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Abstract

We investigate a model corresponding to the experiments for a two-dimensional rotating
Bose-FEinstein condensate. It consists in minimizing a Gross—Pitaevskii functional defined in R2
under the unit mass constraint. We estimate the critical rotational speed Qp for vortex existence
in the bulk of the condensate and we give some fundamental energy estimates for velocities
close to Q.
© 2005 Elsevier Inc. All rights reserved.

MSC: 35A15; 35Q55

Keywords: Bose-Einstein condensate; Vortices

1. Introduction

The phenomenon of Bose—Einstein condensation has given rise to an intense research,
both experimentally and theoretically, since its first realization in alkali gases in 1995.
One of the most beautiful experiments was carried out by the ENS group and consisted
in rotating the trap holding the atoms [18,19] (see also [1]). Since a Bose—Einstein
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condensate (BEC) is a quantum gas, it can be described by a single complex-valued
wave function (order parameter) and it rotates as a superfluid: above a critical velocity,
it rotates through the existence of vortices, i.e., zeroes of the wave function around
which there is a circulation of phase. In an experiment, where a harmonic trap strongly
confines the atoms in the direction of the rotation axis, the mathematical analysis
becomes two-dimensional by the decoupling of the wave function (see [10,11,24]).
We restrict our study to this two-dimensional model used in [10,11]. After the non-
dimensionalization of the energy (see [3]), the wave function u, minimizes the Gross—
Pitaevskii energy

1 1 1
/Rz {§|Vu|2 5z VOl + Sl - Qxt G, Vu)} dx a.D

under the constraint

f lu)® =1, (1.2)
RZ

where ¢ >0 is small and represents a ratio of two characteristic lengths and Q = Q(g)>0
denotes the rotational velocity. We consider here the harmonic trapping case, that is,
V(x) = |x|f\ = x12 + Azxg for a fixed parameter 0 < A<1. In [11], the equilibrium
configurations are studied by looking for the minimizers in a reduced class of functions
and some numerical simulations are presented.

Our aim is to estimate the critical velocity above which the wave function has
vortices, and in a future work [14] to analyze in more details the vortex patterns in the
bulk of the condensate. According to numerical and theoretical predictions (see [3,11]),
we expect to find the critical speed in the regime Q = O(|In¢]) so that we restrict our
study to this situation.

Due to constraint (1.2), we may rewrite the energy in the equivalent form

Folu) = /R {éwuﬁ + o[l = a0y — @ @] - axt i, Vu)} dx. (13)

where a(x) = ag — |x|3\ and ag is determined by [p2a®(x) =1 so that ag = /2A/7.
Here a™ and a~ represent, respectively, the positive and the negative part of a. Then,
we consider the wave function u, as a solution of the variational problem

Min{Fg(u) Tu€eH, ||u||L2(R2) = 1},

where

H = {u c H' (R, 0) : /2 Ix)?|u)? < —i—oo}.
R
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In the limit & — 0, the minimization of F, strongly forces |u¢|> to be close to a™
which means that the resulting density is asymptotically localized in the ellipsoidal
region

D= {x eR?:alx) > O} = {(xl,xz) cR?: xlz—l—Azx% < ao}.

We will also see that |u.| decays exponentially fast outside D. Actually, the domain
D represents the region occupied by the condensate and consequently, vortices will be
sought inside D.

The main tools for studying vortices were developed by Bethuel et al. [7] for
“Ginzburg-Landau type” problems. We also refer to Sandier [20] and Sandier and
Serfaty [21-23] for complementary techniques. In the case a(x) = 1 and for a disc
in R2, Serfaty proved the existence of local minimizers having vortices for different
ranges of rotational velocity (see [25]). In [3], Aftalion and Du follow the strategy in
[25] for the study of global minimizers of the Gross—Pitaevskii energy (1.3), where
R? is replaced by D. In [2], Aftalion et al. analyze the global minimizers of (1.3) for
potentials of different nature leading to an annular region of confinement. We finally
refer to [4,5,15] for mathematical studies on 3D models.

We emphasize that we tackle here the problem which corresponds exactly to the
physical model. In particular, we minimize F, under the unit mass constraint and
the admissible configurations are defined in the whole space R?. Several difficulties
arise, especially in the proof of the existence results and the construction of test func-
tions. We point out that we do not assume any implicit bound on the number of
vortices. The singular and degenerate behavior of Va*t near 0D induces a cost of
order |In¢| in the energy and requires specific tools to detect vortices in the boundary
region. Therefore, we shall restrict our analysis to vortices lying down in the interior
domain

Dy ={x €D : a(x) > vy|Ine| 3%}, (1.4)

where v, is a chosen parameter in the interval (1,2) (see Proposition 4.1).
We now start to describe our main results. We prove that

A2 +1 A2 +1
ao V2A

[Ineg|

is the asymptotic estimate as ¢ — 0 of the critical angular speed for nucleation of
vortices in D. The critical angular velocity Q; coincides with the one found in [3,11].
We observe that a very stretched condensate, i.e., A<1, yields a very large value of
Q; and that the smallest Q; is reached for A = 1/+/3 (and surprisingly not for the
symmetric case, i.e., A = 1). For subcritical velocities, we will see that u, behaves as



R. Ignat, V. Millot/Journal of Functional Analysis 233 (2006) 260-306 263

the “vortex-free” profile que"QS, where 7, is the positive minimizer of

1 1 -
Ee(u) = fR {EIWIZ + oz [l —a(0)? = (@ (x))z]}dx

under constraint (1.2) and the phase S is given by

2_

S(x) Al (1.5)
X) = ——— X1X2. .
A2—|—1 1X2

For rotational speeds larger than Q;, we show the existenceof vortices close to theorigin.
We also give some fundamental energy estimates in the regime Q = Q; + O(In|Ing|)
which will allow us to study the precise vortex structure of u, in [14].

Theorem 1.1. Let u, be any minimizer of F. in H under the mass constraint (1.2).
(i) There exists a constant w] < 0, such that if Q< + w1 In|Ing| with w1 < ]

then |lug| — ~at in L®(R*\ éD) as ¢ — 0. Moreover,

loc
Feup) = Fe(i7,¢*) + o(1) (1.6)

and for any sequence &, — 0, there exists a subsequence (still denoted by ¢,) and
o € C with |o| = 1, such that usne_iQS — av/at in HILC(D) as n — +o0.

(ii) If there exists some constant 6 > 0, such that Qi + dIn|lneg|<Q<O(|In¢g)),
then u. has at least one vortex x. € D, such that dist(x®, d0D)>C > 0 with C
independent of e. If in addition, Q<Q; + O(In|Ing|), then x® remains close to
the origin, i.e., |x¢|<O(|Ing|~ /%),

(iii) Set v, = ug/(ﬁaeigs) and assume that Q< Q1+ w1 In|Ineg| for some w; > 0. Then
there exist two positive constants My and My depending only on oy, such that

a’(x)

g2

fa(x>|ws|2+ (Jve> = D?< M| Inegl,

€

a(x)

g2

a(x)|Vue* + (o> = 1)’ <My In|Ine|.

/173\{XIA<21118“/6}

From the estimates in (iii) in Theorem 1.1, we are going to determine in [14] the
number and the location of vortices in function of the angular speed Q as ¢ — 0. More
precisely, we will compute the asymptotic expansion of the energy F.(u.) in order to
estimate the critical velocity Qg for having d vortices in the bulk and to exhibit the
configuration of vortices by a certain renormalized energy. We also mention that the
techniques used in [14] will permit to prove that the best constant in (i) in Theorem 1.1
is w] = 0. The proof will rely mostly on the study of “bad discs” in [7].
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1.1. Sketch of the proof

We now describe briefly the content of this paper.
Section 2 is devoted to the study of the density profile 77,. We first introduce the
real positive minimizer 7, of E., i.e.,

Ec(n,) =Min{E:(n) : n € H}. (1.7)

We show the existence and uniqueness of 1, (see Theorem 2.1) and we have that
E.(n,)<Cllng| and 5, > ~aT in L®(R?) ﬂCIIOC(D) as ¢ — 0 (see Proposition 2.1).
Then we prove that there is a unique positive solution of the problem

Min {Ec(p) = n e H, Inll 2@y =1} (1.8)

called 7,, which can be obtained from 7, by a change of scale (see Theorem 2.2). This
relationship yields an important estimate on the Lagrange multiplier k. associated to
. 1 lke| <O(|Inegl), as well as the asymptotic properties of #j, from those of #, (see
Proposition 2.2). In particular, we have i, — Vat in LR N CIIOC(D) as ¢ — 0.

In Section 3, we prove the existence of minimizers u, under the mass constraint (1.2)
(see Proposition 3.1) and some general results about their behavior: E,(u;) <C|Ing|?,
us decreases exponentially quickly to O outside D, |Vug| <Cgxe~! and |u8|§«/a_+
in any compact K C D (see Proposition 3.2). Using a method introduced by Lassoued
and Mironescu [16], we show that F,(u.) splits into two-independent pieces (see
Lemma 3.2): the energy of the “vortex-free” profile Fs(?]SeiQS ) and the reduced energy
of ve = ug/(ij,e"®):

Fe(ue) = Fe(ij,e™ ) + Fo(ve) + To(ve), (1.9)
where

Fe(ue) = E(ve) + Re(ve), (1.10)

-2 4
5 _ e 2, N 2 132 5 _ ol
&= [TVl + 500l - 0% Reoo= o [ V4 G o),

A +1
+ (1.11)

- 1 -
To(ve) = 5 /Rz (QAVS? —2Q%xb - VS + k)i (Jve > — D). (1.12)

The motivation of § is explained in [3]: S satisfies div(a+(VS — xJ-)) =0 in R? and
corresponds to the limit as ¢ — 0 of the phase (globally defined in R?) divided by Q,
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of any solution of Min{F,(u) : u = ne'” € H, n > 0}. The existence of the global
limiting phase S is new in this type of variational problems related to the “Ginzburg—
Landau” energy. We point out that the anisotropy carried by the phase S, leads to a
negative term of order Q? for A € (0, 1) in the energy (see Remark 3.2)

V2(1 — A%)?

Q% + o(1).
12/7(1 4+ A*)A3? )

Fe(i7,€"*) = Ec () —

We will prove that |7: (ve)| = O(e| Ing[?). Thus, we may focus on the reduced energy
Fo(vy). We study the vortex structure of u, via the map v, applying the Ginzburg—
Landau techniques to the weighted energy E:(ve); the difficulty will arise in the region
where 7, is small. We notice that v, inherits from u, and 7, the following properties
(see Proposition 3.3): gg(v8)<C|ln£|2, Ve | <Cge~! and |ve|<1 in any compact
K C D. Using i]EeiQS as a test function and (1.9), we obtain in Proposition 3.4, a
crucial upper bound of the reduced energy inside D;:

Fe(ve, De) <o(1). (1.13)

Motivated by the behavior ﬁg ~a* (see (3.32) and (3.33)), we will use in the sequel
the energies Fg, & and R, in the interior of D (see Notations below).

In Section 4, we compute a first lower bound of & (v.) using a method due to
Sandier and Serfaty (see [21,23]). We start with the construction of small disjoint balls
{B(pi,ri)}lies, in the domain D, (given by (1.4)): outside these balls |v.| is close to
1, so that v, carries a degree d; on dB(p;, r;i) (see Proposition 4.1) and

Ee(e, De) > Y Ec(ve, B(pi, )2 Y a(pi)ldi| | Inel. (1.14)

i€l iel;

Then, we prove an asymptotic expansion of the rotational energy (see Proposition 4.2),

Q
Re (ve, D) av,—Aerl > a*(p) di. (1.15)
ielg

The presence of a?(p;) is due to the harmonic type of the potential. In fact, for slightly
more general potentials a(x), we compute the solution & of the problem (see [3])

1
div (—Vﬁ) =-2inD and ¢=0ondD (1.16)
a

and the rotational energy will exhibit the terms &(p;) in (1.15). For our harmonic

potential a(x), an easy computation leads to ¢ = x /322+1) . By (1.14) and (1.15), the
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first term in the lower expansion of the energy is

ﬂza(pi)<|di||ln8| —d;Q (1.17)

ielg

25(171'))
a(pi) )’

For having a vortex ball B; with non-zero degree, QQ has to be larger than

Q) = %Hnﬂ, pi maximizes £/a and d; is positive. Indeed, we obtain the sub-
critical case (i) in Theorem 1.1 matching (1.13) with (1.17). For velocities larger than
Q, we use an improvement of the upper estimate (1.13) using a test function hav-
ing a single vortex at the origin. From here, we deduce (ii) in Theorem 1.1. We
also prove that for Q<Q; + O(In|In¢l|), the number of vortex balls with non-zero
degree is uniformly bounded in ¢ and they appear close to the origin (see Propo-
sition 4.4). We conclude by the two fundamental energy estimates stated in (iii) in
Theorem 1.1.

Our analysis deals with vortices inside D. However, we believe that for Q small
(Q = O(1)), the solution should not have any vortices in R2. For Q larger (2 ~ Qp),
vortices may exist in the region where u, is small. The study of the vortex structure
in the region, where |u.| is small requires the development of other tools than energy
estimates.

We recall that the choice of the harmonic potential is motivated by the physical
experiments. For some other potentials a, such that £/a has a unique maximum point
at the origin, our method can be applied and the critical speed is given by

0
= 2O

- 2¢(0)

If the set of maximum points of % is not finite (it can be a curve, see Remark 4.1),
the techniques are different and it will be the topic of a future work.

Notations: Throughout the paper, we denote by C a positive constant independent of
e and we use the subscript to point out a possible dependence on the argument. For
x = (x1,x2) € R?, we write

xt = (=x2, x1), |x|p = ,/xlz +A2x§ and B? = {x cR?: XA < R}

and for A C RZ,
~4
é’gw,A):/ l:~12|Vv|2+’7—€<1 — 2,
A2 € 4¢2

1 2 a* 2,2
Ew, A = A§a|vv| +E(1—|U| )7,
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. Q Q
Re(v, A) = / 2Via - (v, Vv), Re(, A = /aVJ‘cL iv, Vv),
e ( ) T A2 A'?g ( ) e ( ) a2 s ( )

Fe, A =&, A +Re(v, A, Fe(v, A) =E (v, A) + Re(v, A). (1.18)

We do not write the dependence on A when A = R”.

2. Analysis of the density profiles

In this section, we establish some preliminary results on #, and 7, defined, respec-
tively, by (1.7) and (1.8). We will show that the shapes of #, and 7, are similar.

We notice that the space H in which we perform the minimization, is exactly the
set of finiteness for E.. In the sequel, we endow A with the scalar product

(1, v)yy =/2Vu-Vv+(1+|x|2)(u~v) for u,v € H;
R

obviously, (H, (-, -)%) is a Hilbert space.
2.1. The free profile

We start by proving the existence and uniqueness for small ¢ of 7, defined as the
real positive solution of (1.7). Hence, #, has to satisfy the associated Euler-Lagrange
equation

2.1)

82A118 + (a(x) — 11§)17€ =0 in R?
ne >0 in R%.

We denote by 4, the first eigenvalue of the elliptic operator —A + |x|3\ in R?, ie.,

J=Inf {fR2|V¢|2+|x|2A|¢|2 Do e, Nlpge, = 1}.

We have the following result:

Theorem 2.1. If 0 < ¢ < HTO, there exists a unique classical solution n, of (2.1).
Moreover, n,<.Jag and 1, is the unique minimizer of E¢ in H up to a complex
multiplier of modulus one. If € > ‘%, then zero is the unique critical point of E. in H.

The method that we use for solving (2.1) involves several classical arguments generally
used for a bounded domain. The main difficulty here is due to the fact that the equation
is posed in the entire space R?> without any condition at infinity. We start with the
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construction of the minimal solution: we consider the solution g . of the same equation
posed in a ball of large radius R with homogeneous Dirichlet boundary condition (see
(2.3)) and then we pass to the limit in R. We prove the uniqueness by estimating the
ratio between the constructed solution and any other solution. A crucial point in the
proof is an L°°-bound of any weak solution.

Before proving Theorem 2.1, we present the asymptotic properties of 7, as ¢ — 0.
We show that 7, decays exponentially fast outside D and that rlg tends uniformly to
a™. The following estimates will be essential at several steps of our analysis.

Proposition 2.1. For ¢ sufficiently small, we have
(2.1a) Ec(n;)<ClIngl,

2.1b) 0 <CePexp (29 in 2\ D
(2.1b) <n,(x)<Ce /" exp 16273 in \D,

2.1c) 0<Va(x) — ns(x)<C81/3«/a(x) for x € D with |x|x < /ap — el/3,
(21d) ||V’15||Lm(qu2)<c£7],

(2.1e) |, — +/a etk <Cxe? for any compact subset K C D.

Remark 2.1. We observe that (2.1a) in Proposition 2.1 implies
/ Inel* +2a~ @), * + / (@) = In.1)*<Ce?| Inel. (2.2)
R*\D D

Proof of Theorem 2.1. Step 1: Existence for 0 < ¢ < ”70 For R > 0, we consider the

following:
e?Ang + (a(x) = n)ng =0 in B,

ng >0 in Bg, (2.3)
ng =0 on 0Bg.

By a result of Brezis and Oswald (see [9]), we have the existence and uniqueness of
weak solutions of (2.3) if and only if the following first eigenvalue condition holds:

2
Inf {ﬁ |V¢)|2 . a(ngd)' : (,b € HOI(BR), ||¢||L2(BR) = 1} < 0, i.e'7

) x| 1617 ao
Z1(Lg, BR) = Inf {/B IVo|* + /;—2 : ¢ € Hy(Br). pll2py =11 < 2
R
(2.4)
2
where we denoted the elliptic operator L, = —A+ l);# We claim that for R sufficiently

large, (2.4) is fulfilled. Indeed, let Y be an eigenfunction of L, in R associated to
the first eigenvalue A;(L,, R?) with 2l L2RY) = 1 (the existence of s is a direct

consequence of the compact embedding # < L2?(R?) proved in Lemma 2.1). For any
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integer n>1, set ¥, (x) = c,,Z_f(‘xl)lp(x) where { : R — R is the “cut-off”-type-
function given by

1 if r<1,
{y=432—-t ifre(,?2), (2.5)
0 if t>2

and the constant ¢, is chosen such that [[y/,,|| LR = 1. We easily check that

it B < [ (|wn| 24 A 'MW) = <|w| 2, 'Aw) (Lo B

and we deduce that the sequence {M(Lg, BR)} R>0 (which is decreasing in R) tends to
J1(Lg, R?) as R — oo. Since

2
Ji(Le, R?) ==,
£

we conclude that there exists R, > 0 such that for every R > R,, the condition (2.4)
is fulfilled and Eq. (2.3) admits a unique weak solution 7 .

By standard methods, it results that n7g . is a smooth classical solution of (2.3). We
notice that, for any R, < R < I§, e 18 a supersolution of (2.3) in Bg and thus
Nr.c <Nz in Bg by the uniqueness of g .. By the maximum principle, we infer that
NR.e<4/ao in R2. For every R > R,, we extend g Dy O in R? \ Bg. Since the
function R — np ¢(x) is non-decreasing for any x € R?, we may define for x € R?,
Ne(x) = Rl_i)r}:oo Ng.e(x). It results that 7, satisfies 0 < n, <, /ap and

e2An, + (a(x) — [y, =0 in D'(R?). (2.6)

Since 7, € L>®(R?), we derive by standard methods that n. is a smooth classical
solution of (2.1).

Step 2: L°°-bound for solutions of (2.1): The method we use in this step is due to
Farina (see [12]) and relies on a result of Brezis (see [8]) We present the proof for
convenience. Let 1 be any weak solution of (2.1) in L (R?). We claim that

n<4/ap ae. in R2.

Indeed, if we consider w = 8_1(1’[ — Jap), then w € L
(2.1), we infer that Aw € L}

loc

1OC([R?Z) and since 7 satisfies
(R?). By Kato’s inequality, we have

1
Aw™) > sen* (w)Aw > E W) (0 = 5 whew + 2 /) (ew + V/ao)

loc

> (whi
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Therefore wt € L} (R?) and w* satisfies

—Awh) + wH)><0 in D(R?).

By Lemma 2 in [8], it leads to wt <0 a.e. in R? and thus, wt =
ap .

Step 3: Uniqueness for 0 < & < Z: Let n, be the solution constructed at Step 1 and
let n be any weak solution of (2.1) in L3 (R?). By the previous step, 11 € L*®(R?) and

loc
using standard arguments, we derive that # is smooth and defines a classical solution

of (2.1). We observe that 7 is a supersolution of (2.3) for every R > R.. Since g .
is extended by O outside Bg, ng <# in R?. Passing to the limit in R, we get that
0<n,<yin R2. Hence, the function p : R> — R defined by p = ne/n is smooth and
takes values in (0, 1]. We easily check that p satisfies

4
div(2Vp) + Z—2 (1—pHp=0 in R2. 2.7)

For every integer n>1, we set {,(x) = C(n_1|x|), where ( is given by (2.5). Multi-
plying (2.7) by (1 — p)C,% and integrating by parts, we derive

4
/ (”—zp(l—p>2<1+p>c,%+n2c,%wp|2>=2 / (1= p)u(Vp- V). (2.8)
R* \ € R

Since p is bounded, the Cauchy—Schwarz inequality yields

/Rz (1= p),(Vp - V) =/B y (1 —p),,(Vp- V)
2n \Dn

1/2 1/2
<([ wa-prvar) ([ eiver)
Bz,, BZn\Bn
1/2
<2VT Il o g2 (f rﬂc,%WpF) :
R*\B,
Using (2.8) and the L°°-bound on 5 obtained in Step 2, we infer that
1/2
/ 0V pl* <4y/mag ( f nzéﬁlvplz) : (2.9)
R? R%\B,
It follows
S 242 2 2 2
toma> [ PGIVoR = [ PVl

by monotone convergence. Since 1’|Vp|* € LY(R?), the right-hand side in (2.9) tends
to 0 as n — +o00 and we finally deduce that fRz n?|Vp|? = 0. Hence, p is constant in
R? and by (2.8), we necessarily have p =1, i.e., n = y,.
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Step 4. End of the proof: The existence of a minimizer n of E, in H is standard.
Since E (7)) < Ec(i) for any #§j € H, we infer that # := |n| is also a minimizer and
therefore 7 satisfies the following:

e2Aij + (a(x) — i) =0 in R,
7>0 in R%. (2-10)

By the maximum principle, it follows that either i > 0 in R? or 7 = 0.

If0<e < “;—?, we claim that 7 > 0. Indeed, for R > 0 sufficiently large, we consider
the unique solution #np . of (2.3). By Brezis and Oswald [9], 5g . is the unique non-
negative minimizer of E.(-, Bg) in Hé (Br, R). Since ng . is extended by O outside
Bgr, we have

Ea(ﬁ)gEa(’/lR,s) = E¢(Nge, Br) < E¢(0, BR) = Ec(0)
which implies that # is not identically equal to 0. Then 7 solves (2.1) and by Step 3,
we conclude that || = #§ = n,. From the equality Ec(Inl) = E¢(n), we easily deduce

that there exists a real constant o such that 5 = |n|e'* = n,e'*.
Ife> ‘%, we prove that #§ = 0. Multiplying (2.10) by 7#, it results

2 ,
o Ao 1y a0 [ o A
—_— — = — < - .

/RZWVN ta it =3 Rzn S Rzn

On the other hand,

~ |x|2 2 2 2 %)
IVil? + 2P =0 (Le RY | P == | i
R? 3 R? e JR?

It follows that fR2 f74 =0, i.e.,, 7 = 0. Thus, in this range of &, zero is the unique
minimizer of E,.

Now it remains to show that zero is the unique critical point of E. when 82%.
Indeed, let # be any critical point of E. in H, i.e., i satisfies Eq. (2.6). Then

. 1 . -
Vil = = | _alil* — 7" (2.11)
R? & JRr?
Since zero is the global minimizer, we have that E. (i) > E.(0), so that

1
Vil + — | _[7l* = 2a()lil* >0. (2.12)
R2 2e2 Jp2

Combining (2.11) and (2.12), we derive that [ [7* =0, ie, 7=0. O

We recall the following classical result:
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Lemma 2.1. The embedding H < L*(R?, C) is compact.

Proof. Let u,, — 0 weakly in H as n — oo. Extracting a subsequence if necessary, by
the Sobolev embedding theorem, we may assume that u, — 0 strongly in LIZOC([RRZ).
Obviously, g |x|?[u,|*<C. For any R > 0, we have

n— 00 n—0o0

R? lim sup lup)? < limsup [ |x|*un|><C.
R%\Bg R?

Letting R — +o0 in this inequality, we conclude that u, — 0 strongly in L>(R%). O

Remark 2.2. We emphasize that from the proof of Theorem 2.1, it follows that any
smooth function # satisfying

—&e2An=(a(x) — In|®n  in R?,
n>0 in [R2,

verifies 7>, in R2.

Proof of Proposition 2.1. Proof of (2.1a): We construct an explicit test function
¢ € H'(R? such that E,(p)<C|Ing|. Since 1, minimizes E., we deduce
E:.(n,)<E:(p)<C|Ing|. The function ¢ is defined as in [15]: let

Js o if =623,

) =1 s

—— otherwise
21/3

and set @(x) = p(at(x)) for x € R%. It results that
fRz IVp|?<C|lng| and /Rz(cﬁ — p*)?<Ce? (2.13)

for a positive constant C independent of ¢.
Proof of (2.1b): We construct a supersolution 7 of (2.1) of the form

Va(x) ift [x[p<+ao — 0,
_ - Jag— 9o
n(x) = xlavdo +ao if /ag — o< |x|p <15, (2.14)
WE
p exp(—|x|f\ /20) otherwise,

where 0 > 0 will be determined later,

S aop Jao
rs = +
24/ ag — o 2
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and f, o are chosen, such that 7 € Cl(Rz), ie.,

_ag — +ao(ap — 0) ) B apo
p= W exp(r5/20) and o = —4(a0 5

A straightforward computation shows that for 6 = 4aé/ 362/3

(2.1) and we also have

, 17 is a supersolution of

rs — \/(l_ = 0(82/3), o= 0(82/3) and /)) — 0(81/3€a0/26).

By Remark 2.2, it results that #, <7 in R? which leads to (2.1b). We can see that we
also obtain

:m(x)w_a(x) for |x|x <+/ao— 9, 015)

n,(x)<Ce'3 for Jag — o< |x|A < Jao .

Proof of (2.1c): The estimate (2.1c) follows exactly as in Proposition 2.1 in [2] and
we shall omit it.

Proof of (2.1d): Taking xo € R? arbitrarily, it suffices to show that |V;18|<C8’1
in B(xp, &) with a constant C independent of xyp. We define the re-scaled function
¢, : B2(0) - R by ¢,.(y) =n,(x0 + €y). From estimates (2.1b) and (2.1c), we derive

that |A¢,| = |<a(xo +ey) — (,bg) ¢.|<C in By(0) for a constant C independent of

xo. By elliptic regularity, we deduce that for any 1<p < oo, ||(;’>8||Wz.p(31(0))<Cp
for a constant C, independent of & and xo. Taking some p > 2, it implies that
IVoellLoes o) <C for a constant C independent of ¢ and xo which yields the
result.

Proof of (2.1e): The idea of the proof is due to Shafrir [26]. First we prove that
|Vn,| remains bounded with respect to ¢ in any compact set K C D. We choose some
radii 0 <7 < R < \/ag such that K C B} C B C D. We claim that

I, —a|<Cre® in BN, (2.16)
Indeed, we infer from (2.1) that
—2A(Ja —n,) + 1,0, + Va)(Va —n,) = —e*A(Va) = O(?) i BA.

By estimate (2.1c), we have |/a—n,|< “/TZ in Blle\ for & small. Thus 1, (,++/a) > Ag>0

in BII?\ for some positive constant Ag which only depends on R. Then (2.16) follows
from Lemma 2.2 below (which is a slight modification of Lemma 2 in [6]).
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Lemma 2.2. Assume that A > 0 and 0 < r < R. Let w, be a smooth function
satisfying

—&?Aw, + Aw, < Be in BY,
we <1 on 631/%,

for some constant B € R. Then we <Ce? in B,A with C =C(R,r, A, B).

Proof of (2.1e) completed: By (2.1) and (2.16), we deduce that 7, is uniformly
bounded in W2’1’(B,A) for any 1< p < oo. In particular, it implies

Vi llLoe k) <Ck. 2.17)

We repeat the above argument with the functions z, = gzs and zo = %;/E, j =12
J J

Obviously, we can assume that (2.16) and (2.17) hold in BI’;. Using (2.16), we easily
check that

—&?A(ze — 20) + B — a)(ze — 20) = O(e?).

By (2.17), we can apply Lemma 2.2 which yields the announced result. [

We now state a result that we will require in Section 2.2. We follow here a technique
introduced by Struwe (see [27]).

Lemma 2.3. Let I : (0, 00) — Ry defined by
I(e) =Min{E.(n) : n € H}. (2.18)

Then 1(-) is locally Lipschitz continuous and nonincreasing in (0, 00). Moreover,

1
|1/(8)|<c<| nel | 1) for almost every ¢ € (0, 00). (2.19)
&
Proof. For every 82“70, we know by Theorem 2.1 that I(¢) = E.(0) = s% and
[I'(e)| = 8% Hence, it remains to prove that the conclusion holds for 0 < ¢ < “70 + 1.
By convention, we set y, =0 if > “)—0 Naturally, we have
C
I(e) = Ec(n,) <E:(0) = — for everye > 0. (2.20)

&2
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If & is small, we infer from (2.1b) in Proposition 2.1 that we can find some radius

R > */TQT), such that

/R . Inel* +2a” @)l [ < Ce. 2.21)
R

Using (2.20), we deduce that (2.21) holds for 0 < ¢ < “70 + 1. Let us now fix some
g0 € (0, +1) and 0 < h<1. We have

Eeog+nMegqn) = 1(e0 + 1) < Eggn Mey—p) < Ecg—n(Mgy—p) = 1(60 — 1) < Egg—in (Mgy0)-
Hence, I is a non-increasing function and

Eeo—n(Mgy—pn) — Eeoth(Mey—p) < 1(€0 —h) — (g0 + h)

< Eé‘o—h ('780+/’L) - ESO‘H’I (n&‘()-i-h)'

By (2.21), it leads to

I(eo+h)—1(g9 — h) —&0 2\2 — 2
20 % 2e0 + (0 —h>2(/BR(a(x) ™ Meeal?)" = (@) )
c (2.22)
and
I(eo +h) — 1(e9 — h) - —&0 /B [a(x) — |’lso—h|2)2 — (@~ @))?]

2h S 2(g0 + h)2(eg — h)?
(2.23)

which proves with (2.20) that I(-) is locally Lipschitz continuous in (0, “—0 4+ 1). There-
fore, 1(-) is differentiable almost everywhere in (0, “70 4+ 1). We easily check using
standard arguments that . _, — n,, and 1,4, — 1, in L*(Bg) as h — 0. Assuming
that g9 is a point of differentiability of /(-), we obtain letting » — 0 in (2.22) and
(2.23),

-1
reo =25 [ @t =, - @ @y + o, (2.24)

3
2e;

Then we deduce (2.19) combining (2.2) and (2.24). O



276 R. Ignat, V. Millot/Journal of Functional Analysis 233 (2006) 260—306
2.2. The profile under the mass constraint

In this section, we study the minimization problem (1.8). The motivation is to define
the “vortex-free” profile

i,e' %S (2.25)

and to construct admissible test functions for the model. Existence and uniqueness
results for general potentials a are also presented in [17]. Our contribution consists in
proving the identity (2.27) between 7, and #,. By this formula, we obtain a precise
information about the asymptotic behavior of the profile 7,.

Theorem 2.2. For every ¢ > 0, problem (1.8) admits a unique solution 3, up to a
complex multiplier of modulus one. Moreover, there exists k, € R, such that

- 1 N S
—Afl, = @00 = )i + kel in R? (226)

and 1, is characterized by

Ne(x) =

Jao Vao + kee? g + kee? 7

In addition, for small ¢ > 0,

k 2
vao + kee” ng< Vaox ) with & 40# e(o, “O). (2.27)

lke| <ClIne] (2.28)
and
|Ec (i) — Ec(n,)| <Ce*|Inel?, (2.29)

Identity (2.27) gives us automatically the asymptotic properties of i, from those of
n. by a change of scale and hence we obtain the analog of Proposition 2.1 for 7,:

Proposition 2.2. For ¢ sufficiently small, we have

(2.2a) E:(7,)<ClIng|,

(2.2b) 0 < ij,(x)<Ce'Pexp (Z(;%) for |x|x>ao + ¢,
e

(2.2¢) |«/a(x) — ﬁs(x)| <Ce'Ba(x) for x € D with |x|p < Jag — 2&'/3,
22d) VTl oo (g2 < ce 1,
(2.2e) |1, — +/a etk <Cxe?|Ineg| for any compact subset K C D.
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Remark 2.3. We observe that (2.2a) in Proposition 2.2 implies for small ¢ > 0,
/ |f78|4+2a*(x)|f78|2+/ (@) = [i)?<Ce’ | Ine (2.30)
R>\D D

Proof of Theorem 2.2. Step 1: Existence: Let (1,),eN be a minimizing sequence for
(1.8). Extracting a subsequence if necessary, by Lemma 2.1, we may assume that n, —
7, weakly in H and strongly in L2([R2) as n — oo. Then we derive that ”;]SHLZ(RZ) =1.
We easily check that E, is lower semi-continuous on H with respect to the weak -
topology and therefore E,(#,)< liminf,_~ E:(1,), i.e., 7j, is a minimizer of (1.8).
Since E.(|ii,|) = E¢(ij,), we infer that jj, = |ij,|e’* for some constant . Hence we
may assume that 77, >0 in R2.

Step 2: Proof of (2.27): Let i, be a solution of (1.8). As in Step I, we may assume
that 7. >0. Since 7 is a minimizer of E, under the constraint ||7,l,2g2) = 1, there

exists k, € R, such that 7, satisfies (2.26) and we necessarily have ij, > 0 in R by
the maximum principle. We rewrite Eq. (2.26) as

- 1 U N
—Aij; = 5 (ac(x) - i1, 1>, in R (2.31)
with
as(x) = ag + kee® — |x[3. (2.32)

Multiplying (2.31) by 7,, integrating by parts and using that fR2 |i1.1> = 1, we obtain
that

ao + ke x5 A
8—;—/ VL2 4 M P il > e, B =
and therefore, & = aoi‘;{isz € (0, “70) Setting
Jao - Vao + k582x
e (x) = e . (2.33)
Vag + kee? A/ao

a straightforward computation shows that

&8NV = (a(x) — |9:|)V in R%,
9 >0 in R2.
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By Theorem 2.1, it leads to
Ve = n;z.

&

Combining this identity with (2.33) we obtain (2.27).

(2.34)

Step 3: Uniqueness: Let 7, be another solution of (1.8). As for #,, we may assume
that 7, is a real positive function. Let k, be the Lagrange multiplier associated to 7,,

i.e., 7, satisfies

A 1 R A
—Aij, = 8—2(61()6) — 1710, + ke, in R2.

By Step 2, the solution 7, is characterized by

\/a0+i€8€2 \/a_ox

. (x) = 1 with & =

—F—— €
/a0 € /S L o2
ao ap + kg(;‘z a + kgg

Hence it suffices to prove that ke = ke. We proceed by contradiction. Assume for

instance that k, < k.. Then 7, satisfies
A, >~ @) — 7P, + kefty in B2
18/ 82 ax ’78 ’78 8775 mn .

We consider the function

5.0) Jao . [ Vao+kee2x
X il ,
‘ Vvao + ksé‘z ¢ ao

which satisfies by (2.35),

—82A0: > (a(x) — 19: )0 in R?,
1?5‘3 >0 in R2.

(2.35)

(2.36)

Therefore 9, is a supersolution of (2.1) with £ instead of ¢. By Remark 2.2 we infer
that U, >n; in R%. By (2.27) and (2.36), it leads to 7, >7j, in R. Since ||, LR =

||17]5||L2(R2) = 1, we conclude that #, = #, and hence k, = ke, contradiction.
Step 4: Energy bound for small ¢ > 0: We now prove that for small ¢ > 0,

E¢(i1) <ClInel.

(2.37)

Let ¢ be the test function constructed in the proof of (2.1a) in Proposition 2.1. Setting
o= ||¢||Z21(R2)go, it suffices to check that E.(p)<C|Ine| by the minimizing property
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of 7. First, we show that [|@||;2 g2, remains close to 1 as & — 0. Since Jreat =1,
we have [ [0l =1+ [p(l¢l* —a™(x)) and by (2.13),

1/2
/\|<p|2—a+<x>y<c(f <|<p|2—a+<x>>2) <Ce.
D D

Hence ||qo||i2(R2) =14 O(e). Then we derive from (2.13),

A2 -2 2 2
fRzW«n = ||¢||L2(Rz)/RZ|Vw| s/szm + Cellng|<ClIne|
and

1 ) 1 200 = ol 5 )
—2/ (at) — 19?2 = —zf (@(x) — |¢|2>2+¢/ () — ool
& D & Jp & D

(A=l ,)?

L2(R

— /|<p|4
& D

| 12
- _ 252
<cac(s fa-wr?) <c

& Jp

Therefore E.(p)<C|Ineg| and (2.37) holds.

Step 5: First bound on the Lagrange multiplier for small ¢ > 0. Let 7j, be the
positive solution of (1.8) and let k. € R be such that 7, satisfies (2.26). Multiplying
(2.26) by 1, integrating by parts and using that fRz |i1,1> = 1, we obtain that

- 1 . .
ke = /Rz Vi, | + = /Rz (176 1* = a(x)) i1, (2.38)
From (2.37) we derive

L i i
[ovie [, (i ey | <cime

and

1
—2/ (1,12 = aGo), 12
& D

1 1
< —2/(|ﬁglz—a(x))2+—2/ a1, 1> — a)|
& D & D

C 1/2
< Cllng|+ = (f (I 1> —a(x)>2> <Ce '|lneg|'/2
& D
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Hence, by (2.38), we have
lke| <Ce '|Ineg|'/?.

Step 6: Proof of (2.28): We define the functional E.:H—R by
Eow =2 [ vul+ L[ ) — P - @ )?
‘514—2[%2 u 102 RQagx u a; (x))”,

where a.(x) is given by (2.32). Then, by (2.27), we get

- ao + kee? ao +kee?
E.(ii,) = T"’“ngg) = a—ogl(e).

Since |7, ”L2(R2) =1, we have
E ~ ke 1 + (3112 +r))2
E.(n,) = E-(n,) — > + 12 /Rz(ag (X)) — (@ " (x)
> - L / (aF () — (a*(x))?
- 2 482 gt '

Using the fact that [p2a™ =1, a simple computation leads to

naok?e?  mkle*
4A 12A

ke 1 +(r))2 +0r)2
—3+@/Rz(ag (x)" = (@ (x)” =
Combining (2.41), (2.43) and (2.44), we infer that

naok?e? U@ — 1) + lke|e? 1G)+ mlkee?
<|[IE)—I(e &
4A ap 12A

For small ¢ > 0, we obtain using (2.19), (2.39) and (2.1a) in Proposition 2.1,

|1(B) — I(e)| <Ce'|Inellg — | <Clkele*| Ine]
and

|ke|e? nilks e

(@) <Clkele?| Inegl,
ao

<Clke|e? | Inel.

Inserting this estimates in (2.45), we deduce that |k;|<C|In¢g|.

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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Step It Proof of (2.29): From (2.28), (2.41), (2.46) and (2.1a) in Proposition 2.1,
we derive that E,(j),) = E.(1.) + O(¢?| Ing|?). On the other hand, (2.28), (2.42) and
(2.44) yield E.(i1,) = E:(3,) + O(ezllne|2) and (2.29) follows. [l

3. Minimizing F; under the mass constraint
Our aim in this section is to make a first description of minimizers u, of F, under
the unit mass constraint. We prove the existence of u, and some asymptotic properties

of u, (in particular, we show that |u.| is concentrated in D). We also present some
tools that we will require in the sequel, in particular the splitting of energy (1.9).

3.1. Existence and first properties of minimizers

First, we seek minimizers u, of F, under the constraint | u,|| LR = 1. We perform
the minimization in H and we shall see that F; is well defined on H.

Lemma 3.1. For any u € H, 6 > 0 and R > ./agy, we have

L. 2 Q*R? 2.2 2
Q/ xT - (iu, Vu) ga/ |Vu| +—/ [(a(x) = [ul")” = (@ (x))7]
R2 R? R2

8A%G(R? — ap)

+Cr.o Q2.
In particular, the functional F. is well defined on H.

Proposition 3.1. Assume that Q < Ae~'. Then there exists at least one minimizer u
of Fe in {u eH : ||”||L2(R2) = 1}. Moreover, u. is smooth and there exists £, € R,
such that u. satisfies

1
—Aug +2iQxt - Vu, = - () - lue|Dug + Loue  in R (3.1)

We emphasize that the result is stated for an angular velocity Q strictly less than
A/e but we only consider in this paper the case of an rotational speed Q at most of
order |In¢g|, i.e.,

Q<L wp|Ineg| (3.2)

for some positive constant wg.

Before proving Lemma 3.1 and Proposition 3.1, we present some basic properties of
any minimizer u.. We point out that the exponential decay of |u.| outside the domain
D (see (3.2c) in Proposition 3.2) shows that almost all the mass of u, is concentrated
in D.
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Proposition 3.2. Assume that (3.2) holds for some wo > 0. For ¢ sufficiently small,
we have

(3.28) Eo(us)<Cop|Inel?,
(3.2b) €| <Cpye~'|Inel,

(32¢) e (x)] < Cay £'/3| n e/ exp (j%) for x € RA\D with |x|p>v/ao + 26173,
£

(3.2d) |ue(x)|<yJax) + [€e|e2 + 2Q2|x|? for x € D with |x|x<./ao — &'/,

(3.2e) |ug|<+fag + Coye|lne| in R2,
(B.2f) Vugllrok) < Cop k gl for any compact set K C R2.

Remark 3.1. We observe that (3.2a) in Proposition 3.2 implies
[ (et 207 o) + [ e = a0 < Cop 2/ msl? (3.3)
R2\D D

Proof of Lemma 3.1. Let u € H and ¢ € (0, 1). We have

< 402/2 |Vu|2—l—92/2 x| |u|?
R R

Q?
2 2 202
<do /Rz|Vu| +—A2 /RZ 2| ]~

4o

Q/ xt - (iu, Vu)
RZ

For R > ./ay, we easily check that |x|3\< — R2R—2a0 a(x) whenever |x|p > R. Then we
derive
Q*R?
4 Q/ xt (i, Vu)| < 462/ [Vu|*> — 2—f 2a(x)|ul?
R2 R2 2A~(R? — agp) R>\BR
Q 202
+P " o I'q lue]” (3.4)

R

Now, we can see that

R? ap a0R2
/ |x|i|u|2=22—/ —2a(x)|ul*—— / x5 >+ — / ul®
BA (R=—ao) Jp R* —ao Jp) R* —ao Jp)

R

2 4 2
R |4 nR a;

R2
<—r | = 2y T4
2R —ao) /Bg GO SR Zagy Sy " AR = a0
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Inserting this estimate in (3.4), we obtain

Q*R?
‘Q/ xt - (iu, Vu)
RZ

2 2,2 PN
gﬂfRz|Vu| +m/Rz[(a(x)—lu| ) — (a” (x)) ]
TcQzR4a§
Rl
8A3a(R? — ag)

and the proof is complete. [J

Proof of Proposition 3.1. Since Q < Ae~!, we can find 0 < § < 1, such that
Q<OoAe !, Taking in Lemma 3.1,

52 2
g = +1 and R: 2(1+—5)a0’
4 1 — &

we infer that for any u € H,

1—06%
Ec(u) — Cs Q< Fe(u) <2 E, () + C5 Q. (3.5)

We easily check that E. is coercive in H (i.e., there exists a positive constant C
such that Eg(u)>C(||u||%{ — 1) for any u € H) and by (3.5), F; is coercive, too. Let
(n)nen C H be a minimizing sequence of Fy in {u € H : ol 22y = 1}. From the
coerciveness of F,, we get that (u,),cn 1s bounded in H and therefore, there exists
us € H, such that up to a subsequence,

up — up weakly in H and u, — u, in L (R?). (3.6)

loc

By Lemma 2.1, it results that u,, — u, in L2([F\R2) and consequently, ||”6||L2(R2) =1.
We write for u € H,

Fo(u) = % /Rz ((v - iQxJ‘)u‘z

1 1
+—2/ [— ul* + (a—(x) —8292|x|2) |u|2i|

2e% Jia- () > @222y L2
1

oz | (@00 = PP = @ () = 2022 ful?].
467 Jiam o < @21

We observe that the functional

1 2
ueHm— - ‘(V—le )u‘
2 R2
1 1 _
+— [— ul* + (a (x>—8292|x|2)|u|2}
26 Jiam (o) > 222y L2
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is convex continuous on H for the strong topology. Then from (3.6), it follows that
Fe(ug) < liminf,,_, o F¢(u,). Hence, u, minimizes F; in {u eH : ”””L2(IR2) = 1}

and by the Lagrange multiplier rule, there exists ¢, € R, such that (3.1) holds. By
standard elliptic regularity, we deduce that u, is smooth in R>. [

Proof of Proposition 3.2. Proof of (3.2a): Let 7, be the positive real minimizer of E,
under the constraint ||7), ”LZ(RZ) = 1. Since 7, is real-valued, we have (i7},, Vij,) =0
and we derive from (2.37),

Fe(ue) < Fe (i) = Eo () <ClInegl. (3.7
By (3.5) (with ¢ = \L@), we infer that for ¢ small enough,
§ Ee(ue) — CQP < Fe(ue). (3.8)

Combining (3.2), (3.7) and (3.8), we obtain (3.2a).
Proof of (3.2b): Multiplying Eq. (3.1) by u, and using fRz lug|> = 1, we infer that

1
es=f |ws|2—29f xi-uug,wgw—z/ (lue* — a(x))|ug . (3.9)
R? R? e Jr?
From (3.2a) and Lemma 3.1, we derive
. 1
[ =20 [ e Vi + 5 [l = atlu?
R? R? &% JRA\D

< CoylInel? (3.10)

and arguing as in the proof of (2.39), we obtain by (3.3),

<Coye lnel. (3.11)

1
—2f<|ug|2—a<x>>|u£|2
e~ Jp

Using (3.9)—(3.11), we conclude that |£,| ngOs_lllnsL
Proof of (3.2c): We argue as in [2], Proposition 2.5. Setting U, := lug|?, we deduce
from Eq. (3.1),

1 1
5 AUe = Ve =20t - (iue, Vite) — —(a(x) = U)Us = €:Us
&
and hence

2
AU > = (Ug — (a(x) + &2t + 82Q2|x|2)> U, in R (3.12)
£
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Let O, = {x e R*\ D : a~(x) > 2(*|€| + £2Q?|x|*)}. From (3.12), we infer that
I _ .
AU8>8—2a (x)U, =20 in O, (3.13)
and thus U, is subharmonic in ®, C R? \ D. Note that by (3.3),

fw\p U2 < Cppe®|Ingl?. (3.14)

By (3.2b), for ¢ small enough we have 0®, C {x e R?: |x|3\<ao + #} Consider
now for r, = vag + ¢'/3, the set E, = R\ B;’z ={xeR*: lx|3 > a0+ &'} C O,.

Then for ¢ small and any xo € Z., we have B(xy, #) C O,. We infer from the
subharmonicity of U, in ®, and (3.14),

1/2
0<U(><4/ v.< € / )
‘ ne?/3 B(xo,#) FT el B(xm#) ‘

<Gy, &2 ne| for xo € B,

with a constant C7,  independent of xo. Hence, we conclude that U,— 0 locally uniformly

in IRZ\Z_D as ¢ — 0. It also follows that u, € L®°(R?) and then U, € H'(R?).
By (3.13), U, is a subsolution of

—&2Aw + c21_3(x)w =0 in Ei, (3.15)
w=Cg, ¢ BlIne| on 0Z,.

We easily check that for ¢ small enough,

22/3

ao +81/3 _ |X|2
Vout (X) = Czuosz/3| Ing|exp (—A

is a supersolution of (3.15). Therefore

ao — |x|3

2 * _2/3
Us (x) = [1e (x)* < vour (x) < Cpp [ In g exp (287

) for |x|3\2a0 +2el/3,
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Proof of (3.2d) and (3.2e): We set 7. = Jag — ¢'/8 (recall that ry = v/ag +€!/3).
We define in Br’z, the function

20?2

a(x) + |¢|e* + e lx[3 it Jx|p <Fe,

Vin (x) = 202
ap — (1 - 7) FeRIx|p — Fe) + [€ele?  if Fe <Jx|p <.
We easily verify that for ¢ sufficiently small, vj, satisfies

{_ngUin >2 (a(x) + [6e|e? 4+ e2Q%|x|? — vin) vin  in B, G16)

vin(x) > Cl ¥ Ing| on 0B
and
vin(¥) >a(x) + [€s|e? + e?Q*x > > 0 in B
Setting V, = U, — vip, we deduce from (3.12) and (3.16),

—&2AV, + b(x)Ve <0 in B},
Ve <0 on 08,’2

with
b(x) = 2(Ue + vin — (@(x) + [€ele” + 2Q*[x[})) >0 in B,

Hence V. <0 which gives us (3.2d). Then estimate (3.2¢) directly follows from the
construction of vj, and voy and from (3.2b).

Proof of (3.2f): Without loss of generality, we may assume that K = Bg with R > 0.
Consider the re-scaled function i;(x) = u,(ex) defined for x € B3, p,-1. From (3.1),
we obtain

—Ail; = (a(ex) — |ie|P)iie — 2iQe*xb - Viig + L%, in By g1

Taking an arbitrary xo € Bp,-1, it suffices to prove that exists a constant Cg > 0
independent of xo and & such that

(I Vite || Loo (B(x0,1) < Cowg, R+ (3.17)
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By (3.2¢), we know that a(x)u, is uniformly bounded in R2. Using (3.2a), (3.2b) and
(3.2e), we derive that

I1Adie Nl 2exg 3y < C(I1@(x) + €e” = Jue|Ptell oo 2y + QX" - Viie ll12(xg 3)

< Cog(1+ Qellx™ - Vug | 1203, 1) < Cog. k-

Since |lig |l Lo (B(xy,3) <Cwp by (3.2e), it follows that ||ng||Hz(B(x0,2))<C(UO,R. From
Sobolev imbedding, we deduce that ||Vite || 4(p(xy.2)) < Car. k- We now repeat the above
argument and it follows [|Ade || 14(g(yy.2)) < Carg. R(1 + QY2 Viie|| 14 (5(xo.2))) < Coro. R-
It finally yields [liellw24(p(x, 1) <Cawo,r Which implies (3.17) by Sobolev imbed-
ding. O

3.2. Splitting the energy

In this section, we prove the splitting of the energy (1.9). The splitting technique
has been introduced by Lassoued and Mironescu in [16]. The goal is to decouple the
energy F¢(u) into two independent parts: the energy of the “vortex-free’” profile fqge’QS

and the reduced energy of u/ (ﬁseim) where the function S is defined in (1.5). For
& > 0, we introduce the class

G, = {v € H..(R%,C) : /RZ Vol + it — w2 < +oo}.

We have the following result (valid for any rotational speed Q):

Lemma 3.2. Let u € H and ¢ > 0. Then v = u/(ﬁgeiQS) is well defined, belongs to
Ge and

Fe(u) = Fe(i,¢'Y) + Fo(v) + T2 (v) (3.18)

where the functionals F. and Ty are defined in (1.10) and (1.12).

Before proving Lemma 3.2, we are going to translate some of the properties of the
map u, to ug/ (ﬁge’m). To this aim, we define the subclass G, C G, by

Ge={vegs : f,veH and Iisvll 22y = 1}.

Proposition 3.3. Assume that (3.2) holds for some wo > 0. Let u; be a minimizer
of Fe in {u eH : ||”||L2(R2) = 1}. Then v, = ug/(ﬁgelQS) minimizes the functional
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Fo + Tz in Ge. Moreover, for ¢ > 0 sufficiently small, we have

(3.3a) E.(v:) < CuylInel?,

(33b) | Te(ve)| <Cupy ellnel,

(3.3¢) |ve(X)| <1+ Copye'? for x € D with |x|px < Jfao —&'/8,
(3.3d)  [[Vuellrok) < Cap,k ! for any compact subset K C D.

Proof of Lemma 3.2. Step 1: For u € H, we set o = u/ij, € H,. (R?). We want to

loc
prove that v € G, and
- 5 ..k 2,0~
Eo(u) = Ec(iiy) + &) + 5 /R (B2 = 1. (3.19)

We consider the sequence (up),en C H defined by u,(x) = C(n_1|x|) u(x), where {
is the “cut-off”” type function defined in (2.5). We easily check that u, — u a.e. and
Vu, — Vu ae. in R2. Setting v, = u,/1,, then we have v, — v a.e. and Vv, - Vv
a.e. in R?. Since u, has a compact support, we get that 7, € G, for any n € N. We
have

\Vitn)? = Vil |2 4+ 72V 5ul? + (18] = DIViI 1> 4 i, Vil, - V(5. = 1),

and therefore,

I O Y ST e -
Ee(un) = Ec (i) + 5 fR <n§|an|2 + 35 (0l — 1>2>

1 -2 =2 s o ~ 2
+2 o2 (10n|” = DIV " + 7. Vilg - V(U |" = 1)

1
+8—2ﬁ§<wn|2 — (@ — a(x))) :

As in [16], the main idea is to multiply Eq. (2.26) by 7, (|7, |*

by parts. It leads to

—1) and then to integrate

~2
~ ~ JUR— ~ Mg . ~ ~
/Rz {(|vn|2 = DIV + 2.V V(8l* = D) + 58l = D@; = a ()

=kg/ (o> = 1)
RZ

and we conclude that for every n € N,

5 ke -
Ec(up) = Eé‘(ﬁg) + & (Uy) + 3 /2 ’7?(|Un|2 —1).
R
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Now we observe that

lun| <|lu| and |Vu,|<|Vu|+ |u| ae.in R? (3.20)
and by the dominated convergence theorem, it results that E.(u,) — E.(u) and
ke =2 ~12
= | (sl —1)— (Iunl — i) — (I =)= (" = 1).
2 R2
Applying Fatou’s lemma, we obtain

E(@)< lim (D)= lim {Eg(un) Ex (i) — f (un|* = 777 }
~ ke =2 1~02
=E:(u) — Ec(ig) — = | _n:(Jv]” — 1) < Fo0,
2 R2

and we conclude that v € G,. Since |vn||Vr]g| <|Vu| +1,|Vo|, we infer from (3.20)
that 77|V, [2<C(Vul? + [ul* + 7|VD?) and 7 (5,2 — D*<2(|ul* + 7). By the
dominated convergence theorem, we finally get that

E(®) = lim & (On) = Ee(u) — Ee() — %fR AP = 1)

Step 2: Consider now i = u/e'®. Then i € H and we have the decomposition

QZ
F.(u) = E-(l) + /2 Via - (ia, Vi) + - /2 (IVS|* —2xt - vS)al®. (3.21)
R R

1+ A2

Indeed, we use that

via - (ia, Vi)

20
|Vul? — 2Qx* - (iu, Vu) = |Vi|* + .
1+ A

+Q?(IVS|? — 2x - VS)i|* ae. in R2.
Since |VS|<Clx|, |Va|<C|x|, we infer that (3.21) holds.

Step 3: We show that (3.18) takes place. Let u € H. Set u = u/eiQS and v = u/7,.
By Step 1 and Step 2, it results that # € H and v € G.. By (3.19), we have

E.(it) = Ee(ii,) + & (v) +%/ 2 (lv)* = 1). (3.22)
RZ
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Since Vta - (ia, Vi) = ﬁnga - (iv, Vv) and |i|* = 1~7§|v|2 a.e. in R?, we infer from
(3.21) and (3.22) that

N < o? }
Fo(u) =E:(i1,) + E W) + Re(v) + > /ﬂ%z (|VS|2 —oxt. VS)17§|U|2

+ [RGR =1, (3:23)

On the other hand, (3.21) yields

_ o 3
Fg(ngelm) = E.(i],) + > /R2 (|Vs|2 — 2%t VS)ng (3.24)

and the conclusion follows combining (3.23) and (3.24). O

Remark 3.2. The energy of the “vortex-free”” profile is given by

a3 (1 — A%)?

0 2 1. 3.25
a1 A L Ted (323)

Fe(ij,e'*) = E.(if,) —

It directly follows from (3.24) and Proposition 2.2.

Proof of Proposition 3.3. The minimizing property of v, follows directly from Propo-
sition 3.1 and Lemma 3.2.

Proof of (3.3a) and (3.3b): Since u, minimizes F; in {u eH : ||u||L2(Rz) = 1}, we
have using Lemma 3.2,

Fe(ue) = Fs(ﬁgeigs) + gs(Us) + ﬁg(v‘g) + 7;(1}8) < Fg(flseiQS)’
and it yields
& (o) <IRe (o)l + T2 (o). (3.26)

Arguing as in the proof of Lemma 3.1 with ¢ = 1/4 and R = \/2ap, we infer from
(3.2e) in Proposition 3.2 and (3.3),

L[ 2 4’ / 202

< - \Y T
4/@2"’3| Vel T e elpluel

< - \Y T 2
4/@2"8| vel Jr(/\2+1)2 R\ A @ (0)lue]

Ny
2
+82a0—92/A e
A"+ 1> Jpr

ey

[Rewe)

1 ~
< ESg(ug) + Copy| Ing]?. (3.27)
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We obtain from (2.28), (2.30) and (3.3) that

~ 1 ~
ITewol = |5 /R (VS —2Q%x" - VS +ke) (lusl” = 72)]

<cwo|1ne|2[/R 20l +7)

2
VB
1/2
+ (luel* —a™)? + (@i —a't)?
BA
e
< Cop €l Ingl’. (3.28)

According to (3.26), (3.27) and (3.28), we conclude that f:'s(vs)ngd In 8|2.
Proof of (3.3c): From (2.2¢) in Proposition 2.2, (3.2b) and (3.2d), we infer that

lue (O] _ \/a(X) + € ]62 + £2Q%|x |2

- < <1+ Cyoe'? for x € BA
¢ () (1 —Cel3)Jalx) @0

«/(7078]/8'

lve (X)] =

Proof of (3.3d): Let K C B% be any compact set. We denote v, = By, = ;f?—‘
By (2.2¢) in Proposition 2.2, we know that there exists Cx > O independent of ¢

such that 77, > (1 — Ce'3)/a>Ck in K. Since Vv, = ﬁS_IVus — (ils_zVﬁs)ug, using
Propositions 2.2 and 3.2, it follows || Vg Lok ngo,Ks_l. Hence we deduce (using
(3.3¢)) that

1V 0e L2 (k) SNV Bell Lo (k) + QT VSl oe(k) < Con,k €7
and the proof is complete. [J
3.3. Splitting the domain
The main goal in this section is to show that we can excise the region of R?
where the density |u.| is very small (which corresponds to the exterior of D) without

modifying the relevant part in the energy.

Proposition 3.4. Assume that (3.2) holds. For small ¢ > 0 and v € [1,2], we set
D) = {x eR?:akx) > v|1n8|_3/2}. We have

fa(vaa DZ)<CU)0|1118|71-

Proof. Since u, minimizes F, on {u € H : |u] L@ = 1}, we have for ¢ sufficiently
small that Fg(ug)éFS(ﬁseiQS). Then Lemma 3.2 yields Fi(vs) + 75 (vs) <O and we
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derive from (3.3b) in Proposition 3.3,
Fe(ve) <Coppe|Ingl. (3.29)
We now set N = R? \ D}. From the previous inequality, it suffices to prove that
Fee, N)) = — Cpyl Ing| ™! (3.30)

for a constant C,,, > 0 independent of ¢ and v. Arguing as in the proof of Lemma 3.1
with ¢ = 1/4 and R = +/2ap, we infer from (3.3),

2

1 ~2 2 4Q 2 2
< 5 [Vl +—f Ixlaluel
4/1\/;’78 T a+An Sy TN

&

L[, 40° / _ )
< - Voe|" 4+ ——— 2a (x)|u
4/M,ns| L el () |

A
4/2(40
8apQ?
+0—22/ lue|?
1+ A Bf/%\pg

‘ﬁe(vsv -N:ev)

1 ~ 8a0§22
Ne (1 +A%2 Jgh py

By (3.3), we may also estimate

/ |us|2=/ |us|2+/ (|u5|2—a(x))+/ a(x)
BA _\Dy BA__\BA BA_\Dy BA_\Dy

Vot Nl g\ Jag P
1/2 1/2
<c(fA el +C(/A (usl? = a(x)?)
BM\BM B \D:

+C|1n,s|_3

< Cop(IIng| ™ +¢lInel).

Then it follows that
- 1 , _
[Re (e, NI 5 Eewe, N) + Cang I ! (3.31)

which leads to (3.30). O
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For some technical reasons, it will be easier to deal with at instead of ﬁg in the
energies. To replace ﬁg by a*, we shall prove that the energy estimates inside D)

remain unchanged.

Proposition 3.5. Assume that (3.2) holds for some wy > 0. We have
Ee (e, DY) <CoplInel* and  Fe(ve, D)) <CoylIne| ™",

where E, and F. are defined in (1.18).

Proof. From (2.2c) in Proposition 2.2, we infer that

~4
2
1
Ne

~2
a—1n <Cel/3
)

Ne

L(Dy)

<C81/3 and ‘a

Leo(Dy)
and then (3.3a) in Proposition 3.3 yields

Ee (ve, D;) - (C:'S(vg’ D!) <C51/3 gg(vs, D:)<C(0051/3|1n8|2-

Using (3.2a) and (3.2e) in Proposition 3.2, we derive

[Re(0e, DY) = Re (v, DY)

iz

< C(0081/3|1I1 8|2.

Therefore, it follows that

Fe(ve, DY) — Fo(ve, DY)| <Cope'PlInel®.

~2
<[ T Vil < Ce P UE s, D)

(3.32)

(3.33)

Then the conclusion comes immediately from (3.3a) in Propositions 3.3 and 3.4. [

4. Energy and degree estimates

This section is devoted to the proof of Theorem 1.1. The method we use is inspired
from [21,23] and provides some information about the location and the number of

vortices inside D.

4.1. Construction of vortex balls and expansion of the rotation energy

We start with the construction of vortex balls by a method due to Sandier [20] and

Sandier and Serfaty [22]; it permits to localize the vorticity set of v;.
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Proposition 4.1. Assume that (3.2) holds for some wy > 0. Then there exists a positive
constant K, such that for e sufficiently small, there exist v € (1,2) and a finite
collection of disjoint balls {B,-}ie] = {B(pi, r,-)}ie[ satisfying the conditions:

(i) for everyi€l,, B CCDs={x¢€ R? : a(x) > V5|]1‘18|73/2},
(i) {xeDs: Jv:(x)| <1—|lne|} C Uier, Bi,
(i) ) ri<|nel”7,
iel

. 1
(iv) 5/ a()|Vve P> ma(pi)ldil (| In el — Koy In | Inel),
B;

where d; = deg <|v—8|, 63,-) for every i € I.
Ve

Proof. According to the technique presented in [20,22], we construct as in [2] (using
Proposition 3.5 with v=1) a finite collection of disjoint balls {B;},_; ={B(pi.ri)}
such that

iel’

[x €D :a) > |Inel?and |v,(x)| < 1 — |Ine|~>} CU,_; B;,

iel,

(iii) is fulfilled and

/ a(zx) (V- iQxL)v8|2>na(Pi)|di|(| Ing| — Ko, 1n|lne|) for each i € I.
B

By (iii), we can find vee(1,2), such that o{xeD:a(x) > ve|Ing|~¥2}N Uej Bi=0.
By cancelling the balls B; that are not included in {x € D : a(x) > v¢|Ing|73/2},
it remains a finite collection {B;},_, that satisfies (i)~(iii). We can see that now (iv)

. el
takes place since we have

a(x)
92/ T|x|2|vg|2<92f e Plite < Cong | In P2,
B

Bi

’Q/ a(x)xt - (ive, Vo)
B;

a(x)
<co / D e V0| S CQUNAYve 2057
B;

&€

< Copl Ingl*ri 4.1

(here we used Proposition 3.5). Hence these terms can be absorbed by Ky, In|Ing|
(up to a different constant Ky, +1). O

We are now in a position to compute an asymptotic expansion of the rotation energy
according to the center of each vortex ball B; and the associated degree d;:
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Proposition 4.2. Assume that (3.2) holds for some wo > 0. For ¢ sufficiently small,
we have

—71Q

Rs(vs”Ds) = 1+A2

Y @) = vilinel ) d; + o(lIne|™).

iely

Proof. By Proposition 4.1, Dy \ Ujer, Bi C Dg \ {|vg] < 1/2} whenever & is small
enough. For x € D, such that |v.(x)|>1/2, we set

Ve (x)
e (X)|”

We(x) =

Since (ive, Vvg) = |ve|?(iwg, Vw,) in Dy \ {|ve| < 1/2}, we have
Q n .
Re (Ua, D, \UielgBi) = I A2 Do\Uien, B a(x)V=a - (iwe, Vwe)
Q
T
I1+A

f a(x)(ve> = DV*a - ((we, Vwg).
De\Uier, Bi
4.2)

Then we estimate using Proposition 3.5,

/ a(x)(lvel* — 1) V*a - (iwg, Vwg)
De\Uier, Bi

< Ce (& (ve, D))/ IVwell 22D\ (jve1<1/2))
< Cellnel|lIVwell 12D\ (v <1/2)) - (4.3)

In D, \ {Jve| < 1/2}, we have |[Vwg|<2(|Vue| 4 |V]ve|]) <4|Vve|. We deduce that
/ |Vw8|2<16/ |va|2<16|1n8|3/2/ a(x)|Vue?<ClIne|”? (4.4
Ds\{|vs‘<l/2} Ds Ds

and hence we obtain combining (4.2)—(4.4),

Q

Re (1’87 De \ UieISBi) = m

/ a(x)Vta - (iw,, Vwg) + O(e| Inglh). 4.5)
De\Uier, Bi

Since (iwg, Vw,) = we A Vw, and a(x)V+a = VP, (x) with

az(x) — vg| lnz3|_3
> 3

Pe(x) = (4.6)
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we derive that

/ a(x)V+ta - (iwg, Vw,) = f VAP, (x) - (we A Vwy)
De\Uier, De\Vier, Bi

= —ZEXI:/ Pe(x) <wS A a;f),

where 7 denotes the counterclockwise oriented unit tangent vector to 0B;. The smooth-
ness of v, implies the existence of o, € (%, %) such that U = {x e R?: lve| < :xs} is
a smooth open set. Then we set for i € I, U; = B; NU (notice that by Proposition 4.1,
U; CC B; for small ¢). Using (4.4), we derive

/ Pe(x) (ws A 6w8> — Pe(x) (wg A 6w8>‘
0B; T au; ot

/ VAP (x) - (we A V)
Bi\U;

SCri [Vwell L2\ (jve1<1/2))

<Cr; |1n5|7/4

and since |ve|<oe in U and |Pe(x) — Pe(pi)I<rillVPell LoDy, Yx € B(pi, ri), it
results from Proposition 3.5,

dws

‘/ (Pe(x) = Po(p1) (wg A2 )
ou; 0t
0vg

/ (Pe(x) = Pe(pi)) (Us A T)
01/{,- 0T

/ a(x)VLa - (ivg, Vug)

i

_ 2
_0(8

-2

S %

-2
%e

/u (Pe() — Pe(pi)) det(Vee)

< C (i IVa Vel ap, + ril el I1Va Voell7 )

< Crilln 8|7/2.

Therefore we conclude by (iii) in Proposition 4.1 that

Re (Ue,D \Ulelp A2 Z,PE(pl)/ we A 5)
iels
—21Q) ~
T Al Zpe(Pi)di + o(|lne|™).

ielg
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On the other hand, we infer from (4.1) and (iii) in Proposition 4.1 that

|Re(ve, Uier, B)|<ClIngl* Y " ri<Cllne| ™.

el

According to (4.6), the proof is completed. [J

4.2. Asymptotic behavior for subcritical velocities. Proof of (i) in Theorem 1.1

In this section, we prove (i) in Theorem 1.1. We will distinguish different types of
vortex balls through the partition I, = Ip U I, U I_ where

Ip={i €l : d;>0and |p;|a < |Ine|~"/%},
ILo={iel :di>0and |p;j|p>|Ine|""/°},

I_=liel :d <0}

in order to improve the lower bound for F. (v, D:) (see (4.12)). In the sequel, we
assume that

Q<O +wIn|lneg| 4.7

for some constant w; € R. Therefore, if ¢ is small, we have Q< %| Ine| and we will

use the constant 3 given by Proposition 4.1. In fact, one can choose instead of %
a0
1+A2

any other constant wg, such that wy > a0 First, we show the following:

—(4+ADK 5
Proposition 4.3. Assume that (4.7) holds with »| < @] = #‘* Then for ¢

sufficiently small, we have Ziels |di| =0 and

lvel > 1 in L}, (D) as ¢ — 0. (4.8)
Moreover,
Fe(ve) =0(1) and & (ve) = o(1). (4.9)

Proof. From Proposition 3.5 and Proposition 4.1, we get that

1
O(lnel™") > Fi(ve. Do) > 5/

1
a(0)| Ve + —2/ (1 = v
De\Uier, Bi 4e Ds

+1 Y a(p)ldil <| Ing| =K In| IHSI) + Re(ve, D). (4.10)
a0

ielg
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Combining Proposition 4.2 and (4.7), it results that

—7napQ) n(ag — | Ine|~13)Q _
Re (0. De) > —n " a(p)ldy| — > a(poldi] + o(lIne| ™)

1+A iely 1+A2 i€l
Tapmi
>—n Y a(p)ldi||Ine| — > Y _a(p)|di|In|Ine|
ielpUl, 1+A i€l
Y _
+2—aoZa<pi>|d,-||1ne|2/3+o(|1na| ) (4.11)
iel,

(here we used that

—|Ing|~/3HQ 1 1
@ |n8|2 ) <|1nzs|——|1ng|2/3—|—ao—wlz1n|1ng|<|lne|——|1ns|2/3
I1+A ap 1+ A 2a

for & small). Then we deduce from (4.10) and (4.11) that for & small enough,

1 a*(x)
—/ a(x)|V,|* +/ (1= Jve*)?
2 D€\U[€lg B; De 48

ap
1| ——+K a(p))|di|In|Ing
(1+A2 %)Zm)m [Ine|

iely

s s B
a0 > a(pnldil|Ine* + > Y " a(p)ldil|ne| +o(|ne| ™)

iel, iel_
<Fe(ve, Do) <O(|Ine| ™). (4.12)
Since I’j’r‘X‘Z < —K3 and a(p;)=ag/2 for i € Iy, we derive from (4.12) that
{IO
Y el dil = o(|Ing|~"). Now since a(p;) >|Ing|~3/? in D, we also obtain from (4.12)
that Y, |dil = O(llng|~"%) and Y., |di] = O(ng[~/?). Hence

Zie L. |di| = 0 for ¢ sufficiently small. Coming back to (4.12), we infer that for
any 0 < R < ,/ao,

izf (- |vs|2)2<c—§f a®(x)(1 = [ve|)* <o(1). (4.13)
& BQ & D,

Then the proof of (4.8) follows as in [6] using the estimate (3.3d) in Proposition 3.3
on |Vul.

Since Zielg |di| = 0, we derive from Proposition 4.2 that R.(ve, Ds) = o(1). Us-
ing that F.(ve, Dg)<o(l), we deduce that & (ve, D;) = o(1) and hence we have
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Fe(ve, Dg) = 0(1). By (3.32) and (3.33), it leads to
E:(ve, D) = 0(1) (4.14)
and .7:"5(115, D) = o(1). Using (3.29) and (3.30), we obtain that
o(1) < Fi(ve, NJ*) < = Fi(ve, De) + o(1) <o(1) (4.15)

and therefore ]:"S(vg) = o(1). By (3.31), we have
. . , . 1. ,
fs(vs»-/v!g) = ga(vavN;S) + Rs(vs»Ng‘g)> Ega(vavj\/’;g) +o(1)

and it results from (4.15) that gg(vs,A@vs) = o(1). By (4.14), we conclude that
E(ve) =0(1). O

Proof of (i) in Theorem 1.1. By (2.2c) in Proposition 2.2 and (4.8), it follows that
lug] — ~at in LSS(D). According to (3.2¢) in Proposition 3.2, it turns out that

loc

lug| — ~at in L®(R?\ 0D). Moreover, by (4.9), for any sequence &, — 0 we

loc
can extract a subsequence (still denoted (g,)) such that v,, — a« in HILC(D) for

some constant o € S'. We obtain that usne_igs — avat in HILC(D) by (2.2e) in

Proposition 2.2. By Lemma 3.2 (3.3b) in Proposition 3.3 and (4.9), we conclude that
(1.6) holds. O

4.3. Vortex existence near the critical velocity: Proof of (ii) in Theorem 1.1

We now prove (ii) in Theorem 1.1. We will use an appropriate test function in order
to improve the upper bound of the energy F(u.).

Proof of (ii) in Theorem 1.1. Step 1: Construction of a test function. Assume that
2

Qi +oIn|lneg|<Q<wp|Ing| for some positive constants é and wg (thus, wg > Aa—:l).

We consider the map v, defined by

X .
— if |x|>e,

Be(r) =1
- otherwise
£

and we set i, = ﬁseigsﬁg. We easily check that ii, € H. Lemma 3.2 yields

Feliie) = Fo(il ") + Fo(@e) + To (Be).
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Then we estimate

. 1
|7§(f}8)|<§/ Q| VS2 = 2Q%xt - VS + ke |72 (1 — |5e]?) = o(1).
B

)

A straightforward computation (using Proposition 2.2) leads to

- naéé
Fe(Ve) < — 1+A2

In|Ilne| 4+ O(1)

and consequently

2
. nagso

Fe(ite) < Fe(ije™) — —2—In|Ing| + O(1). (4.16)
I+A

We now set i, = mglﬁg with m, = ”ﬁ“:”LZ(RZ) (so that ||I/75||L2(R2) = 1). Since

7161l 22y = 1, we have

mt = [P =1+ [ Bar -1 =1+ 06,

&

From this estimate, we easily check that
Fe(itg) = Fe(ite) + o(1). (4.17)

Step 2: By the minimizing property of u., we know that F,(u.)< Fg(i.). In view
of (3.3b) in Proposition 3.3, (4.16) and (4.17), it yields

- na2s
Fee) < — —2S In|Ing| + O(1).
14+ A

2

Using (3.30) and then (3.33), we derive that

2
nago

Fe(vg, De) < — 1+A2

In|Ing| + O(). (4.18)

On the other hand, by Proposition 4.2, we have

o
Re(ve, De) = — Az Z a2(p,-)di|ln£| + o(1)
1+ iel,,d;>0
o ag -
ZTIIA2 > a(pi) di|lne| — > > a(pdiling] + o(1)

iele,di>0 icl\Iy,d;>0



R. Ignat, V. Millot/Journal of Functional Analysis 233 (2006) 260-306 301

where we denoted

2

A +1
200 |-

Fe(e, De) 2E(ve, Uier, B) + Re(ve, De) > — Cpy Y a(pi) dilIne| + o(1)
icl,, d;>0

fe = i€l alp)=

Then, by Proposition 4.1, we deduce that

for some constant C,, > 0. Therefore, by (4.18), it results that for small ¢ > 0,

Z d; > 0.

iely,d;>0

We conclude that there exists ip € I;, such that d;, > 0, so that there exists at least
one vortex inside the bulk D which remains at a positive distance (independent of ¢)
from 0D. If in addition, (4.7) holds, we claim that u, has at least one vortex close to
the origin. Indeed, by (4.12) and (4.18), we obtain

2

apmi nayo
—n|—— +K: E a(p)ldilIn|lne| < — In|Ing| + O(1
(1 B ;()) ( z)| l| | | 1 > | | ()

iely
which implies for & small enough that 3, |di|>C > 0 for a constant C independent
of . Hence, for ¢ small, there exists a ball Bj, (jo € Ip) that carries a vortex x* with
EI<O(ne[~10). O
4.4. Energy estimates near the critical velocity. Proof of (iii) in Theorem 1.1

In this section, we prove the energy estimates stated in (iii) in Theorem 1.1 in the
regime (4.7). First, we shall prove that the number of vortex balls with non-zero degree

lying in a slightly smaller domain than D,, is bounded.

Proposition 4.4. Assume that (4.7) holds. Then

No =Y |di| <Cop, (4.19)

iely

and setting B, = {x eR?:ax)>|In 8|’1/2}, we have for ¢ sufficiently small,

> |di| = 0. (4.20)

iel,UI_, pieB;
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Proof. Arguing as for (4.12), we derive that for ¢ small enough,

fD\ a)|Vvel> + Y a(poldillinel” + " a(p)ldil|ine]
Uiel, Bi

i€l iel_

SC aoa)12
1+A

> a(p)ldi|In|lne| +O(Ine|™")

iely

+ K3
ag

<CoNoln|lne|+ O(Ingl™h)

for some positive constant C¢ independent of . We set

L={iel :pieB), N.o=Y ldl

iei*
and

I[L={iel :peB}, N_=) ldil.

iel_
Since a(p;)>|Ine|~1/2 for any i € I, UI_, we obtain from (4.21),
/ a(x)|Vv|> + Ni|Ine|'/® + N_|Ing|'/?
Ds\Uzelg

<CoNoln|Ine| + O(lng|™h)
which implies in particular that

N
max{N,, N_ }<70

4.21)

4.22)

(4.23)

for ¢ sufficiently small. We now show that Ny is uniformly bounded in ¢. Consider

the sets

|:|1n5| 1/6 ﬂ:| and J, = {r el : ﬁBrA N (Uielaﬁi) = (/)}.

We can see that 7, is a finite union of intervals verifying |Z; \ J| §|ln5|_10. For

r € J. and ¢ small, we have |v£|>% on 8B,A and therefore, we can define

D(r) = deg <— 63A>

|vel’
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By (4.23), we obtain that for small &,
No
DO =| D di|>No—N_>=" for any r € J,.
[pila<r

We have (using elliptic coordinates x| = r cos 0, x; = A~ 'rsin 0)

3 2n
f a(x)Iva|2 > 240 (/ Iva|2rd9> dr
B/\\/@\UielgBi 4A Te 0
7

1 2m ov 2
We set w — 1n i i. vince |v —_— v, w Z—|w
e [0e] /*;10 iel, Di e P e e P | e P

in B’}TTO \ Ujer, B;, we infer that

1 2n
/ a(x>|wg|2>c/ ! /
B J. T 0
2

1 21 ) D 2
>C/ —</ wEAUg)grdO) dr>C ) dr
T 0

T Te r
>CN§/ ar.

&

Wwe A

0 2
w r2d0> dr
T

/\\/@\Uielg B;
7

We can see that

dr dr
[7—/ 7‘<|1ns|1/6|za\Ja|=o(1)

d
and since f T Cln|lne| + O(1), we finally get that
. T

/A a(x)IVv£|22C1 1n|1n8|Ng
B \Uiel Bi
an £

<%0

for some positive constant C; independent of ¢. From (4.22), we derive

(CINg — CoNo)In|Ine| <O(|Ine|™")
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which implies that Ny is uniformly bounded in ¢. Then it follows by (4.22) that

In|lneg| In|Ineg|
N, <O —= d N<O|\——F= |-
' <|1ne|1/6> . <|1ns|1/2

Therefore, N_ = N, = 0 for ¢ sufficiently small. [J

Proof of (iii) in Theorem 1.1. From Proposition 4.2, (4.7) and (4.20), we infer that
for & small,

R (UE,DS = 22 (pl |d| |1H | 1/2 Z Cl(pi)|di|+0(|ln€|75)
ielo TIAVA
1
_nZa(p,)|d|<|1n8|+ A21n|1n8|)
i€l
——Za(pl )ld; || nel'/? + o(|Ing| ™).
lEI*

We now inject this estimate in (4.10) to derive that Ziel*a (pi)ldil|ln e] < C Noln|lng|+o(1)
and hence, by (4.19), Ziel* a(pp)ldi||Ing|'/? = o(1). It yields

Re(ve, De) = Re (vs» De \ UielgBi) +o(D)

> =) a(pildi| (|1ne|+

iely

In|lneg| ) +o(1).
A | I) (D

Since Fi(ve, D) = E(ve, De) + Re (v, D) <O(|Ing|™1), it follows:

E:(e. D) <Y _alpi) |d|<|1ns|+ Aln|lne|)+o<1)

iely
< Cy, Nollne| +0(1)<Cp, | Ingl. (4.24)
Set A, = D, \Blen‘gI 1/6- Matching (iv) in Proposition 4.1 with (4.24), we finally
obtain
apmi
Ee(ve, As) <Ee(ve, De \Uren B) S | == +K2 Y a(pldi|In|lne| + o(1)
a0

iely

< CyNoln|Ing|<Cy, In|Ing|

and the proof is complete. [J
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Remark 4.1. For general potentials a(x), the analysis becomes rather delicate when

the set of maximum points of the quotient g in D={x eR®: akx) > 0} is not

finite. Recall that ¢ is the solution of the problem (1.16). An example is given by the
following perturbation at the origin of the harmonic potential 1 — |x|?:

1 .
a(x) _ W if |X| < 1,
47—!;' if 1 < |x] <4.

Here, the set of maximum points of the quotient % is a circle centered in the origin.
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