are continuous (see Prop.7 of Sect.56 of Vol.I), the function
((z,u) — V' ((Vy¢)u)) : K x Bdy B — P> is continuous. Since K x Bdy B is
compact by Prop.4 of Sect.58 of Vol.1, it follows from the Theorem on Attainment
of Extrema of Sect.58 of Vol.I that we can determine «, 8 € P* such that

a <V ((Vyp)u) < forall z€ K, ueBdyB
and hence that
av(u) <V ((Vep)u) < Br(u) forall z€e K, uel. (410.12)

We now use Prop.4 of Sect 64 of Vol.I and determine 4; € P* such that
K+018 C D and such that, for each z € K, the mapping n,. : ;8 — V' defined
by

n,(u):=¢(x+u)—¢(x) — (Vep)u forall uesBb (410.13)

satifies str(ng;v,v') < na. By (64.2) of Sect.64 of Vol.I, we then have

V' (ng(u)) <nav(u) forall x €K, uedB. (410.14)

Now let s € ]10,01] , v € B, and € K be given. Using (410.14) with u := sv
and (410.12); with u:= (V) 'n,(sv), we find that

av((Vz0) ' 'ng(sv)) < V(ng(sv)) < nav(sv) < nasv(v)

and hence that v((V,¢) 'n,(sv)) < mnsv(v), which is equivalent to
(Vo0) 'n,(sv) € nsB and hence to

na(sv) € 15(Vad)s(B) (410.15)
In view of (410.13), we conclude that

¢(x+5v) = ¢(x) + 5(Ve@)v + na(sv)
€ ¢(x) +5(Vad)>(B) +15(Vag)> (B) .
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Since (V;¢)~(B) is a norming cell of V', we can use Prop.1 of Sect.51 of Vol.I
to conclude from (410.16) that

ds(z+sB) C d(x)+s(14+n)(Veg)s(B) forall ze€ K, se€]0,6]. (410.17)

Noting that ¢~ (K) is a compact subset of D’ by the Compact Image Theo-
rem of Sect.58 of Vol.I, we now apply Prop.4 of Sect.64 of Vol.I to ¢ instead
of ¢ and thus determine d, € IP* such that

¢~ (B) + 352Ce (V') € BnbD’ (410.18)

and such that, for each y € ¢~ (B), the mapping m,, : 35,Ce (v') — V defined
by

my(w):=¢" (y+w)— ¢~ (y) — (VyoT)w for all w e 36,Ce (V') (410.19)
satisfies

v(my(w)) < =v'(w) forall ye ¢ (K), we B6Ce (V) . (410.20)

Now let ¢t € ]0,d2], x € K, and v € B be given. Using (410.12)s with the
choice u := tv and noting that v € B is equivalent to v(v) < 1, we see that
V' (t(Vzp)v) < ftr(v) < pt and hence that ¢(V,¢)v € BtCe (V') C 552Ce (V).
Therefore, we may use (410.20) with the choices w :=t(V,)v and y := ¢(z) to
obtain

n

V' (t(Vad)v) < 3

v () (H(V.0)V)) < Bt =t ,

I3

which is equivalent to
my ) (tH(Vad)v) € ntB . (410.21)

In view of (410.19), it follows from (410.21) that

QSH ((b(I) + t(vm¢>v) = QS%(QS(I)) + t(v¢(m)¢H)(vm¢)V + My () (t(vm¢)v)
€ x+tv4+ntB C x+tB+ntB .

Using Prop.1 of Sect.51 of Vol.I again, we conclude that

d(x)+t(Ved)s(B) C ¢ (x+(1+n)tB) forall x € £, t€]0,d5] . (410.22)

Using (410.22) with the choice ¢ := 1 and then (410.17) we see that the

assertion of the Lemma is valid with § := min{d;, l‘jfn}. 1
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Proposition 2. The image under ¢ of every negligible set in Bnb D is a negli-
gible set in Bnb D’.

Proof : We first choose norms v and v/ on V and V', repectively and we put
B:=Ce(v), B :=Ce (V).

Now let S € BnbD be given and assume that it is negligible. By Prop.2
of Sect.41, the closure CloS is also negligible and by (49.1) we have CloS C
D. Since Clo S is closed and bounded and hence compact by the Compactness
Theorem, it follows from Prop.4 of Sect.58 of Vol.I that Clo S x B is also compact.
Since the mapping

((z,u) = ' ((Vy¢p)u)) : CloS x B— R

is continuous, we can apply the Theorem on Attainment of Extrema and deter-
mine 3 € P* such that v/((V,¢)u) < 8 for all x € S and all u € B, which is
equivalent to

(Ved)s(B) € BB’ forall z€S§. (410.23)

We now apply Lemma 2 with the choices K := CloS and 7 := 1 and determine
0 € P* such that x + sB € BnbD and

Os(z+sB) C od(x)+2s(Vep)s(B) forall zeS, s€]0,6]. (410.24)
Now let € € P* be given. Since S is negligible we can apply Prop.1 of

Sect.41 and determine a finite subset £ of S and a family (p, | p € €) in P~
such that

S c [ Jp+pB) (410.25)
pEL
and .
> pp" < min{s", (26)”}' (410.26)

pet

It follows from (410.26) that p, € ]0,0] for all p € €. Hence, by (410.25), (410.24),
and (410.23), we have

¢-(S) € Jostp+pB) C |J(80) +20p(V,p)-(B))

pet pEk

c () +20,88) .

pet

(410.27)

Since (410.26) implies that

Z@ppﬁ)n = (zﬁ)nzppn <€,

pet pEe

we conclude from (410.27) and Def.1 of Sect.41 that ¢~ (S) is indeed negligible. g
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Theorem on Transformation of Integrals. Let a flat space £ and a C'-
diffeomorphism ¢ from an open subset D of £ onto an open subset D’ of £ be

given. Then
¢~~(BnbD) C BnbD’ (410.28)

and

/ f = / (fo¢) detoVe| forall A€ BnbD (410.29)
o> (A) A

and all continuous functions f : D' — R.

Proof: Let A € BubD be given. Then Clo A is a closed and bounded, and hence
compact, subset of D. By the Compact Image Theorem, Clo ¢~ (A) = ¢~ (Clo .A)
is a bounded subset of D’. On the other hand, since Bdy A is a negligible set
belonging to Bnb D, it follows from Prop.2 that Bdy ¢~ (A) = ¢~ (Bdy A) is
negligible. Therefore ¢~ (.A) belongs to BnbD’. Since A € Bnb D was arbitrary,
(410.28) follows.

We note that it is sufficient to prove (410.29) when f is positive. Indeed,
every continuous function f is the value-wise difference of two positive continuous
functions, namely fT := Z(|f| + f) and f~ := 3(|f| — f). Hence, if (410.29) is
known to be valid when f is replaced by f* and by f—, it is clearly valid also
for f=fT —f~.

Now let a positive continuous function f : D' — R be given and define
the set function G : BobD — R by

G(A) ::/¢ " f forall A€ BnbD. (410.30)

It is evident that G is both additive and positive. We will show that G is
compactly differentiable and that its density is

g:=(f o) detoVe| . (410.31)

By the Density Theorem of Sect.49 and by (410.30), it will then follow that
(410.29) holds.

We assume that a compact subset K of D and a norming cell B of V are
given. We may assume, without loss, that the given integral on £ is such that
vol 4(B) =1 and hence that

vol (z +sB) =s" forall seP* z€f&. (410.32)
We now assume that n € P~ is given and we determine § € IP* according to
Lemma 2. Since volume is an isotone set-function, it then follows from (410.11),

Prop.1, and (410.32) that

vol ¢~ (z + sB)
vol (z + sB)

< (1+9)"|det(Vad)|  (410.33)

1
(m)n\ det(V.¢)| <
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for all x € K and all s € ]0,d]. On the other hand, it follows from (410.30) and
Prop.5 of Sect.42 that

G(z + sB)
vol ¢~ (x + sB)

inf = (¢ (z + sB)) < <sup fx (¢~ (z + sB)) (410.34)

for all x € K and all s € |0, d]. Combining (410.33) and (410.34), we find that

1, ‘ G(x + sB)
(m) |det(vx¢>| lnf(f © ?b)>(3j + SB) < vol (I n SB) (410.35)
< (1+n)"[det(Vy0)[sup(f o ¢)>(x + sB) .

is valid for all z € K and all s € |0, 6]. Now, since z +sB C K+ 6B forall x € K
and all s € ]0,d] and since K + 6B is a compact subset of D, it follows from the
Uniform Continuity Theorem that we can determine ¢’ € ]0, 6] such that

(fo@)(x) —n < inf(f o) (2 + sB) <sup(fod)s(z + sB) < (fod)(x) +1
for all x € K and all s € ]0,d’]. Hence, by (410.35), we conclude that

1 G(z + sB)
(m) | det(V29)|((f o ¢)(x) —n)) < vol (@ 1 sB) (410.36)

< (1 +n0)"[det(Vao)|((f 0 @) (x) + 1)

for all z € K and all s € ]0,d'].
Now let € € IP* be given. The function

((m, ) = (L+0)"|det(Vao)|(f 0 @) (x) + 1)) : [0,1] x £ — P>

is continuous and has the value g(z), as defined by (410.31), at (0,z) when
x € K. Since [0, 1] x K is compact by Prop.4 of Sect.58 of Vol.I, it follows from
the Uniform Continuity Theorem that, if n is sufficiently small, we have

(14+n)"det(Vzd)|(fop)(z)+mn) <glx)+e foral ze. (410.37)

Similarly, if 7 is sufficiently small, we have

g(x) —e < (ﬁ)ﬂ det(Vid)|(fod)(x)—n) forall x e K.  (410.38)

Therefore, if we choose j € IP* appropriately and determine ¢ such that (410.36)
holds for all z € K and all s € 0, ], it follows from (410.37) and (410.38) that

G(z 4 sB) <g(x)+e forall zek, se]0,d].

=S e sB) S
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Since K, B, and € were arbitrary, it follows that G is indeed compactly differen-
tiable in the sense of Def.1 (d) of Sect.49 and that its density is the function g
defined by (410.31). 1

411. Transformation of Euclidean Integrals.

From now on we assume that Euclidean spaces £ and £’ with translation
spaces V and V' are given. We assume that the spaces all have the same di-
mension, so that the set of Euclidean isomorphisms from £ to £’ is not empty.
Let Igl’ be the Euclidean Integral on £ and let a : & — & be a Euclidean
isomorphism. Define Igl: Bbac (£) — R by

Igl(f) :=1Igl'(foa) forall f & Bbac(&) (411.1)

It follows very easily from the Characterization of the Euclidean Integral in
Sect.48 that Igl is in fact the Euclidean integral on £. In view of (411.1), (410.28)
and Def.3 of Sect.42, we then have

/ f :/ foa forall A€ Bnbé&, f e Bbac(f). (411.2)
A a<(A)

Theorem on Transformation of Euclidean Integrals. Let FEuclidean spaces
& and &' be given and let ¢ : D' — D be a C'- diffeomorphism from an open
subset D' of £ to an open subset D of £. We then have

/f:/ (fou) /deto (V4)T(Ve) forall A€BubD  (411.3)
A’ Jus

and all continuous functions f : D — R.

Proof. We chose an isomorphism « : £ — &'. Then D := a<(D’) is an open
subset of £ and the adjustment alg :D — D is invertible. From now on, we
simply write « for this adjustment and put ¢ := ¢ o« : D — D, which is is a
C!- diffeomorphism. Let a continuous functions f : D — R and A € BnbD be
given. We can apply the Theorem on Transformation of Integrals (410.20), with
D replaced by D, D’ replaced by D, and A replaced by ¢<(A), obtaining

/f:/ (fod) |detoVe] . (411.4)
A Jeea

Now let £ € D" and be given and put x := o (§). Then, by the Chain Rule,
we have

Vep =Vy(poa)=VepVa . (411.5)

The gradient Va of the Euclidean isomorphism « belongs to Orth(V,)’)
and hence satisfies Va (Va)T = 1y (see Sect.43 of Vol.I). Thus, it follows from
(411.5) that
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Vet (Vad) T = Ve Va (VeypVa) ' = Ve Va (Va) T (Vey) T = Ve (Vey) T

Using the Basic Rules for the determinant in Sect.14, it follows that
det V.o |? = det((Ve) 'V and hence, since £ € D’ was arbitrary, that
3 13

|det Vo | = \/det o((Vyh)TV) o (411.6)
Using (411.2), the fact 9= = a<o¢<, and (411.6), we see that the desired result
(411.3) follows from (411.4). §

The Theorem just proved can be used to evaluate specific integrals by using
an appropriate coordinate system. Let a Euclidean space £ and an open subset
D of £ be given. Choose a coordinate system I' on D as defined and discussed
in Sect.71 of Vol.I. According to Prop.1 of Sect.71 in Vol.I, D := RngT is then
an open subset of R and ¢ := (I'®2)~ : D — D is a C2-diffeomorphism.

Corollary. Let G be the matrix of the inner-product components of the coor-
dinate system I' and put

g:=+/|detoG|: D — R (411.7)
Then
/f:/ (fg)otr forall A€ BnbD (411.8)
A I's(A)

and all continuous functions f : D — R.

Proof: Let x € D be given and put £ :=I'(z) = (¢(z) | c € '), so that z = ¢ (§).
By (71.2) and (71.4) if Vol.I, we have

(Vep)or = c(€) =bg(z) forall ceT (411.9)
and hence
S - (Vep) T (Verp)dy = (Vep)dt - (Ve))dy = be(x) - ba(x)

for all ¢,d €T'. Using the identification R"*" = Lin (R") (see (16.5) of Vol.I),
we conclude, by (73.1) of Vol.I, that

(Vew)T (Vet) = Gla) - (411.10)

Since x € D was arbitrary and x = () it follows from (411.7), (411.10), and
(411.3) with D replaced by D, that the desired result (411.8) is valid.

Example. We assume that £ is a genuite Euclidean space of dimension 2 and
use polar coordinates as in (B) of Sect.74 of VolL.I. To do so, we must prescribe
a point ¢ € £ and a unit vector e € V. Define r : £IP by

r(x):=|x—gq| forall z€€&, (411.11)
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which means that r(x) is the distance from x to g.

Consider a circular disc Cr of radius R € P> centered at ¢ and let a
continuous function A : [0, R] — R be given. By (74.14) of Vol.I, we have g = r.
Since Cg differs from A := Cr\(¢ + P e) only by a negligible set, we can apply

(411.8) and obtain
/ horz/ r(hor)o, (411.12)
Cr T'(A)

Where 1 is defined as in Sect.74 of Vol.I. We have T'(A) =]0, R[x]0, 2x[. There-
fore, using the Iterated Integral Theorem in the form (46.12) of Vol.I, it follows
from (411.12) that

/CR hor = /OR (/0277 dt)sh(s)ds = 2m /OR sh(s)ds . (411.13)

In the particular case when h := expo:~2, using the fact that h®* = —2h and
the Fundamental Theorem of Calculus in the form (08.44) of Vol.I, we obtain

/ expo (—r?) = (1 — e_RQ) . (411.14)
Cr

In the limit R — oo the right side of (411.14) becomes and extended integral in
the sense of Def.3 of Sect.45 and we have

/ expo (—r?) =1 . (411.15)
&

Problems for Chapter 4

(1) Let a flat space £ with translation space V, an integral Igl on £, and a linear
space W be given. We say that a mapping h : £ — W belongs to Bbac (£, W),
if | for every p € W*, the function ph : £ — R belongs to Bbac€&.

(a) Show that there is exactly one mapping Igl”V : Bbac (V) — W such
that

Igl (uh) = plgl™(h) for all p € W¥and all h € Bbac(EW) .  (P4.1)

We generalize Def.3 of Sect.42 as follows: We assume that a subset D €
Nb (£) and a mapping h with codomain W are given such that D C Domh C £
and h|p € Bbac (£, W) . The integral of h over D is then defined by

/Dh(a:)da::/ph:: 1g1 ™V (h[p) , (P4.2)
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where

VORI {h(az) it xeD (P4.3)

(hlp)(z) =4 if 1€&\D"

(b) Let v be a norm on W according to Def.1 of Sect.5 of Vol.I. Prove that

o /D h) < /D (voh) (P4.4)

(This is a generalization of Prop.2 of Sect.610 of Vol.I.)

(2) Let a flat space £ with translation space V and an integral Igl on £ be given.

(a) Prove: For every f € Bbac& such that o := [, f # 0, there is exactly
one point b € £ such that

/ F@)(z—b)dz =0 | (P4.5)
£
where the integral is understood in the sense of (P4.2) with W replaced

by V.
(b) Show that b satifies

b:q—f—l/f(:v)(x—q)d:c forall g€ & . (P4.6)
0 Je

The point b is called the barycenter of the function f.
In the case when f := ch 4 for a given A € Bnb &, we have [.(z —b)dz =0
and b is then called the centroid of A.

Note: The results and terminology of this problem are analogous to those of
Sect.34 of Vol.I.

(3) Let a flat space £ with translation space V and an integral Igl on £ be given.
Prove: There is an integral on £ := £ x R such that the corresponding volume
function vol g/ satisfies

vol e:{(z,5) | @ € £,5 € [0, f(@)]} = Te () (P4.7)
for all integrable functions f € Pac&. (See Def.2 in Sect.45.)

(4) Let a flat space € with translation space V and a hyperplane F in £ be given.
(See Sect.32 of Vol.I.) Let e € V be a non-zero vector that does not belong to
the translation space of F. Let D € Bnb £ be given and define, for each z € R,
the cross-section S, of D by

S, =(DN(F+ze)) —zeCF. (P4.8)
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(a) Let vol £ be the volume function associated with some integral on F.
(See Def.2 of Sect.42.) Show that there is a volume function vol ¢ associated
with a suitable integral on £ such that

volg(D) = /R vol (S, )dz , (P4.9)

provided that D satisfies suitable conditions. State these conditions
precisely.

(b) Assume now the space £ is a genuine Euclidean space and assume that
e is a unit vector perpendicular to the hyperplane F. Let ¢ € F, r € P*,
and h € IP* be given. Consider the hyperboloidal solid

2
Di={pt+ze|peF |p—q <r, zE[O,h(l—'pT2Q| )}, (P4.10)

whose height is h and whose base Sy is a ball of radius r centered at ¢ in
the hyperplace F. (See Figure P1). Determine the Euclidean volume of D.

(5) Let a genuine Euclidean space £ with translation space V and put n := dim £.
Also, let a line £ be given. Choosing a point ¢ € £ and a unit vector e in the
direction space of £, we have

L:={q+& |{cR}. (P4.11)
Let G € Bnb (R x IP) be given such that
Ge:={nel |(&n) g} (P4.12)
is a finite disjoint union of bounded intervals for every & € R . Define
D:={¢q+&+u|fcR,uecV, e u=0, (,|u]) € G} . (P4.13)

One can interpret D to be a body of revolution about the line £ when n = 3.
(a) Prove that D € Bnb €.
(b) Let (&, m.) be the centroid of G as defined in Problem (2) and let w,,_1
be defined according to Prop.4 of Sect.48. Show that
vol (D) = (n— 1) newp—1 - (P4.14)

(This result is known as the Theorem of Pappus when n=3)

(c) Evaluate the volume of a torus whose center-circle radius is r and whose
cross-section radius is C.
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(6) Let a genuine inner-product space V, an orthonormal pair (e,f) in V and
r € P> be given. Put

A:=7r(UblY) N (gf +Re+ gUbl ({e}d) . (P4.15)
This is the intersection of a Ball of radius r with a cylinder whose boundary

passes through the center of the ball and is tangent to it. See Figure P2.
Evaluate vol (A).

(7) Using (411.15), prove that
/ e ds = / expo (—1?) = VT .
0 P 2

(Hint: Use Cartesian coordinates.)
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