How fast does the Gaussian measure of a convex and symmetric set grow?
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Definition Dilation of a Borel set A C R" is Problem

A~~tA, t>0.
Give the optimal bounds from above

L o
Ul Inarprpceins TR L MoieaITe and from below on the function
" e Lebesgue measure — it is trivial [tA| = t"|A|. £ 24 n(tA), t > 1.
tA e Gaussian measure — there is a question v, (tA) =7

Reminder
Rea,l CaSe The Gaussian measure -, has the density \/21_71_71 6'562/\ COmpleﬁlj CaSe

The isomorphism C"™ ~ R*" equips the space C" with
the standard Gaussian measure v,,.

Assumptions

We restrict ourself to the sets which are

Assumptions Let A C C” be
e convex, .
e convex (in the usual real sense),

e symmetric (A = —A).
Y ( ) e rotationally symmetric (A = AA, for any A € C with |[A\| = 1).

That is, A is a ball with respect to some

Figure. A convex and
norm on R". symmetric set.

Question How fast does the function ¢ EEN vn(tA) grow?

Upper bound

Let A C R™ (A C C™) be convex and (rotationally) symmetric and let B =
{|lz] < R} be an euclidean ball such that ~v,(A) = y.(B) (vn(4) = v,(B)).
Then

fa(t) < fg(t), t=>1.

It means that the measure of balls grows the fastest.
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Lower bound ([1]) Lower bound ([2])

Let A C R™ be convex and symmetric and P = {|z1| < p} Let A C C" be convex and rotationally symmet-
be a strip such that v,(A) = v, (P). Then ric and let P = {|z1] < p} be a cylinder such that

v,(A) = v, (P). Then
fa(t) > fp(t), t>1. (4) = vy (P)

A A A fa(t) > fp(t), tell,tol,

absolute constant ¢ ~ 0.64.

/ Conjecture

Cylinders are optimal, i.e. the above inequality holds for all ¢ > 1.

\ where tg = to(A) is such that v,(tgA) = ¢ for some
>
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Figure. Bounds in the picture
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