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We continue the analysis started in [14] on a model describing a two-dimensional rotat-
ing Bose—Einstein condensate. This model consists in minimizing under the unit mass
constraint, a Gross—Pitaevskii energy defined in R2. In this contribution, we estimate
the critical rotational speeds 24 for having exactly d vortices in the bulk of the conden-
sate and we determine their topological charge and their precise location. Our approach
relies on asymptotic energy expansion techniques developed by Serfaty [20-22] for the
Ginzburg-Landau energy of superconductivity in the high s limit.
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1. Introduction

Since its first experimental achievement in dilute alkali gases, the phenomenon of
the Bose—Einstein condensation has given rise to a very active area of research in
condensed matter physics. A Bose-Einstein condensate (BEC) is a quantum object
in which every atom is in the lowest quantum state, so that it can be described by
a single wave function. One of the most interesting feature of these systems is their
superfluid behavior (see [10]): above some critical velocity, a BEC rotates through
the existence of vortices, i.e. zeroes of the wave function around which there is a
circulation of phase. When the angular speed gets larger, the number of vortices
increases and they arrange themselves in a regular pattern around the center of the
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120 R. Ignat & V. Millot

condensate. This has been observed experimentally by the ENS group [16,17] and
by the MIT group [1].

We consider here a two-dimensional model describing a condensate placed
in a trap that strongly confines the atoms in the direction of the rotation axis
(see [10,11]). In the non-dimensionalized form (see [2,14]), the wave function min-
imizes the Gross-Pitaevskii (GP) energy

Pt = [ {51V + o - ) - (@ @) = 0t 0,50 b
(1.1)

under the constraint

/RQ lul* =1, (1.2)

where € > 0 is small and describes the ratio of two characteristic lengths and © =
Q(e) >0 is the angular velocity. The function a(z) in (1.1) comes from the existence
of a potential trapping the atoms, and is normalized such that fRz at(z) =1. We
will restrict our attention to the specific case of a harmonic trapping, that is a(z) =
ap — 23 — A?2% with ag = \/2A /7 for some constant A € (0, 1], which corresponds
to actual experiments (see [16, 17]).

Our goal is to compute an asymptotic expansion of the energy F.(u.) and to
determine the number and the location of vortices according to the value of the
angular speed €(¢) in the limit ¢ — 0. More precisely, we want to estimate the
critical velocity Q4 for which the dth vortex becomes energetically favorable and
to derive a reduced energy governing the location of the vortices (the so-called
“renormalized energy” by analogy with [8,20, 21]).

We have started in [14] the analysis of minimizers u. of the functional F. under
the constraint (1.2) and we have already determined the critical rotational speed

0 = ﬁ(th\Az)ﬂnd of nucleation of the first vortex inside the domain
D= {x cR?: a(z) > 0}.

In the physical context, the set D represents the region occupied by the condensate
since in the limit € — 0, the minimization of F. forces |u.|? to be close to the func-
tion a® (x)(F:(us) remaining small in front of 1/&2). We proved that for subcritical
velocities 2 < Q) — dln|lne| with —d < wt < 0 for some constant w¥, there is no

vortices in the region D and u. behaves as the vortez-free profile 7.e**S where the
phase function S : R2 — R is given by
A?—1

and 7). is the (unique) positive solution of the minimization problem

Min{E.(u) : u € H, [lullL2r2) =1} (1.4)
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with

Bw) = [ 51VuP + (Il — o@) ~ (0™ (@))?"] and

M= {u € H'(R2,C) - / e 2[ul? < oo}.
RZ

In this contribution which constitutes the sequel of [14], we push forward the
study of minimizers u.. First, we prove the following estimate on the critical speed
Qg for any integer d > 1 in the asymptotic ¢ — 0,

1+ A2

Qq = ” (lnel + (d — 1) In|lne|) = \/ﬂlT—;AQ)(Hnd + (d—1)In|lnel).

Then, we show that for velocities ranged between ; and 2441, any minimizer has

exactly d vortices of degree +1 inside D. Establishing an asymptotic expansion of
F.(u:) as ¢ — 0, we derive the distribution of vortices within D as a minimizing
configuration of the reduced energy given by (1.5) below. We also improve the result
stated in [14] for the non-existence of vortices in the subcritical case by showing
that the best constant is wi = 0, that is subcritical velocities go up to 1 —d In|ln¢|
for any § > 0.

Our main theorem can be stated as follows:

Theorem 1.1. Let u. be any minimizer of F, in H under the constraint (1.2) and
let 0 < § < 1 be any small constant.

(i) If @ < Oy — d1n|lnel, then for any Ry < \/ag, there exists eg = e9(Rp,d) > 0
such that for any € < eo, us is vortexr free in B}/%O ={z e R : [z} =
z} + A%23 < R%}, i.e. u. does not vanish in B}%O. In addition,

F.(u.) = F.(7.€"*%) 4+ o(1).

(ii) If Qg+ 01n|lne| < Q < Qgy1 — 0 In|lne| for some integer d > 1, then for any
Ry < \Jag, there exists e1 = €1(Ro,d,0) > 0 such that for any € < €1, u. has
exactly d vortices x5, ..., x5 of degree one in Bﬁo. Moreover,

|m§|§C’Q*1/2 forany j=1,....d, and
|xf—x§|zCQ_1/2 for any i # j,

where C' > 0 denotes a constant independent of €. Setting &5 = \/ﬁxj, the

configuration (I3, ...,I5) tends to minimize, as € — 0, the renormalized energy
Ta d
Z 0 Z 2
w(bl,...7bd) = —Tap hl|b1—bj| + ]_—|——[\2 . |bJ|A (15)

i#j j=1
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In addition,

- ra3d Tao
F.(ue) = F.(.€**) — : +°A2 Q=)+ = (d* — d)In[Ine|
+ Min w(b) + Qa.a + o(1), (1.6)
beR2d

where Qq.a s a constant depending only on d and A.

These results are in agreement with the study made by Castin and Dum [11] who
have looked for minimizers in a reduced class of functions. More precisely, we find
the same critical angular velocities 24 as well as a distribution of vortices around
the origin at a scale Q~1/2. The minimizing configurations for the renormalized
energy w(-) have been studied in the radial case A = 1 by Gueron and Shafrir
in [12]. They prove that for d < 6, regular polygons centered at the origin and stars
are local minimizers. For larger d, they numerically found minimizers with a shape
of concentric polygons and then, triangular lattices as d increases. These figures are
exactly the ones observed in physical experiments (see [16, 17]).

Our approach, suggested in [2] by Aftalion and Du, strongly relies on techniques
developed by Serfaty [20-22] for the Ginzburg-Landau (GL) energy of superconduc-
tivity in the high x limit. We point out that Serfaty has already applied the method
to a simplified GP energy (the study is made in a ball instead of R? with a(z) = 1
and the minimization is performed without mass constraint) and has obtained in
[23] a result analogue to Theorem 1.1 which shows that the simple model captures
the main features of the full model concerning vortices. We emphasize once more
that we treat here the exact physical model without any simplifying assumptions.
The outline of our proof follows Serfaty’s method but many technical difficulties
arise from the specificities of the problem such as the unit mass constraint or the
degenerate behavior of the function a(x) near the boundary of D. As we shall see, a
very delicate analysis is required so that we prefer sometimes to write all the details
even if some proofs follow closely to other authors. More precisely, we also make use
of the following results on the GL functional [3-5, 9, 15, 18, 19, 24], starting from
the pioneering work of Bethuel, Brezis and Hélein [8]. We finally refer to our first
part [14] for additional references on mathematical studies of vortices in BECs.

For the convenience of the reader, we recall now some results already established
in [14]. First, we have proved the existence and smoothness of any minimizer u. of
F. under the constraint (1.2) in the regime

Q<

1+ A2

< (Ine| + wy In|lnel) (1.7)
a

for a constant w; € R, as well as some qualitative properties: E.(u.) < Cllne|?,

|ue| < Vat in any compact K C D and |u.| decreases exponentially fast to 0 out-

side D. We have also showed the existence and uniqueness of the positive minimizer
7l of E. under the mass constraint (1.2) for every € > 0. Concerning the Lagrange
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multiplier k. € R associated to 7. and the qualitative properties of 7., we have
obtained:

k.| < C|lne], (1.8)

E.(7.) < Cllne| for € small and 7. — VaT in L®(R?) N CL (D) as ¢ — 0. Using
a splitting technique introduced by Lassoued and Mironescu [15], we were able to
decouple into two independent parts the energy F.(u) for any u € H . The first part
corresponds to the energy of the vortex-free profile 7.¢**> and the second part to
a reduced energy of v = u/(7j.e"*¥)

Fe(u) :Fs(ﬁseigs)‘FﬁE(U) +7~;(U)a (1.9)

, 1.e.

where the functionals F. and 7. are defined by
Fe(v) = E(v) + Re(v), (1.10)

5 s us
&)= [ EIVoP + (0P - 12
R (1.11)
Re(v) = £ / 72Vta - (iv, Vo)
1+A2 ]R2 € ’ ’
~ 1
L) =3 /R (Q2|VS|? — 2022+ - VS + k)i (o2 — 1). (1.12)

Since the function 7. does not vanish, the vortex structure of any minimizer wu. can
be studied via the map

Ve = UE/(ﬁeeiQS)

b

applying the Ginzburg-Landau techniques to the weighted energy g’s(vs). It is intu-
itively clear that difficulties will arise in the region where 7). is small and we will
require the following properties of v, inherited from wu. and 7.: gg(vg) < Cllnel?,
|’]~'E(UE)| < o(1), |Re(ve)] < Clnel?, |Vo.| < Cxe™! and |v.| < 1 in any com-
pact K C D. In the sequel, it will be more convenient to replace in the different
functionals the function 72 by its limit a*(x). We denote by F., £ and R. the
corresponding functionals (see notations below). In the regime (1.7), we have com-
puted in [14] some fundamental bounds for the energy of v. in a domain slightly

smaller than D:

Fe(ve, De) < o(1), (1.13)
E:(ve, De) < Cyy|lnel, (1.14)
E-(ve, D\{|z|a < 2|lne|~Y/0}) < €, In|lnel, (1.15)
where
D.={zxeD: a(x) > v.|lne|~%/?} (1.16)

and v, is a chosen parameter in the interval (1,2) (see Proposition 2.13). These
estimates represent the starting point of our analysis here.
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The plan of the paper is as follows. In Sec. 2, we prove that the subset of D
where |v.| is smaller than 1/2 can be covered by a family of disjoint discs such that
each radius vanishes as ¢ — 0, the cardinal of this family is uniformly bounded with
respect to € and v, has a non-vanishing degree around each disc of the family. We
will call such a collection of discs a fine structure of vortices and a vorter one of
these discs (identified with their center). In Sec. 3, we establish various lower energy
estimates namely inside a vortex and away from the vortices. In Sec. 4, we prove
Theorem 1.1 matching the lower energy estimates with upper estimates coming
from the construction of trial functions. These constructions are presented in Sec. 5
which can be read independently from the rest of the paper. Finally, we prove in
the Appendix, an auxiliary result that we shall use in the proof of Theorem 1.1.

Notations. Throughout the paper, we denote by C' a positive constant independent
of £ and we use the subscript to point out a possible dependence on the argument.
For z = (z1,72) € R?, we write

|$|A:\/m and B ={z € R? ||y < R}

and for A C R?,
E(v, A) = / 1772|VU|2 + (1 [of?)?
' a2° 4e? ’
5(vAy—/"1Mvm2+fia—hﬁf
£ bl - " 2 452 )

Q
14+ A2

R.(v, A) = / 2V=ta - (iv, Vo), (1.17)
A

Q
Re(v, A) = T A2 /AaVLa- (tv, Vo),

Fe(, A) = E(v, A) + Re(v, A),
Fe(w, A) = E(v, A) + Re(v, A).

We do not write the dependence on A when A = R2.

2. Fine Structure of Vortices

The main goal of this section is to construct a fine structure of vortices away from
the boundary of D. The analysis here follows the ideas in [8, 9]. The main difficulty
in our situation is due to the presence in the energy of the weight function a(x)
which vanishes on 9D and it does not allow us to construct the structure up to the
boundary because of the resulting degeneracy in the energy estimates. Throughout
this paper, we assume that  satisfies (1.7), so that (1.13)—(1.15) hold. We will
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prove the following results for the map v. = u./(7.e**%):

Theorem 2.1. (1) For any R € (@, Vao ), there exists e > 0 such that for any
€ <E€R,

1
lve| > 5 BI/%\B{\/TG—O.

(2) There ezist some constants N € N, A\g > 0 and g9 > 0 (which only depend

on wi) such that for any € < eg, one can find a finite collection of points
{mj }jEJs C B/\‘/Ta—0 such that Card(Je) < N and

1
lve| > 5 B/‘\/T{TO\ U B(x?,)\os)
JjE€Je

Remark 2.2. The statement of Theorem 2.1 also holds if the radius @ is replaced
by an arbitrary r € (0, R) but then the constants in Theorem 2.1 depend on r. For
the sake of simplicity, we prefer to fix r = @

In the next proposition, we replace as in [20] the discs { B(25, Ao€) } je. obtained
in Theorem 2.1 by slightly larger discs B(z5,p) (deleting some of the points x5, if
necessary), in order to get a precise information on the behavior of v. on OB (xj, 0).
The resulting family of discs will represent the vortices of the map v. (and hence,
the vortices of u. also).

Proposition 2.3. Let 0 < 8 < p < 1 be given constants such that fi := pNtt > 8
and let {5} jec. be the collection of points given by (2) in Theorem 2.1. There exists
0 < e1 < eg such that for any € < €1, we can find J. C J. and p > 0 verifying

(i) e <et <p<ef<eb,

. 5

(11) |UE| > 5 m Bl@\ujejaB(xga p)a
(iii) |ve] > 1— on OB(x5,p) for every j € J.,

_2
[lne|?
1 C ~
) [ Vel gl < SO o ey j e
oB(5.p) 2¢ p

(v) |25 —a5] > 8p for every i, j € J. with i # j.

Moreover, for each j € J., we have

Ve

D; = deg( 8B(x§,p)> #0 and |D;|<C (2.1)

ve ]’

for a constant C independent of €.

Remark 2.4. We point out that for every j € J., the disc B(x?, p) carries at least
one zero of v, since the degree D; # 0.
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2.1. Some local estimates

We start with a fundamental lemma. It strongly relies on Pohozaev’s identity and
it will play a similar role as in [8, Theorem III.2]. In our situation, we only derive
local estimates as in [3,9,24]. Some of the arguments used in the proof are taken
from [3,9].

Lemma 2.5. For any0 < R < \/ag and % < a < 1, there exists a positive constant
CRr,o such that

1

= (1- |v5|2)2 < CRr,a foranyxy € B}/%.
B(z0,e%)

Proof. Step 1. Set 4. = u.e **. We claim that
E.(u.,D.) < Cllng|, (2.2)
where D, is defined in (1.16). Indeed, since . = 7j.v., we get that
|Viie|* < C(72| Ve l* + [ve|*[ Vi |?).

By [14, Propositions 2.2 and 3.3], |v.| < C in D., 72 < Ca in D, and E.(7.) <
C|lne| and consequently,

/ |Viie|? < C( ()| Vv |? + / |Vﬁ5|2> < C|lne|
Ds

by (1.14). On the other hand, we also have

5 | (o) - iy < /D )= A~ )

( - )2+/D a*(2)(1 - Ivel2)2> < Cllne]

=

“’.ol Q

IA
WlQ

and therefore (2.2) follows.

Step 2. We are going to show that one can find a constant Cr , > 0, independent
of &, such that for any zg € B, there is some ry € (e, e¥/2+1/3) satisfying
CR,a

E.(tie, 0B(wo,70)) <
70

We proceed by contradiction. Assume that for all M > 0, there is ) € B}% such
that

M
E (e, 0B(xp, 1)) > - for any r € (e%,e%/2+1/3), (2.3)

Obviously, for e small, B(zp,e*/?t/3) C D.. Integrating (2.3) for r €
(e%,2/2F1/3) e derive that
(x/2+1/3

E.(a.,D >M/ = M(a/2 —1/3)|lng|

which contradicts Step 1 for M large enough.
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Step 3. Fix xo € B and let r € (%, £2/2+1/3) be given by Step 2. We recall that
any minimizer u. of F. in {u € H, [ju||z22) = 1} satisfies
oL 1 2 2
—Aue +2iQx™ - Vue = = (a(x) — [ue|")ue + Leue  in R,
€
where /. denotes the Lagrange multiplier. Therefore, we have
- 1 o 1 . ) -
—At, = E—2(a(xo) — |@e|?) e + €—2(a(x) — a(z0)) e + 2QVS — zt) - Vi
+ (b +20%2 - VS — Q%|VS|?)a.  in B(zo,70). (2.4)

As in the proof of the Pohozaev identity, we multiply (2.4) by (z — xo) - Ve and
we integrate by parts in B(xg,70). We have

-2
- N T . ou
/ —At - [(x — x0) - V] = ?0/ |Vu5|2 — ro/ 5 =
B(ZL’Q,’I’Q) aB(ZL’Q,’I’Q) aB(ZL’Q,’I’Q) v
(2.5)
and
1 N N -
S [ o) Py (e - ) Vi
€ B(CDQ,TQ)
1 / ~ 1272 7o ~ 1272
== (a(zo) = [Ge]*)” = = (a(zo) — [ael*)”  (2.6)
252 B(ZL’Q,’I’Q) 452 aB(IO,TO)

(where v is the outer normal vector to B(xo,10)). From (2.4)—(2.6), we derive that

1 / ~ 12\2
) (a(zo) — [ae[%)
52 B(CDQ,TQ)

< / Vi + roe? / (a(zo) — |e[?)?
aB(.’IJo,To) aB(.’I:o,To)

+r0572/ la(z) — a(xo)||te || Vie| + Qro/ |Vﬁg|2
B(CDQ,TQ) B(

®o,70)
+ (0% + |€E|)r0/ |a5||va5|>.
B(CDQ,TQ)

Then, we estimate each integral term in the right-hand side of the previous inequal-
ity. By [14, Proposition 3.2], we have |[(.| < Ce~!|lne| and |a.| < C in R%. According
to (2.2), we obtain

9 _ 9ve L , R
£ /?BB(wo’TO)(a(xo) —lae|")® < Ce /83(10,r0) [(a(zo) — a())? + (a(z) — |@.[*)?]

< 05*2/ (a(z) — |ic|?)? + Cre?@ !,
aB(CDQ,TQ)
and

Qro/ Vi |? < 2QroE. (iic, D.) < Cre®/**/3|Ine|?,
B(zo,r0)
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and
7’05*2/ la(z) — a(xo)||t:||Vi:| < C’Rrgaﬁ/ |V |
B(x0,m0) B(zo,m0)
< Crrie?[E. (i, D)/
< Cre?® Yne|'/?,
and
(Q2+|€5|)7’0/B( eVl < e incl (B (1., D.)| /2

< Cgr £ 3 [In s|3/2

(here we use that |a(x) —a(xo)| < Crro for any x € B(xzg,ro)). We finally get that
1

= (a(o) — |tc|*)? < Croo (14 roEe (e, 0B (x0,70)))
€% JB(zo.r0)
0,70

for some constant Cr ., independent of €. By Step 2, we conclude that
1

=/, @0 ) < o (2.7

Since |7 — vallorsa) < Cre?|lne| by [14, Proposition 2.2], we have
1 C
a-lPr<S [ @b
€ B(x0,e®)

€% JB(@o,en) -
c
< 2R

< — (a(z) = |ac|*)? + o(1)
€ B(x0,e%)

C
<ZE [ (alw) - 3P + o)) < Cr
€ B(zg,e®)

and we conclude with (2.7). m|

The next result will allow us to define the notion of a bad disc as in [8].

Proposition 2.6. For any 0 < R < \/aq, there exist two positive constants A and
ur such that if
1

= (1—|ve|>)? < prp with zo € B,

J/a — R
s > A and | < YT
€% JB(z0,20) 2

b

!
€
then |v:| > 1/2 in B(xo,l).

Proof. In [14, Proposition 3.3], we proved the existence of a constant Cr > 0
independent of € such that

Cr .
V| < ?R in B/*\/“_";R'

Then, the result follows as in [8, Theorem IIL.3]. O
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Definition 2.7. For 0 < R < \/ag and = € B%, we say that B(z, Age) is a bad
disc if

1 / 2\2
= (1 =[oe|")" = pr-
g2 B(x,2\Re)

Now we can give a local version of Theorem 2.1. We will see that Lemma 2.5
plays a crucial role in the proof.

Proposition 2.8. For any 0 < R < \/ay and % < «a < 1, there exist positive
constants Ng o and g, such that for every e < ero and xg € B}%, one can find
Z1,...,TN. € B(xg,e%) with N. < Ng o verifying

Ne
lve| > % in B(xo,ea)\ (U B(ﬂ%,)xRE)) )
k=1

Proof. We follow the ideas in [8, Chapter IV]. Consider a family of discs
{B(x, >‘R€)}z‘e}‘ such that

x; € B(l‘o,&‘a), (28)
B (mh %) NB (xj, %) = fori#j, (2.9)
B(xg,e%) C U B(x;, Age).

ieF

Obviously, the discs {B(z;, 2Aze)} cannot intersect more that C' times (where

(' is a universal constant) and

U B(@i. 2Age) € B(wo,e*)
ieF

ieF

with o/ = 3(a+ 2). We denote by F' the set of indices i € F such that B(z;, Age)
is a bad disc. We derive from Definition 2.7 that

1 C
pr Card(F') < Z _2/ (1- |U6|2)2 < _2/ (1- |UE|2)2'
ieF & /B(@i.22re) € JB(z0.e2")
The conclusion now follows by Lemma 2.5 and Proposition 2.6. O

Remark 2.9. By the proof of Proposition 2.8, it follows that any family of discs
{B(a:i,)\Re)}ief satisfying (2.8) and (2.9) cannot contain more than Npg . bad
discs.

In the sequel, we will require the following crucial lemma to prove that vortices
of degree zero do not occur. This result has its source in [3,9] and the proof is
based on the construction of a suitable test function. Hence, the main difference
and difficulty in our case come from the mass constraint we have to take into account
in the construction of test functions.
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Lemma 2.10. Let D > 0,0 < 8 < 1 and v > 1 be given constants such that
YB3 <1.Let 0 < R < \Jag and 0 < p < ¥ be such that p¥ > A\re. We assume that
for xg € Bﬁ,

1 D
() / Vol + 5 (1= el < 2,
OB (z0,p) P

1
(11) |U€| > 5 on 8B(x0,p),

(iii) deg(

Then, we have

, 0B (o, )) = 0.

|oe|”

1
|ve| > 5 in B(xo,p?).

Proof of Lemma 2.10. We are going to construct a comparison function as in [3]
or [9] to obtain the following estimate:

1
/ Vol 4 5 (1= [ool)? < o (2.10)
B(zo,p)

Since the degree of v, restricted to OB (o, p) is zero, we may write on dB(zg, p)
— |U€|ei¢s’
where ¢. is a smooth map from dB(xg, p) into R. Then, we define . : R> — C by
b = xe€™s  in B(zo, p),
{@5 = Ve in R?\ B(xo, p),
where 1. is the solution of
A =0 in B(xo,p),
{¢5 = ¢ on dB(xo,p),
and x. has the form, written in polar coordinates centered at x,
Xe(r,8) = (Jue(pe'®)| = 1)E(r) + 1
and £ is a smooth function taking values in [0, 1] with small support near p with
&(p) = 1. By [14, Proposition 3.3], we know that |v.(z)] < 14 Ce'/? for 2 € D

with |z]x > /ag — ¢'/® and we deduce that 0 < y. < 1+ Ce'/3. Arguing as in [7,
proof of Theorem 2], we may prove that

8 2
| werzc L
B(z0,p) B (x0,p)

< Cp/ Vo, |? (2.11)
AB(xo,p)

and

1 1
/ IVxel? + 5(1—x2)* < Cp/ Ve + == (1 — [ve]*)? + O(p).
B(zo,p) € OB (w0,p) 2

(2.12)
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From (2.11), (2.12) and assumption (i), we infer that

1
Viel> + —(1—|8:[*)?* < C. 2.13
f IV el (213)

We set 9. = m2 1. with m. = |0 || L2(r2). Clearly, N.e’*¥5. € H and

||ﬁgemsf)5||Lz(Rz) = 1. Since u. = 7.e"** v, minimizes the functional F. under the
constraint (1.2), we have F.(u.) < F.(7.e**9%.) and by (1.9), it yields

Fe(ve) + To(ve) < Fe(be) + To(be). (2.14)
We claim that
Fo(0.) < Fote) + Cp|llne*  and |’f;(v5) - j;(ﬂg)| =O0(p’|nel?). (2.15)
Indeed, we have already established in the proof of [14, Proposition 3.3] that
E-(ve) < Cllnel* and  |R.(ve)| < Cllnel? (2.16)
so that, using (2.13), ||7jcve| L2(r2) = 1, 9 = ve in R*\B(xo, p) and (2.16), we obtain

=1t [ (alP-n+ [ Ra-fp)
B(:Uo,p) B(:Eo,p)

=14+ O(pe|lnegl). (2.17)
From (2.13), (2.16) and (2.17), we derive
[ e =m:2 [ Vi = [ @9+ opemeP)  (218)
R? R? R?

and

Re(0e) = mT2Ro(0.) = Re(d2) + O(pellnel?). (2.19)
Since u. remains bounded in R? and E.(u.) < C|lne|? by [14, Proposition 3.3], we
infer from (2.16),

1
£2

. N 1 . .
A 5P = — / L J0?)? +
]R2 E ]R2
(1_m5_2)2/ ~ 4
+ 2 o |77 D |

1 4 L1242
<3 [ A=)
) 1/2
+Cplne| [ 2 / L~ Joc]?)?
€7 JR2\B(z0,p)

1/2
X / |ue|* + Cp?|lnel?
R2\B(x0,p)

1
< —2/ (1 —|0:*)% + Cp|lne|*. (2.20)
g R2

2(1 —m2?) _ . _
M -me7) / (1~ [oc?)]i7.00
]R2

2
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Finally, we obtain in the same way,

1) = T2(80)| < |To(ve) = To(60)] + [72(8.) — To(52)| (2.21)
< C|1ns|2( [ avepien-m [ s IwIQ)ﬁSI@sF)

B(zo,p) R2
< Cp*llnel?. (2.22)

From (2.18)—(2.21), we conclude that (2.15) holds.
Since 9. = v. in R?\ B(xo, p), we get from (2.14) and (2.15) that

ﬁs(vsaB(x(h )) <°7:(U67 (xO’p))+Cp|ln€|2
By (2.13), we have (0., B(zo, p)) < C and therefore,
|7~25(@5,B(m07p))| <00 |V1A)5| < CQP||V1A}E||L2(B($0,/))) = O(p|1ns|)

B(zo,p)
(2.23)

Hence, F. (0., B(xo, p)) < C and we conclude that
F(ve, B(wo, p)) < Cp.

As for (2.23), using (2.16), we easily derive that |R. (ve, B(xo, p))| = O(p|lne|?) and
we finally get that & (v., B(zo, p)) < Cs which clearly implies (2.10) since 72 — a™
uniformly as e — 0 (see [14, Proposition 2.2]).

We deduce from (2.10) that

g 1
/ (/ |V |? + —(1 — |v5|2)2> ds < Cj.g.
2p7 OB (z0,s)

Since fzpm slln‘iﬁ > O, |Ine|'/2, we derive that for small & there exists so € [2p7, p]
such that

1 Cs.r
Vo2 4+ —(1-— 2)2 < L
AB<$0780)| U6| 262( |U6| ) — 80|1n80|1/2

Repeating the arguments used to prove (2.10), we find that

1 Con
Vo> + —(1 — [v.]?)? < —28
/;(m0780)| U€| + 262( |U6| ) — |1n50|1/2

In particular, we have

i (1 oe)? = o(1)

g2 B(zo,2p7)
and the conclusion follows by Proposition 2.6. O
We obtain as in [9, Proposition IV.3] the following result which gives us an

estimate of the contribution in the energy of any vortex. We reproduce here the
proof for completeness.
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Proposition 2.11. Let 0 < R < /ag and % < a<1. Let xy € BI/% and assume
that |ve(zo)| < 3. Then there exists a positive constant Cr, o (which only depends
on R, a and wy) such that

/ |Vve|*> > Cr.allne|.
B(zg,e®)

Proof. Let Np, and z1,...,zn. € B(xg,e%) be as in Proposition 2.8. We set
5 al/? — o
‘o 3(NR’a +1)

and for k =0,...,3Ng o + 2, we consider
op = a? — kb, Tp =[] and Cj = B(xg,e™ )\ B(xo, ).

Then, there is some ko € {1,...,3Ng o + 1} such that
Cro N [ | B(xj, Are) | = 0. (2.24)

Indeed, since N. < Np o and 2Age < |Zj| for small €, the union of N, intervals of
length 2Agre

N
U (|$1 — $0| — /\Ré, |33i — $0| + )\Ré)

j=1

cannot intersect all the intervals Zj, of disjoint interior, for 1 < k < 3Npg o+1. From
(2.24), we deduce that

|ve ()| > for any z € Cy,.

DN | =

Therefore, for every p € Z,,

Ve
dk:o = deg <|_a aB(an p))
Ve |
is well defined and does not depend on p. We claim that
dy, # 0. (2.25)

By contradiction, we suppose that dg, = 0. According to (1.14), it results that

1
/BA |V |? + @(1 — |v:]?)? < Cgl|lnel.

Vao+R
2

Using the same argument as in Step 2 of the proof of Lemma 2.5, there is a constant
CR,o such that

1 Cr,a
/ |V |? + oot v:]?)? < 22 for some pg € T,
OB (z0,p0) 2e

Po
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According to Lemma 2.10 (With 0 = ag,41 and v = a%k’l), we should have
0

|ve(z0)| > & which is a contradiction.
By (2.25), we obtain for every p € Zy,,

ool )
B(ao,p) V=2 \ 0T

(we use that [vs| > % in Ck,). Then, the Cauchy—Schwarz inequality yields

1

1§|dk0|:%

<C |Voe|
BB(Zo,p)

/ |V |2 > ¢ for any p € Zy,
OB (z0,p) p

and the conclusion follows integrating on Zy, . O

2.2. Proofs of Theorem 2.1 and Proposition 2.1
The part (1) in Theorem 2.1 follows directly from Lemma 2.12 below.

Lemma 2.12. There exists a constant er > 0 such that for any 0 < € < epg,

1
lve| > 5 BI/%\B{\/TG—O.

Proof. First, we fix some « € (%7 1). We proceed by contradiction. Suppose that
there is some xg € B\ B%+ such that |v.(zo)| < 1/2. Then, for any e sufficiently

aQ

5

small, we have B(zg,e%) C D \{|z|a < 2|lne|~'/6} and therefore, by (1.15), we get
that

/ [V|* < Cr & (ve, D\ {|z|a < 2|ln5|_1/6}) < Crln|lne|
B(zo,e%)
which contradicts Proposition 2.11 for € small enough. |

Proof of (2) in Theorem 2.1. We fix some 2 < a < 1. As in the proof of

Proposition 2.8, we consider a finite family of points {x;};es satisfying

A

B(%‘,%) ﬂB(xﬁ%> =( fori#j,

B < | Blxj, Moe),
2 jeg

where \g := \ /a5 (deﬁned in Proposition 2.6 with R = \/ST’) and we denote by .J.
2

the set of indices j € J such that B(z;, \og) contains at least one point y; verifying

vel)] < 5 (2.26)
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Obviously, B(z;, Aoe) is a bad disc for every j € J.. Applying Lemma 2.12 (with
R = 3Y/%
=7

), we infer that there exists ¢ such that for any 0 < € < g,

B(xj,Mog) C BYe for any j € J.. (2.27)
4

Then, it remains to prove that Card(J.) is bounded independently of €. Using
Proposition 2.11 (with R = \/;TO), we derive that for any j € J. and any point y;
satisfying (2.26) in the ball B(z;, Aoe),

/ Vo |* > / |V |? > Cylnel (2.28)
B("Ej’25a) B(yj,s(’)

for some positive constant C,, which only depends on «. We set for ¢ small enough,

W= B(xj,26%) C B
3
VISDE

We claim that there is a positive integer M,, independent of ¢ such that any y € W
belongs to at most M, balls in the collection {B(xz;,2¢%)};je .. Indeed, for each
y € W, consider the subset K, C J. defined by

K, = {j eJ. 1 ye B(xj,25a)}.

We have for every j € K,

’ 1 2
xj € B(y,2e%) C B(y,e“) C B/\\/Ta—O with o = 3 (oH— g) . (2.29)

Since the family of discs { B(z;, Ao€) }jek, is a subcover of B(y, ') satisfying (2.8)
and (2.9), we conclude from Remark 2.9 that

Card(K,) < M,
with My = Ny , - From (2.28), we infer that
7

/BA |V115|22/W|V115|2 Z/ |V |? > C,, Card(J.)|Ing|.
J/ag

> e, B(xzj,2e>)
Tz

(2.30)
On the other hand, we know by (1.14),
/ Vo> < C/ (z)|Vv-|? < Cllng| (2.31)
B

for a constant C' independent of ¢. Matching (2.30) and (2.31), we conclude that
Card(J;) is uniformly bounded. O

In the following, we will prove Proposition 2.3. We proceed exactly as in [20,
Theorem 2.1] and an adaptation of [3, Theorem V.1]. Before starting our proof, we
recall, for the convenience of the reader, a result obtained in [14, Proposition 4.1],
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by a method due to Sandier [18] and Sandier—Serfaty [19]:

Proposition 2.13 [14]. There exists a positive constant Ko such that for & suf-
ficiently small, there exist v. € (1,2) and a finite collection of disjoint balls

{Bi}ieIE = {B(pi,n)}ielg satisfying:
(i) for everyi€ I.,B; CC D, = {z € R?, a(z) > ve|lne| 3/},

(ii) {2 € D¢, |ve(z)| <1—|Ine|™} C Usjer. Bi,
(i) > i < |Inel7"°,

el

1
(iv) 5/ a(2)|Voe|* > ma(p;)|ds| (|lne| — Ko In|lnel),

B;

where d; = deg (ﬁ, 8Bi) for every i € I..

Proof of Proposition 2.3. By Theorem 2.1, we have for & small enough,
U B(5. M) € BYas.
jed. ’

From (iii) in Proposition 2.13, there exists a radius r. € (%2, ¥3°] such that

B;NdBY =0 foreveryic€ I.. (2.32)
Hence, we have
lvs| >1—|lng|™® on 837{\5.

The existence of a subset .J. C J. satisfying (i)~(v) can now be proved identically as
in [20, Proposition 3.2] and it remains to prove (2.1). From the proof of Theorem 2.1,
we know (by construction) that each disc B(z5, A\o€), k € Je, contains at least one
point yy such that |v.(yx)| < % Therefore, each disc B(z5,p), j € J., contains at
least one of the y;.’s with |25 —yx| < Aoe. Assume now that D; = 0. By Lemma 2.10
with v = =172, it would lead to |v.| > % in B(x5,p7) and then [ve(yx)| > 3 for e
small enough, contradiction. We also find a bound on the degrees D;:

/ 1 ( A 8v5>
— (v A==
OB(w5,p) |ve |2 or

by (iv) in Proposition 2.3. m|

1

1Dl = 5~ < CIVelzz@Bs,mve < C

3. Some Lower Energy Estimates

In this section, we obtain various lower energy estimates for v. in terms of the vortex
structure defined in Sec. 2, Proposition 2.3. We start by proving a lower bound on
the kinetic energy away from the vortices which brings out the interaction between
vortices. The method that we use is based on the techniques developed in [3, 8, 20,
21]. As in the previous section, the main difficulty is due to the degenerate behavior
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near the boundary of D of the function a(z) since the method involves in our case the
operator —div(a~1V) which is not uniformly elliptic in D. To avoid this problem, we
shall establish our estimates in Bj for an arbitrary radius R € [\/ag/2, Vo ). The
underlying idea here is to let R — /ag at the end of the analysis. To emphasize the
possible dependence on R in the “error term”, we will denote by Og(1) (respectively,
or(1)) any quantity which remains uniformly bounded in ¢ for fixed R (respectively,
any quantity which tends to 0 as ¢ — 0 for fixed R). In the sequel, we will also
write J. = {1,...,n.}.

Proposition 3.1. For any R € [@, Vao ), let ©, = Bﬁ\U?;lB(mj, p). We have

1 -
5/@ a(z)|Voe|? > WZD? a(x5)[In p|
» j=1
+Wre((23,D1), ..., (5., Dy.)) + Or(1), (3.1)
where
Wre((@1,D1),..., (25, Dy.)) = —WZD Dja(z5) In|z — 25| - WZD Vg (75)

i#] Jj=1

and Vg . is the unique solution of

e o E 1 N
dlv(a V\IJR,E> = —ZDja(mj)V(a> ~V(1n|m—xj|) in BA,
a (3.2)
Upe=— ZD a(x5) In|r — 25| on OB%.

Moreover, if ﬁ — 0 as e — 0 for any i # j, then the term Or(1) in (3.1) is
T

in fact or(1).

Remark 3.2. We point out that the dependence on R in the interaction term Wg .

only appears in the function g .. Moreover, for U . to be well defined, 1/a(z) has

to be bounded inside B4 so that we cannot pass to the limit R — \/ag in (3.1)
without an a priori deterioration of the error term.

Proof of Proposition 3.1. We consider the solution ®, of the linear problem

1
div(— V@p) =0 in ©,,
a
o, =0 on BBI/%,
®, = const. on dB(z5, p),
109
/ —a——27rD for j=1,...,n.,
aB(z 0) a Ov
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and ®p . the solution of

e N :
le(EV‘bR,a) = 27rZDj Oge  in BA,

2 (3.3)
Bp. =0 on OB3.
For x € ©,, we set w.(z) = \%% and
ow. 109, ow. 100
S = —We Ne—+—
dxy | a dxy’

o0 aa—xﬂ :
We easily check that div § = 0 in ©, and faBA S-v

A = faB(x?mS -v = 0. By [8,
Lemma I.1], there exists H € C1(0,) such that S = V1 H and hence, we can write
the Hodge-de Rham type decomposition

1
we A Ve = — V4o, + VH.
Consequently,

1
/ a(@)| Vs |? = / L va, 40 / Vb, VH + / o) VH|
o, o, a(z) e

P

1
> — |V 2+2/ V+d, VH.
A CL(Z‘) | P| @p P

P

P

We observe that the last term is in fact equal to zero since it is the integral of a
Jacobian and @, is constant on 90,. Hence

1
a(x szzz/ —|V®,|%.
[, cwivuepz [ oo v

Since |Vv:|? > |v|*|Vw,|* in ©,, we derive that

1
2> —— |V®,? + Ty + 2T
[, ez [ s 1ve T ot

P
with

le/ (|U8|2_1)L|V¢p|2 and T2=/ (o> = 1) V&, - VH
o, a(z)

O,

Arguing as in [3] (see Step 4 in the proof of Theorem 6), it turns out that 73 = og(1)
and Ts = og(1) and therefore,

1
o(z)| Vv, 2 2/ L \ve, 2+ 0r(1). (3.4)
/e,, ) o, a(x) :
On the other hand, by integrating by parts, we obtain

1 1 00
L ve 2:/
/@a<m>' A= J, alz

o) D ”q> = QWZD‘I) zj)
P
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for any point z; € 0B (m} p). Since n. and each D; remain uniformly bounded in e
by Proposition 2.3, we may rewrite this equality as

1 s
—— |V, > = =21 > D;®rc(z) + O([®re — ©pllL=(e,))- (3.5)
o, a(z)
P j=1

Using an adaptation of [8, Lemma 1.4] (see, e.g., [6, Lemma 3.5]), we derive that

Ne
||<I)R,s - CI)p”Loo(@p) S Z ( sup CI)R’E — inf (I)Rﬁ) . (36)

=1 0B(x5,p) 0B(z5,p)

To estimate the right-hand side term in (3.6), we introduce for z € B%,
Vg (x) = Ppe(z ZD a(5)In|lz — 25|

Since ®r . solves (3.3), we deduce that Wr . may be characterized as the solution
of Eq. (3.2). By elliptic regularity, we infer that [|Vg.c|w2»pa) < Cr,p for any
1 < p <2 (here we used that {25}z, C B 5 by Theorem 2.1). In particular, g .

is uniformly bounded with respect to ¢ in C’O’l/ 2(B%) and hence,

sup Vg, — inf Ugr.<Cgryp=o0r(l).
OB (x5 ,p) 0B(z5,p)

Since |25 — x7| > 8p, we derive from (2.1),

sup (Z D;a(z5) In|x — 5 |> - aBl(gf,p) <Z D;a(xf) In|z — m5|>

SB(:L’].,p =1
| D
< a su <0(1),
P 3 ated) P00
i=1,i#] iP g

(respectively, < o(1) if Er £ 7 0 as € — 0 for any i # j). Coming back to (3.6),
we obtain that ||®Pr . — ® ||Loo(@ ) < Or(1) (respectively, < ogp(1) if :1;.715.\ — 0
as € — 0 for any ¢ # j). Inserting this estimate in (3.5), we get that '

1 ne
/@ o) Vel —21 Y D@ o(2;) + Or(1)

[ j—]

—QﬁZD\IIREZJ 27rZDDa )In|z; — 5|
j=1 i#]

+27TZD2 <)In p| + Or(1) (3.7)

(respectively, +og(1) as ¢ — 0). Since Ug . is uniformly bounded with respect to
e in C%/2(BA), we have |Ug (z;) — Vg e(25)] < Cry/p = or(1). Moreover, using



140 R. Ignat & V. Millot

(2.1) and |25 — 27| > 8p, we derive that

ZDDa )(In|z; — 27| — In|z§ — 27]) <Z|D||D|ln 1+ jE
i#j i#j T
<§:U”U)| | o)
i#]
(respectively, < o(1) as € — 0). Hence, (3.7) yields
1
/ ——RwAQ-QWXy)%“ ) —2r Y DiDja(x;) In|a§ — a5
5 a(z) Jj=1 i#]

+27rZD2 )in p| + Or(1)

(respectively, + or(1) as € — 0). Combining this estimate with (3.4), we obtain the
announced result. O

Arguing as in [20, 21], we estimate the contribution in the energy of each vortex
which yields the following lower bounds for &.(v.):

Lemma 3.3. For any R € [‘/g_o, ,/ao), we have

Ne Nne
E(ve, BY) > Z D?a(x?)ﬂn pl+m Z |Djla(x5) In g +Wgre+0gr(1) (3.8)
j=1 j=1

and

E-(ve, BE) > 7Y |Djla(a5) 1n§ +0(1). (3.9)
j=1

Proof. In view of Proposition 3.1, it suffices to show that
E-(ve, B(25,p)) = 7 Dyla(as) n £+ 0(1) for j=1,...,ne,
€

which is equivalent to

1 a(z5) p
z Vo2 + —22(1 — v |?)? > #|D;|In 5 +0(1) forj=1,...,
2/13(x57p)| vel 2e2 (1= Joel")” 2 7| D] ne (1) forj e

(3.10)

(we used that |a(z) — a(25)] < Cp for z € B(z5,p) and E-(ve, BY) < Cgr|lnel).
Setting

o(y) = ve(py +25) forye€ B(0,1) and &= ——,



Energy Expansion and Vortex Location 141

we infer from Proposition 2.3 that |9] > 1 — ﬁ on 0B(0,1),
1
[P
2 Jap(o,1)

and

1 P a(z$)
A 1—@22:—/ Vo |? + Tl )2 <C
252( |9]%) 2 aB@ap)l I + 22( |ve|?)?

(3.11)

1 / <12 1 cave L 2, a(z)
5 [Vo|? + =5 (1 —|9]*)* = Vv —— (1= [v?)%.
2 /B0, S 2 B(wj-,p)l R e

As in the proof of [3, Lemma VI.1], (3.11) yields for & small enough,

1
—/ |Vo|? 4
2 JB(o,1)

and hence, (3.10) holds. m|

1 . A P
5z (L= 0" = 7|Dj| ] +0(1) = 7| D;|n £ +0(1)

As in [14, Proposition 4.2], we may compute an asymptotic expansion of
Re(ve, De) in terms of vortices which leads, in view of Lemma 3.3, to lower expan-
sions of F.(ve, D.):

Lemma 3.4. For any R € [m, Vag), we have

(v, D >7TZD2 |1np|+7rZ|D|a <) In 5

j=1
1+A2Za YD + Wge + Or(1) (3.12)
and
(v, D >7rZ|D la(a g 1+A2 Za 0(1). (3.13)

Proof. We consider the family of balls {B;}ics. given in Proposition 2.13. As in
the proof of Proposition 2.3, we can find r. € [R, (R + \/ag)/2] such that (2.32)
holds. Setting

Iy = {i €I, |pila > r. and d; > 0}
and
I; = {z € I, |pila > re and d; < ()}7 (3.14)

we have B; C DE\BZ{\E for any i € IE U I. By Theorem 2.1, Propositions 2.3
and 2.13, we infer that for £ small enough,

|u5|2% inEE::DE\ U BUUB 5, p)

zeI Uiy
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Arguing exactly as in [14, Proposition 4.2], we obtain that

Ne

-7
Re(ve,Ze) = 7537 2 Z

ﬂ'Q

T 2 (@) v )ditor(D). (3.15)

ielfuly

We recall that we have showed in the proof of [14, Proposition 4.2] that
Rs(vsvuiejgungi) = o(1). In the same way, we may prove that
Re(ve, Ui2, B(25, p)) = o(1). From (iv) in Proposition 2.13 and (3.15), we deduce
that

}—E(Usvpe) > ge UE)DE U

ielfuly

1 -
+ Z 5/3a(x)|Vv5|2+RE(v5,:E)+oR(1)

14 A2 <
j=1
w7 > a(po)ldi|(ne] — Ko lnflne])
1EIRUI’
7w B
17 Az > (@*(p) —v2|ne[?)d; + or(1).  (3.16)
ielfuly

Since p; ¢ BE: for i € I}; U Iy, we have a(p;) < ag and we deduce that for ¢ small
enough,

mQ
T Z a(p;)|d;|(IIne| — Ko In|lne|) — To A2 Z (a*(pi) — v2|Ine|®)d; >0
ielfuly ielfuly
which leads to
Fe(ve,De) > E(ve, BY) — 1+A2 Za )D; + or(1). (3.17)

Combining (3.8) and (3.17), we obtain (3.12). Similarly, the inequality (3.17) applied
with R = \/ag/2, and (3.9) yield (3.13). O

4. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1 in terms of the map v.. We
start by showing that vortices must be of degree one. This yields a fundamental
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improvement of the estimates obtained in the previous section. Then, we treat
separately the points (i) and (ii) of Theorem 1.1.

4.1. Vortices have degree one
Lemma 4.1. Whenever € is small enough, D; = +1 for j =1,...,n..

Proof. By [14, Proposition 3.5], we have F.(ve,D:) < o(1). According to (3.13),
it yields

o p mapfd
j D;>0 j=1
T = o, .
- mjzla (@5)D;j < O(1).

From (1.7), we derive that

Z|D |a (x5 Z Dja(z§)|Ine| + o[Inel).

D;>0
Since p > ¢, it leads to (we recall that D; # 0)
(1= S IDjla()ne] < p S Djla(as) ne| + of ).
D;<0 D;>0

By Theorem 2.1, a(z§) > ag/2 and consequently,

21 Cu
< —
E |D|_1 § |D;| + o(1) T ’u—|—0(1)

D;<0 D>O

Choosing p sufficiently small, it yields D; > 0 for j = 1,...,n. whenever ¢ is small
enough. Since [25] < C and D; > 0, we may now assert that

—WZDD a(x5) Injz; — 25| > O(1)
i#]
and thus, W\/— > WZ] 1 Dj \I/¢— _(#5) = O(1). Hence, the inequality (3.12)
(applied with R= V/ao/2) together with Fe(ve, De) < o(1) leads us to
2 P QG 2
WZD |lnp|—|—77]z:1Da z5) In g—mj:1a(x§)Dj§O(l).
As previously, we derive from (1.7), Y2, (D37 — Dj)a(z5)|ln p| < o(|lnel). Since

~ J=1
p < et and a(x?) > ag/2, we conclude that

_ Ne
BRSNS (D2~ D) < o(1)
j=1

which yields D; = +1 whenever ¢ is small enough. |
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As a direct consequence of Lemma 4.1, we obtain the following improvement of
Lemma 3.4:

Corollary 4.2. For any R € [‘/;_0, Vao ), we have

< (ve) >7TZ S)nel — 1+A2Z

+ WR,E((xl, +1),..., (xn5,+1)) + Ogr(1).

Proof. It follows directly from (3.12) and Lemma 4.1 that for any R € [‘/;_0, Vao ),

(v, D >7TZ $)nel — 1—|—AQZ

+ WR,E((xl, +1),..., (xng,—kl)) + Ogr(1).

On the other hand, we have proved in the proofs of [14, Propositions 3.4 and 3.5],
that |z (ve, De) — Fe(ve, De)| = o(1) and F.(ve, R2\D.) > o(1). Hence, we have
Fe(ve) > Fe(ve, D) + 0(1) and the conclusion follows. m|

4.2. The subcritical case
We are now able to prove (i) in Theorem 1.1. Following the proof of [14, Theo-

rem 1.1}, it suffices to show Proposition 4.3 below.

Proposition 4.3. Assume that (1.7) holds with w1 < 0. Then, for € sufficiently
small, we have that

[ve] =1 in Lis.(D) as € — 0. (4.1)
Moreover,
Fe(ve) =0(1) and E.(ve)=o(1). (4.2)

Proof. We fix some ‘/g_o < Ro < y/ag. In the proof of [14, Proposition 3.4], we
have proved that F.(v.) < o(1) so that Corollary 4.2 applied with R = @ leads to

Ne

Tapf) o= )
™ E z5)|lne| — TT A2 )< g z5)|lne| — TI A2 aQ(xi) < O(1).
=1 =1

Since a(z5) > ao/2 and wy < 0, we deduce that

ao|w1|n51 lne| < —wy Z $)n[lnel < O(1)
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and then n. < o(1) which implies that n. = 0 whenever ¢ is small enough. Using
the notation (3.14), we derive from (3.16) that

Fe(ve,De) > Z a(pi)|di|(|Ing| — Ko In[nel)

i€l Ulg,

Q
- 111\2 Z (az(pz') - V§|1n£|_3)di.

ielf ulg
By [14, Proposition 3.5], we have F.(v.,D.) < O(|lne|™1). Since a(p;) < ag for

1€ I;go U I, , we infer that exists ¢ > 0 independent of ¢ such that

c Y a)ldillnel <7 > a(pi)ldi|(Ine| = Ko Inflnel)

i€l Ulg, i€l Ulg,

Q
e 2 (@)~ 2me ),

ielf ulg
< O(|lne|™).

Since a(z) > [Ing|~3/2 in D., we finally obtain

> ldil < O(lne|71/?).
ierf Uln
Hence, .. 1} uln, |d;| = 0 for e sufficiently small and we conclude from (3.15),

RE(U@DE\Uielgoulgo B;) =o(1).
By the proof of [14, Proposition 4.2], we also have R.(v., Uiel}go uls, B;) = o(1) so
that R.(ve, D:) = o(1). Consequently,
E(ve, D) = Fe(ve,De) +0(1) < o(1).

Then the rest of the proof follows as in [14, Proposition 4.3]. |

4.3. The supercritical case

In this section, we will prove (ii) in Theorem 1.1. Writing
1+A?
ao

Q:

(Ilne| 4+ w(e)n|nel), (4.3)

we assume that
(d=1)+d6<w(Ee)<d-9¢ (4.4)

for some integer d > 1 and some positive number § < 1 independent of . We start
by proving that, in this regime, v. has vortices whenever ¢ is small enough:

Proposition 4.4. Assume that (4.4) holds. Then, for e sufficiently small, v. has

exactly d vortices of degree one, i.e. n. = d, and
Fo(v.) = —mag dw(e) Inflne| + %‘“’(d2 —d)Inflne| + O(1). (4.5)
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Proof. Step 1. We start by proving that n. > 1 for ¢ sufficiently small. By
Theorem 5.1 in Sec. 5 (with d = 1), there exists @. € H such that ||| p2@2) = 1
and

F.(ii.) < Fo(7.€"*) — magw(e)ln|lne| + O(1).

By the minimizing property of u. and (1.9), we have

Fs(us) = Fs(nseigs) +ﬁ5(115) + TS(UE) < Fg(ﬂg)

and since |7, (v.)| = o(1) (see [14, Proposition 3.3]), we deduce that

Fe(ve) < —mapw(e)In|lne| + O(1).

From here, it turns out by Corollary 4.2 applied with R = V;O (recall that W ag L2
5
0(1)),

—maow(e)ln|lne| + O(1) > F.(v.) > WZ S)ne| — T A2 Za )+ 0(1)

Q53

> WZ ( €)ln|lne|+ +A2> +0(1)

> —Waow( )neInjlne| + O(1).

Hence, n. > 1+ o(1) and the conclusion follows.

Step 2. Now, we show that

Fe(ve) > —magnew(e)n|lne| + %(n? —ng)lnjlne| 4+ O(1). (4.6)

In the case n. = 1, we have already proved the result in the previous step. Then,
we may assume that n. > 2. Since |V ya5 _[lc = O(1), we get from Corollary 4.2
2

. . _ Jas
applied with R = Y52,

N e e Qa(zs
Fe(ve) > m ) a(z§) | [Inef — Zln|xf — 2l =7 _~_(Aj2) +0(1)
j=1 i—
i#]
- | 514
> 7Yy a(@f) | —w(e)n|ne| - Zln|x — a5l + 1 i G| o). (47
j=1

1#1
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Since F.(v.) < o(1), we derive that

R Q
—;lnkr — x5+ 1+A22|x |2 < Cln|lnel.
i#j

On the other hand, — >, Infzf — 25| > O(1) so that |z5[* < C(In[lnel)|ne|~*
and hence,

ne <2
wjzz:la(mj) —w(e)n|lne| — Zln|m — x5+ ?l_fjjlé
#J
. . map2 R
= —magnew(e)n|lne| — wag §ln|xi — 5| + T A2 Z| 3|A +o(1). (4.8)
i#j

Setting r = max; |z5[, we remark that

_;lnm —m5|+1+AQZ|x 2> —(n?—n)n2r
i

OA?r2 ng -n
+
1+A2~
Combining (4.7)-(4.9), we obtain (4.6).

“In|lne| + O(1). (4.9)

Step 3. We start by proving that n. > d. The case d = 1 is proved in Step 1 so
that we may assume that d > 2. By Theorem 5.1 in Sec. 5, there exists for € small
enough, . € H such that [|i.||z2r2) = 1 and

Tagon

F.(@i.) < F.(.€"*) — mag dw(e)n|lne| + —= 5 (d? — d)In|lne| + O(1).

As in Step 1, F.(u.) < F-(u.) yields

Fe(v) < —mag dw(e)n|lne| + %‘“’(42 — d)lnflne| + O(1). (4.10)
Matching (4.6) with (4.10), we deduce that
2_p, &2 —d
—w(e)ne + B 3 e < —w(e)d + 5+ o(1)

and it yields

wfe)(d—ne) < AT D)

If assume that n. < d — 1, it would lead to

+o(1). (4.11)

d+n.—1
2

which is impossible for € small enough.

(d—1)+6< +o1)<d—1+o0(1)



148 R. Ignat & V. Millot

Assume now that n. > d + 1. As previously, we infer that (4.11) holds and
therefore,

d+n.—1

d—6> +o(1) > d+o(1)

which is also impossible for e small. Hence, n. = d whenever ¢ is small enough
which leads to (4.5) by (4.6) and (4.10). m|

By Proposition 4.4, we may now assume that v, has exactly d vortices. We move
on a first information on their location:

Lemma 4.5. We have
25| < C|lne|™"? for j=1,...,d and if d>2,
2§ — 25 > C’|1n&:|71/2 for i # 3.

Proof. Matching (4.5) with (4.7) and (4.8) and using that n. = d, we deduce that

Q
—Tag Zln|x - 75|+ — %0 Z |x§|?\ < mag(d® — d)ln(|ln5|1/2) +O0(1).
=1

1+ A2
i#] *
Hence,
d | s|2

Z Zln(\/ el |z — 25 ) — <0(1)

Jj=1 i#]
and the conclusion follows. O

Since LEI = o(1) by Lemma 4.5, we may now improve the lower estimates

|z
obtained in Lemma 3.3 following the method of the proof of Proposition 5.2 in
20, 21].

Lemma 4.6. For any R € [@, \/a—0)7 we have

E.(v2, BY) >7raoz el +Wge(2g,...,73) dryo + or(1),
where vy s an absolute constant.
Proof. Since Wpye\ = o(1) and D; = 1, Proposition 3.1 yields

/ a(x)| Ve 2 >WZ np| + Wre(af, ..., 25) + or(1) (4.12)
and it remains to estimate & (ve, B(25 ], p)) for j =1,...,d. We proceed as follows.

Since D; = 1, we may write on dB(x% x5, p) in polar coordlnates with center x%

ve() = [oa(@) OO, g e [0, 2],

VR
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where ¢; € H'([0,27],R) and 1;(0) = ¢;(27) = 0. Then, in each disc B(z5,2p),
we consider the map 0. defined by

e if 2 € B(at p)
_ 2, — .

) (7“ 14 + p—-r |Us(l‘§ + p619)|>
p P

e () =

2p—r

X exp i (9 +1;(6) + %(m%) it @ € B(a5,2p)\ B(a5, p).

Then, 9. = exp i(6+1;(0)) on B(z5, 2p). Exactly as in the proof of Proposition 5.2
in [20, 21], we prove that

‘55(65, B(x5,2p)\ B(z5, p)) — ma(z5) ln2| =o(1). (4.13)
Since |a(z) — a(x5)| = O(p) in B(x5,2p), we may write

e B2 = U2 [ ek SRR o).

Now, we shall recall a result in [8]. For & > 0, we consider

1 1
I(¢) = Min = / |Vul? + —(1 — |ul?)?,
ueC 2 B(0,1) |

where

C= {u € HY(B(0,1),C), u(z) = Ii_l on 8B(0, 1)} .

Then, we have

1111(1) (I() + TIné) = . (4.15)
Since 9. (z) = ‘;_acl ei(0) on dB(x5,2p), we obtain by scaling
1 / 2, U5
5 |Vie|” + (1—o*)?
2 B(z5,2p) 2

a(x
2e
p m .
> =nln=+nmln2+ ~Ina(zj) + v +o(1).
2[) / 9 2
With (4.13) and (4.14), we derive that for j =1,...,d,
g p a(xg) 1) g
Ee(ve, B(5,p)) = ma(af) In — P Ina(z5) + a(z§)yo + o(1)
> ma(z;) In +—1na0+a0'yo—|—o(1)
Combining this estimate with (4.12), we get the result. |

We are now able to give the asymptotic expansion of F. (ve) which will allow us
to locate precisely the vortices. This concludes the proof of Theorem 1.1.
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Proposition 4.7. Setting 5 = \/ﬁxj for j=1,....d, as € — 0 the z5’s tend to
minimize the renormalized energy w : R*¢ — R given by

d

mao

w(by,...,ba) = —mag Zln|b 1+A2 Zlbﬂl?\
i#£] =1

Moreover, we have
Fe(v.) = —magdw(e) In|lne| + %ao(d2 —d)In|ln¢|
+ Mip w(6) +Qua+ol1) (4.16)

where Qp ¢ = %(d2 —d)In(1+ A?) +mapdInag — ’mgdz In ag + ag dyo — Tagd?((A)
and L(A) is given by (A.2).

Proof. From Lemma 4.6 and (3.17) we infer that for any R € [m, Va0 ),

-(ve, De) Z $)|Inel — 1+AQZ

aod
+Whg.e -‘r- Inag + ag dvyo + OR(I).

As in the proof of Corollary 4.2, this estimate implies

d
= (ve) >7TZ |1n5| 1—|—AQZ +WR5 In ap + ag dyo + or(1).
Expanding Q and a(x5), we derive that
(v >7TZ 1n|1ns|—|— e E|A +WR5+ dlna0+a0d70+oR(1)
e) + A2 2

and by Lemma 4.5, it yields

Fo(v:) > —mag dw(e)ln|ne| +t T A2 Zm A

+Whg,e dyo + OR(l). (4.17)
By Lemma 4.5, we also have
= —mag »_Inja§ — a5 —qufRE o(1). (4.18)

i#]
Since D; = 1 for all j, the function Vg . satlsﬁes the equation
j J ,

d
. (1 R 1 - .
div (—V\IJR,F) = — E 1 a(x5)V (E) -V(ln|z —25[) in BA,
=

. (4.19)
Z S)n|z — 25| on OB3.
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We infer from Lemma 4.5 that for j =1,....d,

—2ag|z[}

o)V (1) Ve - a5 = 2 4 p2(o)
where fJ satisfies
152l Lo () = 0r(1) for any p € [1,2)
and
l|laoln|z| — a(z5) In|z — 5| Hm(aBg) =o(1).

Letting Wi to be the solution of the equation

1 —2|z|?
div (—V\I/R> = 2y gy,

a a?(x)|z| (4.20)
Up = —Injz| on OB%,

it follows by classical results that || Vg, —aod¥ g/~ (pa) = or(1). Hence, we obtain
from (4.18),

lirr%) {WR,s(xi, coxg) + mag Z In|af — m§|} = —magd*V R(0). (4.21)
i#

Combining (4.17) and (4.21), we are led to

d
liirgélf{fg(vg) + mag dw(e)lnllne| 4+ wagp Z In|z§ — 25| — 17—T:L12 Z Q|x§|i}
i =1

7Ta()d

> Inag + ag dyo — waOdQ\I/R(O).

Setting 75 = \/ﬁmj , it yields

lim inf { F.(v2) + mag dw(e)ln[lne| — %(d? — d)nflne| — w(, ... ,5;3)}
E—
d2
> o (d* — d)In(1 + A?) 4+ TagdInag — Tao? 4, ag + ag dyg — Tagd* W z(0).

<l

2
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Since Wr(0) — £(A) as R — \/ag by Lemma A.1 in Appendix A, we conclude that

lim inf {]}5(05)+7ra0w(5)d1n|1n5| - 7TTaO(d2 —d)ln|lne|—w(z],... jfi)} > Qad

e—0

(4.22)

and hence,

E—

hmi(l)lf {]:"g(vs) + magw(e)dn|lne| — 7TTaO(dQ - d)ln|ln5|}

> Mi b . 4.23
,beﬂég{lw()+QA,d (4.23)

By Theorem 5.1 in Sec. 5, for any §’ > 0, there exists @. € H such that [|i. || 2r2) =
1 and

lim sup {Fs(as) — F.(i16*5) + mag dw(e)In[lne| — %(dQ - d)ln|lns|}

e—0

. !
< Min w(b) + Qra+ 70"

As in the proof of Proposition 4.4, F.(u.) < F.(a.) implies

lim sup {]}E(UE) + mag dw(e)ln|lne| — 7TTaO(dQ = d)ln|1n5|}

e—0
= lzd w( ) A,d ( )

Matching (4.23) with (4.24), we conclude that

lim {]:"E(vs) + mag dw(e)ln|ln e| — %(42 - d)ln|ln€|} = Min w(b) + Qn.a
e 2

E—
since ¢’ is arbitrarily small. Coming back to (4.22), we are led to

Min w(b) + Qa,q — limsup w(ai,...,z5) > Qaq

beR2d e—0
and therefore, lim._o w(25,...,25) = bﬁ%iﬂ w(b) which ends the proof. 0

Remark 4.8. In the case d = 1, the expansion of the energy takes the simpler
form

Fe(ve) = —magw(e)ln|lne| + Qa1 + o(1)

and the renormalized energy w(-) reduces to w(b) = (wag|b|3)/(1 + A?). In partic-
ular, if 2° denotes the single vortex of v., we have vVQz° — 0 as € goes to 0.
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5. Upper Bound of the Energy

Here, we give the construction of the test functions used in the previous sections.
The difficulties are twofold: the mass constraint we have to take into account and the
vanishing property of the function a(x) on the boundary of D. Hence, the classical
methods cannot be applied directly. Concerning the mass constraint, we simply
renormalize a suitable trial function. This procedure requires a high precision in
the energy estimates and an almost optimal choice of the preliminary trial function.
To overcome the degeneracy problem induced by the function a(x), we proceed by
upper approximation of a(z). In the sequel, we assume that (1.7) holds. Using
notation (4.3), the result can be stated as follows:

Theorem 5.1. Let d > 1 be an integer. For any 6 > 0, there exists (le)eso C H
verifying ||te|| 2@y = 1 and

lim sup {Fg(ﬂg) — Fo(7.e"*) + mapw(e)d In|Ine| — 7TTaO(d2 —d) 1n|1n5|}

e—0

< bl\e/lﬂgld w(b) + Qa,a + 0,

where the constant Qa q is defined in Proposition 4.7.

As mentioned above, the proof of Theorem 5.1 is based on a first construction
which is given by the following proposition. Here, some of the main ingredients are
taken from a previous construction due to André and Shafrir [5].

Proposition 5.2. Let d > 1 be an integer. For any § > 0, there exists (Oc)eso such
that n:v. € H and

lim sup {]:"5(65) + mapw(e)dIn|lne| — 7TTaO(dQ — d)1n|1n5|}

e—0

< Min, w(b) + Qa,a + 0.

Proof. Step 1. Let ¢ > 0 and x > 0 be two small parameters that we will choose
later. We consider the function a, : D — R given by

(@) a(z) if |z[an < Vag — o,

as(z) =

7 —2y/ag — o |x|a + 2a9 — 0 otherwise.

It turns out that a, € C'(D), a; > a and a, > Co? in D for some positive

constant C. Since a, does not vanish in D, we may define ®, : D — R the solution
of the equation

div (iVQ,) =2mddy in D,
g (5.1)

b, =0 on 9D.
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By the results in [8, Chap. 1], we may find a map v§ € C?(D\ {0}, S!) satisfying
v§ AV = ivl@g in D\ {0}. (5.2)
Set O, = D\ B(0, s~ 'Q71/2). By (5.1) and (5.2), we have for ¢ small enough,
[ eavege= [ Sve.p—- [ L0%o,
O e O, Ao d

B(0,x—1Q—1/2) a Ov

/ add? (8\11[, 1 )
= — + T
9B(0,k—1Q-1/2) @ ov ||

x (¥, + In|a]), (5.3)

K,E

where ¥, (z) = (agd) "'®,(z) —In|z|. Notice that ¥, € C*(D) for any 0 < o < 1,
since it satisfies the equation

div (aiV‘Il(,) = f,(z) inD,

U, = —In|z| on 9D

(5.4)

with

—2|z3

fo(z) = v( I ) T a2 (z)|z]? if 2| < ag —o,
-(T) = ay () |x|2_ @

therwise.
2@ T

From (5.3), we derive that

1
lim sup {5 / a| Vo |2 — ragd? 1n(/-le/2)}
6»-:,5

e—0

1
< lim {— / ay | Vg |* — magd? ln(le/z)}
e—0 2 Op.c

< —magd*¥,(0).

By Lemma A.1 in Appendix A, ¥, (0) — ¢(A) as ¢ — 0 where the constant £(A) is
defined in (A.2). Consequently, we may choose o small such that

1 5
lim sup {5 / alVu§|? — mapd? ln(lem)} < —magd®l(A) + 3 (5.5)
e—0 @n,s

In R?\ B(0, x~'Q~1/2), we define

vg (x) if x € O,

belw) = Ug(ﬁ“’) if & € R2\D.
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By [14, Proposition 2.2], we have ||72|| = ®ap,) = o(1). Since 0. does not depend
on ¢ in R?\ D, and |9.| = 1 in R?\D., we derive that

limy E. (9, R*\D,) = 0. (5.6)
£—
From [14, Proposition 2.2], we also know that

~2
a— 1

= < Ce'/3 (5.7)

L>=(De)

and hence, (5.5) remains valid if one replaces a by 72 in the left-hand side. Since
v§ is St-valued, we deduce that

limsup {&. (0=, R*\ B(0, k'Q7Y2)) — magd® In(kQ/?)} < —magd®f(A) + g (5.8)

e—0

Step 2. We are going to extend 9. to B(0,x~'Q~1/2). As in [8], we may write in
a neighborhood of 0 (using polar coordinates),

vg (z) = exp(i(dQ + Yo (m))),

where 1, is a smooth function in that neighborhood. Let (by,...,bs) € R?*? be a
minimizing configuration for w(-), i.e.

w(by,...,bq) = Min w(b) (5.9)

(note that we necesarily have b; # b; for i # j). We choose & sufficiently small
such that max|b;| < 1/4k and we set b§€) = Q71/2p;. Following the proof of [5,
Lemma 2.6], we write

d ()

. r—b

e“/’a(o) | I 72 )
|z — bjs |

Jj=1

= exp(i(df + ¢-(2)))
for x € A, = B(0, H—lg—l/Q)\B(Q (Zﬁ)—lg—l/Q)’

where ¢. is a smooth function satisfying |Vo.(z)] < C,x2QY2) and |¢.(x) —
1 (0)| = Cy k2 for x € A, .. We define in A, .,

be(x) = exp(i(df + e (z)))

with

Vo) = (2 — 2602 |2)) e (2) + (260212 |2| — 1)1 ().
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As in [5], we get that (using (5.7)),

lim sup {fg (D, A e) — mapd? In 2}

e—0

1
< limsup {5/ a6 |Vi.|? — magd? ln2} < C, k2. (5.10)
Am,a

e—0

Next, we define 4. in E.. = B(0, (2x)~'Q~/2)\UL, B\, 2kQ-1/2) b

d (o)

, — !

b () — it TT 225

e(x) =e¢ I | e
j=1 |2 j |

Once more as in [5], we have (using (5.7)),

- 1
limsup & (0s, Exe) < limsup 5/ aU|V@E|2

e—0 e—0 Zke
1
< mag(d* + d) lnﬂ —Wathﬂbi —bj| + Cyk. (5.11)
i#]
Finally, in each Bj(E) = B(b;s), 26071/2), we set
(e
. [ x—D;
~ _ i (0) J
b () = e Op? (TQ—U?) , (5.12)
where ! realizes
1 1 26y + b — b;
Min —/ Vv2+ 1—|v on 0B(0,1
{2 o T8I+ 530 = 01? Hpﬁzyﬂ,_b| ( >}
(5.13)
with
é =

€
2K\/ag Q12"

As in the proof of [5, Lemma 2.3], we derive

1 1
lig ¢ 5 [ (V@R (- @l - allng] b =0+ X (x),
e—0 | 2 B(0,1)

where g is defined in (4.15) and X (x) denotes a quantity satisfying X (k) — 0 as
k — 0. By scaling, we obtain

1 2kQ 172
lim{—/ |Vo.|? + (1—|5|) —wlnﬁi}:zlnao—kw—%—X(n).
2 B € 2

e—0

Notice that in B](»E)7

min a0|y|A
yeB(b;2x) 1+ A2

ao(z) = a(z) < ap — (|Ing| + wilnflng|) !
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and consequently,

: 1 . apa R 260 ~1/2
lusn—?(lle {5 /B<_€> aa|vv6|2 + 20520 (1 a |U6|2)2 ol 7}
i
Tag maolb;|%
< TIHU,O + apyo — 1_’_7‘/\2 +X(KZ)

By (5.7), it yields

- R 20 ~1/2
lim sup {55(135,3](» )) — map In Ki}
e—0
< ™00 g + maoltsli + X (k) (5.14)
—1In - —a ) .
=7 @o T Ao 11 A2 K

Combining (5.8), (5.10), (5.11) and (5.14), we conclude that for x small enough,

lim sup {55(175) — mapd|lne| — %(d2 - d)ln|ln£|}

e—0

Tao

S —Tagn Zhl|bz - bjl — H——[\Q

d
> IbilA + Qaa + 6. (5.15)
i#] =1

Step 3. Now, it remains to estimate R. (0c). The Cauchy—Schwartz inequality yields

vz (5.16)

1/2
2 |$|2ﬁg> (55(657R2\'D5))

|Re (0, R?\D.)| < CQ </
R

By [14, Proposition 2.2], Q? fRQ\D |z|?72 — 0 as ¢ — 0 and according to (5.6), it
leads to

lim IR (6:) — Re(0.,D:)| = 0. (5.17)

By the results in [8, Chap. IX], for ¢ sufficiently small and each j = 1,...,d, there
exists exactly one disc DI C B(0,1) with diam(DJ) < C# such that |@w!| > 1/2 in
B(0,1)\D?. By scaling, we infer that exist exactly d discs D}, ..., D% with DI C Bj(E)
and diam(D?) < Ce such that

We derive from (5.14) that
~ d . d ~
R. |0 | DI || <0y (Ec6., BY)) 2 —o,
j=1

and by (5.17), it leads to lim._.o |7~25(@5) = ﬁg(ﬁE7D5\U?:1Dg)| = 0. From (5.7),
we infer that

d d
; > 5 J | — 5 J —
lim R, v@DE\ LJlDE Re v@DE\ LJlDE 0
J= J=



158 R. Ignat & V. Millot

and hence,
Ehi% ke({)s) —Re | Ve, s\ U Dj = 0. (5'18)

To compute R (e, D\U;Lng), we proceed as in [14, Proposition 4.2] (here, we use
that £.(¢.) < C|lne| by (5.15)). It yields

d
i (- 222\ U ) + 3 S0 ) <o

since deg (9. /|0.|,0DI) = +1 for j = 1,...,d. Expanding a2(b§5)) and , we deduce
from (5.18) that

d
~ 271’&0
hm (Re(02) + maod |Ine| + magw(e)dIn|ne|) = T A2 10513 (5.19)
j=1
Combining (5.9), (5.15) and (5.19), we obtain the announced result. O

Proof of Theorem 5.1. We consider the map o, given in Proposition 5.2 and
we set

~ —1x - =S~ . s
e =m_ 0. and @ = 7”70 with me = |70 L2 w2)-

We are going to prove that the map w. satisfies the required property. By [14,
Lemma 3.2], we have

Fe(iie) = F(7e9) + Fo(ve) + T2 (0e).

In view of Proposition 5.2, it suffices to prove that ‘.7?5(176) — ]:“6(@5)‘ — 0 and
i(ﬁe) — 0 as ¢ — 0. We first estimate me. Since |0.] = 1 in RZ\U;!:lBJ(?) and
17 || L2 (r2) = 1, we have

@:/ /' mﬁ4w4+/ 72 (102 — 1).
R2 ud B;.E)

=1

Using the Cauchnychwarz inequality, we derive from (5.12), (5.13) and [8,

Theorem II1.2] that
1/2
/ (0.2~ 1)] < Cfme| 172 / (Jo.> — 1)

u¢_, BY u¢_, BY

< Cellng|~1/2 (5.20)

and thus

m2 =1+ O(ellne|~1/?). (5.21)



Energy Expansion and Vortex Location 159

Using |0 = 1 in R2\UJ_; B\, [VS| < Clal, k| < Cllne], (5.20) and (5.21), we
derive that

rtwa|<CMndQQl—n%2y/(1+Lﬂ%¢
R2

+ [ Uﬁm—mﬁmﬁ+a—mﬁ0
U1 B
< Cellnel?/2.

Now, we may estimate using (5.15), (5.19) and (5.21),

/ 2|V ? = me_Q/ 2| Vo[ =/ 72| Ve |* + O(e[lnel'/?), (5.22)
R2 R2 R2
and

“2R.(6.) = Re(02) + O(e|ne|V/2). (5.23)

1 4 S22 1 7 2(1 - 5_2)
5 [t —lapr = 5 [ At -
]-_ £ 52
<[ =l

717

We write

—m=2)2 L
+ 7;)/ 2|0 2. (5.24)
3 R2
We infer from (5.15) and (5.21) that
1— —2\2
Lol [ ot < el (5.25)
3 R2
and from (5.20) and (5.21),
|1—m52|/ 42 <2 -1
— < . .
= . 5o 7= | Ve | ‘1 |0 | | < Cllneg| (5.26)
Combining (5.22)(5.26), we finally obtain that F.(0.) = F.(0.) + o(1) and the
proof is complete. O
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Appendix A

In this appendix, we prove that the functions Ui and ¥, defined by (4.20) and,
respectively, (5.4) converge to the same limiting function as R — /ag and o — 0.
The proof is based on the construction of suitable barrier functions.

Lemma A.1 For any 0 < R < \/ag, respectively, any o > 0, let ¥ be the solution
of Eq. (4.20), respectively, W, the solution of (5.4). Then, ¥rp — U, as R — \/ag,
respectively, ¥, — U, as 0 — 0, in C}_(D) where ¥, is the unique solution in

C°(D) of

o2
div <1WJ*> L )
a a

(@)|=]? (A.1)
U, = —Injz| on 0D.
In particular,
REI\I/I% Ur(0) = ;13%) U, (0) = U, (0) =: £(A). (A.2)

Proof. Step 1. Uniqueness of ¥,. Assume that (A.1) admits two solutions ¥! and
U2 in C%(D). Then, the difference U} — W? satisfies div(1V(¥! —¥?)) = 0 in D and
Ul — W2 =0 on dD. By elliptic regularity, we infer that ¥ — 02 € C*(D)NC°(D).
Hence, it follows ¥l — W2 = ( by the classical maximum principle.

Step 2: Ezistence of V. We set for y € D,
R
Taly) = W L) = ) + (/D)
where ( is the solution of

AC=0 in D,
¢(=—Inly| on JD.

Since U g solves (4.20), we deduce that Y is the unique solution of

. 1 - fly) .
‘d”<aR<y> VTR) A P (A3)
Tr=0 on 9D,

where ar(y) = a?/R? — |y|3 and

2
1) = 2|'yy|'; 4 2y, A%) - V().

We easily check that y — Kagr(y), respectively, y — —Kag(y), defines a super-

solution, respectively, a subsolution, of (A.3) whenever the constant K satisfies
K> ||f||L°°(D)/(A2ao). Hence,

|TR| S OG,R in D (A4)

for a constant C' independent of R. By elliptic regularity, we deduce that T p remains
bounded in Wz’p(D) as R — /ag for any 1 < p < oo. Therefore, from any sequence

loc
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R, — \/ag, we may extract a subsequence, still denoted by (R, ), such that T, —
T, in C’lloc(D) where Y, satisfies
—div(LVT*> = / in D.
a(y) a*(y)
We infer from (A.4) that |Y,(y)| < Ca(y) for any y € D and hence, T, € C°(D)
with T4 5p = 0. Consequently, the function W, := T, +( defines a solution of (A.1)
which is continuous in D.

Step 3. By the uniqueness of ¥,, we have that Tp — U, —(in C} (D) as R — \/ag
which clearly implies ¥z — ¥, in Cf, (D) as R — \/ag . To prove that ¥, — ¥, in
CL.(D) as 0 — 0, we may proceed as in Step 2. Indeed, we may show as in Step 2,
that U, — (| < Ca, in D for a constant C' independent of o. m|
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