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1 Expectation

The goal of this section is to define expectation of random variables and establish its
basic properties. We shall only consider real-valued random variables. Recall that a
function X : Q — R on a probability space (2, F,P) is called a random variable if for
every z € R, the preimage {X <z} ={w e Q, X(w) <z} = X"!((—00,z]) is an event
(belongs to the sigma-field F).

A random variable X is called simple if its image X (Q) is a finite set, that is

X = Z:EklAk,
k=1

for some distinct z1,...,2, € R (values) and events Ay, ..., A, which form a partition
of Q (we have, A = {X = x}).

The expectation of the simple random variable X, denoted EX, is defined as

EX = Zka(Ak) .
k=1

The expectation of a nonnegative random variable X is defined as
EX =sup{EZ, Z is simple and Z < X}.

Note that EX > 0 because we can always take Z = 0. We can have EX = 400 (for
instance, for a discrete random variable X with P (X = k) = 175y, k= 2,3,...). For

an arbitrary random variable X, we write

X=Xt-X"

)

where

X+ = maX{X,O} = Xl{XZO}

is the positive part of X and
X =- HliIl{AXV7 O} = 7X1{X§O}

is the negative part of X. These are nonnegative random variables and the expectation
of X is defined as
EX =EXT —-EX~

provided that at least one of the quantities EX+, EX ~ is finite (to avoid oo — 0o0). We
say that X is integrable if E|X| < oco. Since |X| = XT 4+ X~ we have that X is
integrable if and only if EX* < oo and EX~ < oo.

One of the desired properties of expectation is linearity. It of course holds for simple

random variables.



1.1 Theorem. Let X and Y be simple random variables. Then E(X +Y) =EX +EY.

Proof. Let X = Z’,?:l rrla, and Y = Z?Zl yi1p, for some reals zy,y; and events Ay
and B; are such that the Ay partition Q and the B; partition 2. Then the events A;NBy,
k <m, | < n partition €2 and

X+Y= Y (on+y)lawn:
kE<m,l<n

This is a simple random variable with

E(X+Y)= Y (zk+y)P (AN By)

k<m,l<n
= Z P (Ak ﬂBl) + Z y P (Ak ﬂBl)
k<m,l<n k<m,l<n
= Z IkZP(Ak ﬁBl) JrZyl Z ]P)(Ak ﬂBl)
k<m I<n I<n  k<m
:ZajkP AkmUBl +ZyﬂP UAkmBl
k<m I<n I<n k<m
=D P (A) + ) uP(B),
k<m I<n
which is EX 4+ EY and this finishes the proof. O

1.1 Nonnegative random variables

Our main goal is to prove linearity of expectation. We first establish a few basic prop-

erties of expectation for nonnegative random variables.

1.2 Theorem. Let X andY be nonnegative random variables. We have
(a) if X <Y, then EX <EY,

(b) fora>0,E(a+ X)=a+EX and E(aX) = aEX,

(c) if EX =0, then X =0 a.s. (i.e. P(X=0)=1)

(d) if A and B are events such that A C B, then EX14 <EX1p.

Proof. (a) Let ¢ > 0. By definition, there is a simple random variable Z such that
Z < X and EZ > EX —e. Then also Z < Y, so by the definition of EY, we have
EZ <EY. Thus EX — ¢ < EY. Sending ¢ to 0 finishes the argument.

(b) For a simple random variable Z, clearly E(a + Z) = a + EZ and E(aZ) = aEZ. Tt

remains to follow the proof of (a).



(c) For n> 1, we have X > X1(x>1/n} > %1{)(21/”}, so by (a) we get
1 1
thus P (X > 1/n) =0, so
P(X>0)=P| [ {X=1/n}| = lim P (X >1/n) =0.
n>1
(d) follows immediately from (a). O

The following lemma gives a way to approximate nonnegative random variables with

monotone sequences of simple ones.

1.3 Lemma. If X is a nonnegative random variable, then there is a sequence (Z,) of
nonnegative simple random variables such that for every w € Q, Zp(w) < Zp11(w) and
Znp(w) —— X(w).

n—oo

Proof. Define

n-2m

k—1
Zn = Z on 1{%9&%}*”1&27&-
k=1

Fix w € Q. Then Z,(w) is a nondecreasing sequence (check!). Since n > X (w) for large

enough n, we have for such n that 0 < X(w) — Z,(w) < 27™. O

The following is a very important and useful tool allowing to exchange the order of

taking the limit and expectation for monotone sequences.

1.4 Theorem (Lebesgue’s monotone convergence theorem). If X,, is a sequence of

nonnegative random variables such that X, < X,+1 and X,, —— X, then
n—oo

EX, —— EX.

n—oo

Proof. By 1.2 (a), EX,, <EX, +; and EX,, <EX, so lim,, EX,, exists and is less than or
equal to EX. It remains to show that EX <lim, EX,,. Take a simple random variable
Z such that 0 < Z < X, with the largest value say K. Observe that for every n > 1
and € > 0,

Z < (Xn+e)lizex,+ey + Kliz>x, 12} (1.1)

Claim. For nonnegative random variables X, Y and an event A, we have
E(X14+Y14) <EX14+EY14e.

Proof of the claim. Fix € > 0. Take a simple random variable Z such that Z < X14 +
Y1y and EZ > E(X14 4+ Y1y4e) — . Note that

ZlASXlA and Z]_ACSY].AC.



Thus by 1.2 (a),
EZ14 <EX14 and EZ14. <EY14e.

Adding these two inequalities together and using that EZ14 + EZ14. = EZ, which

follows from linearity of expectation for simple random variables (Theorem 1.1), we get
E(X14+4+Y14)—e<EZ<EX14+EY1ge.
Sending ¢ — 0 finishes the argument. O

Applying the claim to (1.1), we obtain
EZ<EX,+ec+KP(Z>X,+¢).

The events {Z > X,, + ¢} form a decreasing family (because X,, < X, 11 and their
intersection is {Z > X + e} = & (because X,, — X and Z < X). Therefore taking

n — oo in the last inequality gives
EZ < liTILnIEXn +e.
Taking the supremum over simple random variables Z < X gives
EX < hrILnEX" +e€.
Letting € — 0, we finish the proof. O

As a corollary we obtain a result about the limit inferior of nonnegative random

variables and its expectation.

1.5 Theorem (Fatou’s lemma). If X1, Xs,... are nonnegative random variables, then

Eliminf X,, <liminf EX,,.

n—oo n—oo

Proof. Let Y,, = inf>, Xj;. Then this is a nondecreasing sequence which converges to

liminf, ., X, and Y,, < X,,. Note that

liminf EX,, > liminf EY,, = lim EY,,,

n—00 n—00 n—00
where the last equality holds because the sequence EY,,, as nondecreasing, is convergent.

By Lebesgue’s monotone converge theorem,

lim EY, = E ( lim Yn) — Eliminf X,,,

n—00 n—oo n—oo

which in view of the previous inequality finishes the proof. O

We are ready to prove linearity of expectation for nonnegative random variables.



1.6 Theorem. Let X andY be nonnegative random variables. Then
E(X+Y)=EX +EY.

Proof. By Lemma 1.3, there are nondecreasing sequences (X,,) and (Y},) of nonnegative
simple random variables such that X,, — X and Y;, — Y. Then the sequence (X, +Y,,)
is also monotone and X,, +Y,, = X + Y. By Theorem 1.1,

E(X,+Y,) =EX, +EY,.
Letting n — oo, by the virtue of Lebesgue’s monotone convergence theorem, we get in

the limit E(X +Y) = EX +EY. O

1.2 General random variables

Key properties of expectation for general random variables are contained in our next

theorem.

1.7 Theorem. If X and Y are integrable random variables, then

(a) X +Y is integrable and E(X +Y) =EX 4+ EY,

(b) E(aX) = aEX for every a € R,

(c) if X <Y, then EX <EY,

(4) [EX]| < E|X].

Proof. (a) By the triangle inequality Theorem 1.2 (a) and Theorem 1.6,
EX +Y| <E(|X|+Y]) = E|X|+E[Y]|

and the right hand side is finite by the assumption, thus X + Y is integrable.
To show the linearity, write X + Y in two different ways

(X+Y)T - (X+Y) =X+Y=XT-X"+Y" -V,

rearrange

X4+ 4+ X 4+Y =(X+Y) +XT+YT,

to be able to use the linearity of expectation for nonnegative random variables (Theorem

1.6) and get
E(X+Y)"+EX  +EY =E(X+Y) +EXt +EY ™,
which rearranged again gives E(X +Y) = EX + EY.

(b) We leave this as an exercise.



(c) Note that X <Y is equivalent to saying that X* < YT and X~ >V~ (if X = X,
then X <Y implies that Y = Y+, hence X < Y T; similarly, if Y = —Y ~, then X <Y
implies that X = —X~, hence X~ > Y 7). It remains to use Theorem 1.2 (a).

(d) Since —|X| < X < |X]|, by (c) we get —E|X| < EX < E|X]|, thatis |[EX| < E|X|. O

1.3 Discrete and continuous random variables

We show that the general definition of expectation we made agrees with the ad hoc
definitions we made for discrete and continuous random variables in terms of their

probability mass and probability density functions. We begin with discrete random

variables.
1.8 Theorem. Let X be a discrete random variable taking values ... < x_9 < x_1 <
ro <0 < x1 < 22 < .... Then EX exists if and only if at least one of the series

22:_00 2P (X = x), Zzil 2P (X = xk) converges and then

oo

EX = Y aP (X =u).

k=—o0
Proof. Tt suffices to show that for a nonnegative discrete random variable X taking
values 0 < 21 < @9 < ..., we have EX = p with p = Y 2, 2xP (X = ) € [0, 00].
Let Z be a simple nonnegative random variable such that Z < X. First we show
that then EZ < p, which by taking the supremum over Z gives EX < p. Suppose
Z = ZZ:1 214, for some events A, which partition Q2 and nonnegative numbers zj.
Denote By = {X = x}. Observe that the condition Z < X for w € Ay, gives

Since the B; partition €2, we have P (A;) = Zj:AmBﬁéz P (A N B;). Consequently,

EZ:zn:ZkP(Ak) :Zn:zk > P(A4nBy)

k=1 k=1 j:AxNB;#@

< ) )
ZgAkrrrwlgl;Az Z P(Ar N Bj)

J:ARNB; #2

< Z > @P(ANBy)

k=1j:AxNB;#2

< iz.’ﬂ]]}” (Ak n B])

k=1j>1

=> x;P(B

j=1
(in the second last equality we exchanged the order of summation and used that the Ay
partition ). This shows EX < u.



To obtain the opposite inequality, for every € > 0, we have to find a simple random
variable Z such that EZ > p —e. Since p = limy, 00 3 g 2xP (X = ), it suffices to
take Z = )| #x1l{x=s,} for n large enough. O

1.9 Remark. Under the assumptions of the previous theorem, for every function g :

R — R,
Eg(X) = g(zr)P (X = xy).
Indeed, it suffices to apply the theorem to the random variable g(X) (which is also

discrete).
Now we settle the continuous case.

1.10 Theorem. Let X be a continuous random variable and let g : R — R be a Borel

function. Then

By(x) = [ " g(@) f(a)d.

— 00

In particular,

EX = /OO af(z)dz.

Proof. Tt is enough to consider nonnegative functions g. When g = 14 for a Borel subset
AofR,wehave Bg =K1y =P (X € A) = [, f(z)dz = [1a(2)f(z)dz = [ g(x)f(z)dz.
By linearity, the identity also holds for g being any linear combination of indicator
functions, that is for g being a simple function. By Lemma 1.3, any Borel function g is
a pointwise limit of a nondecreasing sequence of simple functions g,. Then the random
variable ¢(X) is the limit of g, (X) (which is also a monotone sequence). Thus we
can apply Lebesgue’s monotone convergence theorem to both sides, which finishes the
argument (to argue about [ g,f — [ gf, we in fact use a version of Lebesgue’s theorem
for Lebesgue’s integrals, which by their construction, has the same proof as Theorem

1.4). O

1.4 Lebesgue’s dominated convergence theorem

We finish this chapter with one more limit theorem, quite useful in various applications;

we also show one of them.

1.11 Theorem (Lebesgue’s dominated convergence theorem). If (X,,) is a sequence

of random variables and X is a random variable such that for every w € , we have

X, (w) —— X(w) and there is an integrable random variable Y such that | X,| <Y,
n—oo

then

E|X, — X| — 0.
n—oo

In particular,

EX, — EX.

n—0o0



Proof. Since | X,,| <Y, taking n — oo yields | X| < Y. In particular, X is integrable as
well. By the triangle inequality,

| X, — X| <2Y
and Fatou’s lemma (Theorem 1.5) gives
E(2Y) = Eliminf(2Y — |X,, — X]|) < liminf E2Y — [X,, — X])
= 2EY — limsup E|X,, — X|.
As a result, limsupE|X,, — X| <0, so
E| X, — X| —— 0.
n—0o0
In particular, since by Theorem 1.7 (d),
[E(X,, - X)| < E[X,, - X],
we get that the left hand side goes to 0, that is EX,, - EX. O

As application, we show a necessary condition for the expectation of a nonegative
random variable to be finite, in terms of the rate of decay of its tail function. To motive
this condition, recall the following formula for the expectation: for a nonnegative random
variable X, we have

EX = /OOIP’(X > t)dt. (1.2)
0

This can be justified as follows,

X oo 0o 0o
EX = IE/ dt = IE/ 1o xdt = / El,xdt = / P(X > t)dt,
0 0 0 0

where the second last equality follows from Fubini’s theorem (in this case, essentially

linearity of expectation; it would be clear, if the integral fooc was a finite sum).

1.12 Remark. In particular, formula (1.2) justifies a desired fact that the expectation
is determined by distribution, that is if X and Y are random variables with the same

distribution (the same cumulative distribution functions), then EX = EY'.

Since the integral || 100 % is 400, in view of the above formula we can suspect that if
EX < oo, then P (X > t) goes to 0 “faster” than % This is indeed true, and to show it,

we use Lebesgue’s dominated convergence theorem.

1.13 Theorem. If X is a nonnegative random variable such that EX < oo, then

tP(X >t) —— 0.

t—o0

10



Proof. Fix a sequence t,, going to oo as n — oo. Let X, = t,11x~, 1. We have
t,P (X, >t,) = tnEl{X>tn} =EX,.

We want to show that EX,, —— 0. Since X,, —— 0 at each w and X, <
n—oo n—oo

X1¢x>¢,3 < X, which means that the sequence (X,) is pointwise upperbounded

by the integrable random variable X, by Lebesgue’s dominated converge theorem,

limEX, = E(lim, X,,) = 0. O

11



2 Inequalities

2.1 Basic probabilistic inequalities

One of the simplest and very useful probabilistic inequalities is a tail bound by expec-

tation: the so-called Chebyshev’s inequality.

2.1 Theorem (Chebyshev’s inequality). If X is a nonnegative random variable, then
for every t > 0,
1
P(X>t) < E]EX .

Proof. Since X > X1(x>¢ > t1{x>4), taking the expectation yields
EX > Etlix>y = tP (X > 1).
O

There are several variants, easily deduced from Chebyshev’s inequality by mono-
tonicity of certain functions. For a nonnegative random variable X and t > 0, using the

power function zP, p > 0, we get

1
PX>t)=P(XP >t < t—pEXp. (2.1)
For a real-valued random variable X, every ¢ € R and A > 0, using the exponential
function e**, we have
1
P(X > 1) =P(AX > M) < —Ee™*. (2.2)
e

For a real-valued random variable X, every ¢ € R, using the square function z? and

variance, we have
1 1
P(|X -EX|>t) < t—QIE|X —EX]? = ) Var(X). (2.3)
Our next inequality, the so-called Holder’s inequality, is a very effective inequality
used to factor out the expectation of a product

2.2 Theorem (Holder’s inequality). Let p,q > 1 be such that % + % =1 (whenp=1,

then ¢ = o00). For random variables X and Y, we have
E|XY| < (E|X[?)"/7 (B|Y|9)"/?,
In particular, when p = q = 2, this gives the Cauchy-Schwarz inequality
E|XY| < VEXPVEY].

Proof. The key ingredient is an elementary inequality for numbers.

Claim. For p,q > 1 such that % + % =1and z,y > 0, we have

aP oyl
Yy < — 4+ —.
p q

12



Proof. By the concavity of the log function, we have

D q 1 1
log (x + y) > —loga? + —logy” = log zy.
p q p q

O

Setting = = LX]” = _¥° taking the expectation and simplifying yields the
(]E|X‘p)1/p7 Yy (E‘qu)l/q7 g p plLy gy

desired inequality. O

Recall that for p # 0, the pth moment of a random variable X, denoted || X||,, is
defined as
1X1p = (EIX]P)!7

Holder’s inequality gives the following helpful variational formula for p > 1.
| X, = sup{EXY, Y is a random variable with E|Y|? <1}, (2.4)

where 1% + % = 1. To see that the supremum does not exceed the pth moment, simply
apply Theorem 2.2. To see the opposite inequality, consider ¥ = sgn(X)| X [P=1(| X, */4.
Then EXY = || X||,, so in fact we can write “max ”instead of “sup ”in (2.4). Using this
linearisation, we can effortlessly establish the triangle inequality for the pth moment,

the so-called Minkowski’s inequality.

2.3 Theorem (Minkowski’s ineuality). Let p > 1. Let X and Y be random variables.
Then
X+ Y, < 1 X1 + [1Y]lp-

Proof. Invoking (2.4),
IX +Y], =sup{E(X +Y)Z, E|Z]7 <1}

By linearity, E(X +Y)Z = EXZ 4+ EY Z. Using that sup{f + g} < sup f + supg and
applying again (2.4) finishes the proof. O

2.4 Remark. For every 0 < p < 1 Minkowski’s inequality fails (for instance, take X
and Y to be i.i.d. Ber(«)). Let us derive its analogue. Observe that for 0 < p < 1 and

every real numbers z, y, we have
[z +y” < [z” + |y|”. (2.5)

If x + y = 0, the inequality is trivial. Otherwise, note that |¢|P > |¢| for |¢| < 1, so using
this and the triangle inequality yields

P p
( || ) +< lyl > S U B 2 e o ] R e | Y
|z + |z + y lz+yl  Jr+yl  |r+yl T |z+y

13



Given two random variables, applying (2.5) for z = X(w), y = Y (w) and taking the
expectation gives
E| X + Y|P <E|X]? +E|Y]|?, p € (0,1]. (2.6)

In other words,
X+ Y[} <IXIp+ Y5 pe(0,1]. (2.7)
Given a probability space (2, F,P) and p > 0 define the L, space of random vari-
ables having finite pth moment,

L,=L,Q F,P)={X:Q— R, X is a random variable such that E|X|” < co}.

Minkowski’s inequality and Remark 2.4 assert that L,, p > 0 is a linear space. Moreover,

for p > 1, the pth moment || - ||, is a norm on L, meaning that
1) | X|l, =0 if and only if X =0 a.s.

2) XX, = M1 X |lp, X € Lp, A € R (it is homogeneous)

3) I X+Y|, <X, + IY|l, (it satisfies the triangle inequality)

(property 1) follows from Theorem 1.2 (c)). Consequently, d(X,Y) = || X — Y|, is a
metric on L, and is used to measure how close random variables are.

Another general and helpful inequality is about convex functions. Recall that a
function f : R — R is convex if f(Az 4+ (1 — N)y) < Af(x) + (1 — X)f(y) for every
A €[0,1] and z,y € R. By induction, this can be extended to

for every A1,..., A, > such that E?:l Ai =1 and every z1,...,x, € R. The weights A;
can of course be interpreted in probabilistic terms: if X is a random variable taking the
value x; with probability A;, then " A\;x; = EX, whereas > \;f(z;) = Ef(X), so we
have

fEX) < Ef(X).

This generalises to arbitrary random variables and is called Jensen’s inequality.

2.5 Theorem (Jensen’s inequality). If f : R — R is a convez function and X is a
random variable such that both EX and Ef(X) exist, then

f(EX) <Ef(X).

Proof. Suppose f is differentiable. Then by convexity, a tangent line at x( is below the
graph, so
f(@) = f(zo) + f'(0)(z — x0)

14



(which holds for every zy and x). We set z = X, 2o = EX and take the expectation of
both sides to get

Ef(X) = E[f(EX) + f(EX)(X - EX)] = f(EX) + f(EX)E(X — EX) = f(EX).

If f is not differentiable, this argument requires more work, but there is another concise
argument using the fact that a convex function is a pointwise supremum of a family of

linear functions — we skip the details) O

2.6 Example. Let 0 < p < q. Take r = % and f(x) = |z|” which is convex. Thus for a

random variable X which is in L,, using Jensen’s inequality, we have
E|X|* = Ef(|X|") > f(E|X|?) = (E[X[")*/7,

equivalently,

[ XTlg = 11X 1lp-

In other words, the function p — || X||, of moments of the random variable X is nonde-

creasing.

We finish this section with a concentration bound for weighted sums of independent
random signs. It is a nice application of exponential Chebyshev’s inequality (2.2) and

illustrates how it takes advantage of independence.

2.7 Theorem (Bernstein’s inequality). Let €1,¢2,...,&, be independent random signs

and let ay,as, . .., a, be real numbers. Then for every tt > 0, we have

n 2
t
i=1"

i=1
Proof. Let S =Y a;e;. Note that S is a symmetric random variable, that is S has the

same distribution as —S. Thus
P(S|=2t)=P{S>t}U{-S>t}) =P(S>t)+P(-S>t)=2P(S>1).
Exponential Chebyshev’s inequality (2.2) for every A > 0 yields

P(S>t) =P (e > M) < e MEeM,

The last expectation can be computed thanks to independence,

n n g —Aa;
EerS — EHe)\aigi — HEeAaiEi — H el—l—ie’
i=1 i=1 2

i=1

Using an elementary inequality % < =’/ 2,z € R, we get

n
2 2 2 2
Ee)\S < He)\ a;/2 _ 6)‘ o /27
i=1

15



where 02 = Y a?. Putting these together yields
P(S > t) < 67>\t+)\202/2.

This holds for every A > 0. Choose A such that the right hand side is as small as
possible, that is A = t/0?, to get the assertion. O]

2.2 Application in analysis: Weierstrass’ theorem

Fix p € [0,1]. Let 61,...,d, be i.i.d. Ber(p) random variables. Let S, = &1 + ...+ dy.
Using similar arguments as in Theorem 2.7, it can be shown that P (|S,, — ES,| > nt) <
26*’”2/4, that is the probability that % deviates from its expectation E% = p by
more than a fixed t is exponentially small in n. This means that for large n, 57” is
approximately p (we say Sn—" concentrates around its expectation p). Guided by this
observation, we can give a constructive proof of Weierstrass’ theorem about uniform

approximation of continuous functions with polynomials.

2.8 Theorem (Weierstrass). Let f : [0,1] — R be a continuous function. For every

e > 0, there is a polynomial Q such that |f — Q| < e on [0,1].

Proof. Fix p € [0,1] and let S,, ~ Bin(p,n) be as above. Define

n
Q(p) =Ef (i) => (Z)f (i) P —p)*
k=0
As explained, 37“ concentrates around p for large n, thus it is reasonable to hope that
Q(p) will be approximately Ef(p) = f(p). Note that @ as a function of p is a polynomial
of degree n.

Now we show that for every € > 0, there is n such that |Q(p) — f(p)| < € for every
p € [0,1]. We have,

Q) - )1 =[5 () - s <] (22) - 100
= E‘f <Snn> f(i”)‘ Lsn pzn1a)
vE[r(3) - )

The function f, as continuous on [0, 1], is bounded on [0,1], say |f| < M. Using this

1

Sn “1jay-
{152 —pl<n=1/4}

and Chebyshev’s inequality (2.3), we get a good estimate for the first term,
S, . "
E ‘f (n> - f(p)’ L sn _pisp-1/ay < 2MP ( == p‘ >n
& _ E& Z n—1/4>
n n
1 S,
S 2Mm Var <n>
yenp(l—p) _ M
" n? < onl/2”

:2M]P’(

=2M
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(in the last inequality we used p(1 — p) < ). This is less than £/2 for n large enough.
To bound the second term, we use that f is uniformly continuous on [0, 1], that is,
there is § such that |f(z) — f(y)| < /2 for all z,y € [0, 1] such that |z — y| < 4. For n
large, such that n=1/* < §, we thus get
Sh, € €
f (n> - f(P)’ Lsa prenay <Elgsn pienmy < 5

n

E

Combined with the previous bound, we get |Q — f| <e/2+¢/2=¢. O

2.3 Application in combinatorics: 1st and 2nd moment method

Simple probabilistic inequalities are of use in combinatorics. We mention two such appli-
cations in situations when we want to show that a nonnegative integer-valued random
variable (e.g. counting the number of some combinatorial objects) is zero with high
probability (1st moment method) and complementary, is positive with high probability
(2nd moment method).

Consider the following problem: we put m balls independently uniformly at random
into n boxes. How large does m have to be (with respect to n) so that with high
probability (w.h.p.) there are no empty boxes (that is, with probability going to 1 as n

goes to 00)?

1st moment method

Claim. If X is a nonnegative integer-valued random variable, then
P(X > 0) <EX.
This follows immediately from Chebyshev’s inequality (Theorem 2.1) because {X >
0} ={X >1}.
Let X be the number of empty boxes after putting m balls independently uniformly

at random into n boxes,
n
Y=y,
i=1
where X; is the indicator random variable of the event “ith box being empty”. Clearly,

n 1 m
EX:ZIEXZ» =nEX; =nP (X, =1) =n<1— ) .
n
=1

x

If m> (14 ¢e)nlogn, we get from 1 —z < e™ 7,
EX < ne ™™ < n~c.
We have obtained that for every € > 0, if m > (1 4 ¢)nlogn, then
P (there are empty boxes) =P (X > 0) <EX <n~°,

equivalently

g

P (no empty boxes) > 1 —n"°.

17



2nd moment method

Claim. If X is a nonnegative integer-valued random variable, then

P(X >0) >

This follows from the Cauchy-Schwarz inequality (Theorem 2.2) because

EX =EX1{xs0; < VEX?\/E1}y.(y = VEX?\/P(X >0).
Let us apply this again to X being the number of empty boxes. We have

1 m
EX2=FE Z X X; =nEX; +nn—-1DEX 1 Xo =n (1 — ) +n(n—1)EX; X

ij<n "
and
2 m
EX1Xo =P (X1 =Xo=1) = (1—) .
n
Thus
(EX) _ n?(1- 1) N n?(1-2)"
EXT a(i- )+ (-2 (=) e (1= 3
B 1
L+ (%)
B 1
1 1 \™
1+ (1 + m)
1 1 \™
>1——(1+
n n—2
1 m
Z 1 — —en-2
n
If m < (1—¢)nlogn,
]P(X > 0) >1— 16(175) kg logn _ 1— 16(1_5) logne(lfs) 2,,5(’73"27" -1— n—ae(lfs)%’
n n

so for large n we get

P (there are empty boxes) =P (X >0) > 1—2n"°.

Summarising, we have obtained a rather tight answer: m = nlogn is the number of

balls at which the probability of having empty boxes transitions from being very large

to being very small as n goes to oo.

2.4 Existence by averaging

Sometimes to prove existence of a combinatorial or geometric object, it suffices to aver-

age, that is take expectation. Specifically, if X : @ — R is a random variable such that

18



EX > a for some a € R, then there exists w € € such that X (w) > a (otherwise, X < a,
so EX < a). Moreover, when X is discrete, if EX > a, then X (w) > a for some w € Q
(otherwise EX =" v (q) 2P (X =) < X} cx(q) aP (X =) = a). To illustrate this,

we consider the following example.

2.9 Example. Let vq,...,v,, be unit vectors in R™. We show that there are signs

€1y...,Em € {—1,1} such that

le1vr + ..+ EmUm| > VM.

Here and throughout, |z| = /2% + ... + 22 is the Euclidean norm of a vector z in R™.
Let €1, ...,&m, be ii.d. random signs. Consider

X = |€1’Ul + ...+ €m’Um|2.

Using the linearity of the standard scalar product (z,y) = >, z;y;, =,y € R™ (note

|z|? = (z, x)), we have

EX=E<Z€Z‘UZ‘,Z€Z'U¢>=]E Z 67;€j<1li,v]'>
=1 =1

j<n

=E Z€$<UZ‘,’UZ'>+ Z€i€j<’0i, Uj>
1=1

i#j

=Y (B |vil® + ) (Fee;) (vi,v;).
=1

i#]

Since |v;|* = 1, Ee? = 1 and by independence, Ee;e; = Ee;Ee; = 0 for i # j, we obtain
EX =m.

Therefore, we can conclude that exist w such that X (w) > m, equivalently, the choice

of signs €1(w), ..., em(w) such that

|51(w)v1 + ...+ €m(w)vm| > m
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3 Notions of convergence for random variables

3.1 Definitions and relationships
A sequence of random variables (X,,) converges to a random variable X

a) almost surely if P ({w € Q, lim,, ;0 X,(w) = X(w)}) = 1, denoted X,, > X

n— oo

b) in probability if for every ¢ > 0, P(|X,, — X| > &) —— 0, denoted X, 250
n— oo

n— oo

¢) in Ly, p > 0, if E|X, — X|? —— 0, denoted X,, —2— X.
n—oo

n—00
For instance, let @ = {1,2} and P (1) = P(2) = 3, X,(1) = —1/n, X,(2) = 1/n.
We have

a) X, 2 0 because X, (w) — 0 for every w € Q,
n—oo

b) X, —% 4 0 because P(| X, >e)=P(L>¢) >0,

n—oo

c) Xn —%_, 0 because E|X,[r =211 —0.

n—oo

We have two results, saying that the convergence in probability is the weakest among

the three.

3.1 Theorem. If a sequence of random variables (X,,) converges to X a.s. then it also

converges in probability, but in general not conversely.

Proof. By the definition of the limit of a sequence,

{1175an:X}:ﬂ U N {|Xn—X|<;}‘

I>1IN>1n>N

For any events A;, P (ﬂlzl Al) = 1 if and only if P(4;) = 1 for all [ > 1. Therefore,

X,, % 0 is equivalent to: for every [ > 1,
n—oo

Pl ﬂ{|Xn—X|<}} =1

N>1n>N
By monotonicity with respect to N,
Pl NIx —X|<1 = lim P () {IX —X\<1
N>1n>N n>N

Finally, observe that by the inclusion 1,5y {IXn =X <1} c {|IXNn—X| < 7}, we

have

1 1
= 1 - - < i - .
1 A}l_r)I})OIP’ | |{|Xn X|<l} _Nh_rgo]P’<{|XN X<l}>7

n>N
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so passing to the complements, for every [ > 1,

0< lim IP’({|XN—X|<1}) <0,
N—o0 l

Therefore, for every € > 0, limy_oo P ({| Xy — X| > €}) = 0, that is X, —% 0. The
n—oo
following example of a sequence convergent in probability but not a.s. finishes the proof.

3.2 Example. Let Q = [0,1] and P(+) be the uniform probability measure. Let X; = 1,
Xo = 1jg1/2;, X3 = Lpyea), Xa = Ljoya, X5 = Lpjaayey, Xe = Lpjesjay, X7 =

1(3/4,1], etc., Xon, Xonyq,..., Xont1_y are indicators of a wandering interval of length

27" shifting to right by 27" every increment of the index. We have

a) X, —— 0 because for every ¢ > 0, P(|X,| > &) < 2% when 2*F < n < 281, which

n—oo
goes to 0 as n goes to oco.

b) X,, % 0 because for every w € (0,1), the sequence (X,,(w)) contains infinitely many

. . . a.s .
0 and 1, so it is not convergent; moreover, if X,, ——— X for some random variable
n— o0

X other than 0, then by Theorem 3.1, X,, "+ X and from the uniqueness of limits
n—oo

in probability (homework!), X = 0 a.s., contradiction.

L
¢) X,, —— 0 because E|X,,|P = 27*P when 2¥ < n < 28! which goes to 0 as n goes
n—oo

to oo.
O

3.3 Theorem. If a sequence of random variables (X,,) converges to X in L, for some

p > 0, then it also converges in probability, but in general not conversely.

Proof. By Chebyshev’s inequality (2.1),
1
P(|X,—-X|>¢) < =E|X, - X|P ——0,
b n— 00

so X, P . X. The following example of a sequence convergent in probability but not
n—oo

in L, finishes the proof. O

3.4 Example. Let Q = [0,1] and P(-) be the uniform probability measure. Let X,, =
nl/pl[oﬁl/n]. We have

a) X, — 4 0 because for every & > 0, P(|X,| >¢) <

n—oo

% which goes to 0 as n goes to

oo

L L
b) X, - 0 because E|X,|P = n+ = 1; moreover, if X,, —— X for some random
n—oo
variable X other than 0, then by Theorem 3.3, X, — P 4 X and from the uniqueness
n—oo

of limits in probability (homework!), X = 0 a.s., contradiction.
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¢) X,, —=2 0 because for every w > 0, the sequence X, (w) becomes eventually con-
n— oo

stant 0.

Theorems (3.1), (3.3) and Examples 3.2, 3.4 can be summarised in the following

diagram.

a.s. Iy in L,

inP

3.2 Properties

We record a few basic algebraic properties of the three notions of convergence (home-

work!).

1) If X,, converges to X a.s./in probability/in L, and Y,, converges to Y a.s./in proba-
bility /in L,, then X,, + Y, converges to X + Y a.s./in probability/in L,.

2) If X,, converges to X a.s./in probability and Y;, converges to Y a.s./in probability,
then X, - Y, converges to X - Y a.s./in probability.

3) If 0 < p < qand X, converges to X in Ly, then X,, converges to X in L,.

Immediately, 1) and 2) for the almost sure convergence follow from those statements
for sequences of numbers since the intersection of two events of probability 1 is of
probability 1.

Property 1) for L, convergence follows from Minkowski’s inequality (Theorem 2.3)
and Property 3) follows from the monotonicity of moments (Example 2.6).

Establishing 1) and 2) directly from definition is cumbersome. Instead, we first prove
a convenient equivalent condition for convergence in probability in terms of almost sure
convergence. En route to this result, we need the Borel-Cantelli lemma, allowing to

deduce when only finitely many events occur with probability one.
3.5 Lemma. If Ay, A, ... are events such that > - P (Ay) < oo, then
P (infinitely many A,, occur) = 0.

Proof. By the union bound,

P (infinitely many A,, occur) = P m U A,] = lim P ( U An>

N—oc0
N>1n>N n>N

and the right hand side is zero by the assumption. O
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3.6 Theorem (Riesz). If a sequence (X,) of random variables converges to a random
variable X in probability, then there is a subsequence (X, )r which converges to X

almost surely.

Proof. Since for every e, P(|X,, — X| >¢) — 0, then we can find an index n; such
that P (]X,, — X| >27') < 27!, By the same logic, we can find an index ny > ny
such that P (|X,, — X|>27%) < 272, etc. We get a subsequence (X,,); such that
P (| Xy, — X[ >27%) < 27 for every k. Since the series Y~ P (| X,,, — X| >27F)
converges, by the Borel-Cantelli lemma (Lemma 3.5), with probability 1 only finitely
many events A, = {|X,, — X| > 27%} occur. When this happens, X,, — X, so
X, — X. O

k—o0
3.7 Theorem. A sequence (X,,) of random variables converges to a random variable
X in probability if and only if every subsequence (X, )i contains a further subsequence

(X, )1 which converges to X almost surely.

Proof. (=) It follows directly from Theorem 3.6.

(<) If (X,,) does not converge to X in probability, then there is ¢ > 0 such that
P (| X, — X| > €) » 0. Consequently, there is &’ > 0 and a subsequence (X, ) for which
P(|Xn, — X| >¢) > €. By the assumption, there is a subsequence (X, )i convergent
to X almost surely, in particular, in probability, so P (|Xnkl - X| > 5) — 0. This

contradiction finishes the proof. O

Going back to the algebraic properties 1) and 2) for convergence in probability, we
can easily justify them using that they hold for convergence almost surely. For 1), say
Sn = X, + Y, does not converge in probability to S = X + Y. Then as in the proof of
Theorem 3.7, P(|S,, — S| > ¢) > &’ for some ¢,&’ > 0 and a subsequence (ny). Using
Theorem 3.7, there is a further subsequence (ny,) such that (Xnkl)l converges to X
a.s. and a further subsequence (for simplicity, denote it the same) such that (Y, )

converges to Y a.s.. Then S, 22, S, which contradicts P (|S,, — S| > ¢) > €.
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4 Laws of large numbers

Suppose we roll a die n times and the outcomes are X1, Xo, ..., X,,. We expect that the

X+ 4Xn should be approximately 3.5 (the expectation) as n becomes large.

average
Laws of large numbers establish that rigorously, in a fairly general situation.

Formally, we say that a sequence of random variables X1, X, ... satisfies the weak
_ EX] +..+X
n

law of large numbers if X1+'7'L‘+X" = converges to 0 in probability and
the sequence satisfies the strong law of large numbers if the convergence is almost
sure. In particular, for a sequence of identically distributed random variables, we ask
whether % m EX;. Consider two examples when no reasonable law of large
numbers holds and the opposite.

4.1 Example. Let X7, X5, ... be i.i.d. standard Cauchy random variables. Then it can
be checked that S, = % has the same distribution as X1, so S, is a “well spread
out” random variable which in no reasonable sense should be close to its expectation

(which in fact does not exists!), or any other constant.

4.2 Example. Let £1,¢5,... be i.i.d. symmetric random signs, that is P (g; = +1) = %

Let S, = &+=tn By Bernstein’s inequality (Theorem 2.7), P (|S,| > t) < 2e~ /2

so the series Y07 | P (]S, > t) converges, so S, ——— 0 = Ee; (check!). In other words,
n—oo

the sequence (g,,) satisfies the strong law of large numbers.

4.1 Weak law of large numbers

Using the second moment, we can easily get the weak law of large numbers for uncorre-

lated random variables with uniformly bounded variance.

4.3 Theorem (The Ly law of large numbers). Let X1, Xo,... be random variables such

that E| X;|? < oo for every i. If

1
—2Var(X1—|—...—|—Xn) — 0,
n

n—oo

then denoting S, = X1+ ...+ X,

Sn Sh,
on gt L2,
n n mn—oo

In particular, this holds when the X; are uncorrelated with bounded variance, that s

Var(X;) < M for every i for some M.

Proof. We have

2
Sn _gSn
n n

1 1
= —E|S, —ES,|* = = Var(X; + ...+ X,;) —— 0.
n n

n— oo

E

Since "
Var(Xy 4.4+ X,) =Y Var(X;)+2 Y Cov(X;, X;),
=1

1<i<j<n
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when the X; are uncorrelated with bounded variance, we have

Mn M
< —

1
ﬁVar(Xl—ﬁ—...—i-Xn) 3 ~

which goes to 0 as n — oc. O

Since convergence in Lo implies convergence in probability, the above is in fact

stronger then a weak law of large numbers.

4.4 Example. Let X be a random vector in R™ uniformly distributed on the cube
[-1,1]", that is X = (Xq,...,X,) with the X; being i.i.d. uniform on [-1,1]. The
assumptions of the above Ly law of large numbers are satisfied for X2, X2,..., so in

particular
X2+, +X2
At t A gy P

n n— oo

Note that EX? = % By definition, this convergence in probability means that for every

X2+, +X2 1
p<’1++n_3’>5)_>07

n n—r00

e >0,

or equivalently,

p(m<./xf+...+xg<¢m)m1.

In words, a random point in a high dimensional cube is typically near the boundary of

the Euclidean ball centered at 0 of radius /n/3.

For completeness, we state without proof the weak law of large numbers for i.i.d.

sequences under optimal assumptions on integrability.

4.5 Theorem (The weak law of large numbers). If X, Xs,... are i.i.d. random vari-

ables such that tP (| X1] > t) = 0, then
— 00

X1++Xn P
—p

n
n T—00

where pi, = EX11{x,|<n}-

4.2 Strong law of large numbers

The main goal is to prove the following strong law of large numbers for i.i.d. sequences

with optimal assumptions on integrability, which is due to Kolmogorov.

4.6 Theorem (Kolmogorov’s strong law of large numbers). If X1, Xo,... are i.i.d.

random variables such that E|X1| < oo, then

X1++Xn a.s.

n n—00

EX;.
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To prove this, we first need to develop a few tools. The first one is a useful fact
about deducing convergence of averages of sequences of numbers from convergence of

series.

(e.¢] an

4.7 Lemma (Kronecker). Let (a,) be a sequence of real numbers. If the series ) >~ | %=

converges, then
ar+...+an

n n—00

0.

Proof. Let s, = ZZ=1 % . Then s1 = a1, sp — Sp—1 = 9=, N > 2, 50

ar+...+a,  s1+2(s2—51)+3(s3—82)+ ... +n(sp —5,-1)
n n
NSy —81 —82 — ... —Sp—1

n
Fix e > 0. Since (s,,) is a convergent sequence, it is bounded, say |s,,| < M for every n,
and by the Cauchy criterion, there is N such that for n,m > N, we have |s,, — s;,| < €.

Consequently, for n > N,

NSy —81 —8S2 — ... — Sp—-1
n
N+1)s,—851—...— 5§ Sp — S Sp — Sp—
:‘( ) 1 N o NFL 1
n n n
§(2N+1)M+(n—N—1)5
n n
which is less than, say 2¢ for n large enough. O

The second tool we need is a classical maximal inequality (tail bound) for partial

sums of independent random random variables, due to Kolmogorov.

4.8 Theorem (Kolmogorov’s maximal inequality). If X1, Xo,..., X, are independent
random variables such that E|X;|? < oo and EX; = 0 for every i, the for t > 0, we have

1
P(max |X1+...+Xk>t)<E(X1+...+Xn)2.
1<k<n 12

Proof. Denote Sy =0and S = X1+ ...+ Xi, 1 <k <n. Fix t > 0 and consider the
events

A ={|S;] < tforall j <k and |Si| >k}

(A means that j = k is the first index for a partial sum S; to be at least t). These are

disjoint, events and
n
A = S| >t}
_U1 j = {max |S;] > 1}
j:

Moreover, note that the event Ay depends only on X1, ..., X% (hence is independent of
Xkt1,--+,X,). We have

ES2 > ESplya, = Y ES?1a,,
k=1
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where the equality holds because the Aj are disjoint. Writing S,, = Sk + (S, — Sk) and

squaring yields
ES2 >3 (ES,%lAk 4 2ESk(Sn — Sk)1a, +E(S, — Sk)glAk)
k=1

Note that by independence, ESy (S, — Si)1a, = E(Skla,)(Sn —Sk) =ESkla, -E(S, —
Sk) =ESi14, - 0 = 0. Bounding the last term trivially by 0 thus gives

ES) > ES{la,.
k=1

On the event Ay, |Sg| > t, so ES?14, > Et?1,4, = t?P(A) and we finally obtain

ES2 > I;tQP(Ak) = 2P ({JAr) = P ( max |S)] > t)

which is the desired inequality. O

To use Kronecker’s lemma, we establish a convenient criterion for almost sure con-

vergence of series of independent random variables.

4.9 Lemma. Let Xy, Xs,... be independent random variables such that for every i,

EX; =0 and E|X;|? < co. If Yo7 Var(X;) converges, then Y .-, X,, converges a.s.

Proof. We want to show that P (3", X,, diverges) = 0. By the Cauchy criterion,
>0 X, diverges if and only if there is ¢ > 0 such that for every N > 1 there are
n>m > N with |X,, +...+ X,| > e. Thus

(ZX d1verges> =P(J N { sup +...+Xn|2;}

I>1 N>1 ”>m>N

N
<> P ﬂ{ sup X,,L+...+Xn|z;}

=1 N>1 n>m>N

It suffices that every term in the last sum is zero. Observe that by simple monotonicity

of the events involved,

1
P ﬂ{ sup |Xm+...+Xn2}
N>1 n>m>N l

1
= lim ]P’( sup |Xm—|—...—|—Xn|zl>

1
= lim P U{ max |Xm+...+Xn|2}
N—o0 SN n>m>N l

1
= lim lim IP’( max | X, +.. +Xn|2l).

N—o00 n—00 n>m>N
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By Kolmogorov’s maximal inequality (Theorem 4.8),

1 1 g

P <n§1n?§N | X + ...+ X, > l) < WVar(XN+1 o+ X)) =1 ) Var(Xy),
k=N+1

which after taking consecutively the limits n — oo and then N — oo gives an upper

bound by limy e Y pe ny Var(Xg) = 0 because the series ) Var(X}) converges by

the assumption. This finishes the proof. O

Now we are ready to prove Kolmogorov’s strong law of large numbers (Theorem 4.6).
To give a good picture of our strategy, we first show how to quickly prove it under a

stronger assumption of the finite second moment.

4.10 Remark. Let, as in Theorem 4.6, X3, Xo,... be i.i.d. random variables such that

E|X1]? < oo (which clearly implies that E|X;| < oo). We would like to show that

% 2% s EX;. This is equivalent to

n—o0

(X1 —EX)) 4+ ...+ (Xn —EX,) as.

n n— 00

0.

By Kronecker’s lemma (Lemma 4.7), it is enough to show that
= Xn _ EXn
Z ——— converges a.s.
n=1 n

By Lemma 4.9, it is enough to show that

Z Var (Xn — EX") < 0.
n=1 n

This is clear because Var (%) = L Var(X,,) = 5 Var(Xy).

Proof of Theorem 4.6. Consider the truncated random variables

Y, = Xnlyx, <n}-

We have

Q_EXlan_FSn_FTm

where

X1 —-Y)+...+ (X, -Yn)

R, = : )
n
o _ (M—EY)+ ..+ (Y, —EY,)
n — n )
EY; +...+EY,
T, ==t A gy

n

We shall show that each of these sequences converges to 0 a.s. and this will finish the

proof.
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Sequence (T,,). Here we use a simple fact that for a sequence of numbers (a,), if
lim, a,, = a, then lim, % = a. Let a, = EY,,. Since the X; are identically
distributed,

an =EXp1yx,1<ny = EX11yx,|<n)
By Lebesgue’s dominated convergence theorem (| X71{|X;| < n}| is dominated by | X,
which is integrable),

h}}lan = hELnEXll{\Xﬂgn} = E(Xl h}}l 1{|X1|§n}) = EXl.
This shows that T;, — 0.

Sequence (Ry,). Let A, = {X,, # Yn} = {|X,| > n}. Since

S P(A) = S P(Xal > 1) = S P(X| > n) < B

n=1 n=1 n=1
by the Borel-Cantelli lemma (Lemma 3.5), with probability 1 only finitely many A,
occur. If that is the case, then the sequences (X, (w)) and (Y, (w) are eventually the

same, which implies that

Ry(w) = (X1(w) = Y1(w) + ...+ (Xpn(w) = Yp(w))

This shows that R,, —=— 0.
n—oo

Sequence (S,,). We proceed as in Remark 4.10: by Kronecker’s lemma and Lemma 4.9

S v (BB o

it suffices to show that

Note that

Var( ) < EY2 EXELl{an\Sn} = ]EX121{|X1|§n}

=Y EXT1{i 1<ix, <k}
k=1

< ZkE|X1|1{k—1<|X1|§k}~
k=1
Changing the order of summation and using that >, _, # < %, we obtain
Y, — EY,
> var (L) - 5 vy
nfl
=1 n

(oo}

Z ( ) KE[X1[1k—1<)x, <k}

k=1

1 n
— Z KE[ X1 |1 1p—1<1x, <k}
k=1

IA

3

< 2ZE‘X1|1{k—1<\X1\§k} = 2E[X4|
k=1

which is finite. O
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We finish this chapter with an application of the strong law of large numbers to

computation of certain integrals.
4.11 Example. Let I, = [} ... [ S5 gy dg,. We shall find lim,, I,

“JO ity
Let X4,..., X, beiid. random variables uniform on [0, 1]. The density of the vector

X =(X1,...,Xn) is f(x) =Ti_; 1po,1y(2i), so

X34...4X3
XP+.. 4 X3 Sl

X+ +X,  XtedXek
n

I,=E

By the strong law of large numbers (Theorem 4.6),

X1++Xn a.s.

n n—oo

1
EX, = -
2

and similarly

X34+, +X3 ., 1
P+ XD s EX?ZZ'
n n—oo
Thus . .
X34 4x3 NN g1

X4+ Xy, BbetXe noeot 1/2 7 2

X34 4+X3
Xi+..+Xn

Lebesgue’s dominated convergence theorem,

Moreover, we have a simple bound < 1 (because the 0 < X; < 1), so by

X34+...+X3 X34+...4+4X3 1 1
lim I, = lim EX=L—"" """ [ Jjjp L """ """ - = _,
A e Xy .+ X, nooo Xy + .+ X, 2 2
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5 Central limit theorem

Let X1, Xo,... be i.i.d. random variables with E|X|? < oo. By the strong law of large

numbers,

Xi+...+X,
Yn:LfEXl
n

converges to 0 a.s. By our (too generous to get this convergence) assumption, we can

compute
~ Var(X; +...+ X,)
- 2

n Var(X7) _ Var(X1)

2 )

Var(Y,,) ”

n n

so Y,, concentrates around its expectation, which is 0 and in a sense it is not surprising
that Y,, goes to 0. What happens if we zoom in, that is rescale appropriately so that the
variance of Y}, is fixed (when fluctuations of Y;, have a fixed size, as opposed to decaying

like 1/n as earlier)? Consider

I SR Xt X oo
Zn = v/ Var(Y,,) f\/Var(Xl) < n Bx >

which has variance 1 for all n. What “limit distribution” does Z,, have as n — oo
(if any)? This is addressed by the central limit theorem which says that the limiting
distribution exists and is Gaussian! (If it exists and is universal, that is the same for all
i.i.d. sequences, then it has to be Gaussian because when the X; are standard Gaussian,
Z, is also standard Gaussian.) To make things rigorous, first we need to develop a notion
of convergence in distribution, the most important type of convergence in probability
theory.

We say that a sequence of random variables (X,,) converges to a random variable X
in distribution, denoted X, 4, X, if

n—oo

Fx, (t) —— Fx(t) for every point of continuity of Flx.

n—oo

Here as usual, Fy(t) = P(Y <t) is the distribution function of a random variable
Y. Note that this notion of convergence only depends on the distribution functions
of random variables involved and not on their particular realisations as functions on a
probability space (in fact, they can be defined on different probability spaces). This
is in strong contrast to, for instance almost sure convergence — see also Theorem 5.4.

Particularly, if X, —4 L X and say X' is another random variable with the same
n—oo

distribution as X (i.e. Fx = Fx), then we can also write X,, 4 x
n— o0
5.1 Theorem (Central limit theorem). Let X1, Xo,... be 4.i.d. random variables with

E|X1]? < co. Then the sequence (Zy) of normalised sums

_X1++Xn—TLEX1

Zn
n Var(X;)

converges in distribution to a standard Gaussian random variable.
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To give a complete proof of this fundamental limit theorem, we shall first study
properties of convergence in distribution and then build up a tool, borrowing ideas from
Fourier analysis, of so-called characteristic functions of random variables which captures

the convergence in distribution and easily allows to take advantage of independence.

5.1 Convergence in distribution

We begin with two simple examples.

5.2 Example. Let € be a symmetric random sign. Consider the sequence (X,,)22; =

(e,—e,e,—¢,...). Since —e has the same distribution as ¢, we have Fx, = F. for
every n, so X, 4, ¢. On the other hand, the sequence (X,) does not converge in
probability, for suppose X, P X for some random variable X. Then for n, m large
enough P (| X, — X,n| > 1) <P(|X,, — X| >1/2) + P(|X — X,,,| > 1/2) < 1/4. Taking
n and m of different parity, we get P (| X,, — X,,,| > 1) =P (|2¢] > 1) = 1, a contradiction.
It turns out that convergence in probability implies convergence in distribution, but we

will be able to show this a bit later.

5.3 Example. Let X be a random variable and consider the sequence X,, = X + %
For any reasonable definition of “convergence in distribution” we should have X,, — X.

Note that for a fixed t € R, we have
1
lim Fx, (t) = limP (X,, <t) =limP (X <t-— ) = F(t-),
n
which is F(t) if and only if ¢ is a continuity point of F. This explains why in the
definition we make this exclusion.

We have a curious relationship between convergence in distribution and almost sure

convergence.

5.4 Theorem. If a sequence of random variables (X,) converges in distribution to a
random variable X, then there are random variables Y, and Y such that Y, has the

same distribution as X,, Y has the same distribution as X and Y, =Y a.s.

Proof. Let F,, = Fx, be the distribution function of X,, and let F' = Fx be the dis-
tribution function of X. Let Q = (0,1), F be the Borel subsets of (0,1) and P (-) be

uniform. For every = € (0,1) define the “inverse” distribution functions
Yy (x) =sup{y € R, Fy(y) <z}

and similarly

Y(z) =sup{y € R, F(y) <=z}

By the construction, Fy, = F, and Fy = F. Note that Y,, and Y are nondecreasing

right-continuous functions whose only discontinuities are jumps which happen at at most
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countably many points. If we let £y to be the set of points where Y is continuous, then
P(Q) = 1. Fix z € Qy. We claim that Y,,(x) — Y (), which then gives Y,, - Y as.
We have

1. liminf Y, (z) > Y(z), for suppose y < Y(x) is a continuity point of F'; then
F(y) < z (since x € ), so for large n, F,(y) < x and by the definition of the
supremum, y < Y,,(z). Taking lim inf, we get liminf ¥;,(x) > y for every y < Y (z),
so liminf Y, (z) > Y (x).

2. Y(x) > limsupY,(z), for suppose y > Y(z) is a continuity point of F; then
F(y) > z, so for large n, F, (y) > x which gives y > Y,,(x). Taking lim sup finishes

the argument.
O

We show an equivalent definition of convergence in distribution in terms of bounded

continuous test functions.

5.5 Theorem. A sequence (X,) of random wvariables converges in distribution to a
random variable X if and only if for every bounded continuous function g : R — R, we

have Eg(X,) — Eg(X).

Proof. (=) Let Y,, and Y be as in Theorem 54, Y, 2%, Y. Since g is continuous,
we also have g(Y,,) 225 ¢(Y), so by Lebesgue’s dominated convergence theorem (g is
bounded),

Eg(Xn) = Eg(Yn) = Eg(Y) = Eg(X)
(recall Remark 1.12).

(«) For parameters t € R and € > 0 define the continuous bounded functions

1, x <t

Gre(x) = 1—2=t t<ax<t+e,

€

0, z>t+e.

The idea is that these functions are continuous approximations of indicator functions.

We have, 1;,<;3 < gre(x) < 1is<i4e)- Consequently,

limsupP (X, < t) = limsup El{x, <, < limsupEg; . (X,)
=Egi(X) <El{xciyey =P(X <t +e).

Letting ¢ — 0 gives
limsup Fx, (t) < Fx(t).
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On the other hand, since

liminf P (X, <t) =liminf Elyx, <, > liminfEg; . .(X,)
= Egt—s,e(X) > El{XSt—g} =P (X <t-— 6)

after taking ¢ — 0, we get
lim inf FXW, (t) Z Fx(tf).

If t is a point of continuity of Fx, Fx(t—) = Fx(t) and we obtain lim Fx  (¢t) = Fx(t),

which means X, 4 x. O

Being able to extract convergent subsequences often helps. Since distribution func-

tions are bounded, this is always possible, as stated in the next theorem.

5.6 Theorem (Helly’s selection theorem). If (F,), is a sequence of distribution func-
tions, then there is a subsequence (Fy, )i and a right-continuous nondecreasing function

F:R — [0,1] such that Fy, (t) = F(t) for every point t of continuity of F.
— 00

5.7 Remark. In general, F may not be a distribution function — it may happen that

F(0) < 1or F(—o0) > 0.

Proof. To construct the desired subsequence we use a standard diagonal argument. Let
41,42, . - . be a sequence of all rationals. Since the sequence F),(g1) is bounded, it has a
convergent subsequence, say ancl) (q1) converges to G(q1). Then we look at the sequence
F”ff) (g2) which is bounded, so it has a convergent subsequence, say an> (g2) converges

to G(gz2), etc. We obtain subsequences (ng)) such that (n,(clﬂ)) is a subsequence of

(n,(cl)) and F o (q) converges to G(q). Choose the diagonal subsequence nj = n,(f).
k
Then F ) (qi) converges to G(qi) for every [. The function G : Q — [0, 1] obtained as
k

the limit is nondecreasing. We extend it to the nondecreasing function F' : R — [0, 1] by

F(z) =inf{G(q), ¢ € Q,q > z}, x ¢ Q.

The function F, as monotone, satisfies F(x—) < F(z) < F(xz+) for every xz. At the
points x, where F' is not right-continuous, we modify it and set F(z) = F(x+) (there
are at most countably many such points).

It remains to check that Fj,, converges to F' at its points of continuity. Let x be

such a point and let g, be rationals such that ¢ < x < r. Then

F(q) =G(q) = limkinf F,,.(q) < limkinf F,, (x)

< limsup F,, (z) < limsup Fy, (r) = G(r) = F(r).
k k

Letting ¢,r — x, we get F(q), F(r) — F(x), so liminfy Fy,, () = limsup, Fy,, (z) =
F(x). O

34



To capture when the limiting function is a distribution function of a random variable,
we need the notion of tightness. A sequence (X,,) of random variables is tight if for

every € > 0, there is M > 0 such that P (|X,,| < M) > 1 — ¢ for every n.

5.8 Remark. If there is § > 0 such that C = sup, E|X,|° < oo, then the sequence
(X,,) is tight. Indeed, by Chebyshev’s inequality,

C

—0 )
P(1Xal > M) < MTB|X, [ < —

which is less than e for M large enough.

The main result of this section is the following compactness type result. It gives a
necessary and sufficient condition for existence of convergent subsequences in distribu-

tion in terms of tightness.

5.9 Theorem. A sequence of random variables (X,,) is tight if and only every subse-
quence (Xn, )i has a subsequent (X, )i which converges in distribution to some random

variable.

Proof. Let F,, be the distribution function of X,.

(=) By Helly’s theorem applied to (F}, )k, there is a subsequence (F, ); which
converges to a right-continuous nondecreasing function F' : R — [0, 1] pointwise at the
points of continuity of F. It remains to check that F' is a distribution function, that
is F(—o0) = 0 and F(4+o00) = 1. By tightness, there is M > 0 such that F, (M) —
F,(—M) > 1 — ¢, for every n and we can further arrange that —M and M are points
of continuity of F. Taking n = ny, and letting I — oo, we get F(M) — F(—M) >1—¢.
Since ¢ is arbitrary and F is monotone, this yields F(—oco) = 0 and F(+o0) = 1.

(<) If (X,,) is not tight, there is € > 0 and an increasing sequence of indices ny
such that P (| Xp, | < k) < 1—¢ for every k. By the assumption, X, —% 4 X. Let

l—o0

x < 0 < y be points of continuity of F'x. Then
Fx(y) — Fx(x) = li{n(Fnkl (y) — Fy,, (z)) < limlsup(Fnkl (k) — Fo,, (k) <1l-—e.

Taking ¢ — —oo and y — oo gives 1 < 1 — ¢, a contradiction. O

5.2 Characteristic functions

The characteristic function of a random variable X is the function ¢x : R — C
defined as

ox(t) =Ee™  teR.
(For complex valued random variables, say Z = X + iY, we of course define EZ =
X

EX +iEY.) Since e = cosz + isinz, r € R is a complex number of modulus 1, e

is a bounded random variable hence its expectation exists, so ¢x is well-defined on R.
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For starters, two examples. For a symmetric random sign e,

it —it
b (t) = Ee''s = % = cost.

For an exponential random variable X with parameter A,

oo Az itz |
itx — (it=N)z — € € = A
e fx (z)dx /0 e dz =\ T O T

o0

bx(t) = Ee'X = /

— 00

(when taking the limit  — oo, we use that e“* is bounded).

Basic properties of characteristic functions

We gather several basic properties in the following theorem.

5.10 Theorem. Let X be a random variable with characteristic function ¢x. Then
(i) lox(®)[ <1, t€R,

(i) ¢x(0) =1,

(iii) ¢x is uniformly continuous,

(iv) if E|X|™ < oo for some positive integer n, then the nth derivative gbg?) exists, equals
qﬁg?) (t) = i"EX"e®X and is uniformly continuous.
Proof. (i) and (ii) are clear because |¢x(t)| = |Ee®™X| < E|e®X| = 1 and ¢x(0) =
Eet0X = 1.
(7i1) For every t,h € R,

[6x(t+8) = dx (1)) = [Ee™X (X — 1)] < EJe™¥ —1] — 0

where the limit is justified by Lebesgue’s dominated convergence theorem (|e*X —1| — 0
pointwise and the sequence is bounded by 2). This implies the continuity of ¢x at ¢.
The continuity is uniform because the bound does not depend on t.

(iv) Fix n such that E|X|™ < co. First, we inductively show that for 0 < k < n,
k . i
6% (1) = E(iX)kei™.

This is clear for kK = 0 and for k& < n, inductively, we have

h

) ihX 1
—E [(iX)ke”X lim e] .

(k1) )\ 1
Ox (t)if{gl}) h h—0

h—0 h

The last equality is justified by Lebesgue’s dominated convergence theorem because

. kitXeihX_l k k+1
(1X) et ———| < [X[*X] = [X]
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and by the assumption E|X |1 < oo; we also used that for ¢ € R, |e? — 1| < [t| which

¢
< / |e”|dx =t
0

can be justified as follows

it 1 ! T
e =1 =|= [ e™dx
tJo

when t > 0 and similarly for ¢ < 0. Finally, limy_,q thT_l = 4X which finishes the
inductive argument. Having the formula, uniform continuity follows as in (i4i). O

5.11 Example. Let X be a standard Gaussian random variable. We have,
. 2 dx 2 S 1\2 dzx 2
1) = T =T /2 — et /2/67(1:7%) /2 — et /2,
ox(t) /R V2T R V21
where the last step would need proper justification (e.g., integrating along an appropriate

contour and using [, 6_12/2%). Instead, we use Theorem 5.10 (iv),
Py (t) = iIEXe™ = —EX sin(tX) + iEX cos(tX).
Since X is symmetric and cos is even, EX cos(tX) = 0 and integrating by parts,

otz 4T sin(tz) (e~ /2 dr

Vor Vezd

dx
— —t | cos(tx)e=*" /2
/ ( ) V2T

which is —tE cos(tX) = —tEe™X = —t¢x(t) (by the symmetry of X, again, Esin(tX) =
0), so @'y (t) = —tedx(t). That is, ¢y (t) = —tdx(t), equivalently, (e"/2px(t)) = 0
which finally gives e!’/2¢y (t) = ¢x(0) = 1.

IfY ~ N(p,02), then Y = i+ 0 X and we thus get

(biX(t) =-EX sm(tX) = —/xsin(tw)e

by (t) = Eeit(htoX) _ gitugpi(ta) X _ gitu—o?t?/2 (5.1)
Note a simple but very powerful observation involving independence.
5.12 Theorem. If X and Y are independent random variables, then
Px+y = Ox - Py
Proof. Clearly, Ee®{(X+Y) = FeitX ity — it XFeitY O

Two crucial properties of characteristic functions are: 1) they determine the distri-
bution 2) they capture convergence in distribution. Specifically, we have the following

two theorems.

5.13 Theorem. Random variables X andY have the same distribution (that is, Fx =

Fy ) if and only if they have the same characteristic functions ¢x = ¢y .

5.14 Theorem (Lévy’s continuity theorem). Let (X,,) be a sequence of random variables

such that for every t € R, ¢x, (t) —— ¢(t) for some function ¢ : R — C which is
n—oo

continuous att = 0. Then there is a random variable X such that ¢ = ¢x and X, 4 x.
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5.15 Remark. The converse also holds: if X,, % X, then ¢x, (t) = ¢x(t) for every
t € R. Indeed, by Theorem 5.5, Esin(tX,) — Esin(tX) and the same for the cos
function, so ¢x,, (t) = Ecos(tX,,) + iEsin(tX,) = ¢x(t).

5.16 Example. In Levy’s theorem the continuity assumption is necessary. Let G be

a standard Gaussian random variable and consider the sequence X,, = nG. We have
dx,. (1) = dn(t) = da(nt) = e /2 50

0, t#0,
¢x,(t) =
1, t=1.
The limiting function is discontinuous at 0. The sequence X, does not converge in
distribution because F, (t) = P(G <t/n) — P(G <0) = 1/2, but the limit is not a
distribution function (an alternative argument: by Remark 5.15, if X, 4 x , then ¢x,

would converge to a characteristic function which is continuous).

We prove these results in the next two subsections.

Inversion formulae

En route to proving Theorem 5.13, we establish an inversion formula, quite standard in

Fourier analysis. We first need a lemma.

5.17 Lemma. For two independent random variables X and Y and every t € R, we

have

Ee™ Y gy (V) = Egy (X —1).

Proof. Changing the order of taking expectation, we have
Eye~ ¢x(Y) = Eye Y Exe¥ X = Ex yelY X0 = ExEyel” X8 = Exéy (X —t).
O

5.18 Theorem (Inversion formula). For a random wvariable X, al every point x of
continuity of its distribution function Fx, we have

Fx(z) = lim < L / eiStng(s)e;z?ds) dt.

a—oo J_ o\ 27 J_

Proof. Let G be a standard Gaussian random variable, independent of X. For a > 0,
consider X, = X +a~'G. Since X, converges pointwise to X as a — 0o, by Lebesgue’s
dominated convergence theorem Eg(X,) — Eg(X) for every bounded continuous func-
tion g, thus X, 4 0asa— oo (Theorem 5.5). Consequently, for every continuity point
x of Fx, we have

Fx(z) = lim Fx,(x).

a—r 00
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Let us find the distribution function of X,. We have,

Fx,(x) =P (X +a7'G <2) =Excli{xta16<s} = ExEcl{xta-1G<s)
=ExP (X +a 'G<2).

For any y € R, the density of y + a™'G at t is Le*a%*yﬁ/z, thus

V2r
Fx, (z) =Ex /w Le—a2(t—X)2/2dt _ /w Ex a 6_a2(t_X)2/2dt.
¢ —o0 ™ —o0 m

Note that e=2"5*/2 is the characteristic function of aG at s (Example 5.11), so by Lemma
5.17,

a 2 2 a a -
Eyv—— o0 (t—=X)*/2 _ E (X —1) = EefztaG aQ).
XV NG xac( )= 7o ¢x(aG)

Writing this explicity using the density of aG yields

a 1 > —its -
= =T e "ox(s)e 2a2ds
\% —o0
1 oo

:% .

a —ita
TWEe G« (aG)
e "ty (s)e 2a2 ds.

Plugging this back,

an(fﬂ):/ (;ﬂ/ e”tqﬁx(s)eiﬂds) dt,

which combined with Fx(x) = lim,— o Fx, (z) remarked earlier finishes the proof. [
Now we can prove that characteristic functions determine distribution.

Proof of Theorem 5.13. By Theorem 5.18, Fx(x) = Fy(x) for every z € R\ B, where
B is the union of the discontinuity points of Fx and the discontinuity points of Fy . For
x € B, take x,, > x such that z, € R\ B and x,, — x (it is possible since B is at most
countable). Then Fx(z,) = Fy(z,) and by right-continuity, Fx (z) = Fy (z). O

The inversion formula from Theorem 5.18 gives us several other interesting corollar-
ies. Since the characteristic function determines distribution, it should be possible to

reconstruct densities from characteristic functions.

5.19 Theorem. If X is a random variable such that fR |ox| < 0o, then X has density
f given by

fm=/mifWW@m

oo 2T

which is bounded and uniformly continuous.

5.20 Remark. If X is a continuous random variable with density f, then clearly

oxi) = [ e psas

— 00

The two formulae have the same form!
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Proof. For two continuity points « < y of Fx, we have from Theorem 5.18,

. Y1 g _ a2
Fx(y) — Fx(z) = lim (/ e " Px(s)e 2a2 ds) dt.

a— 00 27 oo

. 82
Since |e ¢ x (s)e” 202 | < |px(s)|, that is the integrand is dominated by |¢x| which is
integrable on [z,y] X R, by Lebesgue’s dominated convergence theorem,
Yy 1 oo X
Fxn) - Fx@) = [ (50 [ e toxtopas)a
which gives that X has density given by the promised formula. The rest follows as for

characteristic functions (recall the proof of Theorem 5.10 (iii)). O

5.21 Corollary. If X is a continuous random variable with density fx and character-

istic function ¢x which is nonnegative, then fR dx < oo if and only if f is bounded.

Proof. If fR ¢x < oo, then by Theorem 5.19, f is bounded. Conversely, let as in the
proof of Theorem 5.19, G be a standard Gaussian random variable independent of X.

Then the density of X +a~'G at = equals
[ #xe =t clian

On the other hand, it equals <= Fx (x) and from the last identity in the proof of Theorem
5.19, this becomes
1 oo . $2
—isx “2.2ds.
o e "Tox(s)e 2a2ds

— 00

For x = 0 we thus get
1 i _ 2
o [ oxe s = [ fe-nfiawi
T J -0 R
If fx is bounded by, say M, we obtain that the right hand side is bounded by M, so
1 [~ 52
—/ px(s)e” 2a2ds < M.
27 J_ oo

As a — oo, by Lebesgue’s monotone convergence theorem, the left hand side converges

to 5= [°°_ ¢x, which proves that [, ¢x < 2mM. O

5.22 Example. Let X1, X5, ..., X, beii.d. random variables uniform on [—1,1]. Then
X1 +...4+ X, for n > 2 has density

flz) = % /oo cos(tz) (Si?t>ndt.

— 00

Indeed, note that ¢x, (t) = 2L 5o ¢x, 4.1 x, (t) = (Sltﬂ)n which is integrable for n > 2

and the formula follows from Theorem 5.19.

We finish with two Fourier analytic identities.
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5.23 Theorem (Parseval’s identities). If X and Y are continuous random variables

with densities fx and fy, then

(i) Jglox|? < oo if and only if [, f% < co and then

[ 55 =52 [loxk

(i) if [ f% < oo and [, f3 < oo, then

/RfoY:%/RQb(E-

Proof. (i) Let X’ be an independent copy of X. Consider X = X — X’. We have,

D5 (t) = ox(t)d—x(t) = dx (t)d—_x(t) = dx ()dx (1) = |ox (t)]*.

On the other hand, X is continuous with density given by convolution,
£ = (s £-)0) = [ Ix(@)foxty=a)d

It can be seen from here that if [ f% < oo, then by the Cauchy-Schwarz inequality, f¢
is bounded. Then by Corollary 5.21, ¢ = |px|? is integrable. Conversely, if |¢x|? is
integrable, then from Theorem 5.19 applied to X , we get

S R
£ = 3= [ o5 =5 [[loxP

Since
F(0) = (Fx % f-x)(0) = / (@) f-x(0 - 2)dr = / fx (@) fx (@)da = / 12,

we get that [ f% = 5= [|¢x|*. In particular, f% is integrable.

.. . . +
(i) Apply (¢) to the density % O

Characteristic functions and convergence in distribution

Our goal is to prove Theorem 5.14. We start with a lemma that will help us get tightness.

5.24 Lemma. For a random variable X and § > 0,

P (|X| > ﬁ) < f iu ~bx(la.

Proof. Note that

5 5 _ 5 ei0X _ o—idX
/ [1— ox(t)]dt = / [1 — REe™™X]dt =26 — IE/ e Xdt=2—E—— —
s s s i X

sin(6X)

=26 —2E
X
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(this incidentally shows that the a priori complex number ff s[L—¢x(t)]dt is real). Thus

(15/2[1 — ¢x(t)]dt = 2E {1 - Sirg(x)] .

Using |sinz| < |z], we have 1 — S22 > (), so
1 /° sin(6.X)
5 /_5[1 — ¢x(t)]dt > 2E Kl - X% ) 1{5x|>2}}

sin(8]X|)
=2FE Kl X lisx)>2y |

where is the last equality we used that S22 is even. Crudely, —sin(§|X|) > —1, hence

1[0 1 1
5 [5[1 — ¢x(t)]dt > 2E Kl - 6|X> 1{5X|>2}} > 2F [21{5x|>2}}
—P(I5X] > 2).

O

Proof of Theorem 5.14. Since |¢x, (t)] < 1 for every t, we have the same for the limit,
lp(t)] < 1 for every t.

Step 1 (tightness). Since ¢ is continuous at 0 and ¢(0) = lim, ¢x, (0) = 1, for every
€ > 0, there is 6 > 0 such that |1 — ¢(t)| < ¢ for |¢| < 9, so

5
%/_6 11— 6(t)|dt < 2.

By Lebesgue’s dominated convergence theorem,

e 10

5 [6 |1 — éx, (¢)|de — 5[6 |1 — &(¢)|dt,
so for large n,

1 6
7/ 11— 6 ()|t < 3=
5/

By Lemma 5.24, we obtain

P (|Xn > ;) <e.

This shows that the sequence (X,,) is tight. By Theorem 5.9, there is a subsequence
(Xn,,) which converges in distribution to a random variable, say X. This is our candidate

for the limit of (X,,).

Step 2 (¢ = ¢px ). Since X, 4 X, we get ¢x, — ¢x at every point, but also ¢x,, — ¢

at every point, so ¢ = ¢x, which proves that ¢ is a characteristic function.

Step 8 (X, 4, X ). If this is not the case, then, by Theorem 5.5, there is a bounded
continuous function g such that Eg(X,) - Eg(X). Therefore, there is € > 0 and a
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sequence my, such that |Eg(X,,, ) — Eg(X)| > e. Since (X,,) is tight, using Theorem 5.9
again, there is a convergent subsequence X, to some random variable, say X " As
in Step 2, ¢x = ¢ = ¢x, so X' has the same distribution as X (Theorem 5.13) and
IEg(Ximy,) — Eg(X")| = [Eg(Xm,,) — Eg(X)| > € contradicts that Xy, 4 X, O
5.3 Proof of the central limit theorem

We shall need several elementary lemmas about complex numbers.

5.25 Lemma. If z1,...,2, and wy,...,w, are compler numbers all with modulus at

most 6, then
n n n
sz_ij Sgnilzp‘j—’w]“.
Jj=1 Jj=1 Jj=1

Proof. We proceed by induction on n. For n = 1, we have equality. For n > 1, we have

n n n n
15 [| = |2 L5 - T
Jj=1 Jj=1 Jj=2 Jj=2

IN

n n n n
21HZJ‘—21HU)]‘+21HU)J'—1U1H’LU]'
Jj=2 j=2 j=2 j=2

n n n
2| TT2 = TTws| + (T] wil 121 = wil
j=2 j=2 j=2

n n
<46 HZj — ij —|—9n_1|21 —w1|
j=2 j=2
and the inductive assumption allows to finish the proof. O
5.26 Lemma. For a complex number z with |z| < 1, we have
e — (1+2)] < |2

Proof. Using the power series expansion of e*, we get

22 28 <2 1 |z <2 1 1
54‘54—... _‘Z| g-i-y—‘r _|Z| 54-54—

— |2P2(e - 2).

le* — (14 2)| =

O

5.27 Lemma. If (z,) is a sequence of complex numbers such that z, — z for some

z € C, then
Zp\ ™
(1 + —) — e,
n
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Proof. Fix ¢ > |z|. Then eventually, |z,| < ¢ and consequently, |1+ 22| <1+ £ < ec/n

and e/ = eRe(=n)/n < e¢/™ 5o applying Lemma 5.25 with § = e¢/", for large n,

002"
n

Clearly eventually, |z,/n| <1, so by Lemma 5.26,
z n n—1
(12 e
n

It remains to use continuity, that is that e*» — e?. O

— I | 1 ’ﬂ) _ I | zZn/n| < ( c/n) ‘1 n o _zn/n )
1( + n j:16 =\¢ nil n €

j=

Zn

n

2 2
.C
<ef—
n

We are ready to give a complete proof of the central limit theorem.

Proof of Theorem 5.1. Let X; = )\‘;a:(g)f) Then EX; = 0, E| X;|? =1,

Xi+...+X,—nEX;  Xi+...+X,

Ly =
n Var(X7) vn

and by independence

o0 =0x, (J5) 0. () = [o ()]

We investigate pointwise convergence of ¢z,. By Theorem 5.10 (iv), ¢, is twice con-
tinuously differentiable and we can compute that ¢ (0) = iEX; = 0 and ¢, (0) =

i?’EX? = —1. Thus by Taylor’s formula with Lagrange’s remainder

2
O3, (1) = 6, (0) + 165, (0) + 6%, (&)

2
= 1+1¢', (0) + %cb';%l (0) + ¢*R(1)
2

t
=l-o+ t*R(t),

for some & between 0 and ¢ and R(t) = %((ﬁ’)’—(l (&) — @', (0)). By the continuity of ¢
(at 0), R(t) - 0. Note that R(t) may be complex. By Lemma 5.27, for every t € R,
—

0= loe ()] = [1- 2 + Zre” /2
¢Zn()—[¢xl<\/ﬁ)] _[_27L+n (t) —e .

By Theorem 5.14, Z,, converges in distribution to a random variable whose characteristic

function is et/ 2. that is a standard Gaussian random variable. O]

5.4 Poisson limit theorem

The following result, sometimes called the law of rare events, explains how the Poisson
distribution arises as a limit of the binomial distribution when the expected number of

successes converges to a constant as the number of Bernoulli trials goes to infinity.
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5.28 Theorem (Poisson limit theorem). Let a sequence of numbers p,, € [0,1] be such

that np, —— X for some A > 0. Let S, be a binomial random variable with parameters
n— oo

pn and n. Then S, LN X, where X is a Poisson random variable with parameter \.

Proof. For nonnegative integer-valued random variables convergence in distribution is

equivalent to the pointwise convergence of the probability mass functions (homework!).

Thus S, % X if and only if P(S, = k) —— P (X = k), for every integer k > 0. Fix
n—oo

then such k and note that as n — oo, we have

P (S, =k)= (Z)pﬁ(l payrk =MD k,(n “EED kg gy

_ 1+ O(n=1)

%l (npn)k(l _pn)n_k~

By the assumption, np,, — A. In particular, p,, — 0. Consequently, (1 —p,)~* — 1 and

(1 —pp)" — e, 50
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6 Quantitative versions of the central limit theorem

6.1 Berry-Esseen theorem via Stein’s mehtod

X1+ + X —nEXy
\/n Var(X1)
and let Z be a standard Gaussian random variable. The central limit theorem asserts

Let X1, X5, ... beii.d. random variables with finite variance. Let Z,, =

that for every t € R,

P(Z, <t) —— P(Z<t) e 2dz.

=Pz [

For practical purposes, we would like to know what is the error we make when we
use P(Z < t) as an approximation to P (Z, <t) for large n. This is possible under an
additional assumption (finite third moment) and is settled in the following theorem,

discovered independently by Berry and Esseen.

6.1 Theorem (Berry-Esseen theorem). Let X1, Xs,... be i.i.d. random variables with

E|X;]? < co. Let

7 X1—|——|—Xn—nIEX1
" nVar(Xl) 7

2| X1 —EXy EX, |

P= \/Var X1)

and let Z be a standard Gaussian random variable. There is a universal constant C

such that for every n > 1 and every t € R, we have

Cp
NG

6.2 Remark. We present a proof which will give C' = 15.2, but this value is far from

P(Z, <t)-P(Z<t)| <

optimal. Currently, the best value is C' = 0.4774 (estblished via Fourier analytic methods

: ) 104v3 _
in [3]). Esseen proved a lower bound: C' > o = 0.4097..

6.3 Remark. The rate 1//n of the error is optimal. Consider i.i.d. symmetric random

signs €1, €9,... and let Z,, = % For even n, by symmetry, we have
1+4PE1+...46,=0) 1 1/ n\1

IP) Zn < = = — —_ —,
(Zn < 0) 2 2 Talny2) 2

thus, thanks to Stirling’s formula,

|]P’(Zn§0)—IP>(Z§O)|:’]P’(ano)_;’:;(732)21 ;ﬁ

so in this case the error is of the order 1/y/n.

For the proof the Berry-Esseen theorem, we shall need the following elementary tail

bound for the standard Gaussian distribution.
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6.4 Lemma. For x > 0, we have
(i) [ e Pdu< e,
(ii) [ e v’ 2du < %e_”Z/Q.

Proof. (i) let f(x) = \/ge_mz/2 — [Z e " 2du. Since f'(z) = (1 — z\/%) e~ /2 is first
positive, then negative, f first increases, then decreases. Combined with f(0) = 0 and
f(z) P 0, this proves that f(z) > 0.

(ii) We have [ ze=%/2du < L ue="/2du = e=*/2, O

Proof of Theorem 6.1. For t,x € R and A > 0 define functions
he(z) = 1(— oo g (2),
and their continuous linear approximations
1, z<t,
hia(@) =1 -2t t<a<t+ A,
0, x>t+ A
We will frequently use the following integral representation
1
ht7)\($) = / Xl(t’t+)\) (S)dS
Given v > 1, define the class of random variables

%, ={X, X is random variable such that EX =0, EX? =1, E|X|* =~}

and for n = 1,2, ... define two quantities
Bo(v,n) = sup sup [Ehi(Zn) — Eh(Z)],
X1, Xpiid, X;€2, teR
B(\,y,n) = sup sup |Ehy z(Zy) — Ehe 2 (2)].

X1,y Xpinid., X, €2, t€R
Plainly, P(X <t) = Elx<; = Eh(X), so to prove the theorem, we would like to show
that

@Bo(%n) <C, n>1vy>1
v

This is clear for n = 1 with C' = 1 because |[Ehi(Z,) — Eh(Z)| < 1, so from now on we

assume n > 2 and divide the rest of the proof into several steps.

Step 1: regularisation (upper bound for By in terms of B). Since hy_x < hy < hy x, we
get
Ehy(Z,) — Eh(Z) < Ehy 1\ (Z,) — Eh(Z)
=Ehi 2 (Zy) — Ehg 2 (Z) + Ehy A (2) — Ehy(Z)
< Ehy A (Zn) — Ehua(Z) + Ehiya(Z2) — Ehi(2).
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Observe that the first difference is upper bounded by B(t, A,n) by its definition. The

second difference is

A o, dx A de A
]P’t<Z§t+)\:/ et < B
( ) t V2T t V2m o 27w
Altogether,
A
Ehy(Z,) —Eh(Z) < B(t,A\,n) + —.
t(Zn) +(Z) < B( ) NG
Similarly,
A
Ehy(Z,) — Ehy(Z) > —=B(t,\,n) — —.
t(Zn) t(Z) = —B( ) N
Thus

A
Bo(v,n) < B(t,\,n) + ——.
0(’7 ’I’L) ( ’I’L) \/ﬁ

Step 2: Stein’s method (“encoding” Eh(Z) into a function). Fix t € R, A > 0 and set
h = hy . Our goal is to upper bound B, so to upper bound Eh(Z,,) —Eh(Z). The heart

of Stein’s method is to rewrite this in terms of Z,, only. Let
x
f(z) = ex2/2/ [h(u) — Eh(Z)]e_“2/2du.
—o0

Then
f(z) = 2f(x) = h(z) — ER(Z),

SO

Eh(Zy) — Bh(Z) = E[f (Z0) — Znf(Zn))]. (6.1)

Step 3: Estimates for f and f'. For every x € R, we have

|f<x><£, @ <1 P <2 (6.2)

and for every z,y € R, we have

1
ot - r@I< ol (542l + 5 [ Lo ra). 63

Indeed, since h takes values in [0, 1], we have |h(u) — h(v)| < 1 for any u and v, so for

z <0,

|f(x)] < ew2/2/ |h(u)7Eh(Z)|e*“2/2du < 6$2/2/ e 2dy = e$2/2/ efug/zdu,

— 00 —0o0 —T

€T

which by Lemma 6.4 (i) is upper bounded by /3. For @ > 0, notice that [~ [h(u) —
Eh(Z)]e‘“z/Q% =0, so

F) = —e=/? / " h(u) — BA(Z)]e= 2du
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and as above we get the bound | f(z)| < /F. To bound z f(x) we proceed the same way
but use Lemma 6.4 (ii). Finally, since f'(z) = zf(z) + h(x) — Eh(Z) (Step 2), we get

[f'(@)] < Jef ()] + |h(z) —ER(Z)| <1+ 1=2.
This establishes (6.2). To prove (6.3), we use the formula for f’ from Step 2 and write

[f'(@+y) = f@)=+y)fle+y) +hz+y) - 2f(z) - h(2)
=lyflz+y) +a(f(z+y) - f(2)) + bz +y) — h(z)]

<|y|f+2|w|y+|hx+y> b)),

where in the last inequality we used the mean value theorem writing f(x +y) — f(z) =
f'(&)y and then estimating |f’(£)| < 2. Finally, by the integral representation for h,

Tty

1 1
|h(z+y) — h(z)| = ’)\/ 140 (w)du| = ‘g)/\/ 140 (2 +vy)dv
x 0

which after plugging back in the previous inequality finishes the proof of (6.3).

Step 4: Estimates for B(\,v,n) via (6.1). To estimate B(\,7,n), we need to upper
bound Eh(Z,) — Eh(Z) = E[f'(Z,) — Znf(Z,)] (vecall (6.1) from Step 2). Here we
exploit that Z,, = X1+7\/E+X" is a sum of i.i.d. random variables. Since the X, have the
same distribution, by linearity,

ZX
\[

Note also that Z, = /2 =17 + X;; and thus

EZnf(Zn) =

1
d n—1 X,
=E|f'(Z,) — v/nX, — YA — | d
[7'(2.) v /O duf(d . 1+uﬁ> ”
n—1
— VX, f <\/ n_1> ]
n
By independence and EX,, = 0 the last term vanishes and after computing the derivative
71z )—X2/1f’ n et du
n n 0 n n—1 \/*
, , n—1
f (Zn) - f anl
n
X2 /1 f/ n— ]-Z + Xn
_ o ull
" 0 n ! \/ﬁ
-1
() o
n

we get

=E

+E
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where in the last equality we used independence and EX2 = 1. We bound the two terms

separately.

Step 4.1: First term. Using Z, = 1/”771Zn + % and (6.3),

f/(ZN) - f/ ( . lzn_1>‘| |
n
X T n—1 1t n—1 Xn
<E \/ﬁ‘<”2+2”n \Zn—1|+x/0 1(t,t+)\)< - Dn— 1+u\/»>du>

Since E|X,,| < \/E|X,|? = 1 and similarly E|Z,_1| < 1, as well as trivially /21 <1,

we get

(Za) = f < — 1zn1>

1 - 1 1 1 n—1 Xn
< T vo—+ — Ey |IX | Ez 1 T ZnmTum dul,
e st [ (]

where in the last term we used the independence of X,, and Z,,_;. Note that

n—1 X,
Eanll(t,t-l-)\) < TZ'IL—l + U\/ﬁ>

Xn n X, n n
—P fmun) ez < (t—un A ,
Z(( “ﬁ) n—1° 1<< “ﬁ)\/n—1+ \/n—1>

Denoting a = <t — uX—\/%) \/ 725 and estimating "5 < 2, we get that this probability is

E

E

upper bounded by
IP’(a< Zn_1 < a+/\f2)

which we rewrite in order to upper bound it in terms of By,

P(a<Zn_1<a+/\\f2) :P(Zn_1<a+A\f2)—1P(Z<a+A\/§)
+P(Z<a)~P(Zu1<a)+P(a<Z<a+AV2)
M2

< 2By(y,n —1) + X2,

where the last term was crudely bounded using the maximum of standard Gaussian

density. Plugging this back yields

E f’(Zn)—f’< ”;12711)]‘

<[5 rrg X|(2Bo<w,n_1>+})1
<= (f5+o B0 )
sf(\/ﬂruwo(%A 1)+¢1%>.
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Step 4.2: Second term. Using again (6.3) and independence,

+ %/0 Tite40 (ﬁzn_l +uv§%> dv> du
< Ep(\/%g, 01 u<\/§+ 2Bz, ,|Z,-1|
+ ;\/OllEanl(t,tJr/\) ( nT_IZn 1 —wa(f) dv)d
SEP\(/’%'?’ /01u<\/§+2+ % (230(7,71— 1)—1—\;\7?) )du
2f<\ﬁ+2+230(%;—1)+\/1%>.

Putting Steps 4.1 and 4.2 together yields

[E[f(Zn) = Zn f(Z >}|_2f}<\/?+2+230<v;n—1>+¢1%>_

By Step 2, this gives

(tAn)_2\F<\/»+2+2BO(7;\nl)+\/1%>.

Step 5: Optimisation of parameters and end of proof. The previous inequality and Step 1

By (7, )_QI([+2+QBO(%AM+\}E>+\/%

3y 13vBo(y,n—1) A
Q\f(\/7+2+\/%>+>\ n +m.

Set A = a—=, a > 0 and multiply both sides by L to get

yield

f?
N \/? 1 3 N a
Bo(y,n)¥= <[ /= 42+ —= |+ ZBo(y,n— 1)Y=+ —.
o2t <345+ 2402 ) + 2B - 0L+
Let
B = sup Bo(fy,n)@.
y>1,n>2 0

For n > 2, we have

B(%n—l)\f By(vy,n—1) n-l n1<max{\/§7B\/§}

v v n-—
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(recall that trivially Bo(~, 1)% <1).IB> %, we thus obtain

3 s 1 3 3 o
B< (/= 4+2+— —By/ =+ —.
_2( 2+ +\/77>+a \/g V2

For a > 3\/§ this gives

o 3 us 1 a? 1
et (e )
The choice of o which equates the two terms on the right hand side gives
B < 15.4.
Optimising over « (which requires more computations) gives a slightly better estimate
B < 15.2.

O

6.5 Remark. The proof presented here is from [1]. The heart of the argument is based
on Stein’s method (Step 2), introduced by Charles Stein, who developed this influential

technique for teaching purposes of the central limit theorem for his course in statistics.

6.6 Example. Let us apply the Berry-Esseen theorem to i.i.d. Bernoulli random vari-
ables X1, ..., X,, with parameter 0 < p < 1. We have EX; = p, Var(X;) = p(1 — p) and

we obtain for every real ¢ and every integer n > 1

1%
< -
_C\/ﬁ,

P<X1+...+Xn—np

§t> —P(Z<t)
np(1 - p)

where
Xi—p 3:p(1—p)3+(1—p)p3:1—2p(1—p)'
Vp(1—p) Ved—p) V(1 —p)

In particular, when np is of the constant order for large n, the Berry-Esseen theorem is

not useful at all because the bound of the error, C' ﬁ is of the order \/ﬁ which is

p=E

constant. This might suggest that the Gaussian approximation is not valid in this case,

which is in fact true in view of the Poisson limit theorem (Theorem 5.28).

6.2 Local central limit theorem

In applications we often need to address the following: suppose X7, Xs,... are i.i.d.
discrete, say integer-valued random variables and we would like to know for large n

what is the approximate value of P (X; + ... + X,, = x,,) for some z,, € Z. f EX? < o0,
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u=EX;, 02 = Var(X;) and % ~ y is of constant order for large n, by the central

limit theorem,

P(X1+4+...+ X, =x,)

Q

1
Vtam 2
e 202dt
Yy

1
vn
1 1 _

e 202

N% 2o ’

obtaining the approximation for P(X; + ...+ X,, = x,,) by the Gaussian density. To

2ro

control the error in this approximation, we cannot simply use the Berry-Esseen theorem

here because its error bound O(ﬁ) is of the same order as the value of our approxima-

tion ﬁ \/21—71_0673/2/ 2. The local central limit theorem addresses this deficiency. We only

discuss the discrete case. There are also versions which give approximations to densities
of sums of i.i.d. continuous random variables.

We shall use the common notation a + bZ for the set {a + bz, x € Z}.

6.7 Theorem (Local central limit theorem). Let X1, Xo,... be i.i.d. integer-valued
random variables such that EX? < oco. Suppose X; is not supported on any proper
subprogression of Z, that is there are nor > 1, a € R such that P(X; € a+rZ) = 1.
Denote p = EX;, 0 = y/Var(X;) and

(z) =P X1—|—...+Xn—n,u_x er—nu
Pn = N = ) Jn .
Then
Viipa(#) ~ o3| ——0
su npn(T) — e 207| —— 0.
zezjf)”i" P V2mo n—00

6.8 Lemma. For an integer-valued random variable X and an integer k, we have

P(X =k) 1 /Tr e "R gy (t)dt.

:% »

Proof. Note that for two integers k and [, we have

1 T
Loy = ﬂ/, =R g,

Thus

I L™ g
P(X=k=FEl;jy_1y =E— zt(X—k)dt — / —7,tk]E ltht
( ) {X=k} Dy . (& o - e e
1 " —itk
= e Ry (t)dt.
2m

—T
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Proof of Theorem 6.7. Applying Lemma 6.8 to X7 +. ..+ X, and changing the variables
yields

pn(as):IP’(XlJr...Jan:x\/ﬁJrnu)
1 s

=5n | IOk, ()t

1 1 mn itz —i—tp t "
= %g f@ e v ¢X1 \/ﬁ dt.

Using that the characteristic function of a centred Gaussian random variable with vari-

2
_ =z
ance 1/0? is e~ 202, we have

_ =2 g . 42 2
e 257 — / eitr =t o /th7
V2T J_so

which gives (by symmetry, we can write e ~“* instead of e*®)

1 .2 1 [
e 202 =

V2mo o oo

it 422
e itw—to /Zdt

Therefore,

1 2
\/ﬁpn(x) - e 207

dt
V2o

1 / t\" _$252/9
Si ¢X1—L(> 76150'/

27 Jitj<nym "\vn

1

— et 2qy.

27 Stz nv/m
Since the right hand side does not depend on z, we need to show that it converges to 0
as n — oo. The second integral clearly does. To deal with the first integral, we change

the variables

/ ¢ ( t )TL 6_t20_2/2 dt 1 / ¢ ( t )TL e_t2/2 dt
Xo—pu | —F—= ) — = - Xiow | Y= | — )
RN EANVD 0 Jij<noym| 7 \Vn
let X; = % (which has mean 0 and variance 1) and break it into two pieces
/ b3 (t> e +/ b3 (t> —e At (6.4)
t<evm | AV evasltl<royn | \VR

Recall from the proof of the central limit theorem that

ox, (5=) e

2
¢X1 (t) =1- 5 +t2R(t)7
for some (complex-valued) function R such that R(¢) — 0 as t — 0. Choose € < 1 such

that [R(t)| < 1 for all |t| < e. Then for |t| < ey/n,

t t2
"% (ﬁ)\ . \“zn

and by Taylor’s formula,




SO
—t2/4 —t2/92
t/ t/ .

t\" 2
o (J5) -

By Lebesgue’s dominated convergence theorem, the first piece in (6.4) converges to 0

as n — oo. Finally, to handle the second piece, we claim that: |¢x ()| < c. for all

e < |t| < wo for some constant ¢, < 1. This suffices because then

t " 42 " 2
o%, <\/ﬁ) et P|des /f<|t|< f(cs tert e
ev/n<|t|<mo+/n

and the right hand side clearly goes to 0 as n — co. Now we use that X is integer-valued,

-/e\/ﬁgltlévro\/ﬁ

not concentrated on any proper subprogreesion to show the claim. Since X; is integer-
valued, ¢x, is 2m-periodic and in particular ¢x, (2m) = 1. Moreover, |¢x, (t)| < 1 for all
0 < t < 2m. Otherwise, if |¢x, (to)| = 1 for some 0 < to < 2, then e*°X1 is constant,
say equal to e’*. Consequently, X| € % + %Z, which contradicts the assumption. By
periodicity and continuity, there is ¢. < 1 such that |¢x, (t)] < cc for all € < || < 7.
Since ¢x, (t) = e "' ¢x, (L), the claim follows. O

Of course, in the proof it was not important that the X; are integer-valued because by
rescaling we could assume that they take values in a+rZ for some a,r € R. Such random
variables are said to have a lattice distribution. We finish this section by summarising
periodicity properties of their characteristic functions, which played a crucial role in the

proof of the local central limit theorem.

6.9 Lemma. For a random variable X with characteristic function ¢x the following

are equivalent
(i) ¢x(s) =1 for some s # 0,
(ii) P(X € 27) =1,

(i1i) ¢x is |s| periodic.

Proof. (i) = (i7). Since 1 = ¢x(s) = Ecos(sX) + iEsin(sX), we have 0 = E(1 —

cos(sX)). Since 1 — cos(sX) is a nonnegative random variable whose expectation is 0,

we have P (cos(sX) = 1) =1 (see Theorem 1.2 (c)), equivalently P (sX € 27Z) = 1.
(#4) = (4i1). We have

Gux (t + 2nls) = EiHIsDX = 37 ilt+le WP( ) Ze”'fﬁp( ﬁk)

kez kez
= ¢x(t).
(i#i) = (i). Plainly, ¢x(s) = x (0) = 1. 0

6.10 Lemma. Let X be a random variable with characteristic function ¢x. There are

only 3 possibilities
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(i) lox(t)| <1 for every t #0,

(i1) |¢x(s)] = 1 for some s > 0 and |px(t)| < 1 for all 0 < t < s and then ¢x is

s-periodic and X € a + QfZ a.s. for some a € R,

(iii) |px (t)| = 1 for every t € R and then we have that ¢x(t) = €*® for some a € R,
that is X = a a.s.

If (ii) holds, X has a lattice distribution and since |¢px (t)| < 1 for all 0 < t < s, by
Lemma 6.9, s is the largest > 0 such that P(X € a +rZ) = 1. We sometimes call s
the span of the distribution of X.

Proof. Let us first explain the implication in (ii). Suppose |¢x(s)| = 1 for some s > 0.
Then ¢x(s) = €™ for some a € R. Since 1 = e “¢x(s) = ¢px_a(s), by Lemma 6.9
applied to X —a, we get that X —a € %’TZ a.s. and ¢x_, is s-periodic, so ¢x = e%dx_,
is s-periodic.

To prove the trichotomy, suppose (i) and (ii) do not hold. Then there is a positive
sequence t,, — 0 such that |¢x(¢,,)| = 1. Consequently, by what we just proved, there are
an € R such that X € a, + f—:Z a.s. and ¢x is t,-periodic. Without loss of generality,
we can pick a, € (=, {]. Since t, — 0, we have P (X € (—%,%)) — 1, which

combined with X € a,, + %:Z and a, € ( ] gives P(X = a,) — 1. Consequently,

Rt
there is ng such that for all n > ng, P (X = a,) > 3/4, but then all a,,, n > ng have to be
equal, say a, = a and P (X = a,,) — 1 finally gives P(X = a) = 1. Then ¢x(t) = e'®,

consequently (iii) holds. O
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7 Simple random walk

Let 0 < p < 1 and let Xy, Xa,... be i.i.d. random variables with P(X; =1) = p
and P(X; = —1) = 1 — p. Let Sy be a random variable independent of the X;. For
n=1,2,... define

Spn =58 +X1+...+ X,.

The sequence (Sy,),>0 is an example of a stochastic process (a collection of random
variables), called a simple random walk (in dimension 1, i.e. on Z) starting at Sp.
We have

Sn + 1, with probability p,
sz+1 =
Sn, — 1, with probability 1 — p.

(“the future depends only on the present, not past”, which is called the Markov prop-
erty and hence the simple random walk is an example of a Markov process). For
example,
0, if n is odd,
P(S,=8)=P(X1+...+X,=0)=
(n72)p"/2(1 —p)*/2, if nis even.
The main question we would like to address is: what is the chance that the walk revisits

its starting point, that is what is

B=P(In>18, =57

By the strong law of large numbers, % 2%, EX, = 2p — 1. Consequently, for
n—oo
p # %, Sy, converges almost surely to +0o0 or —oo (depending whether p > %) This

suggests that if p # %, then 8 < 1. What is 3 in the symmetric case p = %?
We shall say that a walk is recurrent if = 1 and transient if 5 < 1.

7.1 Dimension 1

In dimension 1, we can obtain an explicit and very simple expression for 5.

7.1 Theorem. For a simple random walk (Sy,)n>0 starting at 0 (that is So = 0), we
have

B=P(S, =0 for somen>1)=1—|2p—1].

7.2 Corollary. A simple random walk in dimension 1 is recurrent if and only if p = %

Moreover, then P (S,, revisits 0 infinitely many times | Sop = 0) = 1.
Proof. The main idea is that by the Markov property,
P (Sptm =0 for some m >11]S5,=0)=P(S,=0forsomem >1]|Sy=0)=1

(the last equality following from Theorem 7.1). We leave the details as an exercise. [J
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Proof of Theorem 7.1. For n > 0 define
A, ={S, =0}
(a revisit to the origin at time n) and for n > 1 define
B,={S.=0, Sy #0,1<k<n-1}

(a first revisit to the origin at time n). Note that A9 = Q and By = @. Since A, C

Up—; Br and the By, are disjoint, we have for n > 1,

]P)(An) =P (An N CJ Bk) = Xn:P(An mBk) .
k=1

k=1 =

The key observation is that by the Markov property, P (A, N Bx) =P (Bk)P(A,—k), so

P(An) => P(Bi)P(An_y).
k=1
Introducing the sequences,
Uk = P (Ak) and fk =P (Bk) 5

it becomes

Our goal is to find

B=P | J{Su=0}| =P |JBu|=D_P(B) =) fu

n>1 n>1 n>1 n>1

We use generating functions. Set
o0 oo
U(s) = Z Un 8" and F(s) = Z fns"
n=0 n=0

(with fo = 0) which are well defined for |s| < 1. By the recurrence relation derived
above, we obtain

n

U(s)—1= Zuns" = Z <Z fkunk> st = kask Z Up_ps" % = F(s)U(s),
n=1 n=1 k=1 n==k

k=1
thus
Fs)=1— — ls| < 1.
s
By virtue of Abel’s theorem, we get

1

p= Z fn = slaiqlf Fs)=1- limg_,1_ U(s)

n=1
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(the series fo:l fns™ for s > 0 converges or equals 400 as having nonnegative terms;
similarly for >°>° | u,s™). Using the explicit expression for u,, we find that
[ee) [e’e) m 1/2
U = Y s = 3 ()= = (1 apta -]
n=0

m
m=0

where the last sum is evaluated using the (infinite) binomial theorem (the Taylor ex-

pansion of (1 4+ x)%). Plainly, U(s) — (1 —4p(1 — p))~Y/2, so finally
s—1—

f=1-V1-4p(l—p)=1—[2p—1].
O

It is now easy to compute the expected time to return to the starting point. It turns
out that it is infinity in the symmetric case (in words, a symmetric random walk revisits
its starting point almost surely infinitely many times but the waiting time for a return

is infinitely long in expectation).

7.3 Theorem. For a symmetric simple random walk (S,)n>0 starting at the origin
(So = 0), define T = min{n > 1, S, = 0} (the waiting time to return to the starting
point). Then ET = oco.

Proof. Using the notation from the previous proof that f, is the probability of the first

revisit happening at time n, by Abel’s theorem,

ET = Z nfn = lim Z nfps"t = Jim F'(s).
n=1 n=1

It was established that F(s) =1 — 71 =1 — V1 —s2 when p = 1, so F'(s) = —=2

1—s2
and limg_,;_ F'(s) = co. O

7.2 Dimension 2 and higher

Let ¢, = (0,...,0,1,0,...,0) (1 at ith coordinate), i = 1,...,d, be the standard
basis vectors in R?. We define a symmetric simple random walk (S,,),>0 in dimen-
sion d starting at 0 = (0,0,...,0) by Sp = (0,...,0) and S,, = X5 + ... + X,,,
where X7, Xs,... are i.i.d. random vectors, each uniformly distributed on the set
{e1,—€e1,e3,—€2,...,€q4,—€4}, that is

1
Sny1 = {Sn +e;, with probability %

In words, at each step, the walk chooses uniformly at random and independently of the
past one of the 2d directions and moves to the neighbouring integer lattice site along
this direction.

We are interested whether the walk is recurrent or transient.
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7.4 Remark. From (7.1), it follows that a walk is recurrent (8 = 1) if and only if
>0 un = oo. Note that to derive (7.1), we only used the Markov property of the

walk. In particular, this conclusion remains valid for walks in all dimensions.

7.5 Theorem. A symmetric simple random walk (Sy)n>0 in dimension d starting at 0

is recurrent if d = 1,2 and transient iof d > 3.

Proof. The case d = 1 was done in Theorem 7.1. Consider now d > 2. We shall use
Remark 7.4.

Let d = 2. For odd n, clearly u, = 0 and for even n, say n = 2m, we have
T 2m) (2m— kY (2m —2k\ (m —k\ (1)
n=P(S,=0)= -
tn = F (S =0) ,;(1@)( C)Cn )Gl ()
(the walk takes k steps which are +ep, k steps which are —ej, m — k steps which are

+es and m — k steps which are —es). Since

(221 ) (ka_ k) (22 - ik) (Z - D B <k!>2<(<Tﬂ BN (2:: ) (73)
this simplifies to
= () )2 () =00 ()

By Stirling’s formula, ugm, ~ -, so Y0 | u, = +oo. Consequently, the walk is recur-
rent.

Let d > 3. We proceed identically as in the case d = 2. For n = 2m, we have

S 2m\ (2m — ky 2m — 2y — ... — 2ka_1) (1)
H2m = ey ) kg 2d

ki+...+kq=m
- k1+...z+;€d:m (kll)gz‘r.n.)(!kd!)Q (21d>
G S e

ki+...+kg=m
The last sum can be estimated as follows: the coefficient #'kd, is maximised over
nonnegative integers k1 + ...+ kg = m when they are all equal, which gives

m! m/!

kql. .. kg = ((m)!)d

(if m/d is not integral, we mean (m/d)! = I'(m/d —1); this inequality easily follows from
the log-convexity of the Gamma function which in turn can be shown using Hélder’s

inequality). The multinomial theorem gives

m)
S 4y =am
1 N
k1+...+ka=m Ful. okl d times
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Putting these two observations together yields

s () @) = (e

By Stirling’s formula, for large m (d is fixed!) the right hand side is asymptotic to .

Consequently, > u, < co and the walk is transient.
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8 Some concentration inequalities

Sums of independent random variables, say Xi,..., X, tend to “concentrate” around
the mean, i.e. P(|X;+...+ X, —E(X;+...+ X,,)| > 1) is usually (exponentially)
small for ¢ > 0. This is a consequence of independence, but of course exact quantitative
statements depend on additional assumptions on the X; and t. We shall discuss two
such inequalities for bounded random variables.

There is an elegant generalisation of Bernstein’s inequality (Theorem 2.7) to any
bounded random variables, which as Bernstein’s inequality also provides a Gaussian

tail.

8.1 Theorem (Hoeffding’s inequality). Let X1, ..., X,, be independent random variables
such that for each i, X; € |a;, b;] with some reals a; < b;. For S =X;+ ...+ X,, and
t > 0, we have

2
P(S—ES>t)<exp{—M}. (8.1)

8.2 Lemma. Let X be a random variable such that EX = 0 and X € [a,b] for some
reals a < b. Then for everyt,

)2
Ee!X < exp {U)Sa)tz} .

Proof. For x € [a,b], writing tz as a convex combination of ta and tb, that is tx =

Z:ita + §=atb, we get

b—x r—a
etIS eta etb.
b—a b—a

Taking the expectation and using EX = 0 gives
]EetX < peta + (1 _p)etb,

where we denote p = ;2—, 1 — p = ;=% which are both between 0 and 1. It suffices to

show that

2
pe'® + (1 — p)etb < exp {<b 8a) t2} .

Let
h(t) = log(pe'® + (1 — p)e™®).
We have, h(0) =0,

paet® + (1 — p)bet?
pet® + (1 —p)et®

h(t) =
so h'(0) =0 and

pageta + (1 _ p)bZetb)(peta + (1 _ p)etb) _ (paet“ + (1 —p)betb)Q
(pet® + (1 — p)ett)?

_p1=p)b— )2 (b —a)? (2 pere(l —p)etb)z

h”(t) — (

(pe'e + (1 =p)e®)2 4 | pe'+ (1 —p)e
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(b—a)?
o)

so ' (t) < By Taylor’s formula with the Lagrange remainder,

h(t) = h(0) + ' (0)t + %h”(g)ﬁ = %h"(g)ﬁ <

(b— a)2t2.

O

Proof of Theorem 8.1. Considering X; = X; — EX;, we can assume that EX; = 0.
Then ES = 0. The main idea is to take advantage of independence by considering the

exponential moments. For A > 0, by Chebyshev’s inequality, we have
P(S>t) =P (eAS > e)‘t) < e MEeM =M H]EeAXi.
Lemma 8.2 yields

ime? bi — a;)?
]P)(S > t) < e_MHEekQ% ZEXP{—)\ZL—I—)PZ:(SG)}.

Choosing A which minimises the right hand side, that is A = ﬁ finishes the
proof. O

8.3 Example. Let Xi,..., X, be ii.d. Bernoulli random variables with parameter p.

Then X; € [0,1], S = X; + ...+ X, is binomial and with ¢t = dnp, we get
P (S > (1+8)np) < exp{—25°p*n}.

This gives a Gaussian decay of the tail for large J, provided that p is of constant order.
If, say p = 1/n, we get
1
PS>1+9)< exp{—2(52} ,
n

which is not good because as n — co, S converges in distribution to a Poisson random

variable with parameter 1, so its tail should decay like the one of the Poisson distribution.

8.4 Theorem (Chernofl’s inequality). Let X1,..., X, be independent random variables
with X; € [0,1] for each i. For S=X1+ ...+ X,,, p =ES and t > 0, we have

M ptt
P(S>p+t)<e | —— .
(52 p+3) < (u + t)
Proof. For A > 0, by Chebyshev’s inequality, we have

PS>pu+t)=P (e’\s > e’\(““)) < e MBHDEEAS — =AM rtt) H]Ee’\Xi.

Az _q
Az

e>\

£ 1, s0 e* < 1+ (e — 1), which after

By convexity, for every x € [0,1], <

taking the expectation gives

Ee*i <1+ (et — 1EX;.
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Using the AM-GM inequality yields

[[E < (Z[l-l-(e/\—l)IEXi])": (1+ e)\_l’u)n.

n n

Consequently,

A er—1\"
P(S>p+t) <e MNutt) (1+M> .
n

To obtain the assertion, we choose \ such that e™* = ﬁ and get

ptt n At
t
P(S>putt)< (-t 1+2) < (-2} e
p+t n utt
(the optimal choice for A gives a more complicated expression). O

8.5 Remark. The same arguments give bounds for lower tails, that is for 0 < ¢ < p,

n—t
P < M — 1 < 8_ —_—

we have

(use P(S < pu—t) < e Mru=EeM for A < 0).

2

8.6 Remark. By the inequality  — (1 + ) log(1 4+ z) < 2(19”+£), x > 0, we also get
3

P(S>pu+t) Sexp{—%ut_kt)}.
3

8.7 Remark. The Chernoff bound is usually written with t = du as
1)

e)m) — exp {uld — (1+8) log(1 + 8)]} .

PS>0+ < <(1+5

For small §, we get a Gaussian tail because § — (1 4 0) log(1 + ) < —% for 0 <6< 32,

SO

IN

]P’(S>(1+5)M)Sexp{—($;ﬂ}, 0

For large &, we get a Poisson tail because § — (1 + &) log(1 + ) < —%(1 + 4)log(1 + 6)

for § > %,so

3
< -
6_2

P(S> (140 <ep{-L0+a)los+0)), 5> ;

8.8 Example. When S is binomial with parameters n and p = % as in Example 8.3,

we have yr = 1 and Theorem 8.4 gives

1 1+t e 1+t
P(S>1+1t) <et | — =t )
(§=1+1f)<e (1+t> € <1+t>

For large n, by the Poisson limit theorem, S tends to a Poisson random variable X with

parameter 1 and

1 L e\ 1
P(X>14t)>P(X=1+¢t)=¢ ~e

(L+12)! 1+t V2r(141)
Thus Chernoff’s inequality removes the inefficiency of Hoeffding’s inequality from Ex-

ample 8.3.
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If we can control the variance, sometimes the following concentration inequality gives

some improvements on the previous two.

8.9 Theorem (Bernstein’s inequality). Let X1, ..., X, be independent random variables
such that for each i, EX; =0 and X; € [-1,1]. Let S = X1+...+X,, and 0% = Var(S).
Then, fort >0,

P(S >t) §exp{2(02t2+§)}.

Proof. We begin in the same way as in the proof of Hoeffding’s and Chernoff’s inequal-

ities: for A > 0, we have

P (S >t) < e M][Ee M

By Taylor’s expansion and the assumption EX; = 0,

1 Ak
AX; . - N2 |k
Ee _IE<1+)\XZ+2()\X1) +) §1+k§>2:—k!IE|X1\ )

Since | X;| < 1, for k > 2, we have E|X;|* = E|X;|*~2|X;|? < E|X;|? and thus

k
Ee* <1+ Z% EX? =1+ (" —A—1)EX? <exp{(e* —A—1)EX}}.

Consequently,

P(S>t) < e*’\texp{(e)‘ —A—1)0*} =exp {-A(t+0?) +ero? — o’}

Choosing A such that e* =1+ % yields
, " . o2 t+o?
P < - 1 1+ — = - .
(S>t)_exp{ (t+0)0g< +g2)+t} e (02+t)
We finish as in Remark 8.6. O
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A Appendix: Stirling’s formula

Our goal here is to give a complete and self-contained proof of indispensable Stirling’s

approximation for factorials (with error bounds), stated in the following theorem.

A.1 Theorem (Stirling’s formula). For every integer n > 1, we have

/2 nntl/2
61271+1 <nl< \/7 etn (Al)
er
or equivalently, there is 6, € (0,1) such that
n+1/2
n! — \/ﬂln 61271{#9-” . (A.2)
In particular, as n — oo
nn+1/2
nl~ V2m (A.3)

As usual, here a,, = b,, means that a, /b, — 1 as n — oc.

n+1/2

Why

Before giving a proper proof of Stirling’s formula, let us try to explain why Ll/z

appears. Clearly, log(n!) = Y ;_,logk and because the logarithm is an increasing

function, fkkq logz dz < logk < |, : " ogx dz. Adding these inequalities yields

n n+1
/ logx dz < log(n!) < / log x dz,
0 1

that is ([logz = zlogz — )
nlogn —n <log(n!) < (n+1)log(n+ 1) —n.

This suggests that log(n!) can be approximated by some sort of mean of nlogn —n and
(n+1)log(n+ 1) — n. We take (n + 3)logn — n.

Another explanation: start with n! = f e Pdx and change the variables z = ny,
to get n! = nnt! fo (ye=¥)"dy. The function y — ye ¥ is maximal at y = 1 with
maximum equal to e~!. Rewriting, so that the maximum is at y = 0 and equals 1 gives
n! =n"*tte™" [*((1+y)e ¥)"dy. The Taylor expansion of (1+y)e ¥ at y = 0is 1 — %
and [*((1 4 y)e ¥)"dy, heuristically, is approximately [~ e /2dy = 2r This
heuristics in fact gives exactly (A.3) and can be turned into a rigorous proof, which is a
particular instance of the so-called Laplace method (the drawback is that we would not

get precise error estimates as in (A.2)).
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Proof of Stirling’s formula

Now we prove (A.1). As argued above, it makes sense to expect that log(n!) can be

approximated well by (n + %) logn — n, therefore we consider

d, = log(n!) — Kn + ;) logn — n] .

We have,
1 n+1
dn —dpy1 = <n—|—2> log - —1.
n+1 1+ﬁ
Note that == = -—**= and for x € (0, 1),
nt1
1 2 3 2 3
loglJ_rii:log(1+x)710g(1f:r):xf%Jr%f...f <x:v2x3>
23
=2 —+...
(5)
thus
m+1. 145 1 1
dp —dpi1 = log e —1= + + ...
Estimating crudely % < %, % < %, we get

d, —d <1§: ! _ . =3 : - = 1
TS & e P 32+ 12 -1 3220 +2) 120 12(n+ 1)

which means that the sequence
1

= d _—
= 1on
is increasing.

On the other hand, estimating below by the first term gives

1 1 1
32n+ 12~ 12nt1 12(n+ 1) +1

d, — dn+1 >

(the second inequality is equivalent to (12n + 1)(12(n + 1) +1) > 12 - 3(2n + 1)2, that
is 24n 4 13 > 36). This means that the sequence

1
2n +1

b, =d,

is decreasing. Since a,, < by, (a,) increases, (b,) decreases, (a,) is bounded above (by
b1) and (b,) is bounded below (by a;). Thus both (a,) and (b,) converge and because

b, — a, — 0, they converge to the same limit, say c. Moreover, for every n > 1,
ap < ¢ < by,

that is

1 1 1 1
1 N — + =1 —-n| —— 1 N — + =1 —n| —
og(n!) {(n 2) ogn n] Ton < ¢ < log(n!) [(n 2) ogn n] Ton 1 1
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which can be rewritten as

Cnn+1/2 e Cnn+1/2 .
e eT2n < nl<e eTn+1
en
In other words, if we write
nn+1/2 L
n! =e° eT2n+0n (A.4)
: en ) :

we have 6, € (0,1). To get (A.1) and (A.2), it remains to show that e¢ = /2.

Wallis’ formula

To show that e¢ = /27, we shall use Wallis’ formula which asserts that

T L 2.4-...-(2n) 1?
=1 )] (A.5)

n—oo2n+1|1-3-...-(2n—1
We give a short proof (it is Wallis’ original elementary proof based on evaluating

fow/ % sin” xdz). Integrating by parts gives

/2 w/2 /2
/ sin"x dz = / sin" ! z(—cosz)'dz = (n — 1)/ sin" "2 z cos® z dz,
0 0 0

which implies

n—1
In = In727
n

/2
I, = / sin” z dz.
0

Plainly, Iy = § and I; = 1, so iterating gives

where

2n—1 2n—3 1 =
I, = . == A6
? on 2 —2 22 (4.6)
and
2n 2n — 2 2
Ippi1 = — - N A.
T on 41 2n—1 3 (A1)
Since sinx € (0,1) for z € (0,7/2), we have
/2 /2 /2
/ sin?" 1 dx</ sin?" x da?</ sin? !z da,
0 0 0
that is
2n 2n — 2 2 < 2n—1 2n—3 1 < 2n—2 2n—4 2
2n+1 2n—1 3 2n n—2 2 2 2n—1 2n—-3 3

The left inequality is equivalent to

1 2.4-...-(2n) 2<§
2n+1[1-3-...-2n—1) 2’

whereas the right one, to

2n w1 2.4....-(2n) 17
2n+1 2 2n+1(1-3-...-(2n—1)

By the sandwich theorem, we obtain (A.5).
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Evaluation of the constant

Multiplying the numerator and denominator by 2 -4 - (2n), we get

2-4-...-(2n) _ 221 (p))?

1-3-...-(2n—1)  (2n)!

Using Wallis’ formula (A.5),
) 2 2-4-...-(2n) . 2n 1 227(n!)?
v nooo V20 +11-3-...-2n—1) noeV2n+1vn (2n)

1 227(n!)?
vno (2n)! n—oo
On the other hand, by (A.4), we have

SO

J7.

1
1 227(n!)? 1, e¥n?rtle—2nemnio, e 11 ¢
— 2 — e12nt0,  2dntos, N

e
vn o (2n)! VT ee(an)ntl/2e-tne Tt /2 n—oe /2

(because 0, € (0,1) for every n). Thus \% =/, which finishes the evaluation of ¢ and

the proof of Theorem A.1.
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