Minkowski’s Theorem and Its Applications

Zichao Dong

This is a mini talk about Minkowski’s theorem in convex geometry and several interesting

applications of it. It is based on [1]. We first introduce two proofs of the main theorem.

Theorem. (Minkowski’s theorem)
Suppose C' to be a symmetric, convex, bounded subset RY. If vol(C) > 2%, then C contains at
least one lattice point other than 0.

1 1
Proof. Take C' = 50 = {21' tx € C’}, then vol(C’) > 1. Then we claim that

There exists a nonzero integral vector v € Z4\{0}, such that v € C' — C".
Let’s first show that the claim implies the our theorem:

1 1 1
Suppose z € ¢’ and x+v € C’, then —x € C’ by symmetry, and hence 3V = 5(—3:)—1—5(1)4—:13) €

1
C’ by convexity. Thus v € C follows from C' = 50 , we're done.
Next, we introduce two proofs of the claim:
1) (Minkowski)
We show by contradiction. Suppose (C' — C') N Z? = {0}, then C’ + u and C’ + v are always
disjoint for different u,v € Z¢. Suppose D is the diameter of C’, then we have
U @ +wc[-(N+D),N+D]
[_NﬂN]d
Take the volume for both sides, we see that
(2N + 1)%vol(C') < 24N + D),
and hence
2N+ D)\
2N +1 ’
Take N — oo, we see the contradiction. ]

2) (Blichfeldt)
We prove some general result:
Suppose A C R™ be measurable with vol(A) > k, then we can find some x € R"™, such that A+x

1 < vol(C') < <

contains at least k + 1 points from Z".

Denote f(x) = . 1a4.(y) which is definitely measurable, and we may assume without loss of
YyeL™
generality that A is bounded, since the Lebesgue measure is inner regular. Then



> k.

Thus, max f(z)> k+ 1, we're done. O
z€[0,1]™

Now we introduce a quick application to take a glance on the power of Minkowski’s theorem.

Theorem. (Dirichlet’s approximation)

For any o € (0,1) and N € N, there exists a pair of natural numbers m,n with m < N, such

that 1

n
o- )< —.
m

1 1
Proof. Consider the parallelogram P = {(w,y) D) < N+ 2’ ly — ax| < } C R?. We have P

N
2(2N +1)

is bounded and symmetric convex with |P| = > 22 hence by Minkowski’s theorem,

1
a—ﬁ‘ < — withm < N (by
m mN

symmetry of P, we can choose m > 0), we’re done. O

1
there exists some (m,n) € PNZ2 Then |am — n| < N’ hence

Before showing some deeper applications of Minkowski’s theorem, we need to generalize the

concept of lattice at first.
Definition. (General lattice)
Let 21,29, , zq be d linearly independent vectors in R%, we define
A= A(Zl,ZQ, cee ,Zd) = {z’lzl + 2929 + -+ 1g2q (’il,ig, cee ,id) S Zd}
as the lattice with basis {z1,z2, -+ ,zq}. In particular, we denote det A = | det Z| where Z is the
matriz (21, 22, -+, 2q) made up of column vectors.

We have the following remarks to state here.

Remark.
e The basis is not unique generally.
e We have det A = vol(P) for P = {121 + aozo + -+ + agzq : 01,02, ,aq € [0,1]}.

e In fact, det A does not depend on the choice of the basis.



Now we can introduce the following generalized version of Minkowski’s theorem.

Theorem. (Minkowski’s theorem for general lattices)
Suppose A to be a lattice and C to be a bounded symmetric convex subset in R%. If vol(C) >
24 det A, then C contains at least a point of A different from 0.

There is actually nothing new to prove since we can apply some affine mapping to reduct this
general case into the original theorem. Now we may apply the generalized Minkowski’s theorem to

solve some classical number theory problems.

Theorem. (Two-square theorem)
For prime p=1 (mod 4), we can always find some a,b € Z, such that p = a® + b*.

—1 —1

Proof. We first claim that <> =1lforp=1 (mod 4). If <> = —1, then we have (p—1)! =
p p

p—1

(=1) 2 = 1 (mod p) by pairing each element with their inverse respectively in Z/pZ, which
contradicts Wilson’s theorem. So the claim is true.

Now suppose ¢> = —1 (mod p), and take z; = (1,q), z2 = (0,p), and A = A(z1,22), then we
have det A = p.

Consider C = {(z,y) : 2* + y* < 2p} in R?, then we have

vol(C) = 27p > 4p = 22 det A.
According to Minkowski’s theorem, we see that C' contains a point (a,b) € A\{0}. Then
(a,b) =iz + jzo = (i,iq + jp) € R?, which implies
>+ =2+ (ig+ jp)* = (¢* + 1)i* =0 (mod p).
Note that we also have 0 < a? 4+ b? < 2p, hence it has to be a? + b> = p, we're done. O

Theorem. (Lagrange’s four-square theorem)

Forn € N, we can always find some a,b,c,d € Z, such that n = a? + b*> + ¢® + d>.

Proof. Suppose the prime factorization of n is n = pi*p5? - -- pg’“. It is easily seen that to prove
the theorem, we only need to deal with the case when aq,ag, -+, ap € {0,1}.

We first claim that there exists some x,y € Z such that 22 + y*> = —1 (mod n). We show for

—1
prime n = p (p = 2 is trivial hence suppose p to be odd): if <> = 1, then we have o> = —1
p

-1
(mod p) for some a, and by taking © = a,y = 0, we're done; if () = —1, then consider the
p

residue pairs (0,p — 1),(1,p — 2),--- ,(%, %) and since both 0 and p — 1 are not quadratic

residues, there must be a pair consisting of quadratic residues by pigeonhole principle, hence we're
done. The general case follows by applying Chinese Remainder theorem to all of the prime factors
of n.

Now suppose A% + B? = —1 (mod n), and take A = {(z,y,2,t) : 2 = Ax + By (mod n),t =
Bz — Ay (mod n)} in R*, then we have det A = n?.



Consider C = {(z,y,2,t) : 22 + y% + 22 + t> < 2n} in R*, then we have
4
vol(C) = L4(\/ 2n)t = 2n%7% > 21n? = 21 det A.
L(1+3)
According to Minkowski’s theorem, we see that C' contains a point (a,b,c,d) € A\{0}. It is
easy to check that a? + b% + ¢2 4+ d?> = 0 (mod n) while 0 < a® + b? + ¢ + d? < 2n, hence we're

done. O
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Steiner symmetrisation and Blaschke-Santalo inequality

Yihan Zhang

This presentation is based on [1].
Definition 1. Let K < R" be a conver body and w € S*~'. The Steiner symmetral S, (K) of K
along u is defined as the body such that for all x € ut,

|K N (z+ Ru)| =[Sy, (K) n (z + Ru)|.

In other words,
1
Sy (K) = {(az,tu) :x € proj,. (K), [t < 3 |K N (z +Ru)|}.

Fact 2. For any K, L convex and v € S™ 1, the following properties hold.
1. Sy (K) is convex.
2. 184 (K)| = |K].
3. Sy (K)+Su(L)c Sy (K+1L).
4. If K < L, then S, (K) < S, (L).

Proof. 1. Define function

f: proj,. (K) — R
x — |l = |K n (Ru+ z)|.

It suffice to prove f is concave. For any x,y € proj,. (K) and A € [0,1], let z = Az + (1 — \) y.
By convexity of K,

AMEKn(z+Ru)+(1-XN)(Kn(y+Ru)) c Kn(z+Ru).

The fact follows by taking length on both sides and noting that the length of the Minkowski
sum of two segments is the sum of their lengths.

2. |[K| =, |Kn(z+Ru) de = |5 (K)n (z+Ru)| dz =[S, (K)|.



3. For any z = (2/,su) € Sy, (K),y = (¢, tu) € Sy, (L), we want to show x +y € S, (K + L). We
know z’ € proj,1 (K),y' € proj,. (L) and by definition,

1 1
]s\<§|Km(Ru+m)|, ]t|<§\Lm(Ru+y)\.
r+y= (2 +y,(s+t)u). It suffices to show

(K +L)n (Ru+z+vy).

N | =

|s +t] <

Indeed
|s +t| < |Km(]Ru+x)|+ \Lm(Ru+y)|

Also |[K n (Ru+ )| + |L n (Ru+y)| < |(K + L) n (Ru + = + y)|, since again by convexity

Kn+Ru)+Ln(y+Ru)c (K+L)n(x+y+Ru).

4. Obviously, symmetrization preserves inclusion.

O
Proposition 3. For any K < R" symmetric and convez, ue€ S" 1, |K°| < |S, (K)°|.
Proof. WLOG, let u = e,,. The symmetral of K along u can be written as
s—t

Sy (K) = {(1:, 5 > 2 (zy8), (x,t) EK}.

And the polar of it can be written as
o s—1
50 ()" = {<y,r> s (257 ) < 1}
(@,9),(z,t)eK
s—t

~{n: . r<1,v<m,s>,<x,t>ef<’}.

For a set A € R, define its section along e, at r as A(r) == {z e R""!: (z,r) € A}. Now let’s

compute

2V (z,8), (w,t) € K,{x,y) + sr < 1,{w,z) —tr < 1}

{ V(@) (@) € K Gy + 7 < 1 G 2) — i < 1}
c{y” Y (z,5), (z,1) 6K< y+z>+s;tr<1}

2




:{U: V(z,s),(x,t) e K,(x,v) + S;tr < 1}
:Su (K)O (T)

Note that K° is symmetric since K is symmetric. Indeed, for any y € K°, hx (—y) = h_x (y) =
hi (y) <1,ie., —y e K°. Hence

K°(r) ={xe]R”_1: (z,—r)e K}
={:U€R”_1: (—z, 7)€ K°}
={-zeR" " (2,r) e K°}
=—K°(r).

By Brunn—Minkowski,

|Su (K)° (r)] = %(KO (r) + K° (=)

>/ [K° (r)|V/|E° (=)
=K (r)]

Finally the proposition follows by integrating the sections along 7,
150 ()| = |18, ()7 ()] ar = [ 157 ()] o = |5,

O]

Theorem 4. For any conver K such that |K| = |BY|, there exists {u;} < S" 71, K; = Sy, (Kj—1),
such that K; — BY in Hausdorff distance'.

We need the following lemma which is the geometric analog of the fact that every bounded
sequence has a convergent subsequence.

Lemma 5 (Blaschke’s selection theorem). Any sequence of convex bodies {K;} such that K; ¢ RBY
for all j has a convergent (in Hausdorff distance) subsequence.

Proof of the theorem. If K < rBj, then K; < rBy for all j since symmetrization preserves in-
clusion. Let Ry = inf;inf {r: K; < rBy} be the infimum of the circumradii of the sequence of
convex bodies. Take a subsequence of {K;} with circumradii converging to Ry. By Blaschke’s
selection theorem, further take a subsequence of the subsequence such that K;, — L for some
L. Note that Ry is the circumradius of L. It’s left to show that actually L = RyB%. Suppose
not, then AL misses a cap C = 0 (RoBY) n {{zx,u) > Ry — ¢} for some u € S" ! and ¢ > 0. We
can cover 0 (RoBY) using reflected images of C' wrt a finite sequence of hyperplanes Hj,--- , H.

'The hausdorff distance between two convex bodies K and L is defined as dy (K,L) =
inf{6>0: KcL+éBy,Lc K+B5}.



Indeed, to cover = € @ (RoBY}), we can take H, = (z — x0)", where z is the center of C. Then

by compactness, take a finite sub-covering. If L misses C, then Sy (L) misses both C and its
relfected image wrt H,. Then Lo == Sp10Sp1 o+ 0S8y (L) misses the whole 0 (RgBj). Let’s
say Lo < (Ro — €) By for some € > 0. Suppose By < tLg for some t > 0. Take L' € {Kj,} such
that dy (', L) < ¢ = (%2 ~ 1) }. Then
L' cLo+¢BY}

cLg+ €tLy

= (1 + e’t) Lo

< (1+€t) (Ro—€) By

— (Ro— ¢/2) BY.

which contradicts the definition of Ry. O
Theorem 6 (Blaschke Santald). For any symmetric convezx body K, |K||K°| < |By|*.

Remark 7. The LHS of the inequality is GL (n,R)-invariant, i.e., for any A€ GL(n,R),

|AK||(AK)°| = det (A) | K] )(AT)*1 K°| = det (A) |K]|det (A)"" |K°| = | K| |K°].

Proof. By Steiner symmetrization, for any L with |L| = |BY|, there exists {u;} < S"71, K, =

i\ 1/n
L,K; = Sy; (Kj_1), such that K; — By. Take L = <‘BI§’> K. Note that |L| = |B%|. By

proposition,

L7 = | Kol < |K7| < -+ <[(B3)°| = B3]
This finishes the proof by noting that

. B2\ ) K\
L°| = K = K
- |<<|K\ B3]

K]
133

Lp

We finish this note with a conjecture.
Conjecture 8. For any symmetric convez body K, |K||K°| = |B}||B%|.
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Pinelis’ Inequality

Joshua Siktar

We would like to prove the following slight generalisation of Pinelis’ inequality from [1].

Theorem. Let €1,¢€9,... be i.i.d. symmetric £1-valued random variables and let g be a standard
Gaussian random variable (mean zero, variance one). For every reals x,aq,...,a, and positive
t we have

P(|z 4+ arer + ... + anen| > 1) 325P(|x+(a§+...+ag)1/2g| >t>.

For z = 0 the above reduces to Pinelis’ theorem from [1]. We shall repeat the inductive arguent
of Bobkov, Gotze and Houdré from [2]. We shall need their lemma.

Lemma. Let g be a standard Gaussian random variable. For every u > /3 and o € (0,7/2) we

have ) )
P<g>m>+p(g>lt+ma> <P (g > u).

COS (¢ COS ¢

Proof of the theorem. We proceed by induction on n. Suppose n = 1. We can assume that
a1 = 1. We need to check whether

P(lx +er| >t) <25P(|lz+g| > 1).
This holds trivially for ¢t > max{|z — 1|, |z + 1|}. For ¢t < max{|z — 1|, |z + 1|} we have
min{t — z,t + z} =t — |z| < max{|z — 1| — |z|, |z + 1| — |=|} < 1,
hence

P(lx+g|>t)=P(g>t—z)+P(g>t+ux) (9 > min{t — z,t + z})

>P
>P(g>1)>1/25.

Suppose n > 2. Assume without loss of generality that x and the a; are positive and a? + ... +
a2 =1. Since P (g > v3) >1/25and P(|Jz +g| > t) =P (g >t —2)+P (g > t + x), we can also
assume that ¢ + 2 > /3. We have

1

P(lx 4+ aje1+ ...+ anen| >t) = 51?’(\(3:4—&1) + ageq + ...+ aney| > t)
1

+ §P(|(£L‘ —ay) + ag€x + ...+ apey| > t),

so by the inductive assumption it is enough to show that

1 1
§P(|x+a1+a’g\>t)+§IP’(\m—a1+a’g|>t) <P(z+gl>1),

1



where a’ = (a? + ... + a2)"/2. Because a} + a’> = 1, we can set a; = sina and o/ = cosa for
some « € (0,7/2). Then the above inequality becomes

t—x—sina t+x+sino
P<g>> +]P’(g>>
cos o cos o

t— i t — si
+p(9>W)+p(9>m) <G> t—)+P(g>t+a).
COS & COS &

Putting u =t — x, v = t 4+ &, we have u,v > /3 and ask whether

P<g> u—sina) —l—]P(g - u+sina>
cos a cos «

+P<g>m)+p<g>m) <P (g > u)+2P(g > ).

COS COos @

This follows from the lemma.
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Pinsker’s Inequality

Kai Wen Wang

The finite and coin flip examples are adapted from [2]. The general case is adapted from [1].

1 Finite Case

Let P and @ be distributions on a finite universe U with densities p and ¢ respectively. Proba-
bility spaces are (U, F, P), (U, F, Q).
The KL-divergence of P with @ is

D(P||Q) = ZP %

zelU

Remark: D(P||Q) > 0 with equality iff P = Q.

~— [ —

The total-variation distance between P and @ is

1P = @llrv = 5lIP ~ @Il = 5 3~ Ip(a) — a(x)]

zelU

1.1 U = {0,1}

2= Plot3D[{p » Log2[p/q] + (1-p)*xLog2[(1-p)/(1-q)], 2/Log[2] » Abs[p-q]*2 }, {p, O, 1}, {q, 0, 1}]
1.0,

Outf2)=

Figure 1: Picture that shows plg(p/q) + (1 —p)lg((1 —p)/(1 —q)) > 1n(2) Ip — q|?.

Alternatively, set f(p,q) = plg(p/a) + (1—p)lg((1 —p)/(1 — ) — i [P — ¢I? and show that
it is zero at p = ¢ and concave up, with minimum at p = q.
£l
6¢  In(2) q(1—q)

1.2 Any finite universe

Idea is to reduce any case to the special U = {0,1} case. Introduce a set A = {p > ¢} and
Py = Ber(}_,cap(x)),Qa = Ber(d_,c4q(x)). Then, we actually have

1P = Qll = ||Pa = Qall



So,

_ _ 2

as desired.
The first equality, though intuitively true, can be shown; if Z = f(X) then D(P(X)||Q(X)) =
Therefore, expanding this out gives the desired result.

2 General Case

Let p and v be two probability measures on a measurable space (X, F'). Then the total-variation
distance between p and v is defined to be

= vllry = sup |u(A) = v(A)]
AecF

The relative entropy of v w.r.t. u is defined as

ffmﬂm,ﬁf:ggmm3

oo, otherwise

v = {

Pinsker’s inequality states that the total-variation distance is upper bounded by the relative
entropy:

1
[l = vy < SH@IR) (1)

2.1 Proof of Pinsker’s inequality

Assuming f exists, the total variation distance can be written as

1
||N_VHTV:2/ |1 — fldu
X

(<) Split into positive and negative parts

By integrating, we see that [y (1 — f)sdp = [ (1 — f)—dp =5 [y |1 — fldp.
For any A € F,

u(A) = ()] = | [ (1= Pyl < ma{ | (1= £y [ (1= f)-duy <5 [ 11 fla

2



Taking supremum on both sides over A yields the result.
(>) We witness a single A for equality. Let A = {1 > f}. Then,

() = v ) = [ (= Prrdu= [ = pradp=3 [ 1= 1ide

Now set u = f — 1 so that H(v|u) = [ fIn(f)du = [(1 + u)In(1 + u) — udp. The —u makes
things easier, even though [ udu = 0.

Define ¢(z) = (14 2) In(1 + 2) — 2. We have ¢/(z) = In(1 + ), ¢" (z) = 115

Thus,

o) = [ Hlonis
= [(-ar s
= [t-a @i

t
t—
:/ T da
0o 1+=x

1
1_
= t? / i ds
0 1 + ts
with the last step from x = ts.
From this, we have H(v|u) = fXx[o 1 u2ﬁduds.
Since

1
= llrv = 5 / fuldp = / ul(1 — s)duds
X Xx[0,1]

By Cauchy-Swartz,

= vy = ( / (1 — s)duds)®
X x[0,1]

1-s
< ul? duds / 1—3)(1+us)duds
oo T Tanteds) ([ (=90 us)dpa

= SH(ul)

as desired.

Remark: You may be wondering why the total-variation distance looks a bit different from
before, and why we used relative entropy instead of KL-divergence. But if we set P = u,Q = v
and assume that U = X is finite, then using probability densities we see they’re equivalent.



3 Example of coin flips

Lemma: Let P,Q be any distributions on U. Let f: U — [0, B]. Then

[Ep[f] = EQlf]l < BIIP = Qllrv

Suppose you have two coins:

) H w.p.
Coin P =
T w.p.

[N T

—€ . {H w.p.
Coin Q =
+ € T w.p.

D= D=

We want a classifier f: {0,1}™ — {0, 1} that takes an input of flips and returns 1 if it thinks
the coin is P and 0 otherwise. Let’s say we want f to predict correctly with probability %.
Equivalently,

Epnpn(f(2)] = Pr [f(z)=1]2 1% and Egqm[f(2)] =1~ xfé"m[f(x) =0] < 1%

So we derive a lower bound for ||[P™ — Q™||; > £ as

ol

< [Egnpr[f(2)] = Bongm[f(2)]] < %HP’” —Q"h

Now, we find an upper bound for ||[P™ — Q™||; using Pinsker’s inequality

1
21n(2)

64

m - D(P||Q) = D(P™|Q™) > 251n(2)

1P = Q™I =

We can calculate the KL-divergence explicitly and find an upper bound

D(P||Q) = %lg((l —2¢)(1 + 2¢)) + elg(i i- ;Z)
€ 4e
: In(2) In1 + 1-— 26)
8¢?
<

In(2)

when e < %.
Simplifying, we get that m > 25;%.
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