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1 Convexity

We shall work in the n-dimensional Euclidean space R" equipped with the standard
scalar product which is defined for two vectors x = (z1,...,2,) and y = (Y1,--.,Yn)

in R™ as (z,y) = xz1y1 + ... + T,Yn, which gives rise to the standard Euclidean

norm |z| = \/(z,x) = /27 +... + 22. The (closed) Euclidean unit ball is of course
defined as By = {z € R",|z| < 1} and its boundary is the (Euclidean) unit sphere
Sl = 9By = {z e R, |z| = 1}.

1.1 Sets

For two nonempty subsets A and B of R", their Minkowski sum is defined as A +
B ={a+b, a € Ab € B}. The dilation of A by a real number ¢ is defined as
tA = {ta,a € A}. In particular, —A = {—a, a € A} and A is called symmetric if
—A = A, that is a point a belongs to A if and only if its symmetric image —a belongs
to A. For example, the Minkowski sum of a singleton {v} and a set A, abbreviated
as A + v is the translate of A by v. The Minkowski sum of the set A and the ball
of radius r is the r-enlargement of A, that is the set of points z whose distance to A,
dist(x, A) = inf{|z — a|,a € A} is at most r, A, = A+ rBY = {x € R",dist(x, A) < r}.
The Minkowski sum of two segments [a, b] and [c, d] is the parallelogram at a+ ¢ spanned
by b —a and d — ¢, that is [a,b] + [¢,d] = a+c+ {s(b—a) +t(d — ¢), s,t € [0,1]} (a
segment joining two points a and b is of course the set {Aa + (1 — A)b, A € [0, 1]}.

A subset A of R™ is called convex if along with every two points in the set, the
set contains the segment joining them: for every a,b € A and A\ € [0,1], we have
da+ (1 = A)b € A. In other words, A is convex if for every A € [0, 1], the Minkowski
sum AA 4 (1 — X\)A is a subset of A. By induction, A is convex if and only if, for any
points aq,...,a; in A and weights Ay,..., A\x >0, > A; = 1, the convex combination
Atay + ... + Agap belongs to A. For example, subspaces as well as affine subspaces
are convex; particularly, hyperplanes, that is co-dimension one affine subspaces, H =
{z € R"(z,v)=t}, v € R", t € R. Moreover, half-spaces H~ = {z € R" (z,v) < t},
HT = {z € R" (z,v) < t} are convex.

Straight from definition, intersections of convex sets are convex, thus it makes sense

to define the smallest convex set containing a given set A C R" as
conv A = n{B, B D> A, B convex},

called its convex hull. For instance, the convex hull of the four points (+1,+1) on the

plane is the square [—1,1]2. Plainly,

k
conv A = {Z/\Z‘ai, kz 1,6Li EA,)\,' 20,2/\12 1}

i=1



(conv A is contained in any convex set containing A, particularly the set on the right is
such a set; conversely, if B D A for a convex set B, then the set on the right is contained
in B, thus it is contained in the intersection of all such sets, which is conv A). This can

be compared with the notion of the affine hull,

k
aff(A) = {Z)\iai, k>1,a; € A\ ER’ZAi = 1}7

i=1
which is the smallest affine subspace containing A.

The intersection of finitely many closed half-spaces is called a polyhedral set, or
simply a polyhedron. The convex hull of finitely many points is called a polytope.
In particular, the convex hull of r 4+ 1 affine independent points is called an r-simplex.

A basic theorem in combinatorial geometry due to Carathéodory asserts that points
from convex hulls can in fact be expresses as convex combinations of only dimension

plus one many points.

1.1 Theorem (Carathéodory). Let A be a subset of R™ and let x belong to conv A.
Then

xr = )\1@1 + ...+ )\n+1an+1

for some points a1, ...,an+1 from A and nonnegative weights A1,..., Ap+1 adding up

to 1.

Proof. For y € R™ and t € R by [¥] we mean the vector in R"*! whose last component

is t and the first n are given by y. Since x belongs to conv A, we can write for some

ai,...,ar from A and nonnegative Ay, ..., \g,
k
(7] = ZM (7]
i=1

(the last equation taking care of >~ A\; = 1). Let k be the smallest possible for which
this is possible. We can assume that the \; used for that are positive. We want to show
that &k < n+1. If not, & > n+2, the vectors [%'],...,[ %] are not linearly independent,

thus there are reals p1, ..., ug, not all zero, such that

k
HEDIIEIE
i=1

Therefore, for every t € R we get

k

[F]=> (a+tp) [].

i=1
Notice that the weights A\; + tu; are all positive for ¢ = 0, so they all remain positive
for small ¢ and there is a choice for ¢ so that (at least) one of the weights becomes zero

with the rest remaining positive. This contradicts the minimality of k. O



In particular, Carathéodory theorem says that convex sets can be covered with n-
simplices. On the other hand, convex sets are nothing but intersections of half-spaces.
To show this, we start with the fact that closed convex sets admit unique closest points,

which lies at the heart of convexity.

1.2 Theorem. For a closed conver set K in R™ and a point x outside K, there is a

unique closest point to x in K (closest in the FEuclidean metric).

Proof. The existence of a closest point follows since K is closed (if d = dist(x, K'), then
d = dist(z, K N RBY) for a large R > 0, say R = |z| 4+ d + 1, consequently there is a
sequence of points y, in K N RBY such that |z — y,| — d and by compactness we can
assume that y,, converges to, say y which is in K N RBY and |z — y| = d).

The uniqueness of a closest point follows since K is convex and Euclidean balls are
round (strictly convex): if y and 3’ are two different points in K which are closest to x,

then the point %yl is in K and is closer to = because by the parallelogram identity,
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and note that the second term on the left

, 2
> = )% - m‘ has to be smaller than dist(z, K)?,

that is %y/ is closer to z. O

gives that the first term ’yﬂ” + y/T*“"

This theorem allows to easily construct separating hyperplanes. A hyperplane H =
{z € R", (z,v) =t} is called a supporting hyperplane for a closed convex set K in
R™, if K lies entirely on one side of H, that is K is in either H~ = {z € R", (z,v) < t}
or Ht = {z € R, (x,v) > t}, and H touches K, that is H N K # &. Then the set
H N K of contact points is called a support set.

1.3 Theorem. Let K be a closed and convex set in R™, let x be a point outside K.

Then x can be separated from K by a supporting hyperplane.

Proof. Let y be the closest point in K to x and let H be the hyperplane which passes
through y and is perpendicular to y — x. We claim that K lies entirely on the other side
of H than z (for if not, there is a closer point in K to x than y — picture). O

1.4 Corollary. Every closed convex set in R™ is an intersection of closed half-spaces.

Proof. For every x ¢ K, let H, be the supporting separating hyperplane constrcuted
in Theorem 1.3 and say K C Hj. Then clearly, K C (,.x H;, but also K¢ C
User (H)C because x € (H; )¢, which together proves that K = (., H . O

By virtue of Theorem 1.3, it makes sense to define the closest point function, a

sort of projection: for a closed convex set K, let Px : R®™ — R™ be defined by

Py (x) = the closest point in K to x.



We remark that this function is 1-Lipschitz.

1.5 Theorem. Let K be a closed and convez set in R™. Then the closest point function

Py is 1-Lipschitz (with respect to the Fuclidean metric).

Proof. Suppose that z is not in K. By the construction of separating hyperplanes in the
proof of Theorem 1.3, for every z € K, we have (z — Px(z),x — Pg(x)) < 0. Putting
z = vy, we get (Px(y) — Px(x),x — Pg(z)) < 0. If z is in K, Pg(xz) = = and this

inequality is trivially true. Thus in any case,
(Pr(y) — Pg(z),2 — Pg(2)) < 0.
Changing the roles of x and y gives

(Pr () = Pr(y),y — Px(y)) < 0.

Adding the last two inequalities gives

(Pr(y) — Px(z),z — Px(2) —y + Pr(y)) < 0,
hence, rearranging and using the Cauchy-Schwarz inequality yields
|Pc(y) — Pr(2)]* <(Px(y) — Px(2),y — 2) < |Pr(y) — Px ()| - |y — zl,
which finishes the proof. O

It is sometimes convenient to take a supporting hyperplane of a convex set at its

boundary point. The existence of such hyperplanes follows from a limiting argument.

1.6 Theorem. Let K be a closed and convex set in R™ and let x be a point on its

boundary. There is a supporting hyperplane for K at x.

Proof. Since z is on the boundary of K, there is a sequence of points z, outside K
convergent to xz. Let H, = {y € R", (y — Px(2,),v,)= 0} be the supporting hyper-
planes from Theorem 1.3 and, say K C H, = {y € R", (y — Px(v,),v,) < 0} contain
K. We can assume that the vectors v,, are unit, so by compactness we can also assume
that that they converge to a unit vector v. Since Pk is continuous (Theorem 1.5),
P (z,) = Pg(x). Let H = {y € R", (y — z,v) = 0}. This is a supporting hyperplane
at « because: of course x € H and if y € K, we know (y — Pg(x,),v,) < 0, so in the

limit (y — 2, v) < 0, which proves that K ¢ H~. O

Recall that a support set for K is the set K N H for some supporting hyperplane.
For polytopes support sets are called faces. They can be 0 to n — 1 dimensional. The
n — 1 dimensional faces are called facets and 1 dimensional faces are called edges. For

polytopes, faces are again polytopes, which we describe in the following theorem.



1.7 Theorem. Let P = conv{z;}, be a polytope in R"™ and let F be its face. Then
F = conv{{x;} N F}. In particular, P has finitely many faces.

Proof. Let H be the supporting hyperplane associated with the face F'; F = PN H, say
H={xeR", (x,v)=t} and H- = {z € R", (z,v) <t} D P. Let k be the index such
that 1,...,2r € F and xp41,...,ony ¢ F (after relabeling the z; if needed). Take a
positive number 0 such that (x;,v) <t — 6 for all | > k + 1. If we take x € F, we write
itasxz = Ziil Aiz;, but then

N k N N
t=(z,v)=Y N, )<Y Nt+ Y N(t—d)=t-6 Y X
=1 1=1 i=k+1 i=k+1

and the right hand side is strictly less than ¢ unless the \; are zero for all ¢ > k (or the

sum is in fact empty). In any case, this shows that F' = conv{{z;}}_}. O
1.8 Corollary. Polytopes are polyhedra.

Proof. For each of finitely many faces of a polytope P, take its supporting hyperplane
and take the intersection of the closed half-spaces containing P those hyperplanes de-

termine. The resulting set is P (check this!). O

The generalisation of vertices of polytopes are extremal points of general convex sets.
For a closed convex set K in R", a point = in K is called extremal if x = Ay + (1 — )z
with y,z € K and A € (0, 1) implies that y = z = z (in other words, x is not a nontrivial
convex combination of other points from K). The set of the extremal points of K is
denoted ext(K). A point z is called exposed if {x} = K N H for some supporting
hyperplane H. The set of the exposed points of K is denoted expo(K). Note that

1) expo(K) C ext(K) (exposed points are extremal: say x is exposed and lies on the

hyperplane {(y,v) = t}, so for every other point z in K we have (z,v) < t).
2) Closed half-spaces have no extremal points.
3) expo(BY) = ext(By) = S"~L.
4) For a stadium shaped convex body expo(K) C ext(K).

5) Compact convex sets have exposed points (let K be compact and convex, consider
a ball B which contains K and has the smallest possible radius; then a tangency
point y € K N IB is exposed because the supporting hyperplane for B at y is also
supporting for K).

6) For a polytope, the exposed and extremal points are the same and they are the

vertices of the polytope.

Minkowski’s theorem (a finite dimensional version of the Krein-Milman theorem)

generalises the last remark to arbitrary compact convex sets.



1.9 Theorem (Minkowski). Let K be a compact convex set in R™. If A is a subset of
K, then K = conv A if and only if A D ext(K). In particular, K = conv(ext(K)).

Proof. If K = conv A and there was a point x which is extremal but not in A, then
A C K\ {z}, but since z is extremal, K \ {z} is still convex, so K = conv A C K \ {z},
a contradiction.

For the converse, it is enough to show that K = convext(K). We do it by induction
on the dimension. For n = 1, K is a closed (bounded) interval and everything is clear.
Let n > 2 and take x € K \ ext(K). Our goal is to write  as a convex combination of
extremal points. We can write x as a convex combination of two boundary points, Az +
(1 =MX)xg for z1,22 € 0K, A € (0,1) (x as not being extremal is in an interval contained
in K, so extend the interval until it hits the boundary). Take a supporting hyperplane
H at z; and consider K N H. By induction, z; can be written as a convex combination

of extremal points of KN H which are also extremal for K (check!). Similarly for zo. O

We can now complement Corollary 1.8 and show that bounded polyhedra are poly-

topes.
1.10 Corollary. Bounded polyhedra are polytopes.

Proof. Let P be a bounded polyhedron. In view of Theorem 1.9, we only want to
show that P has finitely many extremal points. Let P = ﬂ?;lHj' for some closed half-
spaces H:r determined by hyperplanes H;. Let = € ext(P), say € Hy N...N Hy and
x ¢ Hyy1,...,Hy. Consider the following subset of P,

HyN...NHy N (H;7 3\ Hgr) N (HS\ Hyy).

It contains z, it is relatively open, that is it is open in its affine span (as an intersection
of open sets). Since z is extremal, this set cannot contain any neighbourhood of z, so
this set has to be the singleton {z}. Since there are only 2" sets of such form, there are

only at most 2™ extremal points of P. O
We also establish the following analogue of Minkowski’s theorem for exposed points.
1.11 Theorem. For a compact convex set K in R™, we have K = convexpo(K).

Proof. Let L = Wpo(K), which is clearly in K. If there was a point which is in K
but not in L, separate it from L by a ball, say 2’ + R’ B (first do it with a hyperplane
and then choose a ball with a big enough radius). Let R be minimal such that 2’ + RB}
contains K. A tangency point y of the ball 2’ + RBY and K is exposed, but it is not in
L. O

We finish by providing a reverse statement to the obvious one expo(K) C ext(K),

mentioned earlier.



1.12 Theorem (Straszewicz). For a compact convex set K in R™, we have
ext(K) C expo(K).

Proof. Let A = expo(K). Since for a bounded set S, conv S = conv S (check!), we have

conv A = conv expo(K) = convexpo(K) = K,

(the last equality follows from Theorem 1.11). By Theorem 1.9, A D ext(K). O

1.2 Functions
A function f:R™ — (—o00, +00] is called convex if its epigraph,

epi(f) = {(z,y) e R" xR, f(z) <y}

is a convex subset of R"™1. Equivalently, for every z,y € R" and A € [0, 1],

fAz+ (1 =Ny) <Af(@)+ (1= A)f(y)

The domain of a convex function is the set where it is finite,
dom(f) = {z € R", f(z) < c0}.

Note that it is a convex set.
Convex functions are important in optimisation because local minima are global.
Note that the pointwise supremum of a family of convex functions is convex (taking
supremum corresponds to intersecting epigraphs). If the epigraph of a convex function
is closed, we can view it as an intersection of closed half-spaces. This gives a sometimes

useful representation of a convex function as a supremum of affine functions.

1.13 Theorem. Let f : R" — (—o0,+0o0] be convex with closed epigraph. Then f =

sup,, ha for some affine functions h,.

By induction, f is convex if and only if for every z1,...,z, € R™ and nonnegative

Ay ..oy A adding up to one,

f (i Am) <

i=1
Jensen’s inequality generalises this statement to arbitrary probability measures. A short

proof is available thanks to the previous theorem.

1.14 Theorem (Jensen’s inequality). For a probability measure p on R™ and a convex

function f:R™ — (—o0, +00], we have

P([ o)) < [ o,
Equivalently, for a random vector X in R™,

fEX) <Ef(X).

10



Proof. Suppose the epigraph of f is closed (if it is not, an extra argument is needed,

but we omit this). With the aid of Theorem 1.13, we have
Ef(X) =Esupha(X) > supEhy(X) = sup ho(EX) = f(EX),
where the last but one equality holds since the h, are affine. O

Convex functions have good regularity properties. We summarise them in the next

two theorems and omit their proofs.

1.15 Theorem. Let f: R" — (—o00,+00] be a convex function. Then f is continuous
in the interior of its domain and Lipschitz continuous on any compact subset of that

interior.
1.16 Theorem. Let A be an open convex subset of R™ and let f : A — R. Then

(i) forn = 1: if f is differentiable, then f is convex if and only if f' is nondecreasing;

if f is twice differentiable, then f is convez if and only if f is nonnegative

(i) forn > 1: if f is differentiable, then f is convex if and only if for every x,y in A,
we have

fy) = f(2) +(Vf(2),y — 2);

if [ is twice differentiable, then f is convex if and only if for every x in A, Hess f (z)
1s positive semi-definite.
1.3 Sets and functions

For a nonempty convex set K in R™ we define its support function hx : R" —
(—00, +00] as

hic(w) = sup (z, u).

reK

Note several properties
1) hy is positively homogeneous, that is hx (Au) = Mg (u) for every u € R™ and A > 0
2) hg is convex (as a supremum of linear functions)
3) hi is finite if and only if K is bounded
4) for a unit vector u, hx (u) + hx(—u) is the width of K in direction u
5) hg = hk
6) if K C L, then hxg < hp,

7) if hx < hp, then K C L (if there was a point z¢ in K but not in L, then separate it
from L by a hyperplane, say H = {z, (z,v) =t} such that H~ = {z,(z,v) <t} D L
and then hp(v) = sup,¢y (2, v) <t <(20,v) < sup, g (z,v)= hx(v))

11



8) in particular, closed convex sets are uniquely determined by their support functions
9) hag = Mg, for A >0
10) h_k(u) = hx(—u) for every vector u
11) 0 € K if and only if hg > 0 (this is because {0} C K if and only if 0 = hyoy < hg)
12) hxqr =hg + h
13) heonv i, = sup; h,

For example, for a polytope P = conv{wz;}}¥ |, hp(z) = max;<y(x;, ) (polytopes’
support functions are piecewise linear, which is in fact an “if and only if” statement).

Support functions can be characterised by simple conditions: every positively homo-
geneous, convex function on R™ with closed epigraph is the support function of a unique
closed convex set in R™. We leave it without proof.

We finish by explaining the name of the support function of a convex set K in R”™.
For u € R™ consider the hyperplane H,, = {# € R", (z,u) = hx(u)}. Then H, N K
are the points in K attaining the supremum in the definition of hx(u). If this set is

nonempty, then it is a supporting set and H,, is a supporting hyperplane.

1.4 Norms
A function p : R™ — [0, +00) is a norm if it satisfies
p(Az) = [Ap(x), z € R™, A € R (homogeneity)
2. plz+y) <plx)+ply), z,y € R" (the triangle inequality)
3. p(z) =0 if and only if x = 0.

If p satisfies only 1) and 2), it is called a semi-norm. Note also that these two conditions
together imply that p is convex.

Let p be a norm on R™. Define its unit ball K = {x € R", p(z) < 1}. Then
K is closed (because p is continuous on R™). Moreover, K is symmetric by 1), K is
convex by the convexity of p and K is bounded thanks to 3). The continuity of p at 0
implies that K contains a small centred Euclidean ball, in particular it has a nonempty
interior. In other words, closed unit balls (with respect to norms on R™) are symmetric
compact convex sets with nonempty interior. This and the next theorem saying that
the converse is true as well motive the following definition: a convex body in R"” is a

compact convex set with nonempty interior.

1.17 Theorem. FEvery symmetric conver body in R™ is the closed unit ball of a norm

on R™.

12



Proof. Given a symmetric convex body K in R" we define its (so-called) Minkowski

functional

pr(x) =inf{t >0, x € tK}.

It is clear that {pk (z) < 1} = K, so it remains to check that px is a norm (exercise). [

An identical argument argument gives a characterisation of unit balls of semi-norms.

1.18 Theorem. Fvery symmetric closed convex set in R™ with nonempty interior s

the closed unit ball of a semi-norm on R™.

Let us discuss basic examples and properties.

for p > 0and z = (z1,...,2,) € R" define

n 1/17
]l = (Z »Tz'|p> :
i=1

When p > 1, this is a norm. Its unit ball is denoted as By,
By ={z e R", |z, < 1}.

The space £ is sometimes referred to as the pair (R™, || - [|,), that is R"™ equipped
with the p-norm. In particular, B} is the n-dimensional cross-polytope (in R3: a

symmetric piramid), that is
n
By = conv{—ey,e1,...,—€n,en},

where as usual e; is the standard basis vector whose jth component is one and the
rest are zero. Moreover,

Br = [-1,1]"

is the symmetric cube. Of course, || - ||2 is just the Euclidean norm and B¥ is the

(closed) centred Euclidean unit ball in R™.

For 1 < p < ¢ we have B} C B} and |z, > ||z, z € R".

In general, for two symmetric convex bodies K and L in R™,
KclL if and only if lzllx > lzl|p,z € R™

where || - ||k is the Minkowski functional of K (the norm associated with K whose

unit ball is K).
[zllax = 3zl x, © € R", X > 0.

For instance, ||z|| = |z1] is a semi-norm whose unit ball is the strip {z € R", |z1| <
1}. More generally, given v € R™, p(z) = |{(z,v)|, € R™ defines a semi-norm whose

unit ball is the strip {z € R", —1 <(z,v) < 1}.

13



6)

Let K be a symmetric convex body. Then by the symmetry of K, the support
functional of K, hg is even, so homogeneous, hx(Az) = |Alhk(z), z € R", A € R.
Recall that hg is convex, so combined with its homogeneity, hx satisfies the triangle
inequality. Since K is bounded, h is finite. Finally, since K has nonempty interior,
hi(x) = 0 if and only if 2 = 0. Therefore, hx is a norm. Its unit ball will be

described in the next section.

A norm || - || on R™ is called 1-unconditional or simply unconditional in a basis
(u)_y i || Y eizaus|| = || D xsus]| for any choice of signs ¢; € {—1,1} and any
z; € R.If, in addition, || ) xs;yuil| = || Y- @iusl| for any permutation o of {1,...,n}

and any z; € R, the norm is called 1-symmetric. For instance, the ¢, norms are
1-symmetric in the standard basis (e;)?_;. For convex bodies, we simplify these
notions restricting it just to the standard basis. Thus, a convex body K in R" is
called unconditional if (e;21,...,e,2,) € K whenever (z1,...,2z,) € K for any
choice of signs ¢; € {—1,1} and any x € R™. If, in addition, (2,(1),.-.,Zen)) € K
whenever (z1,...,2,) € K for any permutation o of {1,...,n} and any x € K, then

K is called 1-symmetric.

1.5 Duality

For a convex set K in R™ containing the origin, we define its polar by

K° ={y eR", sup(z,y) <1},
reK

sometimes referred to as the dual of K. Equivalently,

K°={y €R", hx(y) <1}
={yeR", Vo € K (z,9)<}
~ Ny er, (@y<1),

rzeEK

that is K° is the closed unit ball of the support functional of K (since 0 € K, hxg >0

and recall that hx is positively homogeneous and convex, so it is a semi-norm, possibly

taking infinite values). The last inequality expresses K° as the intersection of closed

half-spaces, so K° is closed and convex.

1)

2)

3)

Let us have a look at some simple examples and properties.

(Bp)° = By, for p,q € [1,00] such that %—l—% = 1 (this follows from Holder’s
inequality).

The polar of a segment is a strip, for instance ([—1,1] x {0}"71)° = [-1,1] x R*~1,

and vice versa.

(conv(K UL))°=K°nNL°
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4) If K C L, then K° D L°.
5) (K°)° D K, with equality for closed convex sets containing the origin.
6) For A € GL,, (AK)° = (AT)"1K°.

7) If K is a symmetric convex body, then hx is a norm whose unit ball is K°, so we
have h = || - ||go. Since (K°)° = K, we get that the support functional of K° is
the norm given by K, hgo = || - ||x. Therefore,

[l = hro(z) = sup (z,y),
yeK®°

which gives an expression for a norm as a supremum of linear functions. Finally, note
that this representation also implies a Cauchy-Schwarz type inequality: for y € K°,

we have (x,y) < ||z| k, which by homogeneity extends to
(r,y) < lzllkllyllxe, =y €R™

This notion of duality agrees with the one known from functional analysis: if a norm
| - || has a unit ball K, then its dual norm || - ||’ (the operator norm on the space of

functionals) has the unit ball which is the polar of K°.

1.6 Distances

For two convex bodies K and L in R", we define their Hausdorff distance by
H _ . .
07 (K,L) = max{lxnea;{( dISt(I’L)’rfeai( dist(z, K)}
=inf{d >0, K C L+ 6By and L C K + B3 }.

Since K C L+0B% if and only if hx < hr,+6 for all unit vectors, the Hausdorff distance
§H(K, L) is the smallest number ¢ such that hx < hz +d and hy < hx + 6, that is
|hi — hr| <6, hence

5H(K, L)= sup |hg(u)— hr(u)
uesn-1

(the Hausdorff distance is the supremum distance on the unit sphere for support func-
tions, which also shows that the Hausdorff distance is a metric on the convex bodies).

We also recall the Banach-Mazur distance for symmetric convex bodies
dpy (K, L) =inf{t >0, 3A € GL,, AK C L C tAK},

which is linearly invariant: dpp (SK,TL) = dpp (K, L), for any S,T € GL,.
Similarly, the Banach-Mazur distance between two normed spaces X = (R”, || - || k)

and Y = (R",|| - ||) can be defined as

dpp(X,Y) =inf{t >0, 3A € GL,, Yz ||z||x < ||Az|lL < t||z|x}-
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Note that log dpys satisfies the triangle inequality. A part of asymptotic convex geom-
etry is concerned with questions about (Banach-Mazur) distances to various spaces, for
instance what is the dependence on n of dpp (€7, €5)? For any n-dimensional normed

space X, how large can dpp (X, %) be? How about dgas (X, ¢2)?

1.7 Volume

The n-dimensional volume (Lebesgue measure) of a measurable set A in R™ is denoted
by |A| = vol,,(A). For a linear map T : R" — R", |TA| = |detT||A|. In particular,
[tA| =t"|A|, t > 0. If Aisin a lower dimensional affine subspace, say a k-dimensional H,
then the k-dimensional volume of A (on H) is denoted by voli(A) = voly (A), sometimes
also by |A], if it does not lead to any confusion.

Let o be the normalised (surface) measure on S"~!. It is a probability measure
which can be defined using Lebesgue measure on R™ by

|cone(A)]
=TT
for A c S™!, where cone(A) = {ta, a € A,t € [0,1]}. It is a unique rotationally
invariant probability measure on the sphere, that is c(UA) = o(A), for any orthogonal
map U € O(n) and measurable subset A of the sphere.

Let us recall integration in polar coordinates. For an integrable function f : R™ — R

we have
f(x)dx z/ / Fre)r"=t 8"t de(0)dr
R Snfl 0

because (informally) the volume element dz becomes |rS" !|do(§)dr and the (n —
1-dimensional) surface measure of the sphere scales like |rS"~1| = r?~1S"~1|. In
particular, if we apply this to the indicator function 1x of a star-shaped set K in R™

with the radial function pg () = sup{r >0, rf € K}, € S, we obtain

|K|=/ 1k

/ / 1 (r0)r™=1 || dor (6)dr
sn=1Jo

px (0)
Lo mar)ism o)
sn-1 \Jo

Sn—l
_ 15 . | [ pxlato).

If K is a symmetric convex body, then its radial function can be expressed using its

norm,

1 1 1
inf{2, 70 € K}  inf{r, e K} 0|k’

pr(0) =sup{r >0, rd € K} =

thus
|S™ —n
|K|=—— 101" do (6).
n gn—1
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n—1
In particular, for K = B, we get |BY| = M

For instance, how to compute the volume of the B} balls? The above formula is not
useful. We can do another trick. Using the homogeneity of volume, for a symmetric

convex body K in R™ and p > 0, we have

/ 67”I|‘idx = / (/ etdt> dox = / / 1{t>”x||1;<}67tdtd$
" m A\l R™ J0O
:/ e_t/ Lizern, jlofx<tr/pydadt = |K|/ t"/Petdt
0 Rn 0

— |K|T (1 + ") :
b
In particular,

I'(1+n/p)| B2 :/]Rn e‘”””pdx—/nne_lml da = (/e t|pdt>n
- <2F (1+;)>

Setting p = 2 gives us a formula for the volume of the unit Euclidean ball

0 _on LG22 A"
|Bz| =2 I'(1+n/2) TI'(1+n/2) (L.1)

B = (14 o(1) =25 .

This gives us that the radius r,, of the Euclidean ball with volume one,

1 Un n
o = ﬁm +n/2)V" = (1 +o(1)),/%.

We also get |BZL| = 2" and |B}| = i—? Using our previous formula for volume, we

By Stirling’s formula,

have
2" = B2 | = |BY| / pss (6)"do(6)

which means that the radial function of the cube on average equals

_ 2n
e
Similarly,
2 n|—1/n 2e
pPBy = n!l/”| | RV

1.8 Ellipsoids

An ellipsoid £ in R™ is a set of the form

- frem Sl

| /\
H/—’
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n
i=1

(z, (X o *vivl)z)y= 3" a; *(z,v;)?, we can also write

where {v; is an orthonormal basis of R™ and the «; are positive numbers. Since

E={xeR", (z,Az) <1},

where A = 3" a; ?viv] = Vdiag(a; ?)VT with V being the orthogonal matrix whose
columns are the vectors v;. Note that any positive semi-definite matrix is of this form.

The vectors v; are the directions of the axes of £ and the «; are the lengths of the
axes. Let T be the linear map on R” sending v; to a;v;. Then, & = T Bg. In particular,

we find that the volume is
€] = (a1 - ... on)|BY| = (det A)~"Y/2|BY|. (1.2)

The norm || - ||¢ can be expressed explicitly because |z|¢ = inf{t > 0, z € t€} =
inf{t > 0, (x, Az) < t?}, so

lells = v, Ay = |37 0 (1.3)

@;

Any linear image ABY of the unit Euclidean ball is an ellipsoid (possibly lower-
dimensional). To see that, consider the singular value decomposition A = VDU with
D being a nonnegative diagonal matrix and U, V orthogonal. Of course UB% = BY, so
ABy = VDBy. DB is an ellipsoid with the axes along the standard basis and the
lengths given the diagonal elements of D, so VDB is the ellipsoid with the axes along

the columns of V' of such lengths.
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2 Log-concavity

2.1 Brunn-Minkowski inequality

Brunn discovered the following concavity property of the volume: for a convex set K in
R™ the function f(t) = vol,,_1 (K N (t0 + 6+), t € R, of the volumes of the sections of K
1

1
along a direction § € S 1 is ~— concave on its support, that is f(¢)==T is concave on

its support. Minkowski turned this into a powerful tool.

2.1 Theorem (Brunn-Minkowski inequality). For nonempty compact sets A, B in R™

we have

There are many different proofs. We shall deduce the Brunn-Minkowski inequality
from a more general result for functions, the functional inequality due to Prékopa and

Leindler. Before that, let us point out several remarks.

2.2 Remark. Thanks to the inner regularity of Lebesgue measure (that is, the Lebesgue
measure of a measurable set is the supremum of the Lebesgue measure of its compact
subsets), the Brunn-Minkowski inequality extends to arbitrary nonempty measurable
sets A and B such that A + B is also measurable: for such sets, let K and L be
compact subsets of A and B respectively and then A + B contains K + L, so |A +
B|Y/™ > |K + L|Y™ > |K|Y/™ + |L|*/™ and taking the supremum over K and L yields
|A+ B|/™ > |A]M™ 4 |B|Y™.

2.3 Remark. The proof of the Brunn-Minkowski inequality in dimension one is easy.
Let A and B be two nonempty compact subsets of R. Thanks to the translation invari-
ance of Lebesgue measure, we can assume that the furthest most right point of A and
the furthest left point of B are at the origin. Then the Minkowski sum A 4+ B contains
AU B whose measure is |A| +|B| because ANB = {0}, so |[A+ B| > |AUB| = |A|+|B].

2.4 Remark. To obtain Brunn’s concavity principle for the volume of sections of a
convex set K in R™ along a direction § € S"~ ! define K; = {z € 0+, v+t € K},
t € R and let f(t) be the n — 1-dimensional volume (on 6-+) of K;. Take A € [0,1], s,t
in the support of f and set A = MK, and B = (1 — A\)K;. By convexity, Kxsyq—a)
contains \K, + (1 — A\)K; = A+ B, thus

FQs 4 (L= N7 2 [A+ B[7T > [A[7T 4 BT = NK 7T + (1= A)|K[77
= M (9)7T + (1= N f(0)7T,

which shows that f is nil—concave on its support.

2.5 Remark. The Brunn-Minkowski inequality gives an effortless proof of the isoperi-

metric inequality.
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2.6 Theorem. For a compact set A in R™ take a Fuclidean ball B with the same volume
as A. Then for every e > 0,
|A+eB| > |B+¢eB].

In particular, |0A| > |0B|.
Proof. By the Brunn-Minkowski inequality and the scaling properties of volume,

[A+eB|Y" 2 [A]Y" 4 eBIY™ = | B[V + €| BY" = |(1+)B|Y/" = |B + B[/,

|[A+eB|—|A|
€

Since, |0A| = climinf. o4 , where c is a scaling constant which depends only

on the volume of A, the second part follows. O

2.7 Remark. By the AM-GM inequality and homogeneity, the Brunn-Minkowski in-
equality applied to A and (1—\)B gives |AA+(1—\)B[Y/™ > M| A|'/"+(1-\)|B|'/™ >
|A|M ™ B|(=N/7 | that is:

for compact sets A, B in R"™ and X € [0,1],

IAA + (1 = \)B| > |AMNB* . (2.1)
In fact, this dimension free statement is equivalent to the Brunn-Minkowski inequality:
. n n 1/n
apply it to the sets A/|A|'/™, B/|B|"/™ and X = IA\I‘/ZHW to get
A+ B | A+B V) A - L/n
A7+ 1B~ |JAR = B|  [fa BT
A A/n B (1-=X)/n
> =1.
- ‘IAI/" |B|/n

2.2 Log-concave measures

A Borel measure 1 on R” is called log-concave if for every Borel sets A, B in R™ and
A € ]0,1], we have
B+ (1= N)B) > p(A)P u(B)1 .

The dimension free version (2.1) of the Brunn-Minkowski inequality says that Lebesgue
measure is log-concave. Another crucial example of a log-concave measure is the uniform
measure on a convex body K in R", that is
ANK
p(A) = | K| ‘7
The reason being that thanks to the convexity of K, (AA + (1 — A)B) N K contains
AMANK)+ (1 —X)(BnK), thus the log-concavity of Lebesgue measure gives

ACR"™

prcOA + (1= N)B) = |+ (1= ) B) N K|
1

> gMANK) + (1= N BN E)
1

>

> AN EPIB O K™ = (4P e (B)'
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Note that the density of px (with respect to Lebesgue measure), f(z) = ﬁlK(x),

plainly satisfies the pointwise inequality
fOz4+ 1 =Ny) > f) )2, x,y € R, A e0,1]. (2.2)

—log|K|, z€K
In other words, the function ¢ : R" — (—o0, +o0], ¢ = —log f =

+00, x¢ K
is convex.

We say that a function f : R™ — [0, 400) is log-concave if it satisfies (2.2), that is
f = e~ for some convex function v : R® — (—oc, +00].

Summarising, for the two examples of log-concave measures we looked at: Lebesgue
measure as well as the uniform measure on a convex body, their densities are log-concave
functions. As we shall see in the next two sections, this is not accidental. First we
need to discuss the Prékopa-Leindler inequality and, incidentally, finish the proof of the

Brunn-Minkowski inequality.

2.3 Prékopa-Leindler inequality

2.8 Theorem (Prékopa-Leindler inequality). Let A € [0,1]. For measurable functions
fyg,h : R™ = [0,400) such that

hAz+ (1= Ny) > f(x)g)' ™,  x,yeRY, (2.3)

L= (L) (L) 2

2.9 Remark. For compact sets A, B in R™" and A € [0, 1], consider f =14, g = 15 and

we have

h = 1x44a-xB- Then clearly these functions satisfy the assumption of the Prékopa-
Leindler inequality, h(Az + (1 — \)y) > f(x) g(y)'= for all x,y € R™. Indeed, if
the right hand side is 0, there is nothing to show. Otherwise, z € A and y € B, so
Az + (1 =Ny € A+ (1 — M) B, so the left hand side is 1, equal to the right hand side.
Since [ f = |A|, [ g =|B|and [ h = |\A+(1—\)B|, the Prékopa-Leinder inequality thus
implies (2.1), the dimension free version of the Brunn-Minkowski inequality (equivalent

to Theorem 2.1, see Remark 2.7).

Proof of Theorem 2.8. First we prove the theorem in dimension one, that is for n =1
and then, by an inductive argument, we will obtain the theorem for every n.

Let f, g, h be nonnegative measurable functions on R satisfying (2.3). Without loss
of generality, we can assume that f and g are bounded (if not, consider fj; = min{f, M}
and gy = min{g, M} which still satisfy the assumption and the conclusion will carry

over to f and g by the monotone convergence theorem). Moreover, we can assume that
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1fllsc = llglloc =1 (otherwise, consider f/I|flloc, 9/llglloc and 2/(|lf11%llgll5c*)). Then,

f(z) [ £l 1
/ f(z)dz = / / dtdz = / / 1if()>ndtde = / {z eR, f(z)>t}dt
R R J0 R JO 0

and similarly for g. Fix ¢ € (0,1) and consider the sets A = {z € R, f(z) > t} and
B ={z €R, g(z) > t}. Note they are nonempty because ||f|lcc =1 = ||g]lco. Note also
that by (2.3), we have AA + (1 — A\)B C {z € R, h(z) > t}. By the Brunn-Minowski

inequality in dimension one proved in Remark 2.3,
MA|+ 1 =XN)|B] = M|+ [(1=NB| < |AM+ (1 -N)B| < {z €R, h(z) >t}

(see also Remark 2.2 to go about a possible lack of compactness of A and B)). Thus,
by the AM-GM inequality,

(/Rff(/Rg)HsA/Rf+(1—A)/Rg=/01<A|A|+<1—A>|B|>dt
§/01|{xe]R, h(z) > t}]dt
g/ooo{xeR, h(x)>t}\dt:/Rh,

which finishes the proof for n = 1.
Let n > 1 and suppose the theorem holds in any dimension less than n. For ¢t € R

define three functions on R”~! with parameter ¢ being the restrictions of f, g and h:
fi(@") = f(t,2"), g(2')=g(t,2") and hy(z") = h(t,2'), ¢ e RP L
Fix s,t € R. From (2.3), for every 2’/,y’ € R*~ 1,
hsr(1-neA + (1= N)y') 2 fo(@)Pgely)
Thus, by the inductive assumption,

A A
/ h/\s—i-(l—)\)t > (/ fs) (/ gt) .
Rn—1 Rn—1 Rn—1

This however says that the three functions F,G and H on R defined as

F(t):/Rnilfh G(t):/Rnilgt and H(t):/Rnilht, teR

satisfy H(As + (1 — \)t) > F(s)*G(t)!=> for every s,t € R. Therefore, by the n = 1

case of the theorem proved earlier,

L= (L) (fe)

which is exactly [, h > ([zn f)/\ (Jan g)lf)\, as needed. O
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2.4 Basic properties of log-concave functions

Let us point out several important consequences of the Prékopa-Leindler inequality.
Firstly, log-concave functions form a class of functions closed with respect to taking

marginals and convolutions.

2.10 Corollary. If a function f: R™ x R™ — [0, +00) is log-concave, then the function

h(z)= [ f(z,y)dy, r e R™
]Rn

s also log-concave.

Proof. This follows directly from the Prékopa-Leindler inequality: to see that h(Az1 +
(1 — N)w3) > h(z1)*h(z2)!™, it suffices to consider three functions F(y) = f(z1,y),
G(y) = f(z2,y), H(y) = f(Az1 + (1 = AN)z2,y), y € R™. O

2.11 Corollary. If functions f,g : R™ — [0,4+00) are log-concave, then their convolution

f g is also log-concave.
Proof. Apply Corollary 2.10 to R*xR"™ > (z,y) — f(y)g(z—y) which is log-concave. [
Secondly, measures with log-concave densities are log-concave.

2.12 Corollary. If f : R®™ — [0,+00) is log-concave, then the Borel measure pu with
density f, defined for Borel subsets A in R™ by

u(4) = /A /,

is log-concave.

Proof. Given two Borel sets A, B in R™ and A € [0,1], apply the Prékopa-Leindler
inequality to the three functions f14, fl1p and flyayq—x)p to see that u(AA + (1 —
NB) > (A u(B) . o

2.13 Remark. The same argument shows that for a log-concave function f : R" —
[0,4+00) which is supported on a lower-dimensional affine subspace H of R™ (f is zero

outside H), the measure p on R™ defined by

p(A) = /AOH f(z)dvoly (), ACR"

is log-concave.

This says that absolutely continuous measures (with respect to Lebesgue measure
on a possibly lower dimensional affine subspace) whose densities are log-concave are
log-concave measures. In particular, uniform measures on convex sets are log-concave,
as we have already observed in the case of convex bodies. Note that this includes point

masses, a.k.a. Dirac delta measures. Moreover, Gaussian measures are log-concave.
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Another examples of log-concave measures are the products of exponential or Gamma
measures.
The converse to the above corollary is also true, which is a deep result of Borell (we

omit its proof).

2.14 Theorem (Borell). If a finite inner-regular measure (a finite measure approz-
imable from below by compact sets) u on R™ is log-concave, then there is an affine
subspace H of R™ and a log-concave function f : R™ — [0, +00) which is zero outside H

and such that
w(A) :/ f(z)dvoly (x).
ANH

In particular, the support of u, that is the set {x € R™, pu(x+rB§) > 0 for every r > 0}

18 contained in H.

Together with Corollary 2.12; Borell’s theorem provides the characetrisation saying
that (finite) log-concave measures are absolutely continuous measures (on the affine span
of their support) with log-concave densities.

Let us recapitulate this discussion in the probabilistic language. A random vector

X in R" is called log-concave if its distribution
uw(A)=P(X € A4), A CR",

is a log-concave measure. As we saw, by the Prékopa-Leindler and Borell’s theorems,
a random vector is log-concave if and only if it is supported on some affine subspace,
continuous on it, with a log-concave density.

For instance, a random vector X in R? uniformly distributed on the square [—1,1]% x
{0} is log-concave. Even though X is not continuous (as a vector in R?), it has a density

on R? x {0} which is uniform, $1(_q 1p2.

2.15 Corollary. If X is a log-concave random wvector in R™, then its marginals are
also log-concave. Even more, for any affine map A : R™ — R™, the vector AX is also

log-concave.

Proof. For Borel subsets U, V of R™ and A € [0, 1], we have

PAX e \U+(1-1)

(X e AT AU+ (1= M)V))

(X e U+ (1-1ATY)
(X eA ') 'P(Xeatv)
(AX e U)'P(AX e V).

Y

P
P
P
P

O

2.16 Corollary. If X is a log-concave random vector in R™ and Y is an independent

log-concave random vector in R™, then (X,Y) is a log-concave random vector in R,
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Proof. By Borell’s theorem, X has a density f on an affine subspace F of R™ and Y
has a density g on an affine subspace H of R™. Then (X,Y) has the product density
f(z)g(y) on {(z,y),x € F,y € H} = F x H, which is a log-concave function. By the
Prékopa-Leindler inequality (as in Remark 2.13), (X,Y) is log-concave. O

2.17 Corollary. If X and Y are independent log-concave random vectors on R™, then

X 4+Y is also log-concave.

Proof. Since X + Y is the linear image of (X,Y), the assertion follows directly from
Corollaries 2.15 and 2.16. O

We finish with a useful fact for log-concave random variables (random vectors in R)

saying that their PDFs and tails are also log-concave.

2.18 Corollary. If X is a log-concave random variable, then the functions R > t —
P(X <t) and R>t+— P (X >t) are log-concave.

Proof. Tt follows immediately from the definition (note that {X <t} = {X € (—o0,t]}
and {X >t} = {X € (t,0)}). O
2.5 Further properties of log-concave functions

Log-concave functions decay at least exponentially fast; particularly, they have good
integrability properties, for instance, their moments are finite (we skip the standard

proof).

2.19 Theorem. Let f : R™ — [0, +00) be an integrable log-concave function. Then there
are positive constants A, « such that f(z) < Ae==l for all x € R™. In particular, for

every p > —n, fR” "1:|pf(1')d1' < 0.

Centred log-concave functions have their value at the origin comparable to the max-

imum.

2.20 Theorem. Let f : R™ — [0,400) be a centred log-concave function, that is
Jpn f(x)dz = 0. Then,
f0) < [ flloe < €”f(0).

Proof. Without loss of generality we can assume that [ f = 1. By log-concavity, for
every x,y € R" and A € [0, 1], we have

FOx+ 1= Ny) = f@) fy)'

First integrating over y and then taking the supremum over x yields

1= N> [f1 / ey
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We have equality at A = 0, thus differentiating at A = 0 gives

nzlongHoo—/flng-

Rearranging and using Jensen’s inequality (for the concave function log f and probability

measure with density f) finishes the proof

g () = [ £(0)10g o)tz <tog 1 ([ ortenae ) =togs10)
O

The next result is the monotonicity of some sort of moments of log-concave functions
on the half-line. This gives the optimal moment comparison for log-concave random

variables, which can be viewed as a reverse Holder-type inequality.

2.21 Theorem. Let f : [0,00) — [0,00) be a log-concave function with f(0) > 0. Then

the function

(0,00) 5 p (F(lp)f(lo)/ooo f(x)xp_ldx) o

1S MONINCTeasing.

2.22 Corollary. For a nonnegative random variable X with a log-concave tail,

e _ Dlg+ )10

(EX9) STt

EXHY? 0<p<q
Equality holds for X ~ FExp(1) (one-sided standard exponential).

Proof. Apply Theorem 2.21 to f(z) = P(X > z) and note that f(0) = 1 as well as

In view of Corollary 2.18, the above moment comparison holds for nonnegative log-

O

concave random variables and consequently, for symmetric random variables.

Proof of Theorem 2.21. Without loss of generality, f(0) = 1. Fix 0 < p < ¢. The idea
is to compare any log-concave function f to the extremal one (exponential) with the

same value at 0. Take o > 0 such that

/ e_‘“xp_lda::/ f(z)zP~da.
0 0

By looking at the logs, f(z) and e~*? intersect at some point, say x = ¢ and f(z)—e™**

is nonnegative on [0, ¢] and nonpositive on [¢,00). Thus,

/000 f(:c)xq*1 — /000 e el = /OOO zd7P [f(:r) — e*M] P,
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On [0,¢], 2777 < 2P and f(x) — e ** is nonnegative, whereas on [c,00), 7P > ¢47P

but f(x) — e~ ** is nonpositive, thus

/000 fz)zd™t — /Oooe_wmq_l
< o (/0 [f(x) — ] 2P~ + /:O [f(x) — 7] xp1> —0,

Computing the integrals with e~ " finishes the proof. O
There is also a useful reverse monotonicity result which holds for all functions.

2.23 Theorem. Let f:[0,00) — [0,00) be a measurable function. Then the function

S 1/p
00 _pP z)zP~ldz
0290 (fi [ s@rta)

Proof. Without loss of generality, || fllc = 1. Let F(p) = (p fy* f xp_ldx)l/p. Fix
0 <p<gq. For any a > 0,

= [ s@art = [ @t [T
> /ﬂ f(x)z?™t 4 a7P /C>O fx)xP™t
/f xq1+aqp/fxp1—aqp/f )Pt
e S DR G

Note that (z/a)?™! — (z/a)?~* < 0 on [0, a]. Thus bounding in the last integral f by 1

is mondecreasing.

(its supremum) yields

F@' o 0o F@P <1 - 1) .
q D

Putting @ = F(p) finishes the proof. O

We finish with a corollary saying that the variance of a log-concave function is compa-
rable to the square of the reciprocal of its value at its centre (which is in turn comparable

to its maximal value, as we already know).

2.24 Corollary. Let f: R — [0,00) be a centred log-concave function. Then,

1 J0)2 4 (x)de

12¢2 — (f f)3
Proof. The right inequality follows from Theorem 2.21. The left inequality follows from
Theorems 2.20 and 2.23. O

<2
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2.6 Ball’s inequality

We conclude this chapter with a functional inequality due to Ball, which is of a similar
flavour as the Prékopa-Leindler inequality. It is also a good excuse to present a different
proof-technique of such inequalities, based on transport of mass. This technique can
be applied to give another proof of the one dimensional case of the Prékopa-Leindler

inequality.

2.25 Theorem (Ball’s inequality). Let p > 0 and X € [0,1]. If three integrable functions
u,v,w : (0, +00) = [0,400) satisfy for all positive r, s,

Ar—1/p (1—x)s—1/P

w (VP 4 (1= X)) P) > () e G () WA (25)

/Ooowz(x(/ooou>_l/p+(1A)(/Ooov)_l/p>p. (2.6)

Proof. Without loss of generality, we can modify u,v,w as follows: first we can assume

then

that u, v are bounded and supported in a compact subset of (0, +00) (otherwise consider
ups = min{u, M}1[y/p7,07) Wwhich monotonely converges to u and similar modifications
for v and w). Now, we can assume that w,v,w are strictly positive on [1/M, M] (oth-
erwise consider u + €, v + & and w + ¢’). Moreover, we can also assume that u and v
are continuous (otherwise approximate from below u and v by monotone sequences of
continuous functions). Having established the assertion for such modified functions, it
yields the assertion for initial functions by Lebesgue’s monotone convergence theorem.

Define two strictly increasing functions «, 8 : [0,1] — (0, 00) by

a(t) 0 B(t) ')
/ u= t/ u and / v = t/ V.
0 0 0 0

They are differentiable and satisfy

@)= [u and  FO(E0) = [0
Set
-p
A (t) = (Aa(t)*l/” +(1- A)ﬂ(t)*””) . t>0.
This is a strictly increasing differentiable function mapping (0,1) onto (0, c0), thus by

the change of variables we have

/ = / W) (Bt

Our goal is to estimate 7/ from below. We have
1 1
70 = =m0 (el ) - 1= MO0
— A H1/p < Aa! (1- )\)51)

o 17 T g
(e e (7)””” Jv
_)\(0) AV v(B)
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Note that

1/p -1/p
(5) T da-l/p + (1 —=N)p-1/p’
thus setting
o~ /P
Aa~1/p 4+ (1 —\)p=1/p’

the expression for 7/ becomes

v =9 (A) uf<§> +{1-9) G—_DP “{;)

and by the AM-GM inequality we get

SOFN(SE N

This, assumption (2.5) and the inequality 2%y' =% > (§z=1/P + (1 — 0)y~'/?)~P allow to

finish the proof,

fe- s [ o 1{( Rl
[ () o0 ()]
_ l)\ (/u>l/p +(1- W}
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3 Concentration

Concentration of measure is a powerful and influential idea in high dimensional analysis
and probability. In essence, this is a phenomenon when in a certain probability space
with a metric structure, decent size sets rapidly become of almost full measure, when
enlarging them just a little bit. We shall analyse in detail three basic examples of the
sphere, Gaussian space and discrete cube. We shall also establish concentration for

log-concave measures and as applications show moment comparison inequalities.

3.1 Sphere

We treat the unit Euclidean sphere S”~! in R™ as a probability space with its Haar
measure o and a metric space with simply the Euclidean distance (see the appendix).

For a subset A of S”~! and t > 0, we define its t-enlargement A4, by
Ay ={x € S"71, dist(z, A) < t}.

Note that for t > 2, A; becomes the whole sphere. The concentration of measure

phenomenon on the sphere is expressed in the following result.

3.1 Theorem. For a Borel subset A of the unit Euclidean sphere S™~' with measure

at least one-half, c(A) > 1/2, we have for positive t,
o(Ay) > 1— 2 /4,

Proof. We can assume that t < 2. Let B be the complement of the t-enlargement A; of
A, B=S""1\A;. Forz € Aand y € B, we have |z — y| > ¢, so

2
x+y‘= 1—(|x_y|> < JicB ot
— 4_ .

Let A be the part in B} of the cone built on A, A = {az, a € [0,1],z € A}, so that
o(A) = |A|/|By|; similarly for B and B. Consider & € A and § € B, say & = ax and
y = By, for some o, B € [0,1] and z € A, y € B. If, say o < 3, we have

ar + By ar+y a\y
52 +<1_B>2‘

2

Tty
2

T+Yy
2

0

o

axr+y a\ vy
<|= 1——-1=
=152 +( ﬂ>2’
alr+y o ’y‘
< = 1-—=1)1=].
=52 ‘*( /3)2
Since‘%|§1—%and|%|§%§1—%,weget
~ 2
x+y<1_i’
2 - 8
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thus

A+ B 2
1—— | BY.
7 (-5)m
By the Brunn-Minkowski inequality,

2\" . _|A+B P .
(1-5) 18312 |22 = Vil 181 = 13 1VatAo )
Using, 0(A) > 1, o(B) = 1—0(A), 1 - % < ¢ /% and rearranging finishes the
proof. O

Concentration also means that Lipschitz functions are essentially constant; their
values concentrate around their median as well as mean and the two are comparable.
Recall that a median of a random variable X, denoted Med(X) is any number m

such that P(X >m) > § and P(X <m) > 1.

3.2 Corollary. Let f: S" ! = R be a 1-Lipschitz function. Then fort > 0,
o{f = Med(f) >t} <27"/*  and  o{f —Med(f) < —t} < 2e7"/%,

In particular,

o{|f — Med(f)| > t} < de ™ /4,

Moreover,
8
S -

‘Med(f) - /Sn_l fdo| < —=

and

nt2 nt?
a{f—/ fda>t} <ele % and a{f—/ fda<—t} < el 6,
Snfl Snfl

Proof. Let A = {f < Med(f)}. By the definition of a median, o(4) > 3. Since f is
1-Lipschitz, for ¢ > 0,

Indeed, if y € A;, say y = x+2 with x € A and |z| < ¢, then f(y) = f(2)+ f(y)— f(z) <
f(z)+ |y — x| < Med(f) +t). Therefore, A¢ O {f > Med(f) +t} and we get

o{f > Med(f) +t} < o(AS) < 2 "/4,

The estimate for the lower tail follows similarly by considering A = {f > Med(f)} (or
taking —f in what we just proved).

Moreover,

'Med(f) - /S_ fdo

/ (Med(f) — f)do
Sn—l

< /S ~Med(f) - fldo

=/O°°a{|f—Med<f>| > t}dt

< / gemt gy = T 8
0 Voo n
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Thus, for ¢ > 1—27

a{f>/snlfda—l—t}§a{f>Med(f)—jﬁ+t}Sa{f>Med(f)+;}

< 2efnt2/16

For t < \1/—%, e—nt?/16 > e 16, 5o trivially, o {f > fsnfl fdo + t} <1< elbe—nt?/16

3.3 Remark. In Corollary 3.2, we deduced the concentration for Lipschitz functions
from the concentration for sets. It is also possible to go the other way around: having
a statement about concentration for Lipschitz functions and applying it to the distance

function to a set which is 1-Lipschitz gives the concentration for sets.

Having seen what concentration of measure is about on the concrete example of
the sphere, let us say a few words about concentration in an abstract setting. If we
have a probability space (2, F,P) such that (2,d) is also a metric space, we define
enlargements of measurable sets in the usual way: A, = {z € Q, d(z, A) < t}. We say
that (Q, P, d) satisfies a-concentration with a (decay) function « : [0, 00) — [0, c0) such
that o = 0 if for every measurable set A with P(A4) > 1, we have P (4;) > 1 — a(t),
t > 0. In particular, when «(t) =~ e_tz, it is the so-called Gaussian concentration

and when a(t) ~ e~t — exponential concentration. In Theorem 3.1 we proved that

the sphere satisfies Gaussian concentration.

3.2 Gaussian space

We consider R™ as a probability space equipped with the standard Gaussian measure
v, and as a metric space with the Euclidean distance. Recall that -, has the product
density \/%6497‘2/ 2. This setting is usually referred to as Gaussian space. We show

that Gaussian space satisfies Gaussian concentration.

3.4 Theorem. For a Borel subset A of R™,

/ eidist(z,A)2d,yn(x) <

Yn(A)

In particular, if v,(A) > %, then fort >0,
(4 >1— 21" /4,

Proof. The second part follows from the main statement in one line,

i ag) < [ ey @) < — <

A¢ Yn(A)

To prove the first part, fix A, let p,, be the density of v, and consider three functions,
J@) = e iy (@), gle) = La@)pa(@),  h(@) = pale).
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Forz e R™, y € A,

F@)gly) = =@ ip, (2)p, (y) = 21)56%diSt(w’A)k%‘w'Q*%‘y'Q
m

_ 1
— (2m)n

1 1 2 T+y 2 Tty 2
_ lz+y” _ 7)) =—p
@ “(2) (2 ’

so by the Prékopa-Leindler inequality, [ f- [ g < ([ h)?, which is the desired statement.
O

—~

b=y =31zl - 3 lyP?

As for the sphere, we also obtain the concentration for Lipschitz functions. The

proof is identical.

3.5 Corollary. Let f:R"™ — R be a 1-Lipschitz function. Then for t > 0,
{f —Med(f) >t} <2e7/* and 4 {f — Med(f) < —t} < 2e7 /4,

In particular,

Yo {lf = Med(f)| > t} < 4e~"*/4,

Moreover,

<8

niea(s) - [ g,

and

2

2
% and yn {f — fdy, < t} < et0e 16,
R”'L

e

Yn {f — [ fdy > t} <elbe”

Rn
3.6 Remark. By a different, direct argument based on the rotational invariance of
the Gaussian measure, it is possible to obtain the concentration of Lipschitz functions

around the mean with better constants, namely

|- [ o

3.3 Discrete cube

4 2 42
>ty < —e =27 .
™

Consider the discrete cube 2, = {—1,1}" with the uniform probability measure P,,.
In other words, for any subset A of Q,, P,(A) =P(e € A) = |2A—;|, where € = (e1,...,6p)
is a random vector of independent (symmetric) random signs, that is the ¢; are i.i.d.
taking the values +1 with probability 3. We shall write P (A) = P, (A).

The discrete cube, being a subset of R", is naturally equipped with the Euclidean
distance. There is also the notion of the Hamming distance which counts at how

many coordinates points differ,

dH({I?7y):|{Z§n, xz#yz}h xuyegn
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This distance is of course very natural, especially from a combinatorial point of view.

Plainly, for z,y € Q,,
|z —y|* = 4dp(z,y).

Note also that
(r,y)=n—=2|{i <n, z; #yi}| =n—2du(x,y),

or to put it differently, since n = (x, z),

(x,x —y)=2dp(z,y).

The main theorem we shall prove is the so-called infimum convolution on the discrete

cube for convex functions. Then we shall deduce Talagrand’s inequality on the discrete

cube. Finally, we shall present corollaries which lead to concentration.
3.7 Theorem. Let ¢ : R®™ — R be a convez function. Then,
Eaeinf{w(w)+§|€—z|27 2€R"IR_o—e(e) < 1.
3.8 Corollary (Talagrand’s inequality). Let A be a subset of {—1,1}". Then,
Esegdist(a,conv(A))zp (4) < 1.

In particular,

P ((conv A)§) - P (A) < e t°/8

0, x € conv(A)
Proof. Consider the convex function ¢(z) = . Since,

+00, x €R™\ conv(A)
Ee™#) = Elgony(a)(€) = P (conv(4)) > P(A)
and

1 1 1
xieann {(p(x) + §|€ — a:|2} = zecirg(A) §|€ —z]? = 3 dist(e, conv A)?,

(3.1)

applying (3.1) gives the first result. The second part follows by Chebyshev’s inequality,

1
P(A)

— > ]Ee% dist(c,conv A)* > Ee%tQ]-{dist(e,conv A)>t} > 6t2/8]P (diSt(€7 A) > t) :

O

We also obtain concentration for Lipschitz functions which are additionally convex.

3.9 Corollary. Let f:R™ — R be conver and 1-Lipschitz function (with respect to the

FEuclidean distance). Then fort > 0,

P(|f(e) — Med(f(e))| > ) < de /5.
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Proof. Let M = Med(f(¢)) and consider A = {z € {-1,1}", f(z) < M}. We have
P(A) > 3. Since f is convex, A is convex and conv A = A. Since f is 1-Lipschitz,

Ay C {f £ M +t}. Thus, by (3.2),
1 2 2
P M+1) <P(AS) < ——e P /8 <2e78/8,
(f> +)— (t)—]P;(A)e S Z€
To control the lower tail, we cannot simply apply the upper tail to —f (because it is
not convex). Consider B = {z € {—1,1}", f(x) < M —t}. As before, B is convex and
Bs C{f <M —t+s}. Thus,

2

P(f<M—t)P(f>M—t+s) <P(B)P(BS) <e*/2

S

Letting st and using P (f > M) > = gives the result. O

1
2
3.10 Remark. As for the sphere and Gaussian space, we get from Corollary 3.9 concen-

tration around the mean: there are universal constants ¢, C > 0 such that for a convex

and 1-Lipschitz function f : R™ — R,
P(f(e) —Ef(e)| > 1) <Ce™, >0
Note that martingale methods (e.g. Azuma’s inequality) yields
P(|f(s) ~Ef(e)| > t) < Ce /", £ >0,

for every 1-Lipschitz function f : R™ — R. Therefore convexity through Talagrand’s
inequality allows to significantly improve the exponent by removing % Moreover, this
improved concentration result really is specific to convex functions, as shown by the
following example due to Talagrand: let A = {{—1,1}", > x; < 0} and define f(z) =
inf{|z—y|,y € A}, which is 1-Lipschitz. Then the median of f(¢) is 0, but by the central

limit theorem, P (f(g) > cn'/*) > ¢ for some absolute constant ¢ > 0.

We can easily derive concentration for sets with enlargements in the Hamming dis-
tance. The point being however that Talagrand’s inequality is stronger than what we
really need to get such concentration (the latter can be obtained by classical martingale

methods as well).

3.11 Corollary. Let A be a subset of {—1,1}" with P(A) > 5. Then,

3
P(du(e, A) >t) < 2e_§2".
Proof. For every x € {—1,1}" and y € A,
(x,2 —y)=2dg(x,y) > 2du(z, A).

Since the left hand side is linear in y and the right hand side does not depend on y, the
same inequality is true for all y € conv(A). By the Cauchy-Schwarz inequailty,

Vile =yl = 2du(w, A),  y € conv(A),
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which means that d(z,conv A) > %dH(x, A), so

{z e {-1,1}", dy(z,A) >t} C {ac e {-1,1}", d(x,conv A) > \/2575}
and Corollary 3.8 finishes the argument. O
Proof of Theorem 8.7. The strangely looking left hand side allows a natural inductive
proof on the dimension n (in fancy terms, the inequality tensorises, meaning that it
proves itself provided it is proved for n = 1 — similarly to the Prékopa-Leindler inequal-
ity).

Suppose Theorem 3.7 holds for n = 1. We first show how to inductively deduce it
for any n. To this end, let n > 1 and suppose that the theorem holds for n and let
¢ : R"1 — R be a convex function. For a vector x in R"*! we shall write z = (21, 2")

with 27 € R being its first coordinate and 2z’ € R™. Consider the function 1) : R — R,
(1) = log Eareiforcan (oo V41 ~o/ P}

By the convexity of ¢ and | - |? as well as Holder’s inequality, we check that ¢ is also

convex: for x1,y; € R and A € [0, 1], we have

YAz + (1= ANwr)
infx/yyleu{n{QO(>\$1+(1—)\)Z]1,Aﬂf/-‘r(l—)\)y/)-‘r%‘>\€/+(1—>\)€/—A1‘,—(1—>\)y/‘}

= logE. e
< log Buremfer v {Me(@na) 431 =PI+ (1-Nleviv)+ 51 -y I°1}
—logE./ [ex\infm/{«p(wl’w’)+§|€’*w’|2}e(1*/\) inf, {lp(w1,y")+Lle' =1’}
< AMog Ere™o {e@na) 451’2} 4 (1 _ ))log B ety Ulelwia )3~y "1}
= Mp(z1) + (1 = A9 (y1)-

Applying (3.1) to ¢ yields

E., e (@) tsle-anl’} g v <.

A B

To lower bound A, we rewrite it, plug in the definition of ¥ and simplify,
A =E., inf [elﬁ(fl)e%lﬂ*fll"'
x1
— E., inf [Ea,einfmfemn{so(xl,x%g\e'fz'\“’}eaermﬁ ,
1
sing the simple inequality infier EX; > Einfier X, valid for any family of random
Using the simple i lity inf;er EX; > Einfier X, valid f family of rand
variables { X} }ter, we get
A > EEl Eleinfz’,m {‘P(Il,m’)+%‘5,*x,|2+%‘51*11‘2} — Egeinfmemn+1{tp(x)—i—é\s—aﬂz}.

To lower bound B, we first use (3.1) applied to the convex function x’ — p(z1,2’) to

see that
-1
o—(@1) — (]Eg,einfm/ekn{w(whw'ﬁgw’—w’ﬁ}) > e ?@e),
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Thus,
B = Esle_w(sl) Z E81E5’€_¢(€1761) - Eae_@(s).

Putting these two lower bounds into A - B < 1 shows that (3.1) holds for ¢ and hence
finishes the proof of the inductive step.

It remains to show (3.1) for n = 1. Let ¢ : R — R be convex and set

¢(I);g£{w(y)+;lxyl2}, zeR.

Our goal is to show that

P(—1) Y1) p—e(-1) —¢(1)
e 2—1— e ] e 2+ e <1

By adding a constant to ¢ if necessary, without loss of generality we can assume that
p(—=1) =0. Let a = p(1). By considering z — ¢(—z) instead of z — ¢(x), we can also
assume that (—1) < (1), that is a > 0.

Putting y = —1 in the definition of ¢ gives

P(=1) < ¢(=1) =0.
Puttinginy=(1—A)-1+ A (=1) =1— 2\ for any A € [0, 1] gives

Y1) < $((1=X) 1 A (=1) # 1= (1= 20
2

<1 =Ne(1) + xp(-1) + é 4XT = (1 - Na+ %

Taking A = a when a <1 and A =1 when a > 1 gives the estimate

Therefore, when a < 1, it suffices to show

1+ e—a’/2+a | +e ¢

. <1.
2 2 -

In fact this holds for any a > 0: note that the trivial inequality e*“2/2(e“ —1)<e*—1
is equivalent to 1 + ea—a’/2 <e*+ e‘“2/2, SO
(1 + ea—a2/2)(1 + e—a) -1 _|_ea—a2/2 + e—a(l + ea—a2/2)
<1+ ea—a2/2 + e—a(ea + e—a2/2)
—a?/2
=2+ 2e cosha <242 =4,
by the well known inequality coshz < =/ 2 reR.
When a > 1, it suffices to show

1/2 —a
e 1+e®
2 2 -
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The worst case is obviously a = 1 and then we have

1+ el/2 1+@fl<1+17 1+5% 27 37 37

= . =20 <1,
2 2 2 2 2-10 2-27 40<

3.4 Log-concave measures

Any log-concave measure satisfies a concentration type inequality for dilations of sym-

metric convex sets, as established in the following result often called Borell’s lemma.

3.12 Theorem (Borell’s lemma). Let p be a log-concave probability measure on R™ and

let K be a convex symmetric set in R™ with § = p(K) > % Then fort > 1,

141
l—u@K)§9<1;9> .

Proof. The key observation is that thanks to convexity and symmetry,

t—1 2
" oK 4+ ———(R"\tK) C R"\ K.
e R TRV SR

Indeed, if for some a € K, i=fa+ 2ya’ = b was in K, then o/ = 510+ L5 (—a) would
be in K, too. By log-concavity we thus get

p(K) T (R \ tK)HT < p(R™\ K),

hence 41

1= u(tK) = p(R\ 1K) < {1‘0] 0(1;")

lik=5%

3.13 Remark. The right hand side of Borell’s lemma is sometimes rewritten as

t+1 t t
1-0\ = 1-0/1-6\2 1— 1
o(57) " - () vyt < vt
and clearly shows the exponential decay since ¢ = 1/1/0 —1 < 1 for § > 1/2.

3.14 Remark. Borell’s lemma equivalently says that for a log-concave random vector
X in R™ and a semi-norm || - || on R™ we have for ¢ > 1,

t+1
2

pax) >0 <0(150) .

provided that § =P (|| X]| < 1) >

1
§.
As an application of this concentration result, we show that the moments of any

semi-norm of log-concave vectors do not grow too fast (at most linearly).
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3.15 Theorem. Let X be a log-concave random vector R™ and let || - || be a semi-norm

on R™. Then for 1 <p<g,
(B X )17 < 127 (BJIX|) /7.
Proof. By homogeneity, we can assume that E|| X||P = 1. Then,
P([X] > 4) =P(|X][]" > 47) <47PE[| X[]" = 47",

Applying Borell’s lemma to | - ||, § =P (3[|X[| < 1) > 1— 477, yields

1 1 t/2 1 t/2
P(IxI>e) < vaT-0 (5-1) < (Zm-1) o et

_ 4" _ 1 1
—1= 1—4-pP — 4P—1 < er’

Since

1
» 1—4-p
P(|X]| > 4t) <e P2 t>1.

Thus,
[e'S) 4 00
E|| X4 :/ gsT'P (|| X > s)ds §/ qsq*1d5+/ gs" P (|| X > s)ds.
0 0 4

Computing the first integral, changing the variable in the second integral s = 4t and

using the above estimate yields

'] [ee] 2 q
EHXHQ < 44 +/ q4qtq_1e_pt/2dt =49 4+ q4q/ () wi e udu
1 1 p

(o3 ).

Using ¢I'(q) < ¢ and (1 + x)"/9 <1+ /4, we finish the proof

q\ 1/a
(B[ X]9)7 < 4 (1 + (2") ) <4 (1 + 2") <4 (q + 2q> =122,
p p p p p

3.5 Khinchin—Kahane’s inequality

We shall further explore the idea that concentration can be used to obtain moment
comparison inequalities and apply this to random signs. Recall classical Bernstein’s
inequality which says that a weighted sum > _; a;&; of independent random signs ¢;

with real coefficients a; concentrates around its mean (which is 0) with a Gaussian tail,

n +2
P <| Zaif-:i\ > t) < 2e 257 t>0. (3.3)
i=1

Recall also the following moment comparison which can be shown by a direct computa-

tion,
9\ 2
E

4
<3|E (3.4)

n
E ;€4
i=1

n
E ;€4
i=1

39



These two allow us to establish the classical Khinchin inequality. We denote the pth
moment of a random variable X by || X, = (E|X|?)!/?.

3.16 Theorem (Khinchin’s inequality). Let e1,...,e, be independent symmetric ran-
dom signs. For real numbers ay,...,a,, we have
n n
il <V2p|D as| . p>2 (3.5)
i=1 p i=1 2
n 1 n
;aisi > % Z;aigi , 1<p<2. (3.6)
= P 1= 2
3.17 Remark. Putting a1 = ... = a, = ﬁ and letting n — oo, the central limit

theorem and the behaviour of Gaussian moments show that the order ,/p of the constant

in (3.5) is best possible.

Proof of Theorem 3.16. By homogeneity, we can assume that E| > a;;? = Y a? = 1.
First consider p > 2. By Bernstein’s inequality,

B> aefr = / PP ([Sasei| > ) dt

0
< / ptp_12e_t2/2dt

0

o0
= 2p/2p/ uP/? e U du
0

= 2°/2pT(p/2) < 2P/%2(p/2)"/% = 2pP/? < (2p)*/*.

Thus,
1D aisilly < /20 = /201 ) aieillo-

Now consider 1 < p < 2. Let X = | a;;]. Using Holder’s inequality, we interpolate

the Lo — Ly moment comparison (3.4) to obtain the Ly — L; moment comparison,
1= EX2 — EX2/3X4/3 S (EX)2/3(EX4)1/3 S 31/3(EX)2/3
and we finish by crudely bounding the pth moment by the 1st moment,
_ 1
| Zazfi”p > |l Z%&Hl =EX >3712= —| Zaiﬁiﬂz
V3
O

Talagrand’s inequality can be applied to give a simple proof of a substantial general-

isation of Khinchin’s inequality due to Kahane to vector-valued weights in any normed

space.
3.18 Theorem (Kahane’s inequality). Letey, ..., e, be independent symmetric random
signs. For vectors vy, ...,v, in a Banach space (E,| - ||) and p > 1, we have

(B S vell) " < 280 Y wieill + 825 o (3.7
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1/2
where 0 = (sup{Z?_l lo(vi)?, ¢ € E*,|lo| < 1}) . In particular,

(BI Y wel?) ™" < 0+ 8VEymEN Y vl (39

Proof. Define f(x) = || Y1, zv;||, x € R™. This is clearly a convex function. It is also

Lipschitz with constant ¢ because by duality and the Cauchy-Schwarz inequality,

F@) = f@) < 1Y@ —yuil = swp o (D (@i — v |

peB* [lpl<1

= sup | Z o(vi) (@ — yi)l

peE" [lpll<1

<  sup \/Z|<P(Ui)|2\/z |z — yil* = olz —yl.

peE" [lpll<1

Let M be the median of f(¢). By Corollary 3.9, P(|f(e) — M| > t) < 4e=t"/(87%) g0
E|f(e) - M[P < 4/ pt?~Let /(9% — 4/302'T (1 + g) .
0
This, combined with the triangle inequality, gives

HH > el

It remains to estimate the median. By Chebyshev’s inequality,
LEf(e), so M < 2Ef(e) = 2E|| Y &;v; |, which leads to (3.7).

To obtain (3.8), notice that we can upper bound the parameter o using the classical

M= @) M < @) - M)y < BT (14 2) < 8v20 v
<P(fle)=M) <

1
2

Khinchin’s inequality (3.6): for any functional ¢ € X* with ||¢| < 1, applying (3.6) to
a; = ¢(v;) yields

(S o) = ([ eeonf) " < ViR [ ot

hence o < V3E|| 3 ;v O

< \/§E|| Z g,
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4 Isotropic position

4.1 Isotropic constant

Recall that the centre of mass (barycentre) of a subset A of R™ of positive volume
is ﬁ J,zdz and the set A is called centred if its centre of mass is at the origin. A

convex body K in R™ is called isotropic if
1) |[K| =1 and K is centred
2) For every direction § € S"!, [} (x,0)2dz = L% for a positive constant L.

The constant Ly is then called the isotropic constant of K. For example, every 1-
symmetric convex body with volume 1 is isotropic and every orthogonal image of an

isotropic convex body is isotropic.

4.1 Remark. Note that under 1), condition 2) is equivalent to each of the following

two conditions

2’) For every 1 <i,j <n, [ x;x;dz = L3d;;; in other words, the covariance matrix

of the uniform distribution on K equals L% - I

2”) For every n x n real matrix A, [, (z, Az)dx = L3 tr(A).

Indeed, to see that 2) implies 2°), apply it first to § = e; and then to § = ei\'/gej. 2)
implies 2”) by (x, Az) = ) Ajjx;x; and 27) implies 2) by applying to the projection

A =007

Intuitively, L2 is the variance of K along any direction. We shall see shortly that
one of the central (and unresolved!) questions in asymptotic convex geometry is: “how
large can Lg be?”

First we have to establish the existence of the isotropic position, meaning that
every convex body has an affine (invertible) image which is isotropic. (In general, a
position of a convex body is any of its affine invertible images). It turns out that
such an image is unique up to an orthogonal transformation, so the isotropic position is
unique. Of course, there is an affine image of every convex body which has volume one

and is centred (satisfies 1)).

4.2 Theorem (Existence). Let K be a centred convex body in R™. Then there is an

invertible linear map T : R™ — R"™ such that TK s isotropic.

Proof. We can assume that |K| = 1. Take A = [[, ziwjdz]f;_;. This is a symmetric

positive definite matrix because

(Au,u)= ZAijuiuj :/ Zmixjuiujdw :/ (z,u)*dz,
- K < K
1,] 2,7
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which is nonnegative and nonzero (K has nonempty interior). By the spectral theorem,
A = UTDU for an orthogonal matrix U and a positive diagonal matrix D. Take
T = D~/2U to get that

/ rixjde = \detT|/ (Ty)i(Ty);dy = |detT|/ > TyrTjipdy
TK K K k1

= |det T|[TATT); ; = | det T|6;,
I

so TK is isotropic. O

4.3 Theorem (Uniqueness). Let K be a centred convex body of volume 1 in R™. Let

mg = inf / |z|?d.
TeSL(n) TK
Then for T € SL(n), a position K' = TK of K is isotropic if and only if [,., |x|*dx =
myg. Moreover, if K1, Ko are two such positions, then Ko = UK, for some U € O(n).

Proof. Let K’ be an isotropic position of K. Then for any T € SL(n),
/ z[?dz = / |Ty[*dy = / (y, T"Ty)dy = Ly tr(T"T)
TK’ K’ K’
> L2n(det(TTT))/™

=1% -n= / |z|2de,

50 [fe |z|*de achieves the infimum of the quantity [, |z|*dz over all T € SL(n).

If some K; and K are isotropic positions of K, then Ky = TK; and in the above
AM-GM inequality for T, tr(TTT) > (det(T7T))/™ we have equality, so 77T = I,
hence T € O(n). O

4.4 Remark. By the above characterision of the isotropic position as minimising the
second moment of the Euclidean norm, the isotropic position and hence the isotropic
constant depend only on the affine class of a convex body: two convex bodies have the
same isotropic position up to an orthogonal transformation, if and only if one is an

invertible affine image of the other. Moreover, for any convex body K,

1 1
L% = — min {~/ |x|2dx}, (4.1)
nTeGL(n) | [TK|**2/" Jrik
where K is the translate of K with barycentre at the origin, K = K — bar(K) =

K — ﬁ [5 ®dz. Explanation: let positive A be such that IAK| = 1; by Theorem 4.3,
any Ty € SL(n) which minimises fTO(A)[( |z|2dz is such that Ty(AK) is isotropic, so

1 1
2 =12 = 7/ |z[?dz = = min / jo[*dz
K To(AK) — p To(AR) n TeSL(n) | JT(AK)

1
= — min )\”+2/ |z|?da p .
n TeSL(n) T(K)
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Since A = 1/|K|'/™ = 1/|TK|"/" for any T € SL(n), the last expression can be written
as the right hand side of (4.1).

It is easy to give a sharp lower bound for the isotropic constant by pushing mass as

near the origin as possible.
4.5 Theorem. For a convex body K in R™, we have Lxg > Lpy.

Proof. We can assume that K is isotropic. Let r,, be such that B = r,, Bf be isotropic.
Note that since both K and B have the same volume, K \ B and B\ K have the same

volume. We have,

nL? z/ |J;\2dx:/ |a:|2—|—/ ||
K KNB K\B
S I
KNB K\B
=/ I:v|2+/ ™
KNB B\K
S B R T
KNB B\K B 2

O

4.6 Remark. The isotropic constant of the Euclidean ball can be found using integra-
tion in polar coordinates,

1 1 [™ 1
L%, = f/ |z|?d2 = f/ r2rn=H S dr = —— 7" 2| BY|.
2 nJ.,Bp n Jo n+2

By the choice of r,,, 1 = |r, BY| = r'| BY| and recall |BY| = . j» SO we obtain

v
r(1+3

n\2/n
1 F(1+§) SN i ~ 0.058...

1
L2 L= B? —2/n —
Bs n—|—2| 2| n+2 s n—oo 2em
The fundamental conjecture in convex geometry called the slicing or hyperplane

conjecture says that the isotropic constant is bounded above by an absolute constant.

4.7 Conjecture (Slicing problem). There is a universal constant C' > 0 such that for
every n > 1 and every convex body K in R", the isotropic constant of K is bounded by

C, Lx <C.

There is no known example of a convex body K with Lx > 1. It is suspected that
among symmetric convex bodies, the worst case (the one with largest isotropic constant)
would be the cube. Currently, the best known bound is due to Klartag from 2006 which
says that Lx < Cn'/* for every convex body K in R", where C is a universal constant.
The slicing conjecture is known to hold for certain classes of convex bodies, for example
for the unconditional convex bodies. We shall see very soon (in the next chapter) a

proof of the weaker bound L < Cn'/2.
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4.2 Why “slicing”?

At first glance, it is not evident what Conjecture 4.7 or the isotropic constant has to
do with slicing a convex body. We shall see a reason by showing that Conjecture 4.7 is

equivalent to the following one.

4.8 Conjecture (Slicing/Hyperplane conjecture). There is a universal constant ¢ > 0
such that for every n > 1 and every centred convex body K in R™ with |K| = 1, there
is a direction § € S"~! such that |K N 61| > ¢ (there is a central hyperplane slice of

constant volume).

Given a centred convex body K of volume 1 and a direction # € S*~!, consider the
function of the n — 1-dimensional volume of the slice of K with a hyperplane perpen-

dicular to 6 passing through 0, t € R,

f(t) =|K N (th+ 64|

1
n—1

/ O;f(t)dt K| =1,
/_th(t)dtz/}((m,@)dxzo,
/Zt2f(t)dt/K<z,9>2dx

f0) = [K N6t

By Brunn’s principle, this function is a -concave on its support. In particular, f is

log-concave. Moreover,

Recall that for a centred log-concave function, by Corollary 2.24, the three quantities

[ £, [t2f(t) and f(0) are related and we have

11 1
12¢2 f(0)2 ~ /tzf(t)dt = 0P

This proves the following result.

4.9 Theorem. For a centred convex body K in R™ with volume 1 and § € S™~ !, we

1 1 L\ vl
-~ < 6)=d <
2v/3e K 10| (/K“” ) ) |Km#|

In particular, if K is isotropic, the volumes of all central sections are essentially the

have

same, within absolute constants of 1/L,

1
Q\feL

This immediately shows that the existence of a section of large volume gives an upper

_|Km9l|<\f—
K

bound for the isotropic constant.
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Conjecture 4.8 implies Conjecture 4.7. Suppose K is isotropic. By Conjecture 4.8, there
is 0y such that |K N @3 | > ¢ with some absolute constant ¢ > 0, so Lx < ? O

To see the other implication, we need a lemma saying that centred convex bodies

have directions of variance not exceeding the isotropic constant squared.

4.10 Lemma. Let K be a centred convexr body in R™ with volume 1. Then there is

0 € S™ ! such that

/ (x,0)*dx < L%.
K

Proof. Let Mg = [fK z;xjdx]; j<n be the covariance matrix of K and consider the

ellipsoid of inertia of K,
Ex ={x e R", (v, Mgx)< 1}.
We shall compute its volume in two ways. Recall (1.2), which gives
|Ex| = (det M)~ '/*| B|.

Moreover, for any T € SL(n), My = TMgT?, so det Mg = det M. Choosing T
such that TK is isotropic, we have Mrx = L% I and therefore det Mx = L2", which

gives
€| = L"|B3].

On the other hand, integrating in polar coordinates,

1/110lle
exl= [ [ s e = 153 [ olasto)
S’n

Putting the two together yields

L= / 16115 dor(6)-
Sn—l

In particular, there is 6y € S™~" such that [|6g|z" > Ly". Recalling that the norm on

Ex is given by M, see (1.3), we get
/ (1, 00)>dzr = (B0, Mycb0) = |60]I%,. < L.
K
O

Congjecture 4.7 implies Conjecture 4.8. Suppose K is a centred convex body with vol-
ume 1. Let 6y € S™~! be a direction guaranteed by Lemma 4.10. Then by Theorem
4.9,

1 1 1/2
- < 2,00)%dz ) < Lk,
meumea(/é o) ) < L

therefore, if L < C for an absolute constant C, then |K N 65| > Z\fﬁ
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4.3 Inradius and outerradius

We show that the inradius and outerradius of an isotropic convex body is related to
its isotropic constant and deduce an easy upper bound for the isotropic constant. The
inradius is the largest possible radius of a ball contained in the body and the outerradius

is the smallest possible radius of a ball containing the body.

4.11 Theorem. Let K be an isotropic convex body in R™. Then,
K C 2V3e-nLkBy.
Moreover, if K is symmetric, then
K D LgBY.

Proof. For the upper bound, fix § € S"~! and choose zq such that hx (6) = {(xg,8). Then

the cone Cp = conv{K N6+, 0} is contained in K, thus looking at volumes gives
1 L
1=|K|>|Cy| = ﬁhK(9)|Kﬂ9 |

This and Corollary 4.9 yield

1

<pg—
e (6) ="K ot

< 2\/§€TLLK = h2\/§enLKB§‘ (9)

Since 6 is arbitrary, we get K C 2v/3e - nLx BY.
For the lower bound, by symmetry |[(z,0)| < hx(6) for any § € S"~! and z € K,
therefore for any § € S™~ 1,

Li = (/K<x,0>dx>1/2 < hi(0),

which gives Lx By C K. O
4.12 Corollary. Let K be a symmetric isotropic convex body in R™. Then,
n|—1/n 1
Lk < |Bj| < 5\/75

Proof. Since K D LgBY, looking at volumes gives 1 = |K| > L%|B%|. Recall the
formula for the volume of the Euclidean ball (1.1) to get

1 n 1/n
BrYn= T (1 7) .
B2 Nz *3

n 1
When n > 2, by I'(1+2) < 2%, x > 1, this is upper bounded by # (%) 2n =L /n<
1/n. When n =1, |Bp|~t/n =1 O

4.13 Remark. The symmetry assumption in Theorem 4.11 and hence in Corollary 4.12

can be omitted.
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4.4 Isotropic log-concave measures

A random vector X in R” is isotropic if

1) X is centred, that is EX =0

2) Cov(X)=EXXT = I, equivalently, E(X,0)? = 1 for every § € S"~1.

For instance, a standard Gaussian vector X ~ N(0,I) is isotropic.

How should we define the isotropic constant of isotropic random vectors? Consider
the example of a random vector X uniformly distributed on a convex body K in R™.
Let f(z) = ﬁlK(x) be the density of X. We have

1
EX = acfxdx:—/xdx
T

and
E(z,0) = /n(x,H)Qf(x)dx - %/}((w,@fdx.

Suppose X is isotropic. Then 1) implies that K is centred and 2) gives [ (z, 0)2dxr =
|K|, for every § € S"~!. Therefore, if we take A > 0 such that |AK| = 1, that is
A= |K|~'/", then AK is an isotropic convex body and

L2 :/ (x,0>2dm:>\”+2/ (z,0)2de = \"T2|K| = | K| 72/,
AK K

In other words, Lix = W = SUp,crn f(2)'/". This motives our definition.
The isotropic constant L x of a log-concave isotropic random vector X in R™ with
density fx is defined as
Lx = || fx|&™

In particular, if X is symmetric, Lx = fx (0)Y/".

Suppose now that we have a log-concave random vector X with density fx, which
is not necessarily isotropic. We would still like to have an expression for its isotropic
constant. Let b = EX so that X — b is centred and take a matrix A such that Y =
A(X —b) is isotropic, that is I = Cov(A(X — b)) = ACov(X — b)AT = ACov(X)AT
(why does such A exist?). Then Ly = Ly = ny||<1,é". We have

fy (@) = det(A™") fx (A7 a) = (det A) ' fx (A7 (2 + D))
and 1 = det(ACov(X)AT) = (det A)? det(Cov(X)), so

Lx = [[fy 3" = (det A)~/"|| fx[|XL" = (det Cov(X))== | fx |2

4.14 Corollary. Let X be a log-concave random vector X in R™ with density f. Then

the isotropic constant of X equals

Lx = (det Cov(X)) 2= || f||2/™. (4.2)
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Since log-concave distributions naturally generalise uniform distributions on convex
sets, it is reasonable to ask in the spirit of the slicing problem whether the isotropic

constants of the former are also uniformly bounded.

4.15 Conjecture (Slicing problem’). There is a positive constant C' such that for every

n and every continuous log-concave random vector X in R", Lx < C.

The slicing problem for convex bodies (Conjecture 4.7) and this presumably stronger
conjecture are in fact equivalent. There is a construction which produces a convex body
given a log-concave vector with the isotropic constants of the two different by at most

a constant factor. It relies on Ball’s inequality (Theorem 2.25).
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5 John’s position

5.1 Maximal volume ellipsoids

Existence of extremal objects is often times useful. In this chapter, we consider ellipsoids
of maximal volume contained in convex bodies. It turns out this has interesting and
important applications.

We start with existence and uniqueness of such ellipsoids.

5.1 Lemma. Given a convex body K in R", there exists a unique ellipsoid of maximal

volume inscribed in K.

Proof. To show the existence, consider the set 4 of all ellipsoids contained in K
A={(b,T), b€ R", T is an n x n positive definite real matrix ,b+ TBY c K}.

This is a bounded set (if b+TB3y C K C RBY, thenb € RBy, TBy C RB%, 50 ||T||op <
R) which is closed, hence compact. Therefore, the supremum of |b+7TB%| = (det T')|BY |
is attained on A (because det is continuous), which show that there is an ellipsoid of
maximal volume in K.

To address the uniqueness, suppose there are two ellipsoids £ and & in K of maximal
volume. Without loss of generality, say & = By and & = b+ T'B}. Since |&1| = |&,
we have det T' = 1. Since £1,&5 C K, by convexity,

b I+T E1+ &
E=-4+—"PBr= K
s T g 2 5 -

so £ is another ellipsoid in K and looking at volumes, by the maximality of & and &,
det (%) < 1. On the other hand, if we denote the eigenvalues of T' by ¢;, then by the
AM-GM inequality,

I+T 1/n 144 1/n 1 1/n + 1/n 1 1 )

- — ? > - G _ - - /n
det< 5 > [H 5 ] > {H 2] + [H 2} 5+ 5(detT) 1,
thus we have equality here, which is the case if and only if the ¢; are constant, so they

are all 1, that is T'=1I, or & = b+ Bf. If & # &, then b # 0, but then we can dilate
the ellipsoid % + BY C conv{B%,b+ BZ} C K a bit along the direction b to get an

ellipsoid in K of a larger volume. O

5.2 Corollary. Given a convez body K in R™, there exists a unique ellipsoid of minimal

volume containing K.
Proof. Use duality (apply Lemma 5.1 to polars). O

We say that a convex body is in John’s position if B is its ellipsoid of maximal
volume. Since B¥ is an invertible affine image of any ellipsoid, by Lemma 5.1 any convex

body can be put (by an invertible affine map) in John’s position.
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John showed that when a body is in John’s position, there are points which make this
fact much more workable. Ball showed that the sort of opposite statement also holds,
that is in order to check whether Bg is the maximal volume ellipsoid, it suffices to exhibit
contact points. A point z is a contact point of a body K and BY, if v € 0B} N 0K,

or in other words, |x| =1 = ||z| k. We shall assume symmetry in both of these results.

5.3 Theorem (John). If By is the mazimal volume ellipsoid inside a symmetric convex

body K in R"™, then there exist contact points xi,...,xm of K and By and positive
numbers ci,...,cm with m < ("‘2”'1) + 1 such that for every x € R™,
m
x = Zcz@mxz):vz (5.1)
i=1

5.4 Remark. If BY C K and x is a contact point of K and By, then z is also a contact
point of the polar, ||z||x> = 1. Indeed, since By C K, if H is a supporting hyperplane
at x of K, then H is also a supporting hyperplane at x of By, but there is only one
choice for the latter, namely = + z, so H = x + . Therefore,
lz|lxe = hi(z) = sup(z,y) < sup (z,y)<{z,z)=1.
yeK yEH

On the other hand, we trivially have [|x||xe = hx(z) = sup,cx(z,y) > (z,2) = 1 by
picking y = x.

5.5 Remark. Condition (5.1) can be equivalently stated in terms of matrices as

m

I= chzzxZT (5.2)

=1

Taking trace gives in particular that

Zci =n. (5.3)

Moreover,
m

|z|? = (z,z)= <J:, Z ci{x, xz)xl> = Z cilx, )% (5.4)

i=1
Proof of Theorem 5.3. Looking at (5.2) and (5.3), we see that in fact we want to show
that

1
—I € conv{zz”, z is a contact point}
n

T

n+1
where 22T can be treated as elements of R("2') (because the positive semi-definite

matrices can be viewed as a subset of R(nérl)). Then, by Carathéodory’s theorem 1.1,

n+1

we know that it is enough to take m < ( 5 ) + 1 contact points.

If %I is not in the convex hull of the contact points, it can be separated from it,

meaning there is an n X n symmetric matrix ¢ such that

<¢,i]><a<<¢>,xacT>, x € 0By NOK.
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By considering ¢ — 1 (tr¢)I, we can assume that (¢, 21)= 0 and tr¢ = 0, so

(pz, x) Zqﬁwx T = qu,x:z:T>> a

for all contact points for some o > 0.
For 6 > 0 small enough (so small that I + §¢ is positive definite), consider the

(nondegenerate) ellipsoid
Es={xeR" (x,(I+dp)x)<1}.
Note that
1 —n/2
€51 = (er(r + 60) 2131 > (Lt +00)) 1831 =13

by the AM-GM inequality (which is strict because otherwise all the eigenvalues of ¢ are
the same and zero as tr¢ = 0, but ¢ is nonzero). This means that &s is an ellipsoid of
a larger volume that BY. We reach a desired contradiction, if we show that & is in K
for 0 small enough.

To this end, we show that for every unit vector v we have m ¢ Es. Let
U={ueS" ! uisa contact point of K and By}

be the set of all contact points. First consider the unit vectors which are away from the

contact points
V—{xGS”I dist(x, U }
=02 3597

This is a compact set. Let d = max{||z||x,z € V}. Note that d < 1 because By C K.
Let A = mingey (¢, ). Since tr¢ = 0 and ¢ is nonzero, it has at least one negative and
one positive eigenvalue. In particular, there is a vector w such that (¢pw,w) < 0. Then

for every u € U,

><¢w7w>:<¢u7u>+<¢u7w - u>+<¢(w - u),u) > o — 2|’w - ’U,|||¢||,

hence |w — u| > implying w € V and A < 0. Take 6 < 1%, Then for v € V,

2||<i>|| |>\\
2
v v 14 6{(pv,v)y _ 14+0X _ 146X
— I+5¢ >= > 2 > 1,
‘ ol | <( ol Tolle R = Tl = @

that is o ¢ &.
Now suppose v € S"~1\ V. There is a contact point u € U such that |u —v| < TéT

and we have

(I + 6¢)v, v) = (I + 6d)u, u)) = & [(dv, v) —(Pu, u)
< 6 [(dv,v)—{dv, u) + 6 Kov, u) —(Pu, )]
< 26)|¢]||u — v] < da.
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Since v € By C K, ||v]|x <1 and we get

thus —F— ¢ &s in this case as well. O

v
vl

2
v

ol > Hv||%5 =({(I+dp)v,v) >(I + dp)v,v)— dar > 1 + dax — dax = 1,
VK

Es

5.6 Theorem (Ball). Let K be a symmetric convex body in R™ such that it contains By

and there are some contact points uy, ..., Uy, € 0BY NOK and weights ¢1,...,¢m > 0

such that m
1= Z czuzuZT
i=1
Then By s the mazimal volume ellipsoid in K.

Proof. Instead of K, consider the polyhedron given by the hyperplanes tangent to the

unit ball at contact points,
L={yeR" Vi<m (u,y)<1}.

Particularly, the w; are also contact points of L and BY. If y € K, then {(u;,y) <
lwillge llyllx = 1, so K C L and it is enough to show that BJ is the maximal volume
ellipsoid in L. Take an ellipsoid

n

, (1, v;)?
_ n

i=1 z

with (v;)7; being an orthonormal basis and «; > 0. Suppose &€ C L. Let y; =

> aj{ug, vj)v;. Since

2
iy U
S S ) = fuf? = 1,
k k

k

we get y; € € C L and thus (y;, u;) < |yl l|wille < 1. Therefore,
D= aglul? =" ciaylu,v)? = ZCZ<Z ij<uivvj>vjv“i>
J J ,J i J
= Zci<yiaui> < Zci =n.
By the AM-GM inequality,
€1 = (TTes) 1851 < B3,
so By is the maximal volume ellipsoid. O

5.7 Remark. Theorems 5.3 and 5.6 give a characterisation that for a symmetric convex
body K which contains BY, Bf is the maximal volume ellipsoid in K if and only if
for some unit vectors uq,...,u,, € 0K and positive weights ci,...,¢,, we have [ =
Y ciuul . If K is not necessarily symmetric, the same remains true after adding the

condition that > 1", c;u; = 0.
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5.2 Applications
Banach-Mazur distance

Our first application draws from the fact that symmetric convex bodies in John’s position

have a not too large outerradius (cf. Theorem 4.11).

5.8 Theorem. For a symmetric conver body K in R™ which is in John’s position we

have

B} C K C v/nBY.

5.9 Corollary. The Banach-Mazur distance of any symmetric convex body in R™ to the

unit ball BY is at most \/n.

Proof. Consider T' € GL(n) such that TK is in John’s position. Then By C TK C
/nBY, so recalling the definition of the Banach-Mazur distance, we see that indeed
dB]V[(K,Bg)S\/E. |

Proof of Theorem 5.8. Note that by (5.4) and (5.3) for any = € K, we have

2 =) ez, u)? <Y cillalxllulxe)® <Y e =n,
% 7

%

where the u; are contact points and ¢; are weights from John’s theorem 5.3. O]

Thanks to the (multiplicative) “triangle inequality” for the Banach-Mazur distance,

we also get that for any two symmetric convex bodies K and L in R™,
dB]\/[(K,L) S n.

This bound is sharp in a sense that for n large enough, there are symmetric convex
bodies K and L in R™ such that dgp(K,L) > cn, for an absolute constant ¢ > 0
(Gluskin’s theorem).

Circumscribed cube

Our second application is about circumscribing a small cube around a symmetric convex
body in John’s position. It turns out to be possible to fit a certain y/n-dimensional slice
of an n-dimensional body into a cube of constant side length. This result will be crucial

in the next chapter when we discuss almost Euclidean sections of convex bodies.

5.10 Theorem (Dvoretzky-Rogers factorisation). Suppose that BY is the mazimal vol-

ume ellipsoid of a symmetric conver body K in R™. There are s = {%J orthogonal

unit vectors z1,...,zs such that for every reals ay,...,as, we have
<

1
§f?§a§|ai| <

s
E Qaiz;
i=1

K
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5.11 Remark. Equivalently, the assertion says that there is a subspace H of dimension

s = {%J and an orthogonal map U such that
BYyNHCKNHC2(UBLNH).
Proof. Let z1,...,z, be contact points and cy, ..., ¢, positive weights guaranteed by

John’s theorem 5.3 such that m
1= Z czwzxZT
i=1

Let 23 = z1. We select the remaining vectors z; in the following greedy procedure:

suppose that orthogonal unit vectors zi,...,zr have been selected and consider the
projection P onto (span{zi,...,zx})". Let [ < m be an index such that
|Pz;| = max | Px;|.
j<m

Note that then

n—k=trP =tr(PI) = Z citr(Prxl) = Z citr(z;, Px;)= Z ci| Px;|?
< |Pxi*n.
Some explanation: since P is a projection, PT = P and P? = P, so P = PTP and
(i, Px;) = (i, PTPxi> =(Px;, Px;)
In the last inequality we used the choice of [ and (5.3). Rearranging we get

s
|Pzy? > 2 F.
n

In particular, Px; is nonzero. Set

Clearly, z1, ..., 2k, 2k+1 are unit orthogonal vectors. We shall show that in this inductive

greedy procedure we also have

NG

||Zk||Ko SQ, kST

Since z; was chosen among contact points, ||z1]/xe = 1. Suppose that ||z;||xe < 2 for

7 < k. Let us write x; selected in the k + 1 step as

k
x; = Px; + (I— P){El = |Pml\zk+1 —‘rZOZij,

Jj=1

for some o; € R. Using orthogonality,

k
L=l = [P+ 3 o2,
j=1
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hence

k
Za? =1—|Px|* < -.
i=1 "
Therefore,
T — Yz n
fownlle = |2 522 | < 2 el + Elesllssha
J

Since ; is a contact point, ||z;|[xe = 1 and by the inductive assumption ||z;||ge < 2.

By the Cauchy-Schwarz inequality, >, o] < VE, /22 a? < % Putting it all together

yields
2k
lesillice < 4 — (1 + ) :
n—k

n

The right hand side is clearly an increasing function of k. Plugging in k = 4~ it becomes
I 3 i 3 _
Vi 1S e Ve
We have constructed at least s = [%J orthogonal unit vectors 21, ..., 25 such that
[2jllx= < 2. Consider z = 377_, a;zj, a1,...,as € R. Observe that for any j < s,
laj| = Kz, z)l < llzllkllzjll ke < 22,

which gives the left inequality of the assertion. The right one is clear because of orthog-

onality and By C K,

Reverse isoperimetry

Recall that the classical isoperimetry (see Theorem 2.6) says that among all sets with
fixed volume, spheres have the smallest surface area. Let us consider the reverse problem:
among all sets with fixed volume, which ones have the largest surface area? A quick
thought reveals that pancakes can in fact have arbitrarily large surface area having their
volume fixed. What if we ask the same question modulo affine invariance, meaning we

consider sets the same when they are invertible affine images of one another?

5.12 Theorem (Ball). (i) Let K be a convex body in R™ and let A be a regular n-

dimensional simplex. Then there is an affine image K of K such that
|K|=|A]  and  |0K| < |0A|
(i) If K is in addition symmetric, then there is a linear image K of K such that

K|=|BL|  and  |9K|<|0BL|.
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The volume ratio of a convex body K in R™ is defined as

‘K| 1/n
vr(K) = <|g|> , £ is the maximal volume ellipsoid in K.
Note that this is an affine invariant quantity. The reverse isoperimetry theorem due to

Ball follows from his theorem concerning sets having maximal volume ratio.

5.13 Theorem (Ball). (i) Among all convexr bodies in R™, the n-dimensional regular
simplex has the largest volume ratio.

(i) Among all symmetric convex bodies in R™, the cube BL has the largest volume ratio.

We shall only consider the symmetric case (the nonsymmetric case requires further,

a bit technical, considerations).

Proof of Theorem 5.12 (ii) from Theorem 5.13 (ii). Let K be the affine image of K such
that for some positive A, ABY is the maximal volume ellipsoid in K and |K| = |B™|.

Since By C %f(, we have

- K +eBy| — |K K+ K| - |K| -
\6K|:1iminf‘ +eBy| - K] §liminf—| K- |:|K\ﬁ:|Bgo|@.
e—0+ € e—0+ € A A
Note that n|B%| = 2n-2""! = [9B%|. By Theorem 5.13,
1 K| _ K] | B |
wiAn = Dogny = V)" < vr(BL)" =
AT B[ IAB3 B3|
so canceling |K| = |B™ | and |B}| gives 1 <1, thus |0K| < |0B™|. O

The proof of Theorem 5.13 about maximising the volume ratio goes from Ball’s
geometric form of the Brascamp-Lieb inequality, which we leave for now and show it

later, together with the reversal due to Barthe.

5.14 Theorem (Ball/Brascamp-Lieb). If some unit vectors uy, ..., uy, in R™ and pos-

itive numbers c1, . .., Cy Satisfy
m
I = g ciuiuiT,
i=1

then for any integrable functions f1,..., fm : R = [0,00), we have

/nﬁ(ﬁ«x,um)qdz Sﬁ(/R fi>Ci,

Proof of Theorem 5.13 (ii) from Theorem 5.14. Since the maximal volume ellipsoid of
B! is BY and the volume ration is affine invariant, we need to show that if BY is the
maximal volume ellipsoid in K, then |K| < |B%]|. In that case, by John’s theorem

5.3, there are contact points uq,...,u,, and positive numbers ¢y, ..., ¢, such that I =
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M ezl By symmetry, K C (., {z € R", |(z,u;)| < 1}, thus from Theorem 5.14

i<m
and (5.3),
K= [ axars [ Tt war< T (100)
R R™ (o, i<m

2¢ = 2" — |BL|.

n
3

|
'E'
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6 Almost Euclidean sections

Recall the Dvoretzky-Rogers theorem 5.10 which says that every symmetric convex body
K in R" admits a subspace H of dimension roughly \/n such that B ¢ KNH C 2BZ,
where BJ! is the unit Euclidean ball in H and B is the cube in H with respect to a
certain orthonormal basis. Grothendieck asked whether B can be replaced with B so
that we have a sort of matching lower and upper bound, possibly lowering the dimension
of H but still going to infinity as n — co. Dvoretzky answered this question positively.
The optimal dimension dependence was established by Milman using concentration of
measure. The result itself as well as its influential proof are cornerstones of asymptotic
convex geometry.

In this chapter we only focus on what is true when the dimension is large enough and
do not care about values of absolute constants. For convenience, ¢, C,c1,Cq,. .. always
denote positive universal constants, values of which may change from one occurrence to

another.

6.1 Dvoretzky’s theorem

The goal of this section is to prove the following quantitative version of Dvoretzky’s

theorem.

6.1 Theorem. There is an absolute constant ¢ such that for every e € (0,1), every

symmetric conver body K in R™ has a (1 + ¢)-Euclidean section of dimension k >

lo‘;%log n, that is there is a k-dimensional subspace F of R™ and a constant C' > 0
such that
1

This is a stronger statement than
dpy(KNF,BYNF) < (1+¢)?
which amounts to saying that there is an invertible linear map T' € GL(n) such that
T(BYNF)CKNFC(1+e)?*T(ByNF),

that is K has a (1 4 ¢)-ellipsoidal section (T(B% N F) is an ellipsoid).
On the other hand, ellipsoids admit exact Euclidean sections of a proportional di-

mension, as shown in the next lemma.

6.2 Lemma. Let £ be a centred ellipsoid in R". There is a [ % |-dimensional subspace

F of R™ such that €N F is a Fuclidean ball.

Proof. By possibly rotating, we can assume that

E={zeR", Zaix? <1}
i=1
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with 0 < a1 < as < ... < a,. Take ¢ = Med((e;)?;) and F to be the subspace of the

solutions to the system of equations

{V i< ng Ve— o = \/an_; — cxn_;

Then on F, a;a? + ap_aZ_; = c(x? +a2_;) foralli < [Z],soon F, Y, aja? = >, ca?

n—1i

(note that when n is odd, ¢ = a(n+1)/2). This means that £ N F is a ball. O]

6.3 Remark. Lemma 6.2 means that if we find a (1 + ¢)-ellipsoidal section, we also get
a (1 + €)-Euclidean section of a dimension possibly smaller, but at most by a factor of
2. Therefore, to prove Theorem 6.1, where we do not care about absolute constants, it

suffices to get a suitable ellipsoidal section.

We set off to prove Dvoretzky’s theorem. We fix some notation. For a normed space
X = (R™, ]| -||) and its unit ball K we introduce two parameters: the mean of the norm,
mean norm,

M:MX:MK:/

Sn

el ®)

and its Lipschitz constant

b=inf{t >0, Vo eR" |z| <tlz|} = sup |z

zesSn—1

that is the smallest constant b such that B C bK. Throughout this chapter, we shall
write || - || for || - ||k (unless it is ambiguous).
The quantity % plays a crucial role in obtaining large dimensional Fuclidean sections,

as explained in the next theorem due to Milman.

6.4 Theorem (Milman). If K is a symmetric convex body in R™, then for every e €

2

(0,1) and k < IOC;L n (%)2, there is a subset 1" of the set G, ; of k-dimensional subspaces

of R" of Haar measure vy (I') > 1 —exp {—052n (%)2} such that

S

Fel' ——
VI € T 201

1
(ByNF) Cc KNF C (1+5)M(B§mF).

Here ¢ is an absolute positive constant.

We will easily deduce Dvoretzky’s theorem provided that we know n (%)2 is at least

roughly logn. This is the case for bodies in John’s position as clarified in the following

lemma.

6.5 Lemma. If BY is the maximal volume ellipsoid in a convex body K in R™, then

Mg S logn

¢
b ~ n ’

where ¢ > 0 is an absolute constant.
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Proof of Dvoretzky’s theorem 6.1 from Milman’s theorem 6.4. For a symmetric convex
body K in R", take a linear map T" € GL(n) such that TK is in John’s position. By
Milman’s theorem and Lemma 6.5 applied to TK, we get a (1 + ¢)-Euclidean section of

ce? M\? ce?
ce ce

This gives a (1 4 ¢)-ellipsoidal section of K of dimension kg, which by Lemma 6.2 (see

TK of dimension

also Remark 6.3) gives a (1 + ¢)-Euclidean section of K of dimension (%1 O

Proof of Lemma 6.5. We have BY C K, in other words, ||z| < |z| for every x € R,
so b < 1. It suffices to show that M is large. Let wuqy,...,ux, k = L@J be orthog-
onal unit vectors from the Dvoretzky-Rogers factorisation 5.10 applied to K, that is
I ZK,C a;u;|| > maXZ<;C la;|. Extend (u;)i<k to an orthonormal basis (u;);<, of R™.

Then by rotational invariance,

M = / 10]1do () / 1" biesdo (b, ..., 0,)
Sn
=/ 1Y biciuil|do(6y, ..., 6,).
Snfl

for any choice of signs e1,...,6, € {—1,1}. In particular, averaging over a random

vector € = (g1, ...,&,) of independent random signs yields

M= [ EY bl do(6n,....0).
Sn—1

By independence and the triangle inequality,

Bl Y eibiuill > By, 1Y eibliti + Beyyo Y Oiciuil = Be| D eibiul),

i<k i>k i<k
thus
M 2/ E. || gibiu;||do(6) / || O;u;||do(0) > 7/ max |6;|do(0).
Since k > ¢4/n, it remains to show the following lemma. O

6.6 Lemma. For every k <n,

1
/ max |0;|do(0) > ¢ ng,
Sn—1

i<k n

where ¢ > 0 is a universal constant.

Proof. Let X be a random vector uniformly distributed on S™ 1. It is easier to work with
a standard Gaussian vector G in R™ rather than X because we can use independence

and the two are related (recall Theorem A.2): X ~ % We have

/s" 1131<ax|0 |do(9) = ]Erznga5<|Xi| :E@ rzngagi|Gl|
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By Chebyshev’s inequality,
1
> < — 22
IP’(|G| > \/3n) < E|G|
By independence,

P <r1n<a]§<|Gl| < c\/logk> = HIP’ (|Gl| < c\/logk) =P (|G1\ < c\/logk)k

i<k
By a direct computation,
P (\Gll < c\/@) -2 /OO e 2ar <1 - /C\/W+1 et /2qt
- V2 JeyrogR B Vr Je Viogk
1-— 767@:\/@“)2/2&.

V2r

For k > 2 and, say ¢ = %, we get cy/logk + 1 < +/2log k and

k
k
]P’<|G1|§cx/logk‘) < <1—\/§;> <ef\/§<%.

Putting these together, the union bound gives

1 1 1
P (|G| < V3n, max |G| >c\/@ >1—>——-=Z-,
i<k 3 2 6
consequently,
maX|G | > log k.
ek N
O
6.7 Remark. Regardless the position, we always have % > ﬁ with a universal

constant ¢ > 0. This is essentially because, by the definition of b, BfY C bK and
there is a contact point u € ObK N S"~!, so bK is contained is the symmetric slab

{z € R", (x,u) < 1}. It remains to compare the norms.

Our last task in this section is to prove Milman’s theorem. We fix ¢ € (0,1) and a
symmetric convex body K in R™. We write in short || - ||x = || - || We want to find a
subset I' of subspaces (of large dimension) of large measure for which the sections of K
are (1 + ¢)-Euclidean, that is

11
VFET 5 (BENF) € KNF C (1+5) (ByNF).

or

1
VFeT ?Mgnxng(ug)zm r€Sp=8""1'NF
9

The argument is based on concentration of measure on the sphere (Corollary 3.2) and
approximation by nets (Lemma B.3). Recall the crucial parameters: the mean norm,
M = [g._.[|8]ldo(#) and the Lipschitz constant, smallest b such that ||z]| < b|z| for all
x e R™
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Proof of Milman’s theorem 6.4

Step 1 (Majority of rotations send unit vectors close to MOK ). For unit vectors
Y1, - Ym With m < 0160152”, there is a set B of orthogonal maps, B C O(n) of Haar

measure v(B) > 1 — e~2=’" guch that
YU € BYj<m M —be <||Uy| <M + be. (6.1)
Explanation: consider the set
A={zeS" ", M—be<|z|| <M +be}

and apply the concentration for the 1-Lipschitz function %Hx” on S"~! around its mean
2L (Corollary 3.2) to get
o(A)>1—Cem,

For every j < m take the set of “good” orthogonal maps for y;,
B; ={U € O(n), M —be < ||Uy;|| < M + be}

and let B = Nj<,B;. Of course, (6.1) holds for this set B. Since v(B;) = o(A), the
union bound gives

v(B°) < Z v(Bf) <m- Cecs’n < che(clfc)g” < e—c2e’n,

j<m

Step 2 (Random subspaces work well for nets). If (1+ %)k < ¢1€“5°", then there is a
set I' C G, 1 of k-dimensional subspaces of Haar measure v(I') > 1 — e=°2<"" such that

for every F' € T there is a é-net Ng of Sg (for the Euclidean distance) with
M —be < ||z|| £ M + be, x € Np. (6.2)

Explanation: let Fy = span{ey,...,e;} and take a d-net No = {y1,...,ym} of Sk, with
m < (1+ %)k (Lemma B.3). Take a set B C O(n) provided by Step 1 for the vectors
Y1s---,Ym and for every U € B define Fyy = UFy, Np = UNy (note that S, = USF,.
Clearly, the choice I' = {Fy, U € B} C G, 1, is as desired and v(I") = v(B).

Step 3 (From nets to whole spheres). For a set I' from Step 2, for every F' € T,

1-26 be M + be
M — < < — Sk. 6.3
1-6 T slell==3—% =€5F (6:3)
Explanation: for the upper bound, we want to show that A = sup,cg, [y|l < A{fgs.

Consider x € S along with its approximation xy € Np from a d-net Ng of Sp such

that |z — zg| < §. From Step 2, ||zg]| < M + be, so

T — X0

lz]] < ||z — @ol| + ||zoll < H |z —xo| + M +be < A+ M + be.

|z — x0]
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Taking the supremum over x € Sp, we get A < Ad + M + be as needed.

For the lower bound, a similar argument gives

T—x
]| = [|zoll — [lz — w0l > M — be — 2 — 2o
|z — o]
> M —be — AS
M + be 1-26 be
> M — be — = _ _
2M—be—T—50=g 5 M-1—

Step 4 (Adjusting parameters). Given gg € (0, 1), we use Step 2 and 3 with

_ £ _ M, Meo
(5—6 and E—bé—bG.

We need to guarantee that (1 + %)k < 0166152", that is

which holds as long as

We get a set I' C G, i, of subspaces of Haar measure

M 2
v(T) > 1 —exp{—c2e®n} =1 —exp {csgn (b> } .

such that for every subspace F' € T", we have (6.3), that is

1-24 be M + be
M — < < — Sk.
s Mg slll=7—5> wesr
We check that
1-— 26M _be > 1 M
1-96 1-6 1+ €0
and
M + be
<(1 M.
=5 =+
This finishes the proof of Milman’s theorem 6.4. U
6.2 Critical dimension
For an n-dimensional normed space X = (R",|| - ||) we define its critical dimension
k(X) as the largest integer kg < n for which
1 k
U{FE Gn. ks §M|x\ < lz|| < 2M x| Va GF} >1- n+0k0’ E=1,..., ko.

In words, this is the largest dimension of 2-Euclidean sections existing for prevailing
subspaces. We also set IE(X ) to be the largest integer kg < n for which
1 1
I/{F € Gk, 5M\x| <|lz|| < 2M|z| Vz € F} > 3
Note that k(X) > k(X).
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6.8 Remark. By Milman’s theorem 6.4,
. M\?2

Indeed, if n (%)2 < 1/c, there is nothing to prove. Otherwise, apply Theorem 6.4 to,

say € = % to get that there is an integer kg > c1n (%)2 such that for every k < kg there
2

is a set I" of k-dimensional subspaces such that v(I') > 1— e_CQ"(%) >1—e /¢ > 1/2

and for every FF € ' and z € F,
2 3
gMlz| < lz]| < 5 Mla].

Thus k(X) > k.
If a multiple of the unit ball of X is in John’s position, then

0> e (M)

Indeed, apply Theorem 6.4 as above to € = % to get that for kg = [c1n (%)ZJ and every

k < ko, there is a set T' of k-dimensional subspaces with 3/2-Euclidean sections such

M)2

v(l)>1- e=en(%

For C' = E—’;‘ we get con (%)2 > Ckog, so

ko
M>1—e Co>1 - =2
V( )— € = eCko +k0

By Lemma 6.5, n (%)2 > clogn, so (possibly increasing C'), e“*0 > n and consequently,

ko
n+ko

v(l)>1-—

Thus k(X) > k.

The mysterious threshold ni+k in the definition of the critical dimension is partially

explained by the following theorem, a strong reversal of the previous remark.

6.9 Theorem (Milman-Schechtman). There is a universal constant C > 0 such that

for every n dimensional normed space X, its critical dimension satisfies

o< (M)

Proof. Let k be equal to k(X), so that we can write n = kt + r for integers ¢t > 0 and
k > r > 0. Take orthogonal subspaces Ei,...,E; of dimension k£ and an orthogonal
subspace E;11 of dimension r such that R" = fi} E; (if r = 0, we only need to take
Eiq, ..., E;). By the definition of the critical dimension, for each ¢

k
n+k’

v{U € O(n), UE; gives a 2-Euclidean section} > 1 —
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Note that, if » > 0, t = “2% < %, (t + I)nLHC < 1, and if r = 0, tniﬂc < 1, therefore,
by the union bound, there is U € O(n) such that for each i, UE; gives a 2-Euclidean
section, that is

1
ViVreUE;  $Mla| < [lo] < 2M]al.

For every x € R™, we write z = Efi} x; with x; € E; so that |z|? = |z;]* and by the

Cauchy-Schwarz inequality we obtain
] < il < 2M || < 2MVE+Tal.

This implies b < 2M+/t + 1, thus

n %2>n 1 >1n i >1k
b ) — 4t+1) " 4 n+k 8"

Application to polytopes

Note that the cube BJ. has 2™ vertices and 2n facets, the cross-polytope B} has 2n
vertices and 2" facets. It turns out that symmetric polytopes have etiher a lot of facets
or vertices, which is not the case without symmetry because in R", for instance an

n-simplex has n + 1 vertices and n + 1 facets (n — 1-dimensional faces).

6.10 Theorem. If P is a symmetric polytope in R™ with f(P) facets and v(P) vertices,
then
log f(P) - logv(P)>cn

with a universal constant ¢ > 0.
We shall obtain this from the following theorem and lemma.

6.11 Theorem. For every n-dimensional normed space X whose unit ball is in John’s
position,

E(X)k(X™) > cn,
where ¢ > 0 is a universal constant and X* is the dual.

Proof. 1f a=|z| < ||z < blz|, then b~ !|z| < ||z||. < a|z|, thus by Theorem 6.9,

E(X)k(X*) > cn? (ﬂf}X)Q (M;‘ )2 = (ZZ)QQ(MXMX*)?

By the Cauchy-Schwarz inequality,

MMty = [ o) [ ellaotoy2 ([ VIR TeTdot)
> (/S \/<:v7c>da(ac))2 =1,
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SO
2

cn
E(X)k(X™) > .
( ) ( ) — (ab)2

In John’s position ab < /n (see Theorem 5.8), which finishes the proof. O

6.12 Lemma. If P is a k-dimensional polytope with f facets such that BS ¢ P C aB%,
then f > eﬁ.

Proof. Let us write P as the intersection of half-spaces S; = {z € R*, (x,v;) < 1} for
some nonzero vectors v;, j < f. Since P C aB%, the union of the caps 55N aSk1 =

{zx € S*=1, (x,v;) > 1} covers the sphere aS*~!, thus rescalling, S*~* C |J, ., 15¢ and

J<f a*J

; 1
peloes =il
il / ~ a
and by Lemma B.1,

j 1
1< E a{xGRk, <x,%>2}§§ e‘#:f@‘z%‘.
a
J<f

[oi i<t

we get from the union bound,

1§Za{x€Rk, (@, v5) >

isf

ISR

Since BY C P, |vj] :<%,vj>§ 1, so
J

Y

{Jj € RF, (x,v5) >

Q| =

O

Proof of Theorem 6.10 from Theorem 6.11. Let P be an n-dimensional symmetric poly-
tope in R™ with f(P) facets and v(P) vertices. Consider its norm | - || = || - ||p and
X = (R™, ] -]). Let k = k(X). Then there is a k-dimensional subspace F' such that
iMp(ByNF)C PNF C 2Mp(By NF). Applying Lemma 6.12 to the k-dimensional
polytope PN F which has at most f(P) facets (every facet of PN F comes from a unique
facet of P), we get

log f(P) =2 5 12 :3*279(]3)-

Thus by Theorem 6.11,
en < k(P)k(P°) < 32%log f(P)log f(P°).

To finish, note that f(P°) = v(P). O

6.3 Example: (]

Combining Remark 6.8 and Theorem 6.9, we get that for n-dimensional spaces X whose
(possibly dilated) unit balls are in John’s position, the largest dimension k for which

most k-dimensional sections are 2-Euclidean satisfies

k(X) 271(1\:)2.
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Here a ~ b, if there are universal constants ¢ and C' such that ca < b < C'a. Particularly,
this gives (up to universal constants) the value of the critical dimension for £} spaces,
which we shall now evaluate.

Recall that for a standard Gaussian random vector G in R™ and a random vector 6

uniformly distributed on S"~! we have E||G| =~ v/nE||0|| (see (A.3)). Therefore,

(2 ()

For the ¢, norms, their Lipschitz constants are easy to find: |z||, < |z|, p > 2 and

lz]l, < n%_%|x|, 1 < p < 2 and these are sharp, so

1_1
ne 2

, 1<p<2
b(ly) =

1 p > 2.

It remains to find £, norms of a standard Guassian vector.
6.13 Lemma. Let G be a standard Gaussian random vector in R™. Then,
n/?\/p, 1<p<logn,

Viegn, p>logn.

E[[Glp ~

Proof. We shall write G = (G1,...,G). Recall that (E|G1[P)Y/P ~ /p.

When p > log n, we have the equivalence of the ¢, norm and ¢, norm, ||z, = ||z|/s,
x € R™. As essentially established in the proof of Lemma 6.6, E max;<,, |G;| > cy/logn.
There is a matching upper-bound Emax;<, |G;| < Cy/logn, which follows from the

union bound (so it does not even use the independence of the G;). Therefore,

E|Glp ~ E||G|lco =~ v/1ogn.

Let p < logn. There is an easy upper bound, based on convexity

n

1/p n 1/17
E|G|,=E <Z IGiI”> < <EZ IGiI”> = n!/P(E|G1[P)V/P < Cn'P /p
=1

i=1
(we have not used that p < logn here). To reverse this bound, partition {1,...,n} into

roughly -7 subsets I; of roughly equal size exceeding ce?. Then,

1/p 1/p

B, =E (> (Gl | 2B (maxiai)”

7 iEI_j ]

> (Bmaxicil)”

>c (CZ, (c,/log Ij|)p) v > cnl/l’\/p.

1/p

Y
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6.14 Corollary. The critical dimension of n-dimensional ¢, spaces up to universal
constants equals
n, 1<p<?2,
k(£y) =~ pn?/P, 2 <p<logn,

logn, p>logn.

6.4 Proportional dimension

We remark that when 1 < p < 2, Corollary 6.14 says that B} has critical dimension
~ n, that is it has Euclidean sections of proportional dimension (this is not so sur-
prising given that it has 2" facets). The maximal volume ellipsoid of B} is néf%Bg
(reason: n~'/P(£l1,...,+£1) are contact points which clearly give the decomposition of
the identity). Thus the volume ratio equals
|Bn| 1/n
vi(By) = (M) ~ const, 1<p<2

This is not accidental as explained in the next theorem.

6.15 Theorem. Let K be a symmetric conver body in R™ such that By C K and
|K| = a™|BY|, a > 1. Then for every 1 < k < n, we have that there is a subset I' of

k-dimensional subspaces of Haar measure v(I') > 1 —e™™ such that
VFel  BYNF C KNF C (8ea)™*(ByNF).

In particular, if « is a constant, k is roughly cn, we get that K has k-dimensional

C-Euclidean sections.

Proof. Let || - || = || - ||k be the norm given by K. We want to find subspaces F' such
that (Ca)”7F < ||z]| <1 for z € S* ' NF = Sp. Since By C K, |z|| < |z|, so the
upper bound is clear. To go about the lower bound, note that by the factorisation of

Haar measures (A.6) and the volume formula in polar coordinates,

K
/ / |z T"dop(x)dvy, i, (F) = / |z "do(x) = | "‘ = am.
Gn ok JSF gn—1 |B2‘

This gives that for

I'={F, /S ]| dop(z) < (ea)"},

by Chebyshev’s inequality we have
Un i (T€) <e™™.

Fix F € T. Our goal is to show ||z| > (Ca)” 7%, z € Sp. By Chebyshev’s inequality
and the definition of T,

(ea)™ > /S "L o <rydor (2) = r"op {2 € Sp, 2] <},
F
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thus for A = {& € Sp, ||z|]| > r}, or(4) > 1 — (rea)”. Fix z € Sp and consider a
spherical cap C(z) around z or radius r/2. By our lower bound for the measure of

spherical caps, o(C(x)) > (%)k (Theorem B.2). Consequently,

or(ANC(z)) =0p(A)+op(C(z)) —or(AUC(z)) > 1 — (rea)™ + (g)k -1

r\* n
=(=) —(rea)”.
(5) (e
For any r such that this measure is positive, that is r < rg with r¢ = g~ wE (ea)_ﬁ,

for y € ANC(x) we get

el = Mlyll = llz =yl = r =z —y[ >

N)\\Z

Since 3 = 2*187ﬁ(ea)7ﬁ > 8 7 (ea) 7%, k < n, by taking r appropriately
close to g, we get

]| > (8ea) ™%

Now we prove a global version of the previous theorem.

6.16 Theorem. Let K be a symmetric conver body in R™ such that By C K and
|K| = a"|B¥|, o > 1. Then there exist an orthogonal map U € O(n) such that

By ¢ KNUK C 16a*By.

Proof. Let || - || = || - ||k be the norm given by K. Since BY C K, for any U € O(n),
B} C UK and consequently By C K N UK. It suffices to find U such that K NUK C

Ca?BY, or in other words ||z||knukx > o=z for all z € S"~1. We have

]l + [IU" ]
ol rw i = max{||z]], #llur} = max{|le], [U7 2]} > F=—=—.

Let

]| + U]

NU(Z‘) = B

Computing its appropriate average yields
A ooy ast /O(n) [ —
_/SH 1o (/o(n ||UT19||n (U)> do(6)
o o T "ot do(8)do(#)
_ (/Sn Hellnda(o)) _ <||BKg> o,
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where we have used (A.4). Therefore, there exist U € O(n) such that

Ny (0)"2"do(8) < ™.
Sn—l

Let € be the minimum minge gn—1 Ny (0) attained at, say 6y € S™~1. Since || - || is 1-
Lipschitz (because By C K), for any § € S"~! such that |0 — 0y < &, we get Ny (6) <
NU(9 - 60) + NU(H()) < 2e. Thus,

o> [ Ny do(0) > [ Nu(0) > Lijo-ayeydo(t)
Sn—l Sn—l
1

(16e)™’

> (20) 200, 10— b0l <} = (22 (£)" =

where we have used again our lower bound for the measure of spherical caps — Theorem

B.2. This finishes the proof because

. 1
memNU(G) =e> T6a2"

O

When applied to B, the above proof gives Kashin’s theorem about n-dimensional

Euclidean sections of Bi".

6.17 Theorem (Kashin). There are two orthonormal bases (y;)?—y and (y;)?, .1 of
R™ such that

2n
1 n
I—Sﬁlxlégux,y»lsz\/ﬁlx\, z €R™.

Proof. We have BY C v/nBj and it can be checked that for n > 1,

WABE a2l . (3)

Byl VA /T +n/2) —\2

Taking a = 2, the proof of Theorem 6.16 gives an orthogonal map U € O(n) such that

L el + Uz

1
< <
T6az I = NG 2 <z,

so setting y; = €i, Ynii = UL e;, i < n gives the result. O
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7 Distribution of mass

In this chapter we show two general results concerning distribution of mass in convex
bodies: 1) large deviations inequality for the Euclidean norm due to Paouris, and 2) small
ball estimates for arbitrary norms due to Latala. Instead of just uniform distributions

on convex bodies, we shall consider log-concave distributions.

7.1 Large deviations bound

Paouris established the following general large deviations inequality for the Euclidean

norim.

7.1 Theorem. There is a universal constant C' > 0 such that for every isotropic log-

concave random vector X in R™, we have

P(|X|>Ctyn) <e ™™  t>1. (7.1)

Instead of Paouris’ original approach, we shall follow a later argument which goes

through a moment comparison inequality.

7.2 Theorem. There is a universal constant C > 0 such that for a log-concave random

vector X in R™ and ¢ > 1, we have

(E|X|)"1 < C(BIX| + sup (E|(X,0)[)/7). (7.2)
gesSn—1

Proof that Theorem 7.2 implies Theorem 7.1. Let X be an isotropic log-concave ran-
dom vector in R™. By isotropicity, E[(X,0)|?> = 1 for every # € S"~! and E|X|?> = n.
Thus, E|X| < (E|X|*)Y/? = \/n. Moreover, by the moment comparison inequal-
ity for semi-norms from Theorem 3.15, (E|(X,0)|9)}/7 < Cq(E|(X,0)|?)}/? = Cq, for
q > 2. Note this bound remains true for ¢ > 1 because for ¢ < 2, (E[(X,0)[?)"/7 <
(E[(X,0)|?)*/? = 1. Therefore, (7.2) yields for every ¢ > 1,

(E[X[)"1 < C(Vn+q).

By Chebyshev’s inequality,
C q
P(X] > Ot < (C'/) BN < () (V) (W + ).

Given t > 1, let ¢ = t\/n. Let C' = 2Ce. Then the above becomes

o= (1) () 5(2) -

(&

To prove Theorem 7.2, we need two technical lemmas.
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7.3 Lemma. For a random vector X in R™, a norm || - || on R™ and g > 1, we have

it (E|(x, 0)[0)a < EIXTDM

E|X].
,dnt < g B

Proof. Let K be the unit ball with respect to || - | and let b be the smallest number such
that BY C bK (the Lipschitz constant of || - ||). Let 6y be a contact point of BY and bK.
Then [|6o|lsx = 1 = ||6o|(sx)e = b||00]| ko (recall Remark 5.4). Thus,

|00, 2) < 160l xellz]| = b~ zfl, = €R™,
which gives
(E[(X, 60)|1)1/¢ < b~ (B[ X|1)1/.

By the definition of b, ||z|| < b|x|, so E||X|| < bE|X|, which combined with the above
finishes the proof. O

7.4 Lemma. For a symmetric log-concave random vector X in R™, there is a norm || -||
on R™ such that
(E[IX[[")"™ < 500E[X]||.

Proof. Without loss of generality assume that the support of X is n-dimensional and
consider its log-concave density f : R™ — [0,00) which is even. Since f is even and

log-concave, f(0) = || f]loo- Let
K={zeR" f(z)>25""f(0)}

and let || - || be the norm whose unit ball is K.

First, we bound E|| X || below. Note that

12/Kfz25‘"f(0)IKI

and
1

1 1
P12 55) = [ 7= K170 = gzIK170)

Using the previous estimate yields

1 1 1 1
< — )< —25"=—< .
F (HXH - 50) - 50”25 2n = 2

By Chebyshev’s inequality we can conclude that

1 1 1
Bl X = 5P 1X1> =5 | 2 155-
50 50 100
Second, we bound E|| X ||™ above. Note that

E[ X" =E[|X["1gx) <1y + EIX " 1gxp>1y < 1T+ E[|X]["1xe.
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On K¢ we have f(0) > 25" f(x) and thus

fx() =277 (3) 2 20T 2 (3) 10w,

Bt = [ Jels@ < (3) [ttt < (2) mlxp

4 n
=(=) E|x|™
(3) =ix

SO

Using this in the second last inequality, we obtain

1
EIX|" < — 57 <5
1-(5)

O

Proof of Theorem 7.2. Without loss of generality we can assume that X is symmetric.
Otherwise, consider X and take its independent copy X’. Then X — X’ is a symmetric
log-concave random vector, so knowing the theorem for such vectors gives an upper

bound for E|X — X'|9,

(BIX - X[ < C(EIX - X'| + sup (E|(X — X',0)|)"/7)
fgesn—1

<20(BIX|+ sup (E|(X,0))"/7).
965’"71

By the triangle inequality |X| < |X — EX| + [EX|, so by the triangle inequality in L,
(E|X|)V < (B]X —EX|)V + [EX].
By Jensen’s inequality, E|X — EX|? = E|X — EX'|? < E|X — X'|? and [EX| < E|X]|.

Combined with the previous estimates, this gives

(EIX|9)1 < C'(EIX| + sup (E|(X,0)[")"/1).
fesn—1

Assume from now on that X is symmetric. Define a function h : R™ — [0, 00),
h(u) = E[(X,u)|)"/7,  ueR",

which is a semi-norm. Let G be a standard Gaussian random vector in R". Conditioned

on the value of X, (X, G) has the same distribution as |X |Gy, hence we have
En(G)? = E[(X, G)|* = E|X|*|G1[* = E[G1|"E| X1,
that is, introducing
¢q = (E|G1|")"/* = ©(va),
we have

(BJX|7)1/1 = — (BA(G))1.

74



Let b be the Lipschitz constant of A, that is

b= sup h(f)= sup (E|<X79>|q)1/q-
gesn—1 gesn—1

By the Gaussian concentration inequality for Lipschitz functions (see Corollary 3.5 and
Remark 3.6),
P (|h(G) = EW(G)| = s) < Ce™*= /7",

This and a standard computation of moments using tails yields
E|h(G) — ER(G)|? = /000 qs"7 P (|n(G) — ER(G)| > s)ds < Ccdb.
By the triangle inequality in L,, we can write
(ER(G)")!/* < (E[h(G) — ER(G)|)!/* + ER(G).

Putting everything together,

(BIX[")"/1 = - (BR(G)")/7 < - (BA(G) + Cegd)
< C(\}q]Eh(G) + 9:;})_1(E|<X’ 9>|Q)1/Q) )

To show (7.2), it thus remains to show that ﬁEh(G) is upper bounded (up to a constant)
by either E|X| or b or their sum.

2
Case 1. If g > ¢ (EhéG)) , then %Eh(G) < %b, so there is nothing to do in this case.

2
Case 2. If g < ¢ (%) , then by Dvoretzky’s theorem 6.4 with ¢ = % applied to h

(note that My, = [g,_. h = (1+ 0(1))]E’1/(EG))7 there is subset I' of subspaces F' of R™ of

dimension k, say q < k < 2q such that

2ER(G) 3EL(G)
S——z| < <z F
3 \/ﬁ |.73|_h($)_ 2 \/ﬁ |$‘, T €
and
Une(I') 21— e (342’ D B T L ;

Let Pr be the projection onto F and Sp = "' N F. By Lemmas 7.3 and 7.4 applied
to Y = Pr(X),

inf (E[(X,0)|9)Y7 < inf (E|(Y,0)|9)Y7 < inf (E|(Y,0)[F)/F
eeléln—l( (X, 0)|7) _elensF( (Y, 0)|7) _elensp( (Y, 0)|")

(E[Y]*) "
- EfY|

< 500E|Y| = 500E|Pp(X)|.

ElY]

Since for every F' € I and 6 € Sp,

ER(G) < v/ah(0),
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by taking infimum over # and using the above,
3
Eh(G) < 5\/73500E\PF(X)| = 750/ nE|Pr(X)].
To finish, note that for every z € R™, we have

k
| 1Pe@Pav.uE) = Sl
Gn,k' n

Explanation: we can treat E as the image of Ey = span{ey,...,e;} under a uniform
random orthogonal matrix U; then |Pg ()2 = ¢, [(Ues, x)|2, (Ue;, ) has the same

distribution as n;|z|, where 7 is uniformly distributed on S"~! and E[n;|* = 1. Thus

1/2
/G 1B u() < ( /G |PE<m>|2dun,k<E>> - \/fm.

By Chebyshev’s inequality,

k 1
Un.k {F S Gn,k» E|PF(X)‘ < C\/;E|X|} > 1-— 6

Choosing, say C' = 3, there is nontrivial intersection of this even with I and picking a

subspace F' belonging to both we finally get

Eh(G) < 750v/nE|Pr(X)| < 750v/n - 3\/§]EX| < C\/gB|X]|.

O
7.2 Small ball estimates
The goal of this section is to show Latala’s inequality.
7.5 Theorem. For every log-concave random vector X in R™ and every norm || - || on
R"™, we have
P (| X <tE|X]) < 384t,  tel0,1]. (7.3)
Proof. Let K be the unit ball with respect to || - ||. Without loss of generality we can

assume that X has a density on R™ (otherwise, consider X + Y for an independent ¥

being uniform on the unit ball K of || - || and then use
P(IX < B X)) = lim P ([ X]| +e < B[ X]])
as well as
P(IX] +e <tBIX]) <P (X[ +ellY]] < tE[[X])) <P (| X + Y| < B[ X]])

and E|| X|| < E||X +¢Y||). This guarantees that || X|| has no atoms and its distribution

function is thus continuous. Choose then « > 0 to be the smallest number such that

2
P (X <a) = .
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By Borell’s lemma (Theorem 3.12 and Remark 3.14), we have

2 (1-2\7F 2 /1\*%
P(|X] >ta) < = 3 ===z t>1.
x> <3 (50)  =5(5) e
In particular,
1
P(IX] > 30) < ¢,
thus
5 2 1
P (o< [ X]| < 30) = B(IX]| < 30) ~ (X <) > 2 = ¢
Fix k > 1. Define the rings
Ru)={zeR" u- - <|o Sut |, u>_-
Since
2 2j — 1
R" < 3al = R
{zx e R", a < ||z| < 3a} Jg <a—|— o7 a),
for u0:a+2j§];1afor some 1 < jo < 2k, we have
1
P (X > —
(X € R(uo)) > 19k
Note that for every()g)\glanduzﬁ,we have
AR(u) + (1 — A)%K c R(w).
Indeed, if © € R(u) and y € K, then
« a a « a
1—7H< 1- 0> <( 7) -2 = @
P2+ (1= Ny < Mzl + (=N gliol <A (u+ 50) + (0= Nz =du+ o
and
a a a a a
1Nyl > =Nyl > I NS T, Pl V)
x4 =2 gl 2 Ml = @ = Ngplol 2 A (u = 5p) = (1= Vg =de - 5

Claim. P (| X|| < &)< ¥, k=1,2,....

Proof of the claim. Suppose it does not hold, so there is kg > 1 such that

@ 48
Pl X <= —.
CEAE

As explained earlier, for this kg, there is ug > a of the form a + 2%‘2?0( such that

1
> —.
— 12k

P(X € R(ug))
By log-concavity,

P (X € R(\ug)) > P (X € AR(ug) + (1 — A)QO‘kOK>

11—
> P(X € R(uo)) P (|| X]| < —
2ko
1\ a8\
> (- =
=\ 12k ) \ ko
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148> 48 48
Note that for A S 25 T1ox — (48-12)» Z 28.12 = 2, so for every u S %7

2
P(X € R(u)) =P (X € R(A\ug)) > e
0
Consider the sets A; = R(kiocv)7 1<j< % They are disjoint. Since kioa < 3<%,

P(X € Aj) > klo’ soP(X e J4;) > L%J ,%0 On the other hand, | J A, is disjoint from

S K and P (\|X|| < %) > 45 Thus,

ko 2 48
— | - —4+ =<1
{QJ k0+kﬁ0_’

which gives a contradiction. O

Let 0 <t < % Take an integer k > 1 such that é%k, <t< 2—1k Then, by the claim,

48
P(IX]| < ta) <P(IX]| < o) < 5 <4-48L
2k k
To finish the argument, observe that E|| X is comparable with «. We have,

oo

Blx| = [ P(X|>nd<at [
0

(e

P(|X| >t)dt =a+ a/ P(|X| > ta) dt.
1

Using Borell’s lemma,

1

t+
e 2 /1) 2 2
P (]| X ta)dt < —| = dt = 1.
f; poxi>@as | 3<2> 3log2

Hence, E||X|| < 2« and we get

P (X < BI|X ) < P(|X]| < 2ta)-4- 48 - 2¢ = 384t,
for t < %. For % <t <1, trivially,

P([X] < B[ X)) <1 < 4t.

O
As a corollary, we obtain a moment comparison inequality.
7.6 Theorem. For every log-concave random vector X in R™, every norm || - || on R™
and —1 < g < 0, we have
x|y 7.4
E|X| < . .
I H_1+q(|| 1) (7.4)

Proof. We can assume that E|| X || = 1. Let p = —q € (0,1). We have,

1 p o 1 o 1
E|X|[{=E(— | = tPIp [ s t)de<1 PP (| X Z ) de
1l <||X|> / P <|X||>) < +/1 P (” '<t>

By (7.3),
o 1 o 4
/ ptP P (X < - ) dt < 384/ ptP~2dt = 384
1 t 1 1—p
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This gives,

1 1
—— (E|X[|)" > <1 +
1+g¢ 1—p

384p
1-p

—1/p
) = (14 383p)~Y/P(1 — p)t/r—L.

Clearly, (1 + 383p)~1/7 > 38T — =383 For the second term, we check (by taking
the logarithm and differentiating) that p — (1—p)'/?~! increases on (0, 1), so it is lower

bounded by its limit at p — 0, which is e™!. O
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8 Brascamp-Lieb inequalities

The goal of this section is to present Brascamp-Lieb inequalities and their reverse form,
due to Barthe. We shall follow his unified approach to both results. As applications, we
give a proof of Ball’s inequality (Theorem 5.14) omitted earlier, Young’s inequality for
convolutions with sharp constants, derive the entropy power inequality and, as a good

excuse, discuss the relation between entropy and the slicing problem (Conjecture 4.15).

8.1 Main result

Given m > n, positive numbers c1, . .., ¢y, such that Y. | ¢; = n and vectors vy, ..., vy,

in R™ define for integrable functions fi,..., f;, : R — [0, 00) the following operators

J(f1y- s fm) = /Rﬂ Hfi«xwi))cidx
el

and
I(flaafm):/ Sup{HfZ(tZ)Cla xzzcltzvz}dx
R™ i=1 i=1

Here, for a not necessarily measurable function f (as may be the case for the supremum
above), we use its outer integral,

*

f= sup{ h, h<f, his measurable} .

R™ Rn

We are interested in best constants E, F' in the following inequalities

J(fl,...,fm)SF.ili—l[l</Rfi>a

and m [¢5)
J(fl,...,fm)zE-g(Afi> .

The main deep result is that these constants come from testing the inequalities with
Gaussian functions (note that the inequalities do not change when f; is replaced with

A fi for some A; > 0, thus it suffices to consider centred Gaussian functions).

8.1 Theorem (Brascamp-Lieb inequalities). Let m > n, c1,...,¢m > 0 be such that
Yrici=nandvi,..., v, € R Let E and F be the best constants such that foll every

integrable functions f1,..., fm : R = [0,00), we have

I(f17...,fm)>E~ﬁ<Afi)Ci, (8.1)

J(freos ) < F i (/Rf> 82)

i
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Let E, and Fy be the best constants such that these inequalities hold for all centred
Gaussian functions of the form f;(t) = e~ with any o; > 0. Let D be the best

constant such that for every a; > 0, we have

det (i awww?) >D- ﬁ agt. (8.3)
i=1 =1

Then,

E=E,=VD  and F:Fg:%. (8.4)

8.2 Remark. There is a generalisation of this theorem concerning functions f; defined
on R™ for any 1 < n; < n such that n = ¢;n; (the vectors v; are replaced with linear

maps R — R™).

8.3 Remark. As an example, consider the special case when m =2, n=1,¢;+co =1
and v; = va = 1. Then (8.3) becomes ajc; + azca > D-af'ag? which holds with D = 1,
which is sharp, by the AM-GM inequality. Thus F = F = 1 and (8.1) becomes the
Prékopa-Leindler inequality (Theorem 2.8), whereas (8.2) becomes Hélder’s inequality.
Note that similarly, D = 1 when n = 1 with any m.

Theorem 8.1 will be established through several lemmas. Before we start, we remark
that the theorem clearly holds when the v; are linearly dependent because then D = 0.
Moreover, I = 0 (regardless the f;, the integrand will be a function defined on a lower
dimensional subspace) and J = co. Thus we assume in what follows that the v; are
linearly dependent.

Our first lemma is a straighforward computation involving Gaussian functions. Re-

call that for a > 0,
/ e~ dt = ,/E
R (0%

and for a symmetric positive definite n X n matrix A,

n/2
/ e—Azadqy = T / .
n Vdet A
8.4 Lemma. F, = %.
Proof. Let f;(t) = e_(”t2, a; > 0,7 < m. Then,

(L) I3 =i

1=

and
m n/2

(fl’ . fm / H e ici{T,v; dx _ / €_<(Z ajcjv,,Tzf)m,x>dx _ m .
" " det (a;civvl)
Therefore, Fy is the best constant in the inequality

7.rn/2

det (a;civiv]) - [Taf
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that is
det (aiciviv?) > L . H aft,

9 =1
Thus by the definition of D, D = % O
8.5 Lemma. E,-F; =1.
Proof. For aq,...,a, > 0 define a positive definite matrix

m
Q: E OliCiUz'U;‘F
i=1

and the norm
N(z) = v/Qz, 2)

whose unit ball is the ellipsoid given by @. Note that for f;(t) = e’o‘it2, as computed

in Lemma 8.4, we have

J(f1,-- 5 fm) [Tas
Fylon,...;am) = —5 e =1/ L
! 112, (f]R fi) det @
On the other hand,

I(f1,. s fm / o _i et BN eitivs
Eg(alv .. 7Olm) = (7‘517 S 0)1 _ H C:iz / e mf{z ajcit?, z=y C”t’vl}dﬁc.
[T, (Jz fi) & "

Let us try to interpret the function given by the infimum that shows up in the exponent.

Consider the dual norm,
N.(z) = sup{(z,y), N(y) < 1}

and compute it explicitly. As the dual to N(z) = /Qz,z) whose unit ball is an
ellipsoid, N, should also be of this form (duals of ellipsoids are ellipsoids). Note that by
the Cauchy-Schwarz inequality,

(@) =(@ 722,V < (0221 - [QV2y] = V(@ T 20/l

which gives, after taking the supremum over y such that N(y) < 1, that is (Qy, y) < 1,

N.(2) < Q1w

In fact, there is equality because we can arrange the Cauchy-Schwarz inequality to be
equality by taking y = AQ 'z (and then choosing A such that N(y) = 1).

Let us now compute N, differently. The condition N(y) < 1reads Y a;c;{y,v;)? < 1.
For x of the form x = Y ¢;t;v;, by the Cauchy-Schwarz inequality,

2
(@,y)="> citi(y,v) < \/Zf/’i% > aici(y,vi)?,
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which shows that

N,(z) < inf ”chaz,:ﬂ—chtvz

In fact, this is equality. To see that, given x, choose y achieving the supremum in the
definition of N,, that is y = AQ 'z with X such that N(y) = 1. Let t; = %aﬂy,ui).
Then we have equality in the Cauchy-Schwarz inequality above. Moreover, for these t;
we have z = %Qy = % S ey, viv =Y tlcivi, which finishes the argument.

Going back the the formula for Eg(a, .. , we can rewrite it as

E(al Lo —l [H:n / —N*ib)d

Since N, (z) = \(Q 'z, x), we get

Eg(Oq_l, . Ha / _ Hai

e det Q-1

We thus obtain

Fy(ar,...oam) - Eglag',... 1) = doio \deto—T = b
that is .
Bl e am) = T D
Taking the supremum over «; > 0 gives Fy = E% O
8.6 Lemma. For every integrable functions fi,..., fmshi,..., hm : R = [0,00) with

[ fi=1= [ h;, we have

I(f1,...sfm) = D-J(h1,... hp).
Note that this lemma gives £ > DF', so by Lemma 8.4 and 8.5,

VD=E,>E>DF >DF,=D—— =D,
\F

so there are in fact equalities and this finishes the proof of Theorem 8.1.

Proof of Lemma 8.6. If D = 0, there is nothing to prove, so let D be positive. Without
loss of generality we can assume that the f; and h; are positive and continuous (...).

Define the transport functions T; : R — R by

Tl(t) t
/ fi:/ hi.

Then, differentiating yields the transport equations,
T (t) [i(T5(1)) = ha(t).
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Define the change of variables ¥ : R — R"”,

E Cl i y7 Ul

Since

rronia Z CZT (<y7 Ut>)vl 3 Vi

i

we have
E CZ y’ U’L

and because T is pointwise positive, d¥ is positive definite and thus has a positive

determinant. Therefore ¥ is injective, x = ¥(y) defines a valid change of variables on

R™ and we have

I(f1,..., fm) = /Rn sup Hf’ i)dx > /R sup Hfl(tz)cl det(d¥(y))dy.

=y citiv; n U (y)=>" citiv;

By (8.3), det(d¥(y)) > D - [ T{(y,v;)®. Setting in the supremum t; = T;((y,v;)) and

using the transport equations we obtain

I(fi,.- . fm) 2 D/Rn 11 /@y, v T T (s vi) i dy = D/Rn 17, vi)dy

=D-J(h1,. .. hm).

8.2 Geometric applications

Suppose we are given positive numbers cq, ..., ¢, > 0 and unit vectors vy, ..., v,, in R"

such that > ¢;v;0; = I. Recall Theorem 5.14 says that then

[ Mateonar<T1( [ £) - (5.5)

Recall also that automatically, > ¢; = n (Remark 5.5). In terms of Theorem 8.1, this
means F' < 1. We shall prove now that D = 1, thus F' = 1, thus giving also a proof of
Theorem 5.14.

8.7 Theorem. If positive numbers c1, ..., ¢y > 0 and unit vectors vy, ..., v, m R"™ are

such that ZZ 1 civiv; = I, then for every positive oy, ..., uy,

m m
det (Z ozwww?) > H «
i=1 i=1

(which is sharp for a; =1, i < m).

We shall need two basic tools from multilinear algebra.
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8.8 Theorem (Cauchy-Binet formula). Let n < m. Let A and B be n x m and m x n

matrices. Then

det(AB) = Z det(Ag) det(B%),
IS|=

where the sum is over all n-element subsets S of the set {1,...,m} and As, BS denotes

the restriction of A, respectively B to an n X n matriz with colums, respectively rows

from S.

8.9 Theorem (Sylvester’s formula). Let A and B be n x m and m x n matrices. Then
det(I, + AB) = det(I,, + BA).

Proof of Theorem 8.7. Let V be an n X m matrix with columns /a;c;v;, i < m. Then

m

2 : T

= Q;C;V;V;
i=1

so by the Cauchy-Binet formula,

det <Z Qi CiV;; ) = det(VVT) Z (det V).

|S|=n
Note that det Vg = (HieS ai) det ([\/Fivi]ies), where [\/¢;v;ies is the n x n matrix
with columns ,/c;u;, @ € S. Denoting
ag = H oy
ieS
and
As = det ([y/Gvilies)”,

we thus have

det (Z 4 C0;V; ) Z AsQg.

|S|=n
When the «; are all 1, the above becomes 1 = Z‘S‘:n As. Hence, by the AM-GM
inequality,
Z Agag > H a>\s _ H Haxs _ H Haxs ics Hazs,es
|S]=n IS|= |S|=nieS |S|=n i=1
To finish, note that for a fixed 1,
2
D As= ZAS_ Yo As=1- ) (det ([Veules))
S:es S:i¢ S S:i¢S

Using the Cauchy-Binet formula once again,

Z (det ([@vj]jes))z = det chvjvjr = det (I,, — ciov])

S¢S i

T T
=1—cw;v,=1—¢lv|" =1-g¢,

85



where in the second line we use Sylvester’s formula. Thus,

and consequently,

det (i OziciviviT> = Z Asag > H ags ﬁaizsﬁ,es As _
=1 bl

|S|=n |S|=n

-

Il
-

Ci
(]

a;’.

3

O

We saw how useful Ball’s version (8.5) of the Brascamp-Lieb inequality (8.2) was to
solve the reverse isoperimetric problem. We finish with one more application, which can
be viewed as a sharp version for Gaussian vectors of the crucial Lemma 6.5 (used for

the proof of Dvoretzky’s theorem).

8.10 Theorem. Let G be a standard Gaussian vector in R™. Let || -|| be a norm on R™

whose unit ball is in John’s position. Then E||G|| > E||G||co-

Proof. Let cq,...,cnp > 0 and contact points vy, ..., v, be given by John’s theorem 5.3,

I =3 c;v;vl. As in the proof of Ball’s theorem 5.6, the unit ball of | - || is contained in

{z e R", |(z,v;)| <1,i<m}
which is the unit ball with respect to

[ .
el = max (e, ).
Thus, ||z|| > ||z|" and we get
G = BIGI = Emaxl(G.o)l = [P (max|(Gyu)| > 5) ds
i<m 0 i<m
= / [1—-P (Vi <m |(G,v;)]| <s)]ds
0

Applying (8.5) to f;(t) = \/%e_tz/zl[,s’sl (t) gives (recall (5.4))

1

71:22m
me T2 T Lam<apde

i=1

fillx,v)da

P (Vi <m [(G,vi)] <)

I Il

—
3

=

.
Il

1

1y

P(IGh] <) =P(|G1] < )"

IN
.ES
N

@
Il
p

—

1

.
I
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Hence,

BIGI> [ =P (v <m (G0l < )]s
> [Tn-Ede <sas

:/m[l—P(Vi§n|Gi|§s)]ds

:/ P (max |G;| > s) ds
0 i<n

:EHGHOO'

8.3 Applications in analysis: Young’s inequalities

We shall derive classical Young’s iequalities for L, norms of convolutions with sharp
constants from the Brascamp-Lieb inequality (8.2). Recall that for a measurable function

f:R—Rand pe[l,o0], its L, norm is defined as

I = (. Ifl”)l/p-

Byp = % we denote the dual exponent, %—i— ; = 1. It follows from Holder’s inequality

that we have the following variational formula

1l = sup{ [ [ < 1}. (8.6)

8.11 Theorem (Young’s inequality). Let p,q,r > 1 be such that % + % =141, Then
for every measurable functions f,g: R — R, we have

C,C.
aq 1£1lp - llgllas (8.7)

pl/p
Cp= PV (8.8)
8.12 Remark. Clearly, C,y = 2

ot

1f % gl <

where

Moreover, this inequality is sharp.

8.13 Remark. Using the variational formula, (8.7) can be equivalently stated as: for

every p,q,r’ > 1 such that %+%+%:2and f,9,h: R — R, we have

/R / (@ = y)g(y)h(z)dady < CoCuColl o lgllallAll - (8.9)
To see this, note that by (8.6),

Jelf o) @h@yda _f fy 1 = 2)o(y)h(a)dzdy
Rl : Tl

Combining this with Remark 8.12 finishes the argument.

I % gll» = sup
h
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8.14 Remark. Setting h(z) = h(—z), the left hand side of (8.9) can be written as

/ / f(& — )g(w)h(x)dady = (f * g+ k)(0).
RJR

Thus, (8.9), equivalently (8.7) follow from the following: for every p,q,r" > 1 such that
%+%+%:2andf,g,h:R—>R, we have

1f % gxhllee < CoCoCrllFllnligllalialle- (8.10)

In fact, the three are equivalent: from Holder’s inequality and (8.7), we get

CP Cq
C,

f*gxhlloc < If *gllellhll < Hf”p”quHh”T’ = CquCT’”prHquHhHT"

The gain is that (8.10) easily tensorises, say we have f,g,h : R> — R. Then using it

twice, for every (z1,72) € R? we obtain
(f > gxh) (1, 22) = /2 f@r =y = 21,20 =y = 22)9(y1, y2) Az, 22)dydz
R2 JR

=< /Rz (CoCaCrlIf (522 = y2 = 22)llpllg (- w2)llg IR (:, 22) [l dyadz2
< (CpCaCrr)?[IflIpllgllgll ]l -

Therefore, once we have proved (8.9) for functions on R, then by iterating the argument
above, we get that (8.10) holds for all functions on R™ with the constant (C,C,C,/)™
and by the established equivalences, (8.7) and (8.9) also hold for all functions on R™

(with constants being the nth-power).

Proof of (8.9). Replacing f, g, h with f1/?, g'/¢ and /" introducing ¢; = 1/p, ¢z =
1/q, ¢3 = 1/r" and the vectors v; = (1,—1), va = (0,1), v3 = (1,0), note that (8.9)

becomes

| S g, va)=h, vs)*de < F - (/ f ) (/ 9>62 </ h)

with ¢; + ¢ + ¢3 = 2. This is exactly the Brascamp-Lieb framework and by Theorem
8.1, the best constant F' is 1/v/D with D being the best constant in the inequality

T T T c1 . Cca_cC
det(a1c1v1v] + agcavavy + ascsvsvy ) > D - aftag?as®,

for every aq, s, a3 > 0. We have

det(aiciviv! + ascovgvd + agcgvgvg) = det (a101 [_11 *11] +agea [§ 9]+ ases [} 8])

:det([a1cl+aacs —aicy ])

—aic1 agcitagcs

= (\1(2C1Co + Qia¥x3C2C3 + (v (¥3C1C3.
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By taking the limit if necessary, we can assume that ¢, ca, c3 < 1. Then by the AM-GM

inequality,
C1C2
a1QeC1Co + Q203CoC3 + d1(3C1C3 = (1 — Cg) 1 c 19
— a3
C2C3
+(1-c )1 aas
C1
+ (1 —c2) aiag

s [ ac 1T ey N eres T
- ].—Cg ].—Cl 1—62

2—co—c3 2—ci1—c3  2—c1—ca
o o5 ag

3 C
_ 1 . AC1,C2,C3
=1 =y otegas

Equality holds for «; such that

C1C2 CoC cic
Q10 = Qa3 a1Q3.
1-— C3 1—c 1— )
Therefore the best constant is
3
1 1—c¢; 1—c;
F=__ - H #
VD =1 =
which is C,CyC,, as required (recall ¢; =1/p, so 1 — ¢y = 1/p/, etc.). O

8.4 Applications in information theory: entropy power
The (differential, Shannon) entropy of a random vector X in R™ with density f : R™ —
[0, 4+00) is defined by

SX) == [ flozs
(provided that the integral exists in the usual Lebesgue’s sense). For p > 0, p # 1, we
also define the p-Rényi entropy of X as

SP(X) log fP.

1o P Rn

This is a well defined quantity (the Lebesgue integral of fP always exists). However,

it can be that S, is infinite for every p # 1, e.g. take f on R to be proportional to

ngxl(()’l/g)u(g’oo). Note that for this density, the entropy S(X) does not exist.
Remark that

S(X) =E[—log f(X)].

Similarly,

1
-p
so in particular, S,(X) is nonincreasing in p. By monotonicity, the one sided limits

log Ef(X)P~1 = —log(Ef(X)P~1)7T,

Sp(X) = 1

lim, 14 S,(X) do exist, but possibly taking different values (as in the mentioned ex-

ample, they are F00).
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If the Rényi entropy S,(X) is finite at some point p = pg > 1, then S(X) exits and

lim S,(X) =S(X).

p—14

Similarly, if S,(X) is finite for some p = py < 1, then S(X) exists and equals the limit
limy,,1- Sp(X).

For example, for X with a density proportional to ﬁlgm), its Rényi entropy of
order p is +0o when p € (0,1) and is finite when p € (1, 00), its entropy S(X) exists, is
finite and equals lim,_,14 S,(X), but lim,_,1_ Sp(X) = +o0.

We finish this discussion of definiteness with one more remark. If a density f belongs
to L,(R™) for some p > 1, then by the concavity of the logarithm and Jensen’s inequality

— f]R” flog f > —oo. Moreover, Jensen’s inequality also yields the following very useful

variational formula for the entropy
S(X) = inf {—/ flogg, g:R™ — [0,+00) is a probability density} .
R"’L

In particular, if E|X|? < oo, then comparison with the standard Gaussian gives S(X) <
00. Combining the two we can conclude that the entropy of a log-concave random vector
with density on R"™ is well defined and finite.
We remark the following scaling properties: for a linear invertible map A : R™ — R”
and b € R, we have
S(AX +b) =8(X) + log | det A|

and identically,
Sp(AX +b) = Sp(X) + log | det Al

For instance, for a standard Gaussian vector G in R™, we have

elm2/2> dx

1 2
S(G) = — v e lz?/2 log (

=log V21 + g = glog(%re).

2

Consequently, for a Gaussian vector G4 with covariance matrix 4, G4 = AY/2G,
S(G) = S(G) +log | det AV = glog [Qm(det A)/m]. (8.11)

The fundamental inequality in information theory, put forward by Shannon, the so-called
entropy power inequality, concerns a subadditivity property of the entropy of sums of

independent random vectors vectors.

8.15 Theorem (Entropy power inequality). Let X and Y be independent random vec-
tors in R™, let A € [0,1]. Then (provided that all the entropies exist)

S(VAX +vV1=AY) > AS(X) + (1 = NS(Y). (8.12)
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Proof. Let f and g be the densities of X and Y. For a > 0, let f, denote the density
of aX. The density of VAX + /1 — Y is fux*9,1—- By Young’s inequality (8.7) (in
R™, see Remark 8.14),

C,C,\"
155 =0yl < (5522 ) 1 o sl

for all p,q,r > 1 such that % + % =1+ % Taking the log and rewriting in terms of
Rényi entropy yields

S (VAX +VI—AY) zleog%
— :
r 1—p r l1l—gq
+1—7~T) Sp(ﬁX)Jrl_r—q S,(V1=AY).

We have S,(VAX) = Zlog A+ S,(X) and similarly for v/1—AY. Given r > 1, take
p,q > 1 such that

1 A 1 1-—AX
—=—+1-2A and - = + A
p r q r
Then the condition 11;+%: 1+% is satisfied. Note that
1-— 1-—
N and U S
1—r p 1—r ¢

Putting these together gives

nr r CpCy 2
S (VAX VI —AY) = AS,(X) — (1 — NS, (Y) > 5[ log < & )

+ Mog A+ (1 — A)log(1 fx)].

As r — 1, we also have p,q — 1, and consequently the left hand side converges to
S(VAX + 1T =XY) = AS(X) — (1 — \)S(Y). Tt is enough to show that the right hand

side converges to 0. We have

" on [ CoCa 2:—r’1o PP gla 1
1—17r 5 C &) p/l/p’ qll/q/ p=1/r" )

T

Using that ;—j = ) and Z—j =1 — A, after a few simplifications, we get to

pl/p Va pl/r 1 1 1 1 1 1
’ q r A L4 L1 1
—r'"log < T i r/l/?“’) =r < log — + . log i log >

—Alog A — (1 — A)log(1 —\).

The term Alog A + (1 — A) log(1 — X) cancels and we are left with showing that the first
term goes to 0. Setting ' = %, € — 0 and using % = %+17)\ =A1l-¢g)+1-XA=1-)¢,
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similarly % =1— (1= \)e, we obtain

1 1 1 1 1 1 1

r < log = + ~log — — —log ) - [(1 — Xe)log(1 — Xe)
p p g qQ T r €

+(1—(1=Xe)log(l—(1—Xe)

—(1—¢)log(1l— 5)}

~ é[f(l—Ae))\s
(1= (1= Ne)(1— N)e
+(1- 6)6}

P2+ =n?=1]e

The entropy power inequality is sometimes stated in another equivalent forms.

8.16 Theorem (Entropy power inequalities). The following statements holding true for

every independent random vectors X and Y in R™ are equivalent
(i) S(WAX + VI =XY) > AS(X) + (1 = N)S(Y), for every X € [0,1],
(Z'L) e%S(X+Y) 2 e%S(X) + B%S(Y)’

(iti) S(X+Y) > S(Gx+Gy), for independent Gaussian vectors Gx and Gy in R™ with
covariance matrices proportional to the identity matriz such that S(Gx) = S(X)

and S(Gy) =S8(Y).

Proof. “(i)==(ii)” Applying (i) to X/v/X and Y//1 — X, we get

S(X+Y):S<\f>\\)/%+m\/ly_7>\> >AS<§X)+(1—A)S(\/%>

= AS(X) + (1 - NS(Y) — g[)\ log A + (1 — A) log(1 — )\)}.

We optimise the right hand side over A € (0,1). Computing the derivative and equating
it to 0 gives
S(X) = S(Y) — g [log)\ ~log(1 - )\)} —0.

Solving for A yields

enS(X)

A= e2S(X) 4 p2S(Y)’

Note that also
S(X) - glog)\ =S(Y) - glog(l — ).
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Then

S(X+Y) > AS(X) + (1 - NS(Y) — g[)\ log A + (1 — A) log(1 — )\)]
= A(S(X) - glog A) F (=N (S(Y) - glog(l - /\))
= S8(X) - glogA
= glog (e%S(X) + e%s(y)),
which gives (ii).

“(ii)==(iil)” Let Gx and Gy have covariance matrices ol and SI. Then Gx + Gy

has covariance matrix (a + §)I. By (8.11) and (ii), we obtain

eES(XHY) 5 (28(X) | (2S(Y) — (25(Gx) 4 (2S(Gy) — %e(a +5)

“(iii)==(1)” Let Gx and Gy be Gaussian vectors with covariance matrices a and
BI such that S(Gx) = S(X) and S(Gy) = S(Y). Let A € [0,1]. Then S(VAGx) =
S(VAX) and S(VI — AGy) = S(v/1 — \Y), so by (iii) and the AM-GM, we obtain

e2S(VAXHVIZAY) 5 o 28(VAGx +VI-AGY) _ (28(N(O0.(at(1-2)8)1)
=2me(Aa+ (1 = N)P))

> 2me(a* )

— 2 AS(Gx) 2 (1-N)S(Gy)

* (AS<X>+(17A)S(GY>)

= e s

which shows (i). O

8.5 Entropy and slicing

Let X be a log-concave random vector in R™ with density f. In the proof of Theorem

2.20, we showed that
log(e ™| fllo0) < / Flog f < log ||| w.

If X is isotropic, its isotropic constant equals Ly = ||f ||<1x/>n Therefore, the above
establishes that
1
log(e™'Lx) < —=8(X) <log Lx.
n

Showing that Ly is bounded above by a universal constant (the slicing problem — Con-
jecture 4.15) is thus equivalent to showing that —S(X) is bounded above by a universal

constant, assuming X is isotropic.
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To make an affine invariant statement, let us introduce the relative entropy D(X)
of X defined as

where G is a Gaussian vector in R" with the same covariance matrix as X. This is an
affine invariant quantity. In particular, if X is isotropic, its covariance matrix is the

identity, thus D(X) = % log(2me) — S(X) and we conclude that

log (ﬁLx> < %D(X) < log (VareLy) .

The gain is that this inequality is affine invariant. We have thus established that the
slicing problem is equivalent to: for every n > 1 and every log-concave random vector
X in R™, its relative entropy per coordinate %D(X) 1s bounded above by a universal

constant.
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9 Coverings with translates

The idea of a covering is one of the simplest and most fundamental in mathematics.
We shall be concerned with covering one convex set (particularly, the whole space) with
translates of another one. Formally, for two convex sets K, L in R™ with nonempty

interior, we define the covering number

N(K,L) = smallest number of translates of L needed to cover K

_sup{mZO, Jx1,..., 2, ER?", K C U(L‘sz)}

i=1
Clearly, this is an affine invariant quantity. Of course, in many cases N(R", L) = co.

To quantify efficiency of a covering of the whole space, we introduce the covering

density 9(K) of a convex body K in R™ defined as

1
I(K) = inf { 1i — K|S,
(K) = inf { limsup — 3" |K;

Q — cube |Q‘ P K;NQ#AD

|Ql—o00

where the infimum is taken over all coverings F = {K;, K; = K 4+ v;,v; € R"} of R by
translates K; = K + v; of K, that is R™ = Ufil K;. Here are throughout this section,
by a cube we mean a set of the form [—s, s]" +a, s > 0, a € R™.

It takes some effort to establish that ¢¥(K) is also an affine invariant quantity (see,
for instance Chapter 1.2 in [6]).

Given a convex body K in R", we are interested in the quantity
b(K) = N(K,intK),

the minimum number of translates of the interior of K required to cover K. It is an
exercise to show that it coincides with the minimum number of translates of smaller
dilates AK, 0 < A < 1 of K required to cover K. Surprisingly, it also coincides with the
minimum number of light sources required to illuminate the boundary of K (for these
classical facts, see Paragraph 34 in [3]).

For instance, when K is a square on the plane, b(K) = 4, because any translate of
its interior contains at most one vertex. It was shown that on the plane, b(K) = 3,
unless K is an affine image of the cube. Similarly, when K is a cube in R"™, we have

b(K) = 2™. Tt is conjectured that this is the worst case.

9.1 Conjecture (Gohberg, Marcus, Hadwiger, Levy). For a convex body K in R",
b(K) < 2™, with equality if and only if K is an affine image of the cube.

Our goal is to show the classical general result of Rogers which says that

2
b(K) < (:)(nlogn+nloglogn+3n—|—1)

95



for a convex body K in R™, n > 3. If K is symmetric, this can be significantly improved
to

b(K) < 2"(nlogn + nloglogn + 3n + 1).
The proof is based on three results:

1) a general upper bound for covering numbers due to Rogers and Zong,

|K — L]
K]

N(K,L) < O(L),

2) a general upper bound for covering density due to Rogers,

HK) <nlogn+nloglogn+3n+1, n >3,

3) an upper bound for the volume of the difference body due to Rogers and Shephard,

2
- w1 < () s
n

9.1 A general upper bound for covering numbers

9.2 Theorem (Rogers and Zong). For conver subsets K, L of R™ with nonempty

interior, we have
K —Lj
K|

N(K,L) < I(L). (9.1)

Proof. Fix € > 0. By the definition of (L), there is a discrete subset G of R™ such that
the translates of L by the elements of G cover R", R" = (J, (L + g) and for every
large enough cube @,

1

Ql > IL+g| <I(K)+e
9E€G:(L+9)NQ#D

and since L + g intersect @ if and only if g € Q — L, we get

1Q

#En@Q-1)< 13

(I(L) +¢). (9.2)

Fix t € R™. Since L + ¢ intersect K + ¢ if and only if ¢ € K — L + ¢ and since
{L+ g}4ec covers R", we conclude that {L + g}4ex—r+¢ covers K +t. Let N(t) be the

size (cardinality) of this cover,

Nt)=#(GNK—L+t)= 1x_1w(9)
geG

Consider a large enough cube such that K C eQ. Averaging N (t) over @ gives

1
|Q|/QN<t> IQ\Z/ Lic_p1i(g)dt = |Q|Z|@m K+9)|

geG geG
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Note that |Q N (L — K + ¢)| equals 0 unless g € GN (K — L 4+ Q) in which case it can
be bounded by |L — K + g| = |K — L|. Thus,

K~ L)
@L/N -’\m Fgr O L Q) <

Q)

#(GEN((1+6)Q - L))

By (9.2) applied to (1 + €)@, we get

1 o K — L]
|Q|/QN(t)dt§(1+e) ) +e).

Therefore, there exists tg € @ such that N(¢g) is bounded by the above quantity. This
gives a covering of K of size N(tg) by sets L + g — to, hence

|K —Lj

N(K,L) < (1+¢)" 7

(WO(L) +2).

Sending ¢ — 0 finishes the proof. O

9.2 An asymptotic upper bound for covering densities

9.3 Theorem (Rogers). For a convex subset K of R™ with nonempty interior, n > 3,
we have

Y(K) < nlogn+ nloglogn + 3n + 1. (9.3)
We shall need a simple observation about centred convex bodies.
9.4 Lemma. If K is a centred convex body in R™, that is fK zdx = 0, then f%K CK.

Proof. Fix a direction # € S™~! and consider the volume distribution function along
this direction f(t) = |K N (6+ + tf)|. Brunn’s principle (see Remark 2.4) says that f
is ﬁ concave on its support. Let [—a,b], a,b > 0 be the support of f. Since K is
centred, f t)dt = 0. Our goal is to show that b > La and a > 1b. Let w = F(0)7T.
Consider a linear function g(z) = w*re. It agrees Wlth fn T at x = —a and z = 0. By

concavity, g < fﬁ on [—a,0] and ¢ 2 f"f1 on [0,b]. Thus

b b 0 0
[ ratertar= [Cesoa= [ osmars [ oaran

Computing the left and right hand sides yields
1
n n+1
b.

1 b\ 1
n—1_2 1 _ -1 — =
v @ <n+1 ( +a> ] n[(

which gives b > a A similar argument shows that a >

O

1
n

9.5 Remark. The proof shows that this result is tight for a cone (for one direction,

fﬁ is linear).
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Proof of Theorem 9.3. Since ¥(K) is affine invariant, we can assume that the volume of
K is 1, |[K| =1 and the barycentre is at the origin, [, xdz = 0.

Let R > 0 and consider the rescaled integer lattice A = RZ™. Taking R sufficiently
large, we can ensure that every two translates of K by distinct g1,g92 € A are disjoint.
Let @ = [0, R]™. Let X1,...,Xn be ii.d. random vectors uniformly distributed on Q.

Consider a (random) family of translates of K,
F={K+ X; +g}i<ngen-

By a simple probabilistic argument (a first moment calculation), we shall show existence
of the X; such that F covers a large portion of the whole space. Let E'=R"\ J, . L

be the set of uncovered points. Clearly,

N
= [ (1= 1kix4a(@).

=1

Since for a fixed i < N, the sets K + X; + ¢, g € A, are disjoint, we have

Licpx4a(®) = ) Licixipg(@
geEA
SO
N
=TI (1D  1kixiso(@)
i=1 geA
Consider
_ENQ)
Q|

(since 1g is a periodic function in each coordinate with period R, p can be viewed as
the density of the uncovered points). Let us compute its expectation. By independence,

we have

1
Ep:E—/l x)dz 1- E1 +g(2) | da.
Ql J, 1@ -G L | 1= 2 Bl @

geA

By the definition of X; and a simple change of variables,

1

AT ]-K(iv)dlh
|Q| Q+g—=x

Elgyx,4q(x |Q|/ 1k tutg(z)du =

so using that the translates of Q by A are almost disjoint and cover R™,

1 K]
]E]-KJrX + / dv = — ]_K(—’U)d'l) =R
g;\ g |Q|gze;\ Q+g—=x |Q| R™ |Q|
Thus,

1
Eng—:/(l—R”ﬁN:(l—R“ﬂN.
1Ql Jg
Therefore, there exist points X1,..., Xy € @Q for which

p<(1—-r M.
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Fix such points and let F = {K + X; + g}i<n gea. Summarising, this family covers the

whole space but the set £ and we have an upper bound for p = |E‘8‘Q‘ .

The second part of the proof is to efficiently adjust F to a covering of the whole
space. This is achieved by considering an appropriate maximal object. Fix 0 < n < %

Consider points y1, ...,y such that the family

G ={-nK+yi + gti<rmgen
satisfies two conditions
(i) sets in G are disjoint,
(ii) sets in G do not intersect any set from F.

By (i) and periodicity,
Qn | Ll = My

Leg

By (ii), every set from G is in F. Consequently,

RN LI<IQNE

Leg

Let M be maximal such that points y; exist and fix such points and G (if no y; exists,

M = 0). We thus have,

—n —-n —-n —n pn —n\ NV
M=pm@nJLI<n™@NE =n"Qlp<n "R"(1-R")".
Leg

Fix z € R™. The sets —nK + z+ g, g € A are disjoint, so since M is maximal, there
is g1 € A such that either

1) —nK + z + ¢1 intersects a set from G (to violate (i)), or
2) —nK + z + g1 intersects a sets from F (to violate (ii)).

In case 1), there are x1, 29 € K, i < M, go € A such that —nz1+24+91 = —nza+y; + 9o,
so, using Lemma 9.4, —nK C K,

zenK—K)+yi+(92—91) C1+n)K+y + (92— g1)-

In case 2), there are 1,22 € K, i < N, go € A such that —nz1 + 2+ g1 = 2 + X; + go,
SO
ze(1+nK+Xi+ (92— 91)-
Since z is arbitrary, this shows that R™ is covered by
{1+ K +yi+glicmgea UL+ 1)K + Xi + gli<n.gen,

or, equivalently, by

{K + @ +m) 7 (yi + 9)bi<argen UK + (1+n) 7 (Xi + 9) i<y gen-
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By periodicity, the density of this covering equals (1 4+ n)"(M + N)R™™. Thus,
YE) < (1+n)"(M+N)R™™.
Using our bound for M, we obtain
I(K) < (L+n)" " (1= BN 4 (1+9)"R"N.

The last part of the proof is to optimise over the parameters R, N and n. Regard 7
n
as fixed and take R = (ﬁ) with N sufficiently large such that R is large enough
n

nlog%

= and using (1-R™™)N <

(as required at the beginning of the proof). Then R~ =

—n
e NETT = we get

1
Y(K) < (T+n)" + (1+mn)"nlog e

For simplicity take n = —~— to obtain

nlogn

HK) < <1—|— > (1+nlogn +nloglogn).

nlogn

nlogn logn

Using (1 + L ) < eToEn <1+ % for n > 3 and checking that —2—(1 + nlogn +
nloglogn) < 3n for n > 3 finishes the proof. O

9.3 An upper bound for the volume of the difference body

(This subsection was a guest lecture by B-H. Vritsiou.)

9.6 Theorem (Rogers-Shephard). For a convex subset K of R™, we have
2n
|K—K|<<n>|K. (9.4)

Proof. Define f(x) = |K N (K + z)|*/"™ which is concave on its support K — K (which
follows from the Brunn-Minkowski inequality and a simple inclusion KN(Az+(1—\)y) D
AMEN(L+2x)+ (1 =N (KN(L+y)) for arbitrary convex bodies K, L in R, A € [0, 1]
and z,y € R"). For z € R" written in polar coordinates as x = 70, r > 0, § € S" 1
consider a function g : R™ — R defined as
olr0) =10 (1= ).
pr—1(0)

where pr_ i (0) = sup{t > 0,t6 € K— K} is the radial function of K — K in the direction
6. Note that along each ray {tf,¢ > 0}, f is concave, g is linear agreeing with f at t =0
and t = pg_k(0). Thus, f > g on every segment [0,0px_k(0)] and therefore f > g on

K — K. From this we obtain
[ ref o
K—K K-K
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and the right hand side can be computed using polar coordinates as follows

n __ n pr—x () _ r " n—1 n—1
/K_Kg = f(0) /S"—l/o (1 PK—K(G)) " S drdo (6)

=0 [ [ a0t s (0o )

= g7 (1571 [ 15w x0rao@) ([ et ora).

By the formula for the volume in polar coordinates, the first parenthesis equals n| K — K|.
The second one is B(n7 n -+ 1) — F(l"n();;fiii_)l) = (né}l))"n' = n(%{b) . Recall the definition of
f to see that f(0)™ = |K| and conclude
n n K-K
/ = / 9" =K |%~
K-K K-K ( )

n

On the other hand, by Fubini’s theorem,

/K_K = /}Rn |IK N (K + z)|dz = /}Rn /Rn 1k () 1k +2(y)dyde

- [ 1k ( I 1yK<x>dx) ay
- / () Kldy = K],

Putting the last two conclusions together finishes the proof. O

9.7 Remark. The same arguments give a more general inequality: for convex bodies

K and L in R™, we have
2n\ |K|-|L|
K+ Ll < _— 9.5
K+ _<n)|Kﬂ—L (9:5)

(the point being that the function f(x) = |K N (L + 2)|'/™ is concave).
9.8 Remark. For convex bodies K and L in R™, we also have
2
K~ L| < ( ”>|K+L|. (9.6)
n

Assuming without loss of generality that 0 belongs to both K and L, we have an inclusion

K—-LCK+L—(K+L),so (9.4) yields
2n
|IK—LI<|K+L—-(K+L)l < (n)|K+L|.

9.9 Remark. By the Brunn-Minkowski inequality |K — K| > 2"|K|. Combining this
with (9.4) and using (2") < 4™, we get that the volume of the symmetric difference

n

K — K is comparable to the volume of K on the exponential scale,
_ 1/n
2 < 7|K K
9.10 Remark. Using equality cases for the Brunn-Minkowski and deriving a nontrivial
characterisation of a simplex, Rogers and Shephard also showed that (9.4) becomes

equality if and only if K is a simplex.
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A Appendix: Haar measure

We begin with recalling an abstract theorem guaranteeing existence of Haar measure.

A.1 Theorem. Let (M,d) be a compact metric space and let G be a group acting on
M as isometries, that is d(gz,gy) = d(z,y) for z,y € M and g € G. There exists a
regular finite Borel measure y on M which is invariant under the action of G, that is
w(gA) = p(A) for all g € G and Borel subsets A of M. Moreover, u is unique up to a
constant, if the action of G on M is transitive (for every x,y € M, there is g € G such
that x = gy).

Such a measure is called a Haar measure. It is often normalised to be a probability
measure and we shall make no exception. Let us discuss three important examples: the

sphere, orthogonal group and Grassmannian.

Sphere

Consider the unit sphere S"~! = {x € R", |z| = 1} in R™. It is naturally equipped with
the Euclidean metric: for z,y € S"7!, dg(z,y) = |z — y|. There is also the geodesic
metric dg(z,y) defined as the measure of the convex angle 20y (on the plane spanned
by « and y). We can check that |z — y| = 2sin w, thus %dG < dg < dg. The
orthogonal group O(n) acts transitively on S"~1 as isometries. The unique probability
Haar measure o on S"~! provided by Theorem A.1 is the normalised surface (Lebesgue)

measure on S~ ! which also agrees with its cone measure, that is

|cone(A)|
o(A) = “m
for a Borel subset A of S™~1, where cone(A) = {ta,t € [0,1],a € A}. These two
statements are justified by the invariance and uniqueness properties of the Haar measure.
The Haar measure on the sphere is related to the standard Gaussian measure by the

following extremely useful factorisation result, which is very intuitive.

A.2 Theorem. Let G be a standard Gaussian vector in R™. Take © to be a random
vector uniformly distributed on the unit sphere S”~' and R to be an independent non-

negative random variable with density ‘\S/;;;‘ rn=le=r*/2 op [0,00). Then G has the same

distribution as R- 0, G iRr.0.

Proof. Integrating in spherical coordinates, for a measurable function f : R™ — R, we

have

Ef(G) = - f(x)e_x|2/2\/(;iﬁn = /5an /OOO f(r@)e_rz/Qr”_llj;;ydU(Q)dr

- /ooo (/S_ f(r@)dg(9)> j;illrn_le_ﬂ/gdr
= EzEof(RO) = Ef(RO).
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O

In particular, this allows to compute Gaussian Euclidean moments. For p > —n, we

have )
E|G|P = E|RO|P = ER? = / r"_1+pe_r2/2Mdr.
0 ous
Changing variables and rearranging yields,
n—1
2 V2r
n—1
Setting p = 0 gives ‘%nl =27"/2+1/T(n/2) and we get
2%1‘\ +p
E|G|P = (n2 ) (A1)

I (

In particular, for p = 1, thanks to Stirling’s formula I'(z) ~ +/ 2mt ze

Nl

)

n+1l n+1 % n/2
I T S R
I (%) (2)272 n

and we obtain

E|G| =ER = (14 o(1))v/n. (A.2)
Consequently, writing G < RO, for any norm | - || on R™, we have
E||G|l = (1 +o(1))VnE|©]. (A-3)

Orthogonal group

Consider the orthogonal group O(n) (all orthogonal n x n real matrices). It can be
equipped for instannce with the operator norm and then it acts on itself as isometries.
The Haar measure v, on O(n) thus satisfies v, (UAV) = v, (A) for all Borel subsets A
of O(n) and U,V € O(n). Practically, Haar measure v,, can be realised as follows: take
a random vector uniformly distributed on the unit sphere, then take a random vector 65
uniformly distributed on the unit sphere conditioned on being perpendicular to #;, then
take a random vector #3 uniformly distributed on the unit sphere conditioned on being
perpendicular to 6; and 65, etc. Then the random matrix whose columns are 64, ...,60,
is distributed according to v,.

The Haar measures o on S"~! and v, on O(n) are of course related: thanks to
invariance and uniqueness, for a Borel set A in $"~! and a unit vector x € S*~1, we
have

vn({U € O(n), Uz € A}) = o(A). (A4)

In other words, if U is a uniform random matrix on O(n) and 6 is a uniform random

vector on S™~1, then for any (fixed) vector z € R™,

Uz < |z6. (A.5)
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Grassmannian

Consider the Grassmannian G, i, that is the set of all k-dimensional subspaces in R".
It can be equipped for instance with the Hausdorff distance between the unit balls of
two subspaces and then the orthogonal group acts on the Grassmannian as isometries.
The Haar measure v, ; on Gy, satisfies v, (UA) = vy, x(A4), for U € O(n), and Borel
sets A C Gp. A way to generate v,y is of course to use the Haar measure on the
orthogonal group: let U be a uniform random matrix on O(n) and let F' be a fixed
subspace in R™ of dimension k; then UF is a uniform random subspace in G,, i, that is

for any Borel subset A of G, i,
vn,({U € O(n), UF € A}) = v, 1 (A). (A.6)

We conclude with the following useful decomposition identity: for an integrable function

f:5" 1 3 R, we have

where Sp = S" ! N F is the unit sphere in F and o is its Haar measure. As always,
both (A.6) and (A.7) can be checked using invariance and uniqueness (for the latter it

helps check it first for indicators).

B Appendix: Spherical caps

A spherical cap on the unit sphere S*~!, centred at § € S™~! with radius » > 0,

equivalently, distance e =1 — g from the origin (height 1 — ¢) is the set

C(0,e) ={z € Snilv (z,0)> ¢}
={zxeS" ! |r—0]<r}=DB(0,r).

It is useful to have a good bound for the measure of spherical caps. In the next two

theorems, we provide simple upper and lower bounds.

B.1 Theorem. Fore € [0,1] and 6 € S™~*, we have
o(C(0,e)) < e~ /2.

Proof. We shall use the cone measure representation for o. Let A be the cone based on
C(6,¢) intersected with BY. We distinguish two cases.
Case 1. f 0 < e < %, then A C €0 + /1 — e2BY, thus

1Al _ Wiy
By = 1By

o(C(6,¢)) =(1—e2)/2 <=2,
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Case 2. If % <e<1,then AC i@ + iBg, thus

AL _EBI (1Y e
0 _ < '2¢ I < e“n/ )
70D =gy = TEp ~\ae) =

The last estimate follows from the inequality e’ /2 < 2, x € [%, 1], which, by convexity,
1

reduces to verifying it at x = 7 and x = 1. O
B.2 Theorem. Forr € [0,2] and 6 € S, we have

r

(B = (5)

Proof. Let X be an r-net in S"~1 of size at most (1 +2/7)" (see below). Thus,

1=o(s" ) <o ( U B(a,m) <X a(B(,7)),

0cX

consequently,

omonz(5)"= ()
O

For the convenience of our proofs, we stated the above upper and lower bounds using
two different parametrisations of caps, but of course, we can easily translate one into

r?

another using e =1 — 5.

We finish by explaining the existence of small nets, which is a very useful fact (beyond
the application we just saw in Theorem B.2). Recall that a §-net of a metric space (M, d)
is a subset X of M such that that for every point y from M, there is a point x in X
such that d(z,y) < 0. In other words, M is covered with the balls with radius r centred

at the points in X, M C |J,cx B(x,9).

B.3 Lemma. Let | -|| be a norm on R™. For every § > 0, there is a d-net with respect
to the distance measured by || - || of its unit sphere {x € R™, ||z|| = 1} of size at most
(142/6)™.

Proof. Let B = {z € R", ||z|| < 1} be the unit ball and let S = {z € R", ||z| = 1}
be the unit sphere with respect to || - ||. Let X be a subset of S of maximal cardinality
with the property that every two points of X are at least J-apart in distance measured
by || - ||, equivalently, the balls {x + gB}me x are disjoint. Note that by its maximality,
X is also a d-net of S (otherwise, we could add a point to X). By a volume argument,

X cannot be too large,
| X|-(6/2)" vol,(B) = vol U(a:—&—éB) < ol 1+é B

zeX
5 n
=1+ 3 vol, (B),

hence | X| < (14 2/6)™. O
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C Appendix: Stirling’s Formula for I
Recall that Stirling’s formula for factorials of integers says that
n! = 2xn" 1/ 2en <1 +0 (;)) , n — oo. (C.1)
This extends to the continuous case when we consider the Gamma function
I(z) = /000 t"te~tde, x> 0.
We have I'(z + 1) = 2T'(z) and thus, for integers, I'(n+ 1) = n!. Stirling’s formula reads
[(z) = V2ra® /2" (1 +0 (i)) , & — oo (C.2)

To recover (C.1), set = n and multiply both sides of (C.2) by n. In fact precise two

sided bounds are known.

C.1 Theorem. For x > 0, we have
V2ra®V2e™® < T'(z) < V2rzt 1 2e e (C.3)

A complete proof with a discussion and other references can be found in [5].
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