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Abstract

We generalize a result of H. Brezis, J.M. Coron and E. Lieb con-
cerning the infimum of the Dirichlet energy over classes of S2-valued
maps with prescribed singularities to an energy with measurable weight
and we prove some geometric properties of such quantity. We also give
some stability and approximation results.

1 Introduction and Main Results

Let Q be a smooth bounded and connected open set of R? or = R3
and let w : @ — R be a measurable function such that

0<A<w<A ae inf (1.1)

for some constant A and A. We consider N distinct points aq,...,ay in
and we define the following class of S%-valued maps

&= {u € Che (\ Ui{a;},5%), u = const on 99,
/ \Vu(x)|?dx < +oo, deg(u,a;) =d; fori=1,.. .,N}
Q
(without boundary condition if 2 = R3) where the d;’s are given in Z \ {0}

and such that Y d; = 0 (which is a necessary and sufficient condition for £
to be non-empty, see [9]). Our goal is to establish a formula for

By ((a;, di)i Inf/|Vu )2w(z)dz (1.2)
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In [9], H. Brezis, J.M. Coron and E. Lieb have proved that for w = 1
this quantity is equal to 87 L where L is the length of a minimal connection
associated to the configuration (ai,di)f\;l and the Euclidean geodesic dis-
tance dg on 2 (see also [1, 6, 7, 17]). The first motivation for studying such
a problem comes from the theory of liquid crystals (see [14, 15]). Later F.
Bethuel, H. Brezis and J.M. Coron have shown that the notion of minimal
connection is very useful when dealing with questions of approximation of
S%-maps by smooth S?-maps in the strong H'-topology (see [2, 3]). We
also refer to the results of J. Bourgain, H. Brezis, P. Mironescu [4] and H.
Brezis, P. Mironescu, A.C. Ponce [10] for some similar problems involving
Sl-valued maps. In the dipole case, namely when we have two prescribed
points P and N of degree +1 and —1 respectively, the value of L is equal
to do(P, N). When w is continuous, we prove that Ey,(P, N) = 870, (P, N)
where §,, denotes the Riemannian distance on Q defined by

1
u(PN) = Tnf [ w () 5(0lar (1.3)

where the infimum is taken over all curves v € Lipp y ([0, 1],Q). Here
Lipp v ([0,1],9) denotes the set of all Lipschitz maps v from [0,1] with
values into Q such that v(0) = P and (1) = N. For a general measurable
function w, we prove that E,(P, N) induces a geodesic distance on € (in
the sense defined in Section 2.1). We call the attention of the reader to the
fact that, in the measurable case, there is no way to define a distance by
a formula like (1.3) since w is not well defined on curves which are sets of
null Lebesgue measure. To overcome this difficulty, we construct a kind of
“length structure” in which the general idea is to thicken the curves. We
proceed as follows. For two points x and y in €2, we consider the class P(z,y)
of all finite collections of segments F = ([a, ﬁk])z(j) such that S = agaq,
a1 =, Byr) =y and [ag, Bx] C Q. We define “the length” of an element
F € P(z,y) by

n(F) 1
o (F) = liminf — w(&)dE.
( ) kz e—0t 7-(-52 E([akyﬁk]7€)mﬂ ( )

where = ([ag, Bi],€) = {§ € R3, dist (&, [, Br]) < 5} and then we consider
the function d,, : Q2 x 2 — R defined by

dp(z,y) = Inf €u(F).
(0.9)= Il Lul()



In Section 2, we extend d,, to 2 x Q and we prove the metric and geodesic
character of d,,. We also show that d,, agrees with &,, whenever w is con-
tinuous. In the third section, we give the proof of the following result.

Theorem 1.1. We have
Ey ((ai,d;),) = 8Ly,

where Ly, is the length of a minimal connection associated to the configura-
tion (a;, di)i]\;l and the distance d,, on ().

The geodesic character of the distance d,, implies that d,, coincides with
the distance induced by the length functional associated to the Finsler metric
©w obtained by differentiation of d,, (cf. Section 2.2). More precisely, for
every P and N in ), we prove that

1 R
d,y(P,N) = Min { / e (7(D),34(8)) dt, 7 € Lipp ([0,11,n>}. (1.4)

Formula (1.4) shows that, for a non-smooth w, the quantity E,, ((ai, di)f\;ﬂ
is still given in terms of shortest paths between the a;’s but the metric we
compute the lengths with might be non-isotropic (a metric ¢ is said to be
isotropic if p(x,v) = p(x)|v| for some positive function p ).

We recall that the length L,, of a minimal connection is computed as
follows (see [9]). We relabel the points a;, taking into account their mul-
tiplicity |d;|, as two lists of positive and negative points say (pi,...,PK)
and (ny,...,nk) (note that this two lists have the same number of elements
since Y d; = 0). Then we have

K
=M 1.5
Ly UEH;(E_: p]7 ( )

where Sk denotes the set of all permutations of K indices. Another way to
compute L,, is to use the following formula (see [9]),

K
Ly =Max Y {(p;) = ((ny), (1.6)

j=1

where the supremum is taken over all functions ¢ : © — R which are 1-
Lipschitz with respect to dy, i.e., |((x) — ((y)| < dw(z,y) for all z,y € Q. In
Section 2.3, we give a characterization of 1-Lipschitz functions for the dis-
tance dy,. Combining this characterization with formula (1.6), we obtain the



lower bound of the energy following the approach in [9]. The upper bound
is obtained using explicit test functions based on a dipole construction.

Section 4.1 concerns a stability property of problem (1.2). We investigate
the following question. Given an arbitrary sequence (wy,)nen of real measur-
able functions, under which condition on (wy,),en, can we conclude that the
sequence {E,,, ((ai, di)i\il)}neN converges to Ey, ((a;,d;)N,)? From The-
orem 1, we infer that the convergence of {E,, ((a;, dl)f\;l)}n ey I8 strictly
related to the convergence of the variational problems

1
stin { [, (003(0)dt, € Lipp (0,11.9) }

where P,N € 2 and ¢,, denotes the Finsler metric derived from wy,.
The same question involving the class Lipp v ([0, 1], Q2) instead of the class
Lipp v ([0,1],9) has been studied in [5] by G. Buttazzo, L. De Pascale
and I. Fragala in the I'-convergence framework. Adapting their result to
our setting, we give a necessary and sufficient condition on (wy),en under
which {Ewn ( az,dl)N )}nGN converges to E, ((ai,di)ﬁil). In Section 4.2,
we concentrate on the approximation procedure by smooth weights. If one
requires that w,, is continuous and converges to w uniformly in Q then we
get easily the convergence using formula (1.3) but such an assumption im-
plies that w is continuous and this is quite restrictive in our setting. On the
other hand if one assumes that w, — w almost everywhere in €2, we show
that the convergence of the problems does not hold in general (c.f. Re-
mark 4.1). However, we prove that E,, ((ai, di)f\il) is the limit of a sequence
{Ewn ((ai, di)ﬁl) }n N where w,, obtained from w by regularization.

In the last section, we present a partial result on a similar problem
involving a matrix field M = (mkl)%,lzl instead of a weight:

ou Ou
Ear (i, di)Y.,) = Inf gy
M((a ugg /ng:lmkl Oz 0x v

Throughout the paper, a sequence of smooth mollifiers means any se-
quence (pp)nen satisfying

Pn € COO(R3aR)a Supp pn, C Bl/n(o)a /R3 pn=1 pp=>0 on R?.



2 Preliminary Results: Metric Properties of d,,

2.1 Metric and Geodesic Character of d,,

First of all we recall that for any metric space (M, d), we may associate
the length functional Ly defined by

m—1
La(v) = Sup{z d(y(tr),Y(tks1)), 0=to <t1 <...<tm=1,me N}
k=0

where v : [0,1] — M is any continuous curve. Note that L, is lower semi-
continuous on C° ([0, 1], M) endowed with the topology of the uniform con-
vergence on [0, 1].

Definition 2.1. A distance d is said to be geodesic on M if for all z,y € M,
d(z,y) = Inf Lq(7)

where the infimum is taken over all continuous curves « : [0,1] — M such
that v(0) =z and (1) = v.

Proposition 2.1. d,, defines a geodesic distance on Q which is equivalent
to the Euclidean geodesic distance do and d,, agrees with 6,, whenever w s
continuous.

Proof. Step 1. Let x,y € Q and let F = (a1, 1], - - -, [@n, Bn]) be an element
of P(z,y). From assumption (1.1), we get that

n A n
ly(F) > ) lim / d§=A) ok — Bkl = Ada(z,y).
;s—@* me? E([ok,Bk],6)NQ kzzl
(2.1)
By the definition of d,, and (1.1), for any F = ([aq, (1],- -, [@n, Br]) In
P(x,y), we have
n 1 n
du(r,y) < A lim — dg = A ) law = Bel-
k:16—>0+ me? E([ak,Bk],e)NQ ;

Taking the infimum over all F € P(z,y), we infer that

From (2.1) and (2.2), we deduce that d,,(z,y) = 0 if and only if z = y. Now
let us now prove that d,, is symmetric. Let x,y € Q and 6 > 0 arbitrary
small. We can find F5 = ([, 2], . . ., [an, Bn]) in P(z,y) satisfying

by (F5) < dw(z,y) + 0.



Then for F§ = ([Bn, o], ..., [51,a1]) € P(y, x), we have
dw(y,x) <Yy (]:(/S) = Ly (fé) < dw(x,y) + 9.

Since 0 is arbitrary, we obtain dy,(y,z) < dy(x,y) and we conclude that
dy(y, ) = dy(x,y) inverting the roles of x and y. The triangle inequality is
immediate since the juxtaposition of F; € P(x, z) with F € P(z,y) is an
element of P(z,y). Hence d,, defines a distance on {2 verifying

Ao (z,y) < dy(z,y) < Ado(x,y) for all z,y € Q. (2.3)

Therefore distance d,, extends uniquely to Q x € into a distance function
that we still denote by d,,. By continuity, d,, satisfies (2.3) on .
If w is continuous, it is easy to see that for a segment [a, 3] C Q we have

1
lim / w(&)d§ = w(s)ds,
=0t e J5((a,8].2)00 ) o] )
and we obtain for F = ([a1, 1], .-, [an, Bn]) € P(x,y) and z,y € Q,
by (F) = / w(s)ds. (2.4)
UZ:l[OlkHBk]

Since w is continuous, the infimum in (1.3) can be taken over all piecewise
affine curves v : [0,1] — Q such that v(0) = = and (1) = y and we infer
from (2.4) that dy(x,y) = dy(x,y). Then dy, = d,, on Q x Q which implies
that the equality holds on Q x Q by continuity.

Step 2. We prove the geodesic character of d,, on €. Since d,, is equivalent
to dg, Q endowed with d,, remains complete. By Theorem 1.8 in [16], it
suffices to prove that for any =,y € Q and any § > 0, we can find a point
z € Q verifying

max(dy(z, 2), dy(z,y)) < = dy(x,y) + 9.

1
2

Fix z,y € Q and then Z,7 € Q such that d(z,7) + dw(y,7) <J5/2 and let

F = (o, B1]; - - -, [an, Bp]) in P(z,y) satistying £, (F) < dw(Z,9) + /2. For
every 1 <m <mn, we set Fp, = ([a1, 1], .., [@m, Om]). We consider n, € N
defined by

L Max {m, 2 <m <n, Gy (Fn) < (P} if by (F1) < 3 Lw(F),
RN otherwise,



and s € (0,1) defined by
bw(F) = 2Ly([on, B, - - -, [an,—1, B, —1])

if ne > 1,
§ = 2£w([an*>ﬁn*])
Ly (F) .
_ if n, = 1.
20y ([an, s Bn,])
Let ¢, — 07 as k — +oo such that
1
fulfan., B = Jim [ w(€)de.
([ ]) k—+oo 7['5% E([atny Bns ] ,ex)NQ ( )
For each k € N, we choose zj € [an,, Bn,] verifying
1 S
— w(§)d =—5 w(§)d€ + Oey),
ﬂ-Ek E([an*rzk]rsk)mﬂ ﬂ-Ek E([a’ﬂ*rﬂn*}vgk)mg
1 1-s
— we)ds =5 | w(E)de + O ().
71'8% E([zkvﬁn*]rsk)mﬂ 271-6% E([O‘”* vﬁn*]vsk)ﬁﬂ

Extracting a subsequence if necessary, we may assume that zx pr 2 with
— 00

z € [, , On,]- Then we have

1 s

— w(§)dé =— w(§)dE
e} J2(lam, 2er)n0 TER J=([any Buy ] ier)N2
+ O(er) + O(]z — z|),
1 1—s
L w(€)de = / w(€)de
Ter JE (2 Bnr]cr)n2 2} J=(jan, Buslen)N02

+ O(ex) + O(|z — zxl)-
Taking the liminf in k, we derive

Cy([an,, 2]) < sly([an,, Bn,]) and  Ly([z, Bn,]) < (1 — $)ly([an,, Bn,])-

Therefore we obtain that the elements Fz = ([, £1], - . ., [an,, 2]) € P(Z, 2)
and Fy = ([2,Bn,]s - - -, [om, Bn]) € P(z,9) verify
1 1
dw(i" Z) < Kw(]::f) < iéw(}—) < 5 dw(j,g) + 5/4a
1 1
00(5.2) < o(F3) < 3 bulF) < L dulE.5) + 04,



and we conclude that

6 1 )
max(dw(x, Z)? dw(yv Z)) < max(dw(ic, Z)a dw(g, Z)) =+ 5 < 5 dw(£7 g) + 3Z
1
§ 5 dw(.Z', y) + 19
i.e. the point z meets the requirement. |

Remark 2.1. The geodesic character of d,, implies that two arbitrary points
of (Q, dw) can be linked by a minimizing geodesic. We mean by a minimizing
geodesic any curve v : I — § such that

dw(Y(#),y(t)) =t =t| forallt,t' €1,

where [ is some interval of R. In particular we obtain the existence for all
z,y € Q of a curve v,y € Lip, , ([0, 1], Q) satisfying

duw (Vay(t), Yoy (') = La, (vay)|t — '] for all ¢,¢’ € [0, 1]

(and then dy(z,y) = La,(V2y))- Indeed, (Q,d,) defines a complete and
locally compact metric space and since d,, is of geodesic type, the existence
of a minimizing geodesic is ensured by the Hopf-Rinow Theorem (see [16],
Chapter 1). Moreover we deduce from (2.3) that any minimizing geodesic for
the distance d,, is a A~!-Lipschitz curve for the Euclidean geodesic distance.

2.2 Integral Representation of the Length Functional

In this section, we show that d,, is actually induced by a Finsler metric
in the sense defined below.

Definition 2.2. A Borel measurable function ¢ : Q x R? — [0, +00) is said
to be a Finsler metric if o(z,-) is positively 1-homogeneous for every z € Q
and convex for almost every x € Q.

Proposition 2.2. There erists a Finsler metric o, :  x R3 — [0, +00)
such that for every Lipschitz curve v : [0,1] — Q,

1
La, (7) = /0 o (7(0),4(1)) dt. (2.5)

Moreover, for every x,y € €, we have

1
du(r,y) = Min { [ w50 dt oy € L, ([o,lm)}. (2.6)



Proof. Step 1. Assume that Q = R3. To distance d,, we associate the
function ¢, : R? x R? — [0, +00) defined by
ow(x,v) = lim sup w
t—0+t t

In [19], it is proved that ¢, defines a Finsler metric and the proof of (2.5)
is given in [13], Theorem 2.5. Then (2.6) directly follows from Remark 2.1.
Step 2. Assume that ) is a smooth bounded and connected open set of
R3. For § > 0, we consider 5 = {z € R3, dist(x,Q) < 6} where "dist”
denotes the usual Euclidean distance on R3. We choose § sufficiently small
for the projection Ilz of € Qs on € to be well defined and smooth. Setting
z) =z —Ilx for x € Q;, we define the function d,, s : Qs x 5 — [0, +00) by

dw,ﬁ(l"y) = dw(H$7Hy) + |$J_ - 3/1_’

We easily check that d, s defines a distance on {}s. Then we consider for
T,y € Q(sv

dw,6 ({L‘, y) = Inf ]de,(s (7)7

where the infimum is taken over all ~ EEO ([0, 1], Qs) satisfying v(0) = =
and (1) = y. We also easily verify that d,, ; defines a distance on €25 and
it follows from Proposition 1.6 in [16] that

L; =Lg4,, onC’([0,1],9s). (2.7)

w,d

w,d

Therefore @wﬁ(az,y) is a geodesic distance on 5. Moreover we infer from
(2.3) that d,, s is equivalent to the Euclidean geodesic distance on 5. Now
we consider ¢, 5 : 25 x R® — [0, 4+00) defined by

d t
(@, v) = lim sup LodlZ2T),
t—0+ t

By the results in [19], ¢, ¢ is Borel measurable, positively 1-homogeneous
in v for every x € Q05 and convex in v for almost every z € 5. By Theorem
2.5 in [13], we have for every Lipschitz curve « : [0, 1] — Q,

1
Loy () = [ ous G030 . 28)
Since d, 5 = dy, on Q, we deduce that
Lq, ; = La, onC°([0,1],9). (2.9)

If we denote by ¢y, the restriction of ¢, 5 to Q x R3, we obtain (2.5) com-
bining (2.7-2.9). Then (2.6) follows from Remark 2.1. [ |



Remark 2.2. If we assume that w is continuous in §2, we have

w(z,v) = w(x)|vy| for every (z,v) € Q x R3,
Indeed, fix (z,v) € Q x R3\ {0}, t > 0 such that B(z,2tA"!|v|) C Q and
consider a sequence v, € Lip([0, 1], Q) verifying

1
/0 W (7(9)) |An(s)|ds — dy(z,z +tv) asn — +oo.

Since dy, > Adg, we infer that 7, ([0,1]) C B(z,2tA~!|v|) and therefore

/ w (1a(5)) Fin(3)lds > w(z) / n(8)lds — o(t) > w(z)tv] — o(t).
0 0

Letting n — 400, we obtain

dy(z,z + tv)

; > w(z)|v| —o(1).

But we trivially have

ol 1) t/ w(z + sv)|vlds = wa)|v] + oL).
0

We derive the result from these two last inequalities letting t — 0.

2.3 Characterization of 1-Lipschitz Functions

Proposition 2.3. Assume that (1.1) holds. Then for all ¢ : @ — R, the
following properties are equivalent:

i) [¢(z) = C(y)| < dulw,y) forallz,y € Q.
it) ¢ is Lipschitz continuous and |V{(z)| < w(x) for a.e. x € Q.

Proof. i) = ii). Let ¢ : Q — R satisfying i). From Proposition 2.1, we
infer that ¢ is Lipschitz continuous. Fix xg € Q and R > 0 such that
Bsr(zg) C Q. Let (pn)nen be a sequence of smooth mollifiers and consider,
for n > 1/R, the smooth function (, = py, * ( : Bgr(zo) — R. We write

(o) = /B pnl(—2)C (& + 2)d
1/n
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and therefore for all x,y € Bg(x¢),

|@@»—@@ns/‘ pul(—2) G+ 2) — C(y + 2)] dz
Bi/n
< /Bl/n pn(—=2)dy(x+ 2,y + 2)dz

< /Bl/n pn(—2) by ([x + 2,y + 2]) dz.

Taking an arbitrary sequence of positive numbers ¢ — 0 as £k — 400 and
using Fatou’s lemma, we get that

\@m—@wns/

B

pn(—2) (hm inf % w(f)df) dz
1/n

koo MEL JE(ftzytaler)n
1

< lim inf / / pn(—2)w(§)dedz.
k—+too 7T€’2€ Bl/n E([x+z,y+z},ek)ﬂﬂ

For k € N sufficiently large, we have Z([x + z,y + z],er) C Bsgr(xo) and
accordingly

[ pul-u@dgds= [ [ pu(-zue+ 2)dadg
Bl/n E([$+Zzy+z]a€k) E([x7y]75k) Bl/n

= P * w(E)dE.
([zvy]vgk)

[1]

Since p, * w is smooth, we obtain as in the proof of Proposition 2.1,
1
— pn x w(€)dé — pn *w(s)ds as k — +oo.
Wsk E([-’L’,y],Ek) [{E,y]
Thus for each z,y € Br(zg) we have
@) = ) < [ paxuls)ds.

[z,y]

Then for x € Br(xp), h € S? fixed and § > 0 small, we derive

’Cn(x"’_&h) _Cn(x” 1
5 < 5 i Pk w(s)ds s Pt w(zx)

and we conclude, letting 6 — 0, that |V(,(x) - h| < pn * w(x) for each
x € Br(zo) and h € S? which implies that |V(,| < pn *w on Bg(zg). Since

11



V(, — V(¢ and p, x w — w a.e. on Br(xg) as n — +oo, we deduce that
V(| < w a.e. on Br(xp). Since xq is arbitrary in €, we get the result.

it) = 1) The reverse implication follows from the lemma below.

Lemma 2.1. Let ( : Q — R be a Lipschitz continuous function. For all
a,b € Q with [a,b] C Q and all € > 0 sufficiently small, we have

1
I N\ G

Indeed, let ¢ be a Lipschitz continuous function satisfying ii). We deduce
from Lemma 2.1 and (1.1) that for all 7 = ([aa, 1], .., [an, Bn]) € P(z,y)
and all parameters €1, ...,e, > 0 sufficiently small, we have

(@) ~¢w) < S1CB) ~Clan) < 3 (12 / w(z)dz + 2A5k> |
k=1 i1 \ "€k JE(lok,Br)ek)

nQ

Taking successively the liminf in £, — 0T for each parameter ¢, we get that
|¢(x) — ((y)| < Ly (F). We obtain the result for z,y € €2 taking the infimum
over all F € P(z,y). We conclude that i) holds in all Q by continuity. B

Proof of Lemma 2.1. First note that we just have to prove the inequality
for smooth functions (, the general case follows by a density argument. Let
¢ be a smooth real valued function. Without loss of generality, we may

assume that a = (0,0,0) and b = (0,0, R). Then for all € > 0 such that the

3D-cylinder B2 (0) x [0, R] is included in ©, and all (z1,z2) € B(0), we

have

|C(b) - C(a)| < ‘C(0,0,R) - C(x17x27R)| + |C(x17x27R) - C(xlvx?vo)’
+ ¢ (1, 22,0) — ¢(0,0,0)]

R
g/ VC(@1, o s)] das + 22 [V C]|oo -
0
Integrating the last inequality in (21, x2) € BY (0) yields

e |C(b) — ¢(a)] < / V(21,29 73)| dzr dwadas + 2723 [V oo -
B (0)x[0,R]

Dividing by me2, we get the result since B§2)(0) x [0, R] C E([a,b],e) N 2.1

12



Remark 2.3. In [11], F. Camilli and A. Siconolfi study the Hamilton-Jacobi
equation

H(z,Vu)=0 a.e. in

where the Hamiltonian H(z,r) is measurable in z, continuous and quasi-
convexe in v. They construct the optical length function L : Q x Q giving a
class of “fundamental solutions”. They show that for every yo € Q, L% (yo, -)
is the maximal element of the set

Clyo) ={v e Whe(Q,R), H(z,Vv) < 0a.ein Q, v(yg) = 0}.

In the case H(x,v) = |v| — w(x), Proposition 2.3 shows that d,, and the
optical length function L coincide i.e., dy(z,y) = L%(z,y) for all z,y € Q.

3 Energy Estimates - Proof of Theorem 1

Theorem 1.1 follows from the combination of Lemma 3.1 and Lemma 3.4
below. In Section 3.2, we give an explicit dipole construction.

3.1 Lower Bound for the Energy

Lemma 3.1. For all u € £, we have
/ \Vul2w(x)dz > 8Ly,
Q

Proof. The proof is essentially the same as in [9] once we have the results of
Section 2. We introduce for each u € £ the vector field D defined by

ou  Ou ou  Ou ou  Ou

As in [9], we have 2|D| < |[Vu|? and D € LY(Q) defines a distribution which

satisfies

N
divD =47 " di,, in D'(Q). (3.2)
i=1
Relabelling the points (a;) as positive and negative points taking into ac-
count their multiplicity |d;|, we get a list (p;) of positive points and a list
(nj) of negative points. Since ) d; = 0, we have as many positive points as
negative points. Then we write (3.2) as

K
divD =47 " 6, — On;.

J

(3.3)
j=1

13



From Proposition 2.3 and the properties of D, we deduce that for all func-
tions ¢ :  — R which is 1-Lipschitz with respect to d,,,

2 _ .
/Q|Vu\ w(z)dr > 2/Q|D\w(x)d:b > Q/QD V¢. (3.4)

Using (3.3), we get that

K
U,le' X T i) — n; — OTT . ag
/Qrvw (2)dz > 8 jz:;ap]) Cny) | - /mw nCd

without the boundary term if Q = R3. On 99, we have D -7 = Jaca(u/a0)
where 7 denotes the outward normal and Jaca(u /) denotes the 2 x 2 Ja-
cobian determinant of u restricted to 9€). Since each u € &£ is constant on
0f), we have D -1 =0 on 92 and therefore we derive

K
/Q \Vu2w(x)dz > 87 Max ZC(p]) —((nj)
j=1

where the maximum is taken over all functions ¢ which 1-Lipschitz with
respect to d,,. By (1.6) we conclude that

/ |Vu|*w(x)dr > 87Ly,
Q

for all maps u € £ which completes the proof of the lower bound. ]

3.2 The Dipole Construction
Lemma 3.2. Let P, N be two distinct points in Q. For alld > 0, there exists
us € Ci. (Q\ {P, N}, 5?) such that deg(us, P) = +1, deg(us, N) = —1 and
/ \Vus|*w(x)dz < 8mdy (P, N) + 6.
Q

Moreover ug is constant outside a small neighborhood of a polygonal curve
running between P and N.

Proof. For € > 0, we consider the map w, : R? — S? defined by

2e2 9 .
m(x7_y7_5)+(0,0,1) 1fr§€
(@ Y) = 0 (A(r) cosf, —A(r)sin6,C(r))  if e <7 < 2 (3.5)
(0,0,1) if 26 <
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where (z,y) = (rcosf,rsinf) and

—9g2 4e3
A(r) = e T+ Q7 C(r) = /1 — (A(r))*.

According to the results in [8], w. is Lipschitz continuous and degw, = +1
when one identifies R? U {oco} with S2. As in [9], the map w. will be the
main ingredient in our construction. First we define the following objects.
For two distinct points o, 8 € Q with [, 8] C §, we denote by p, g(z) the
projection of € R? on the straight line passing by a and 3 and

rap(x) = dist (z, [, 8]),  ha,p(x) = dist (pas(z), {e, B})

where “dist” denotes the Euclidean distance in R3. For some small ¢ > 0,
we consider the following sets:

C? (e, pB) = {ac € R3, Pa,p(x) €, B[, 010 5(x) < hag(z), 0 < hgplx) < 06}
Tg(%ﬁ) = {33 € R?)) poc7ﬁ($) € [avﬂ]v Ta7ﬁ($) < g, hocﬂ(x) > 05}
VE(O{,,B) = {SL‘ € R3, pa,ﬁ(x) € [avﬁL Ta,ﬁ(x) < 5} .

We choose ¢ small enough such that C9_(«, 5) U T5 (e, B) U Voo (e, B) C Q.
We fix § > 0 and we consider F = ([a1,51],...,[om, Bn]) € P(P,N) such
that the curve v = Ug[ay, Bk] has no self-intersection points. Then for each
ke {1,...,n}, we fix two unit vectors iy and jj in the orthogonal plane to

Bk — oy such that (ig, j, é’;:zi‘) defines a direct orthonormal basis of R3
(k)

and we consider us”’ : Q — S? defined by

we (Xg(z), Yi(2)) if z € CF_(ax, Br),
ugk)(x) =\ We ((x_pakﬂk(x)) U (x_pozkﬂk(x)) k) ifze ng(akaﬁk)a
(0,0,1) otherwise
with
Xp(2) = (2 i 5, (@) i+ Vi) = T (2 Do, (2)) -
Z) = 77— (Z —Pay, Uy Yp(Z) = (T —Pay, k-
hay,p, (@) bk hay,3, (@) bk
We easily check that ugk) € VVli)COO (Q\ {ax, B}, 5?), deg(ugk),ak) = +1,
deg(ugk),ﬁk) = —1. Using coordinates in the basis (i, jk, @’ZIO"Z'), some

classical computations (see [6]) lead to

k 2 2 4o2e? 2 .
IVul®) (2))? < (14Ce?) |Vwe (Xp(x), Ye(z))* in CY (o, Br). (3.6)

2
ag,Bk (x)
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By the results in [8], we have

/ V]2 = Oe), / Vo2 =874 06) (3.7
Bac (0\B(0) L)

and therefore

/ Ve (5 Pa 50 (2)) it » (5= Py 5 (2)) 1) Pz =O(e), (3.8)
(TS\TZ ) (o, Br)

40'252 2
Lo Ve (), Yi@) P de = O, (3.9
CQg(akan) ak,ﬁk ('I)

We infer from (3.6-3.9) that
/ IVul® 2w(z)de <
- / Ve (2 —Pay5,(€)) ik s (2 =Py, (@) - i) [Pw(z)dz+O(e).
T? (ak’ﬁk)

Since we have

8e?

Ve (2,9)? = —————s
| ws(x y)‘ (64+.’L'2+y2)2

for (z,y) € B:(0),

we conclude that

4
/ (Vul®) 2w(z)da < 8/ e w(z) Sdz+0().  (3.10)
Ve (ag,Bk) <54 + Tak,ﬁk (1;)

Then we set

- n 1 4
by (F) = lim iff / £ wz) 5 dx. (3.11)
B Y DA (54 + Tak " (x))
By (3.10) and (3.11), we can choose €1, ..., &, > 0 arbitrarily small to have
)
Z yvu z)dx < 8ly, (F) + 7 (3.12)

We choose ¢ and then each ¢}, for {C’2Ek ak, Be) U TS, (o, ﬂk)}zzl to define
a family of disjoint sets (which is possible since the curve v has no self
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intersection points) and such that (3.12) holds. Then we consider the map
5 : Q — S? defined by

k . o o
i () = ugk) ifx e CQEk (o, Br) U Tst (ks Br)s
(0,0,1) if = & UpCL, (au, Br) U TS, (cuk, Bi).

By construction, s € VV&)(?O (Q\{P,2,...,0p, N}, S%), deg(as, P) = 1,
deg(ts, N) = —1 and deg(ds,ax) = 0 for £ = 2,...,n. From (3.12), we
derive that

)
/ \Viis|2w(z)de < 8mly (.7:)4-1.

Since deg(ts, ax) = 0 for k = 2,...,n, we can smoothen @s around ~, using
the result in [2], in order to obtaln a new map us € CL_(Q\ {P,N},S?)
verifying deg(us, P) = 1, deg(us, N) = —1 and

loc

/|VU5 z)dz < 8wl (F) + g (3.13)

Now we recall that the collection F = ([aq, £1], .. ., [@n, Bn]) € P(P, N) such

that the curve v = Ug[ag, Ox] has no self-intersection points, can be chosen

for the construction of us. From Lemma 3.3 below, we can find F such that
~ 0

ly (F) < dy (PN)+16—7T

and according to (3.13), the map u; satisfies the required properties. |

Lemma 3.3. For any z,y € Q, let P'(z,y) be the class of all elements
F=([oa, 5], -, [an, Bn]) in P(x,y) such that the curve v = Ug[ag, Bx| has
no self intersection points. Then

Czw ) = Inf  £,(F) < dw(,y),
(2, y) et (F) < dw(z,y)

where 0y, (F) is defined in (3.11).

Proof. Step 1. First we prove that dy defines a distance. As for distance d,,,
we infer that dy,(x,y) = 0 if and only if £ = y and d,, is symmetric. Then we
just have to check the triangle inequality. We remark that the juxtaposition
of 71 € P'(x,z) with F» € P'(2,y) is not an element of P’(z,y) in general
and we can’t proceed as for d,,. Let x,y, z be three distinct points in Q. We
consider two arbitrary elements 71 = ([of, 81],...,[al,, Bh,]) € P'(x,2),
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Fo = ([a3,57],..., [04,212,5,212]) € P'(z,y), and the curves v, = Uk[a}c,ﬁé] and
Yo = yk[a%, /32]. We have to prove that we can construct F3 € P’(z,y) such

that £y, (F3) < Ly (F1) + luw(Fa).
First Case: If the curve 1 U y2 has no self intersection points then we take

Fz=([o1,01],...,[ab,, 8L ], [0, B3], ... . [02,, B2,]) € P'(z,y) and we have
O (F3) = Lo (F1) + Lo (Fs).

Second Case: If v; Uye has S(glf intersection points tl}en we rewrite the curves
~v1 and o as y1 = Uzlzl[d}c, Bi] and yo = UZil[dz, /3] such that

a) (al)yi, C (a)pi, fori=1,2,

b) if S is a connected component of y; N+, then one of the following cases
holds:

b1) S © (Uit {ak Bl ) n (Ui dat. a8,

v2) S {lat, B, lak,. A4} n {162, 32, (62, 32,1,
¢) Fi = (ad AL, ok, BL]) € P, 2),
d) Fo = (63, B, [62,, B2,)) € P'(z,).

By construction, we can write [a}, 8i] = U?lkl [}, B} for some m} € N and
forany k=1,...,n; and ¢ = 1,2. Since we have

VS(aiw ﬂlzc) = U;iklvE(d%? 5][1)7

we get that
1 4

lim inf / 0@ g
e—0 ™ Ve(ad ”31')( 4 2 )
kP) (e —|—ra;€ﬁ;€(x)

mt 4
1
> lim inf / eTw(z) dx

e—0t T

and we conclude that fw(f}) < gw(}—il for i = 1,2. In the collection
([ad, 8], -, [d}u,ﬂ%l], (a2, 3%, . .., [d%Q,B?LQ]), we just have to delete some
segments in order to obtain a new element F3 € P’(x,y) which then satisfies
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gw(f?)) Sgw(f1)+£w(f2> Sew(f1)+€w(f2)-~ 5 B

From these constructions, we conclude that dy(x,y) < Ly (F1) + Ly (F2).
Taking the infimum over all 1 € P'(z,2) and all F, € P'(z,y), we derive
the triangle inequality.

Step 2. We fix two arbitrary points x¢ and g in €2 and we consider ¢ : 2 — R
defined by

((x) = Jw(az, Yo)-

From the triangle inequality, we get that ¢ is 1-Lipschitz with respect to
the distance Jw. Let zp € © and R > 0 such that Bsgr(z9) C Q and let
(pn)nen be a sequence of smooth mollifiers. For n > 1/R, we consider
Cn = pn * (¢ : Br(z0) — R. We have for all z,y € Br(z0),

@) = ) < [ pul=2)iG(o+2) = Gy + 2)ldz
Bl/n
S/B pn(—z)dw($+z,y+z)dz
1/n
§/B pn (=2l ([ + 2,y + 2]) d=.
1/n

We remark that Vo(z + z,y + 2) = 2 + V(x,y) and that for all £ € V.(z,y),
we have 74 4(§) = rz+2y+2(€ + 2). Then we obtain for all z € By ,(0),

J 4
0t T vy (14 12,(6))

Taking an arbitrary sequence £, — 0% and using Fatou’s lemma, we get
that

(@) = Gy <hm1nf/B /V : ci ,On 2Jule +2Z) dédz
1/n z,y

k——+oco T + T2 (5))
4
<hm1nf/ €—k2pn *w(§) de.
k—+oo T VEk (z,y) (6% + T;%,y(ﬁ))

Without loss of generality we may assume that [z,y] = {(0,0)} x [-R, R].
Then we have Vi(z,y) = {(51,52,53) ER% |G| <R, \E+E < s} and
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rey(&) = V& + &5 for £ € Vo(z,y). Therefore we can write

/ _ghpnxw(©) -/ w0 (€)
Vey () (e + rg,y(g))Q Be, (0)x[-R.R] (e} + & + 6%)2
:/ e (pn *w (0,0,&3) + On(er))
B, (0)x[~R,R] (e + 2 +¢2)°

where O, (¢) denotes a quantity which tends to 0 as g — 0 for n fixed.
Since we have

dg,

4
€k
df =1+ O(Ek),
/Bsk O (ep + & +83)°

it follows that

R

Ga(@) — Cal)] < / pur (0,0, 63)ds = /[ e wls)ds.
z,y

As in the proof of Proposition 2.3, we conclude that |V(| < w a.e. in Bg(2)
and since zg is arbitrary in 2, we get that |V{| < w a.e. in . According to
Proposition 2.3, it implies that for all x,y € €,

¢(2) = C)] < duw(z,y)

which leads to Jw(xo, yo) < dw(xo,y0) taking z = xg and y = yo. [ |

3.3 Upper Bound for the Energy

Lemma 3.4. For all 6 > 0, there exists a map us € € such that
/ \Vus|?w(z)dz < 8Ly, + 6.
Q

Proof. We relabel the list (a;)¥; as a list of positive points (pj)jK:1 and a list
of negative points (nj)]K:l and we may assume that . dw(pj, n;j) = Ly We
will construct dipoles between each pair (p;,n;) which do not intersect each
other. We claim that we can find 7y = ([oq, 81, ..., [y, B, ]) € P'(p1,71)
such that

(A.1) 1 = Ugla}, Bi] does not contain any p; # p; and any n; # nq,

(A.2) Ly(F1) < du(pr,m) + gie-
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Indeed if we define for x,y € Qa4 = Q\ {p;,nj|p; # p1,n; # n1},
Df,(x,y) = Infgw(f)

where the infimum is taken over all F = ([a1, 5], ..., [am, Om]) € P'(z,y)
such that Ug[ayg, O] C Q4 then we prove, using the arguments in the proof
of Lemma 3.3 that D2 (z,y) < dy(z,y) for all 2,y € Q4. Since py,n1 € N4,
we obtain DA(py,n1) < dw(p1,n1) and by the definition of DA, we draw the
existence of F; € P’'(p1,n1) satisfying (A.1) and (A.2).

Now we will show that we can find %> = ([of,57],...,[a2,,,0%,]) in
P’ (pa,n2) such that

(B.1) v2 = Ug[a2, B2 does not contain any p; # pe and any n; # ng and
does not intersect v1 \ {p1,n1},

(B.2) gw(]'—g) < dw(p2,n2) + %

As previously we define

Qp = Q\ ({pj,njlp; # p2,nj #n2} Uyt \ {p1,n1})

and 3

DB(z,y) = Inf L, (F) for z,y € Qp
where the infimum is taken over all F = ([a, 5], - .-, [am, Bm]) € P'(x,y)
such that Ug[ag, Bk] C Qp. In the same way we infer that for all =,y € Qo,
DB(x,y) < dy(x,y) and the existence of Fo € P'(pa, n2) satisfying (B.1)
and (B.2) follows.

Iterating this process, we finally reach the existence of K elements F; =
([, 3], - s [qgnj,ﬂgnj}) in P’'(p;,n;) such that £,(F;) < dw(pj,nj) + &,
vj = Ugled, 31] and ; = Uglal, B;] do not intersect except maybe at their
extremities for i # = j. From the dipole construction in Lemma 3.2, we find
K maps u} € CL .(Q\ {pj,n;}, S?) constant outside an arbitrary small open
neighborhood Nj of 7; and such that deg(u},p;) = +1, deg(u},n;) = —1
and

; )
/ \Vul|Pw(z)de < 8mdy(pj, 1)) + —.
Q K
By construction of the F;’s, we can choose the N sufficiently small for N
and N; to not intersect whenever j # . Then the map

B uf;(x) if z € NVj,
us(@) = {(0,0,1) if x ¢ UNG,

is well defined and satisfies the required properties. |
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Remark 3.1. In a forthcoming paper (see [18]), we study, in the case of
a smooth bounded open set Q C R3, the relazed energy defined for u €
Hy(,8%) by

Ey(u) = Inf {lim inf i \vun(x)y%(a;)dx}

n—+o0o
where the infimum is taken over all sequences (uy),, .y C C L (ﬁ, 52) satisfy-
ing un/pn = g, un — u weakly in H' and g : 090 — S? is a given smooth

map such that deg(g, 92) = 0. In the case w = 1, F. Bethuel, H. Brezis and
J.M. Coron have proved (see [3]) that

Bi(u) = /Q V() 2z + 87 L()

where L(u) denotes the length of a minimal connection (relative to the Eu-
clidean geodesic distance dg in 2) between the singularities of u. We believe
that a similar result holds for any function w satisfying (1.1), computing
minimal connections with d,, instead of dq.

4 Some Stability and Approximation Results

4.1 Stability Results

The stability result below is based on Theorem 3.1 in [5]. It relies on
the I'-convergence of the length functionals (we refer to [12] for the notion
of I'-convergence). In the sequel, we denote by Lip ([0, 1],@) the class of
all Lipschitz map from [0,1] into 2 and we endow Lip ([0, 1],@) with the
topology of the uniform convergence on [0, 1].

Theorem 4.1. Let (wy)nen be a sequence of measurable real functions such
that
O0<co<w,<Cy aeinf

for some constants cy and Cy independent of n € N. Then the following
properties are equivalent:

(i) Ey, ((Gi,di)i]\il) — By ((ai,di)ij\il) for any configuration (a;, d;)Y,,

n—-+4oo
(ii) the functionals Lq, T'-converge to Lq, in Lip ([0,1],Q).

In the proof of Theorem 4.1, we will make use of the following lemma.
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Lemma 4.1. Let (d,)nen be a sequence of geodesic distances on Q such that

for some positive constants cg and Cy independent of n € N. Then there exits
a subsequence (ny)ren and a geodesic distance d' on Q such that d,,, — d’
as k — +oo uniformly on every compact subset of {2 x Q.

Proof. For (x1,91), (z2,y2) € Q x Q we have

< dwn(xlaSUQ) + dwn(x%yl) - dwn(x27y2)
< dy, (z1,22) + dw, (Y1, y2)
< Cp (da(z1,72) + da(yi,y2)) -

dwn (xlvyl) - d’wn (CCQ, y2)

Inverting the roles of (z1,y1) and (z2,y2) we infer that

| dw, (21,Y1) — duw, (22,y2)| < Co (da(z1,22) + da(y1,y2)) -

Thus d,, is Cop-Lipschitz on Q x Q for every n € N and we conclude by
Ascoli’s theorem that we can find a subsequence (ny)reny and a Lipschitz
function d’ on  x Q such that d,, — d’ as k — +oo uniformly on every
compact subset of Q x Q. We easily check that d’ defines a distance on
and it remains to prove that d' is geodesic. Since d’ satisfies (4.1) as the
pointwise limit of (dp, )ren,  endowed with d’ is a complete metric space.
By Theorem 1.8 in [16], it suffices to prove that for any z,y € Q and § > 0
there exists z €  such that max (d'(z,2),d'(z,y)) < 3 d'(z,y) + 6. We fix
x,y € Q and d > 0. Since d,,, is of geodesic type, we can find 2, € {2 such
that max (dn, (,2), dn, (2,9)) < & dn, (z,y) + 6. Then the sequence (z) is
bounded and we may assume that z; — z € . Since d,,, — d' uniformly
on every compact subset of Q x Q, we deduce that dy,, (z, z1,) — d'(z,z) and
dn, (zk,y) — d'(2,y). Letting k — 400 in the last inequality we draw that
z satisfies the requirement. |

Proof of Theorem 4.1. Step 1. We prove (i) = (ii). From (i) we derive that
Ey, (P,N) — Eu(P,N) in the dipole case for any distinct points P, N € Q.
By Theorem 1.1 we conclude that d,,, — d,, pointwise on 2. As in the proof
of Proposition 2.1 we have cydg < dy,, < Codg in Q. By Lemma 4.1 and the
uniqueness of the limit we get that d,,, — d,, uniformly on every compact
subset of Q x Q. Using the arguments of the proof of i) = i) Theorem 3.1
in [5], we infer that Lg, Lde in Lip ([0,1],9).

Step 2. We prove (ii) = (i). Since we have codg < dy, < Cody, in Q
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we draw from Lemma 4.1 that we can find a subsequence (ny)ren and a
geodesic distance d’ on Q such that dwnk — d’ uniformly on every compact
subset of €2 x 2. As in the previous step, we obtain using the method in
[5] that La.,,, L Ly in Lip ([0,1],€2). Then we conclude by assumption (ii)
that Ly = Ly, on Lip ([O, 1],5). Since codn < d' < Cydg as the pointwise
limit of (dwnk)keNa we can proceed as in Remark 2.1 to prove that for any
z,y € (0 there exists a curve v € Lip ([0,1],9) such that d’(z,y) = La (7).
Since the same property holds for d,, we finally get that d' = d,,. The

uniqueness of the limit implies the convergence of the full sequence. Then
(i) follows by Theorem 1.1. [ |

In the next proposition, we give some sufficient conditions on a sequence
(wn )nen converging pointwise to w for Property (i) in Theorem 4.1 to hold.

Proposition 4.1. Let (wy)nen be a sequence of measurable functions such
that
O0<c<w,<Cy aeinf

for some constants ¢y and Cy independent of n € N. Assume that one of the
following conditions holds:

(a) wy, > w and w, — w a.e. in Q,
(b) wy, — w in L=(Q).
Then Property (i) in Theorem 4.1 holds.

Proof. Step 1. Assume that (a) holds. Since w < w,, a.e. in € we infer that
E, ((ai, di)i]\il) < Ey, ((ai, di)ﬁil) for any n € N and therefore

By ((a;,d)iLy) <liminf B, ((a;, di)Y,). (4.2)

n—-4oo

Fix some u € €. Since w, < Cy and w, — w a.e. on ), we obtain by
dominated convergence that

/]Vu\2wn(a:)da: — /|Vu2w(m)dx.
Q =t Jo

Then we derive

n—-+00

limsup Eu, ((ai,d;)iL;) < / | Vulw(z)d,
Q

24



and since u is arbitrary we conclude

limsup Eu, ((ai,di)iL1) < By (a5, di),) - (4.3)

n—-+4o0o

Finally the announced result follows from (4.2) and (4.3).
Step 2. Assume that (b) holds. We consider &, =|| w, — w || (q) and

Wy, = (14 ¢y 6n)wn.

By construction we have w,, > w and w,, — w a.e. in €). From the previous
case we deduce that
. N N
nl{f}rloo B, ((ai,di)ity) = By ((a:, di)ity)

which leads to the result since Eg, ((a;,d;)Y,) = (14cy 6n) B, ((ai, di)Yy)
and 1+c§16n—>1. |

Remark 4.1. The conclusion of Proposition 4.1 case (b) may fail if the se-
quence {wy, } converges to w almost everywhere in 2. Indeed, if one considers
a sequence (wp)nen of smooth functions on Q = B;(0) satisfying

() 1 if |z3] > 1/n,
wp(x) =
1/2 if |z3] =0,

and 1/2 < w, <1 in , one can easily check that w,, — 1 in LP(Q) for any
1 < p < +oo. Now if we choose two distinct points P, N € {(x1,x9,0)€Q},
we obtain in the dipole case E,, (P, N)=1/2|P— N| for any n € N and
E{(P,N) = |P — N|. Note that if we consider the sequence of variational
problems

P, = Min {/Q |Vu(z)| 2wy, (z)dz, u € H;(Q,]R)} ,

where g denotes some given function in H'/2(9Q,R), then it follows by
classical results (see [12] for instance) that

P, — Min {/ \Vu(z)|*dz, u € H;(Q,R)}.
Q

n—-4o00
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4.2 Approximation Result
In this section, we give an approximation procedure by smooth weights.

Theorem 4.2. Let (p,)nen be a sequence of smooth mollifiers. Extending
w outside ) by a sufficiently large positive constant and taking wy, = pp *w,
we have

Ey, ((ai,di)fil) — B, ((ai,di)f\il) as n — +00.

Proof. Step 1. Assume that Q = R3. Let (p,)nen be a sequence of smooth
mollifiers. Fix any function ¢ which is 1-Lipschitz with respect to d,,. Using
the arguments in the proof of Proposition 2.3, we obtain that the function
Cn = pn * C satisfies |V(,| < pn * w on R3. Then we conclude that ¢, is
1-Lipschitz with respect to the distance 6,,+,. Relabelling the a;’s as a list

of positive and negative points (pj,nj)JK:l, we get from formula (1.6) and
Theorem 1.1,
K
871'2(”(]?]‘) = Gulng) < Epw ((as, di)i]\il) :
j=1

Taking the liminf as n — 400, we obtain

SWZ( pj) — C(ny) <liminf B, . ((a:,di)iLy) -

n—-4oo

Since ( is arbitrary, we deduce from (1.6) and Theorem 1.1 that

Ey ((a;, d)y) <liminf B, o ((ai,di)N4) (4.4)

n—-+o0o

Since p, * w < A, we obtain by dominated convergence that for any v € &,

/|Vu]2pn*w ydz — /\Vu]Q
Q n—+00

and therefore

limsup E,, «w ((ai,di)f-vzl) < / \Vul|?w(z)d
Q

n—-+o0o

Since w is arbitrary, we infer that

limsup E,, w0 (a5, di)1Ly) < By ((as, di)y) (4.5)

n—-+oo

26



and the result follows from (4.4) and (4.5).

Step 2: Assume that € is a smooth bounded and connected open set. We
extend w by setting w = M in R?\ Q for a large positive constant M that
we will choose later. We fix some § > 0 small enough and consider

Qs ={z e R3, dist(z, Q) < 5}.

We extend to {25 any function ¢ which is 1-Lipschitz with respect to d,,
by setting ((z) = ((Ilz) for = € s where IIz denotes the projection of
x € Qs on Q. By construction, such a ¢ is Lipschitz continuous on €25 and
V(] < C(Q,6,A) a.e. on Q5 \ 2 and |V(| < w a.e. on Q. Then we choose
M > C(92,6,A). Setting ¢, : * € Q — p, * ((x) for n > 1/§, we have
IV(¢u| < ppxw on Q. Then (, is 1-Lipschitz with respect to the distance
0p,+w and we can proceed as in Step 1. |

Remark 4.2. If (w,)nen denotes the sequence constructed in Theorem 4.2,
the previous results show that d,,, — dy, uniformly on every compact subset
of Q x Q and the functionals Ly, I'-converge to Lg, in Lip ( [0, 1], Q)

5 Energy involving a Matrix Field

In this section, we consider M = (mkl)i 1= @ continuous map from Q
onto the set of real symmetric 3 x 3 matrices such that

MEP < M(z)é-€ < AE]? forall € eR3 and z € Q

(here “-” denotes the Euclidean scalar product on R?®) and we investigate
on the problem

U
E i Inf —— . ——d
M((a ugg /Q Z mkl al‘k axl -

Under the continuity assumption above, we show that Fj; ((ai, dz)f\i 1) can
also be computed in terms of minimal connections relative to some geodesic
distance on €.

In order to state the result we introduce the following objects. For z € Q,
we denote by cof(M(x)) the cofactor matrix of M(x). For any Lipschitz
curve 7 : [0,1] — €, we define the length L () by

1
_ / Veof (M (D)) 7 () - 7(2) dt
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and we construct from Lj; the Riemannian distance dy; on Q defined by

dar(w,y) = Inf Loy (7)
where the infimum is taken over all curves v € Lip, , ([0,1],9Q).

Theorem 5.1. We have
EM ((ai, dl)fvzl) = 87TLM

where Lys is the length of a minimal connection associated to the configura-
tion (a;, di)i]\;l and the distance dp; on Q.

Remark 5.1. One can slightly relax the continuity assumption on M. For
example, we can assume that

M(x): M]_(x) if x € Q,
Mz(x) if.’L‘GQQ,

where 7 and {2y are two open sets of 2 with piecewise smooth boundaries
such that Q; UQy = Q, and z — M;(z) is continuous on Q; for j = 1,2.
Hence M is possibly discontinuous on the surface ¥ = Q; N Qy. Then the
conclusion of Theorem 5.1 holds with the geodesic distance dj; constructed
from the length ILy; defined by

1
L) = [ w03 dt tor v € Lip (10.1,2),
where

(2.0 :{\/COf(M(ZL‘))V-I/ ifr€Q\X,
o min{\/cof(Ml(a:))l/~y, \/cof(Mg(a:))y-l/} if v e X.

Open Problem . Assuming that the coefficients of M are only in L*°(£2),
is the conclusion of Theorem 5.1 still valid for a certain distance?

Sketch of the Proof of Theorem 3. The Lower Bound. We follow the strategy
in Section 3. For any u € £, we have

ou Ou

3

k=1

a.e. on () (5.1)
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where D is the vector field defined by (3.1). Next we infer that

8u
. dr > = .
/ axk &xld 2/D V(¢ = SWZCp] C(ny) (5.2)
k=1
for any Lipschitz function ¢ : © — R such that
[cof M) V¢ - V(]2 <1 ae in Q. (5.3)

Since a function ( satisfies (5.3) if and only if ¢ is 1-Lipschitz with respect
to the distance djs, we conclude from (5.2) that

K
By ((ai, di)y) > 87 Max >~ ((p;) — ((nj) = 87Ly
=1

where the maximum is taken over all functions ¢ which is 1-Lipschitz with
respect to the distance d;.

The Upper Bound. The proof relies on the dipole construction.

Lemma 5.1. For any distinct points P, N € ), any smooth simple curve
'y C Q running between P and N and & > 0, there exists a map us in
CL. (Q\ {P,N},5?) such that deg(us, P) = +1, deg(us,N) = —1 and

3
/ S i) 28 % g < §alLg(P,N) + 6. (5.4)
O bi=1 8:ck 8901

Moreover ugs is constant outside an arbitrary small neighborhood of .

We may assume that Zj duy(pj,nj) = Lar. Then we choose K smooth
simple curves «; running between p; and n; which do not intersect except
at their endpoints and such that L/ (pj,n;) < da(pj,nj) + 9. By Lemma
5.1, we construct K maps u; constant outside a small neighborhood N of
v; and Ny NN; = 0 if j # 4. Letting us = u; on N for j = 1,..., K and

= (0,0, 1) outside U;N;, we have us € £ and

Jus Ou
EM(aw i= 1 /kal 871‘2 qud x < 8wLy + C6.

Since § is arbitrary, we obtain that Ej; ((a,, d,) ) < 8mLjy. |

Sketch of the Proof of Lemma 5.1. Since we can approximate the coefficients
of M locally uniformly by smooth coefficients, we just have to prove Lemma
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5.1 for M with smooth entries. We construct as in [1] a smooth diffeomor-
phism @ from a small neighborhood V of v into a small neighborhood of

{(0,0)} x [=71/2, [v|/2] such that ®(y) = {(0,0)} x [=[y]/2, [7]/2] (here ||
denotes the Euclidean length of v) and ®71(0,0,-) : [—|v]/2,|v]/2] — R?

defines a normal parametrization of v orientating v from N to P. Then we
set for yz € [—|v1/2, [71/2];

B(y3) = (bk,l(yi’)))i,l:l = [V(I)il(oa 07 y3)]71M(q)71(07 07 y3))v®71(07 07 313)7
and X

Blys) = (ba(ys))j s -
For small ¢ > 0 and n € N large, we consider the map i, : ®(V) — 52
defined by

n
[v]2 2
Y

iin (Y1, Y2, Y3) = we < B2 (ys) - (y1,y2)>

3

where w, is given by (3.5). Then we take

(2) = Un(P(x)) ifx eV,
TN 0,01 itz gy,

Following the computations in [6] and using the properties of ®, we check

that w,, € I/Vllocoo (ﬁ\ {P,N}, 52), deg(un, P) = +1, deg(u,,N) = —1.
Choosing n sufficiently large and smoothening u,, around y by the procedure
in [2], we get a new map us € £ which satisfies (5.4). [ |
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