21-355 Principles of Real Analysis I Fall 2004

Practice Problems

Part I (Short Answer)

1. Consider the real sequence defined by

Ty = ((_1)#)” +(=1)" + !

— forallmn éN.
2 n

Find lim supz,, and liminfx,.

n—o0 n—00

2. Find the interior and closure of S if

S={-1}U{zeQ:0<z<1}U(L2].
3. Give an example of an infinite set S C R such that every subset of S is closed.

4. Determine whether or not f is uniformly continuous on S.

(a) S=R, f(z)= sllrix;) for all z € S.
(b) S=(0,1), f(x) :% for all € S.
(c) S=10,1], f(z)= 1—1—4x for all z € S.

5. Give an example of a function f : R — R such that f is differentiable at exactly
one point.

6. Give an example of a countably infinite collection {7}, : n € N} of subsets of R
such that

G c(T,) # cl (O Tn> :

n=1 n=1

7. Determine whether or not {f,,}7°, converges uniformly on S.

(a) S=10,00), fulz)= \/% forallz € S, n e N.
(b) S=(0,1), fu(z)=sin? (%) forallz € S, n e N.

(c) S=(1,00), folzx)= " forallze S, neN.

n—+x




8. If f: R — R is continuous and T is a closed subset of R, does it follow that
fIT7] is closed. (Recall that f[T] = {f(x):xz € T}.) Explain.

9. If f : R — R is twice differentiable and f(0) = f(1) = f(2) = 0, can we
conclude that there exists z € (0,2) with f”(z) = 07 Explain.

10. Give an example of two bounded sequences {x,}52, and {y,}5°, such that

liminf(z, + y,) > (lim inf xn) + (hm inf yn)
and

lim sup(z, + y,) < (lim sup $n) + (lim sup yn) .

n—oo n—oo n—~oo

Part II (Give Complete Proofs.)

1. Let S, T be subsets of R. Show that

A(SUT) = (cl(S)) U (cl(T)).

2. Let f : R — R be given and put S = {z € R : f(z) = 0}. Assume that f
is differentiable on R and that f’(z) = 0 for all x € S. Define g : R — R by
g(x) = |f(x)| for all z € R. Show that ¢ is differentiable on R.

3. Let SCR, M,aa>0, and f,g:S — R be given. Assume that

If(x)| < M, |g(z)|>a Vzes

and that f, ¢ are uniformly continuous on S. Define F : S — R by F(x) =

f(z)

ﬂ Vz € S. Show that F' is uniformly continuous on S.
g(x

4. Assume that ¢ : R — R is uniformly continuous and let {a, }%, be a sequence
of real numbers such that a, — 0 as n — oco. Define the sequence {f,}22, of
functions on R by

folz) =gz +a,) forallzeR, neN.
Show that f, — ¢ uniformly on R as n — oo.

5. Use the definition of limit to show that the sequence {x,}>°, defined by z,, =

2 .
22?_1 for all n € N is convergent.




6. Let f:]0,1] — R be given and assume that

[f(x) = f(y)| < 6lz—y| Vz,yel0,1].

Show that f € R]a,b] without using the result which asserts that continuous
functions on [a, b] are integrable.



