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A FEW BABY INEQUALITIES
Question 1. Prove that for real numbers z1,...,x, we have

lz1 4+ ..o+ ] <z + ... F |z0)

Question 2. Given a natural number n > 1 find minimum value of 1 ; 1/a? + (2i — 1)? subject to
positive numbers a; satisfying Y ;" | a; = n?.
Question 3. Prove that for z > 1 and A > 0 we have

vV +h— vz <h/2

Does this hold for all z > 07

Question 4. Prove that for positive numbers x1, ..., x, the arithmetic mean is greater or equal that
the geometric mean,
r1+ ... +x,
Vg ook < ——m—.
n
Question 5. Prove that for numbers x1,...,x, > —1 that have the same sign we have
I4+z1) ...-A4zp) > 1+x1... + 28

Question 6 (Bernoulli’s inequality). Prove that for a real number x > —1 and a natural number
n > 1 we have
(1+2)" > 1+ nz.

Question 7 (The Cauchy-Schwarz inequality). Prove that for real numbers z1, ..., T, y1,...,Yn We
have

n n

2|3 9

1 1=1

)

n
Z Ty <
i=1

Question 8 (Holder’s inequality). Prove that for real numbers z1,...,2n,y1,...,yn and p,q > 1
which satisfy 1/p +1/q = 1 we have

n n 1/p n 1/q
Saws (o) (L)

i=1 i=1 i=1
Question 9. Prove that for z € (0,7/2) we have

sinr < z < tanx.



Question 10. Prove that for x € R we have
1+ax<e”.

Question 11. Prove that for x > 0 we have

T
r+1

<Iln(l+x) <z

A FEW ESTIMATES INVOLVING FACTORIALS

Question 12. Prove that

Conclude that W/n — 1/e.

Question 13. Prove that

Question 14. Prove that

Question 15. Prove that

n
e E T
2yn —\n/) "~
Question 16. Give a natural number n > 1 prove that the sequence a; = (Z) is log-concave, i.e.
a% > ag_10p+1 for k=2,...,n—1.

Question 17 (). Prove that for a natural number n > 1 we have
e < 14 \" < e
e— — .
2n +2 n 2n+1

<(1+1/n)”)“ Ve

e

Conclude that
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Question 1 (V). Let f(z) = iozlémlg |z — k|. Given ¢ € R and € > 0 find 6 > 0 such that
VeeR |z—c<d = |f(x)— flc)] <e
Hint: You may want to prove that for all z,y € R

[f(z) = f(y)] < 4027|x —y].

Question 2 (V). Find all a € R such that the function f,: R — R given by

min{l/|z|,a}, x#0
fa<m>:{a2_{17/" b

is continuous.

Question 3 (V). Let f,g: R — R be continuous functions. Prove that the functions M (x) =
max{f(z),g(x)}, m(z) = min{f(z),g(z)} are also continuous.

Question 4 (©). Suppose that for some ¢ € R a function f: R — R satisfies the following property
V(xn)pry xn —c = f(zn) — f(c).
Prove that f is continuous at c.

Remark. Cf. Exercise 6 from Assignment 1.

Question 5 (#). Let f,g: R — R be bounded below, say f(z),g(xz) > 0 for all x € R. Suppose
that |g(z) — g(y)| < |z — y| for all z,y € R. Prove that the function fClg defined by

(fBg)(z) = mf{f(z) +g(z — 1)}

is continuous.
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Question 1 (V). Let f: [0,+00) — [0, +00) satisfy for all z,y > 0

[f(x) = fF()] < qle =y,

with some constant ¢ € (0,1). Fix o > 0 and define recursively the sequence (x,)n>0 by Tny1 =
f(zn), n > 0. Prove that it converges. What can be said about the limit?

Question 2 (V). Let f(z) = V1+z for > 0. Prove that for any zo > 0 the sequence (x,)n>0
defined recursively by x,+1 = f(x,) for n > 0 converges and compute the limit.

Question 3 (V). Define the function

_Jo ifze@Q
f) = {]sinm| ifz ¢ Q.

At which points is f continuous?

Definition. We say that a function f: (A, B) — R possesses the Intermediate Value Property if
for any a < b in the domain such that f(a) # f(b), and any z between f(a) and f(b) there is some
¢ € (a,b) between a and b with f(c) = z.

Question 4 (#). Give an example of a function which is not continuous, and yet has got the
Intermediate Value Property.

Question 5 (V). Prove that the equation (1 — x) cosz = sinx has a solution in the interval (0,1).

Question 6 (V). Let f: R — R be a T - periodic continuous function, i.e. f(z+7) = f(x) for all
z € R, where T' > 0 is the period. Prove that there exists zg such that

f(xo +T/2) = f(x0).

Question 7 (O/#M). Let f: R — R be additive, i.e. satisfy for all x,y € R Cauchy’s functional
equation

fla+y) = f@)+ fy)
Prove that
(a) f(0)=
(b) f(=2) = f(x)
(¢) For any a1,...,2n € R we have f(a1 +...+zn) = F(z1) + ... + f(an)
)

(d) For an integer k and a real number x we have f(kx) = kf(z)



(e) For a rational number g we have f(q) = qf(1)

(f) In addition, if f satisfies one of these assumptions:

(i) f is continuous

(ii) f is continuous at one point
) [
) f

(iii) f is monotone
(iv) f is bounded above/below

then f(z) =xf(1) for all x € R.
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Question 1 (O/#). Compute the following limit (if it exists)

1

xT

(b) limg 400 @ (\/562 +1— Va3 + 1)

(a) limg_, x cos

cos( % cos z)

(C) hmm_>0 W

Question 2 (©). Prove that for any z € R we have z — 1 < |z] < z.
Question 3 (V). Compute the following limit (if it exists)

(a) limgy oz L%J

(b) lim,_yo L&

T -

(c) limg 022 <1+2—|—...+[1J).

]

Question 4 (#). Let f: R — R be an increasing function such that limg_ oo / ((2;)) = 1. Prove that
limg oo % =1 for every ¢ > 0.

Question 5 (%). Let f: [0,00) — R possess the property: for every a > 0 the limit lim,,_~ f(a+n)
exists and equals 0. Does it imply that the limit lim,_,o f(z) exists?
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Question 1 (©V). Prove that

(a

(b) limg 0o x™e™* =0, n>0

)
)
)
)

lim,_ oo ;n =oo,n>0

(¢) limg_or 2P Inz =0, p € (0,1)

(d

Question 2 (#). Let f: R — R be given by the formula

ﬂ@:{éﬂﬁ’x>°.

0, <0

limg 00 Tx =0,n>0.

11/02/2013

Is f differentiable? What can you say about the second derivative? About the higer order derivatives?

Question 3 (V). Let f: R — R be a differentiable function with sup,cp |f'(z)] = L < co. Prove

that f is L-Lipschitz, i.e.

F@) = F@) < Llw—yl,  for all reals a,y.

Question 4 (%). Find all differentiable functions f: R — R satisfying for all reals = # y

(CECHEpTEEY

y—x

What is the geometric interpretation of this equation?
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Question 1 (#). Let f: (a,b) — R be differentiable. Prove that f’ possesses the intermediate value
property.

Question 2 (#). Does there exist a differentiable function f: R — R such that

-1, =<0
fl(x)=40, x=07
1, z >0

Question 3 (V). Suppose that f(0) = 0 and that f/(0) exists. Given a positive integer k compute

i (0041 (5) 1 (2)

Question 4 (#). Let f(z) = arsinz + agsin(2x) + ... + a, sin(nx), where ay,as, ..., a, are reals.
Prove that if | f(z)| < |sinz| for every x € R then |a; + 2a2 + ... + na,| < 1.
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Question 1 (©). Prove that if |x| < 1/2 then the approximate formula

1 1
v1+x%1+§x—§x2

gives the value of /1 + z with the error at most 3|z|>.
Observe that /1 +1/8 = % and find an approximate value of v/2. What is the error?

Question 2 (Bernoulli’s inequality in full glory ©). Let x > —1,  # 0. Prove that
(a) 1+x)*>1+ar,ifa>1lora<0
b)) I+x)*<l4+azr,if0<a<l.

Question 3 (V). Prove that if f”(x) exists then

()  tim TR+ ) ~2f(2)

h—0 h2

Question 4 (#). Let f: R — R be twice differentiable and
M, = sup{|f®(z)]; 2 € R} < o0, k=0,1,2.

Prove that
My < \/2MyMs.
Question 5 (V). Find
/2 1
lim ————.
z—0 coshz — 1

Question 6 (#). Prove that
(a) coshz < /2 for z € R

(b) cosz < e /2 for x € [0,7/2).
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Question 1 (O/&). Evaluate

(a) limy_yo %

2

. arctan(22+1)
(b) hmxﬁl I~ E—

(¢) limg_y00 ((1 + %)x - e).

(d) limg_o4 (22 )Ux

)1/5[3

(e) limg_,o4 (52

Question 2 (©). Determine the interval of convergence for the series
!
(a) 302, 2™

(b) 52, (L ) T
Question 3 (V). Recall the definition of lim

oo On and lim,,_,o0 @n,. Prove that
(a

) if a,, < by, eventually, then lima,, < limb,.

(b) lim(a, + b,) < lima,, + lim b,.

(¢) lim |a,by,| < lim|ay,| - lim |b,|. Show that the inequality can be strict.
(d) limmin{ay, by} = min{lim a,, lim b, }.

Question 4 (#). Suppose that f: (—1,1) — R is a function of class C? such that f(0) = 0.
Compute

[1/v=]



’ Questions difficulty legend: © - easy & - medium % - hard f - very hard

11/03/2013
ANarysis II, TERM 2 2012/2013
Tomasz Tkocz
SUPPORT CLASS 9
Question 1 (V). Evaluate
(a) lim,_5(6 — x)Y/(==5),
(b) limssoo 505
Question 2 (O/#). Prove that for z € (0,7/2) and a positive integer n we have
(&) 2 - +%— ...+ (izﬁ;)! - (f:;)! <sinz<z-f+%—...+ éffi}f;! - (2;4:11)! + (i:::)!-
(b) 1= 55+ 5 =+ iy — G <057 <15+ — o+ i — Gy G

Do these inequalities hold for x > /2 as well?
Question 3 (V). Prove that e* > 1+ z for x € R and then derive the inequality between means

1+ ... +xp
n

> Yx1... Ty

Question 4 (©). Prove the inequality
(a) 1=1/z <Ilnz < z/e for z > 0.

(b) 2tanx > sinhx for x € (0,7/2).

Remark. Combining the inequalities coshz < e*/2 and cosz < e~ /2 (see Support class 7,
Question 6), one can actually show ctanx > sinh z with ¢ = 1 which is sharp.



