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Abstract

In this paper we prove the S-inequality for certain product prob-
ability measures and ideals in R™. As a result, for the Weibull and
Gamma product distributions we derive concentration of measure type
estimates as well as optimal comparison of moments.
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1 Introduction

The standard Gaussian measure 7, on R™ has been thoroughly studied in a
context of dilations of convex and symmetric sets (see [1, 4]). For example,
it is known that for such a set K in R"™ we have the estimate

Y (LK) > 7, (tP), t>1,

where the set P = {x € R", |z1| < p} is a strip chosen so that 7,(P) =
Yo (K). This result is due to R. Latata and K. Oleszkiewicz [4] and it is
called the S-inequality. A natural task is to find other examples of measures
for which this type of bounds hold. It was conjectured in [3, Conjecture 5.1]
that the S-inequality holds for rotation-invariant measures whose densities
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are nonincreasing on half lines through the origin. This has been verified in
dimensions lower than or equal to 3 (see [7]).

Besides the Gaussian measure, S-inequality is known to hold for the expo-
nential measure. Loosely speaking, in [6] it has been obtained as a by-product
of the proof that for the measure dv™(z) = (1/2")e~l#1l=~l*ldz in R™ among
the sets which are unions of coordinate parallelepipeds, coordinate-wise sym-
metric (called ideals, see Section 2 for a proper definition) and which have
a fixed measure, the strips have the minimal measure of dilation. The aim
of the present paper is to extend this result for the measures v on R" with
densities

dvl(z) = (cp/2)"e *hdz,  x e R", (1)

where we denote |(z1,...,2,), = (3 |2:[P)}/P and ¢, = 1/T(1 + 1/p) is a
normalization constant.

Proving Latala’s conjecture or at least providing other examples of mea-
sures supporting S-inequality still seems to be a challenge. It is worth recall-
ing that some work has been done in the complex case. One considers the
Gaussian measure dy,(z) = [1/(27)"] e~ 1P l=nl [I;-, dRez;dImz; on C"
and asks whether

fn(K) = pn(C) = p(tK) > pa(tP),t > 1, (2)

for all convex circled sets K C C" and all cylinders C' = {z € C", |z| < R}.
(K is circled if z € K implies ¢z € K for any z € C" and real t.) This was
conjectured by A. Pelczyniski and seems to be a natural complex counterpart
of the Latala-Oleszkiewicz S-inequality. Following the methods from [4],
the author obtained a partial result which says that there exists a universal
constant ¢ > 0.64 such that (2) holds for ¢ € [1,] with p,(t¢K) = ¢ (see
[8]). Using the inductive argument from [2], the authors showed (2) for
all K which are Reinhardt complete, i.e. they are circled with respect to
each coordinate individually — along with each point (z1, ..., 2,) such a set
contains all points (wy,...,w,) for which |wg| < |z|, & = 1,...,n (this is
in fact a complex notion of ideals). Surprisingly, that result implies the real
case of the S-inequality for the exponential measures. See [6] for the details.

In Section 2 we present our main results. Section 3 is devoted to their
proofs.



2 Results

We begin with a few definitions. For a Borel measure p on R its product
measure 4 ® ... ® pu = p®" is denoted by ™. We say that such a product
measure " on R™ supports the S-inequality for a Borel set L C R™ if for any
its dilation K = sL, s > 0, and any strip P = {z € R", |z;| < p} we have

WNE) = p"(P) = pMK) = pM(tP),  fori=1. (3)

If we assume that the function V(z) = p ([—x,z]) is invertible for x > 0, we
can write (3) as

W) > O [t\l"l(u(K))], for t > 1. (4)

A set K C R" is called an ideal if along with any its point = € K it contains
the cube [—|zq], |z1]] X ... X [=|xa], |2al].
Now we are able to state the main result.

Theorem 1. Let p € (0,1]. Then the measure v} defined in (1) supports the
S-inequality for all ideals in R™.

Thanks to simple coordinate-wise transport of measure argument we ob-
tain the following corollary.

Corollary 1. Forp € (0,1] and o > 0 introduce the measure ji,, on R with
density
dppa(z) = acyla|* e da, (5)

Then the product measures p, ., supports the S-inequality for all ideals in R™.
In particular, defining for « > 0 and ¢ > 1 on R the symmetric Weibull
measure W, with the parameter o and the symmetric Gamma measure A,
with the parameter q by

1 a
dwe(z) = 50[\3:]“’16"9”' dz, (6)
d\(z) = !
")

gl eI d. (7)

we obtain that the product measures w, and Aj support the S-inequality for
all ideals in R™.



The measures w] provide the examples of distributions supporting the
S-inequality and having both log-concave and log-convex tails. Indeed, the
tail function of the Weibull distribution is w, ({|z| >t}) = e * which is
log-convex for a € (0, 1) and log-concave for a € (1, 00).

The fact that a measure supports the S-inequality for all ideals yields also
the comparison of moments (see [6, Corollary 2]). Here, the relevant result
reads as follows.

Corollary 2. Let || - || be a norm on R™ which is unconditional, i.e.

||(€1ZL‘1, S 7671:1371)” = H(Ilv ce 71771)“

for any z; € R and ¢; € {—1,1}. Suppose that a product Borel probability
measure u" = u®" supports the S-inequality for all ideals in R™. Then for

p=qg>0
(/R Ilelpdu"(:c))l/p < Cpg (/R ||a:||Qdm(x))1/q, (8)

where the constant y
 (Jplzlrdp(a)) "
(J; llodpu(a)) "

pq —
is the best possible. In particular, we might take pn = vy, wq, Ay, forp € (0,1],
a>0,q2 1 (see (1), (6), (7))

3 Proofs

3.1 Proof of Theorem 1

The theorem is trivial in one dimension. For higher dimensions the strategy
of the proof is to reduce the problem to the two dimensional case where
everything can be computed. This is done in the following proposition.

Proposition 1. Let i be a Borel probability measure on R. Let u" = p®"
be its product measure on R™. If u? supports S-inequality for all ideals on R?
then for any n > 2 the measure u" supports S-inequality for all ideals on R™.



Proof. We proceed by induction on n. Let us fix n > 2 and assume that u"
supports S-inequality for all ideals in R™. We would like to show that p"*!
supports S-inequality for all ideals in R™*!. To this end consider an ideal
K c R™! and set t > 1. Thanks to Fubini’s theorem

P tK) = /

[ i (@R)0)n() = [ 0K, an)

where A, = {y € R", (y,z) € A} is a section of a set A C R"™ at a
level x € R. For a set A let P4 denote a strip with a width w4 such that
pu*(A) = pu*(Pys). Since the section K, is an ideal in R™, by the induction
hypothesis we obtain

pt(K) > /

R

" (tPKw) du(z) = /R,u <[—twKx/t,twKx/t]) du(z).

For the simplicity denote the function z — wg, by f. If we put G; C R? to
be an ideal generated by f,ie. Gy = {(z,y) € R? |y| < f(z),z € R}, then
its dilation tGy is generated by the function x +— tf(z/t). Therefore

/Ru ([—twKz/t,twKz/t]) dp(z) = 2 (tGy).

Yet, p*(Gy) = u"t(K), so taking the strip P = [—w, w] x R" with the same
measure as /{ we see that the strip [—w, w] x R has the same measure as Gy.
Now the fact that p? supports S-inequality implies p?(tGy) > p?(t([—w, w] X
R)) = p""(tP). Thus we have shown that p" ™ (tK) > p"*1(tP), which
completes the proof. O

Thus it suffices to show the theorem when n = 2. Notice that any ideal
K C R? can be described by a nonincreasing function f : Ry — R, namely

K ={(z,y) eR? [y| < f(lz]}.

Fix such a function and take a strip P = {|z1] < w} such that v2(K) =
Vz(P). To prove that I/z supports the S-inequality for the ideal K it is
enough to show that (see [6, Proposition 1])

d
VI% (tK)

d
s > 2 P
at Z 3 (tP)

t=1 =1



Let
M, () = /K (el + lyl) (2, y).

We have

2 2
V(E) = & / e~ (2P 4) dydy = & / et (P41 Qg
4 tK 4 K

p

hence

v, (tK)

S = 22(K) - pM(K).

Therefore we are to prove that M,(K) < M,(P). Define the functions T :
R, —[0,1], S: Ry — [0, 1]

t=1

T(u) = cp/ e du, S(u) = cp/ aPe™ dx
U 0

and let i, be the probability measure with density c,e™" on R,. Note that

1 /M » » 1
S(u) = cp—/ r(—e ™) dor = —c—pue_“ + —(1=T(u)).
0 p p

Thus S(oc0) = 1/p. We have

—c/ / (2P + yP)e™™ V" dy da

o [ e =T e, / " S(f@)e du
I——/Oooﬂpr(f ) dp (x / S(f(x)) dug ().

To compute M,(P), it is enough to take f(z) = oo for x < w and f(z) =0
for x > w in the above computations, we obtain

p ”Y d?(x :1_ 1_ w 1 —T(w
[ el + 1) o) = 1 (p S( >)+p<1 T(w))

1 1
= ]—? + S(w) — ];T(w).



Let ®:[0,1]] > R, ®=SoT tand g: R, — [0,1], g =T o f. We would
like to prove

o0 dn— [ 2ot duste) < Sw) - 7).

p
/ / e V=" dy dz
::4 T(f() dpe (o) = 1~ [ g dp

Our assumption v2(K) = v2(P) yields [ g duy = T'(w). Moreover,
() = e(rw) =@ ( [gan ).
Therefore our inequality can be expressed in the following form

/<D(g) dpy — @ (/gdm) < /Ooog(x) (xp—%) dp ().

Note that ¢ : Ry — [0, 1] is nondecreasing. Summing up, to establish Theo-
rem 1 it suffices to prove the following lemma.

Observe that

Lemma 1. Let p € (0,1] and let py be a measure with density c,e™™" sup-

ported on Ry. Then for all nondecreasing functions g : Ry — [0, 1] we have

[ew i —o([ow)< [Cow (w-2)auw o

In order to prove Lemma 1 we shall need a lemma due to R. Latala and
K. Oleszkiewicz (see [5, Lemma 4] or [9, Theorem 1]). For convenience let us
recall this result.

Lemma 2 (Latala—Oleszkiewicz). Let (§2,v) be a probability space and sup-
pose that @ : [0,1] — R has strictly positive second derivative and 1/P" is
concave. For a nonnegative function g : Q — [0,1] define a functional

Ua(g) Z/Q@(g) dv — (/Qg dV). (10)

Then V¢ is convex, namely

Up(Af + (1= N)g) < AVs(f) + (1 = A)¥s(g).



Now we show that our function ® = S o 7! satisfies the assumptions of
Lemma 2.

Lemma 3. The function ® = So T ! :[0,1] — R satisfies ®" > 0 and
(1/@//)// S 0

Proof. Let T~!' = F. Note that F' = ﬁ = —éer. We have
P 1 P
' =S (F)F =c,FPet [ ——e! | = —FP
Cp
and
o' = —ppr ' = L 1o S g,
Cp
Moreover,
1/3") — C_p FlfpefF?’ /
(197 = 2 (Ftre )
p 1 -
=2 (1 =p)F P —pF PP e P =1 ——Lpr
p p
and )
(1/(1)”)" — (1 —p)F_p_lF/ - _ pF—p—ler S 0.
Cp

O

Remark. The reader might want to notice that the last inequality is the place
where the proof of the theorem does not work for other values of p.

We are ready to give the proof of Lemma 1.

Proof of Lemma 1. Combining Lemmas 2 and 3 we see that the left hand
side of (9) is a convex functional of g. The right hand side is linear in g
and therefore we see that Ag; + (1 — \)go satisfies (9) for every A € [0,1]
whenever g1, go satisfy (9). Due to an approximation argument it suffices to
prove our inequality for nondecreasing right-continuous piecewise constant
functions having finite number of values. Every such a function is a convex
combination of a finite collection of functions of the form g,(z) = 1{00) (),
where a € [0, 00]. Therefore it suffices to check (9) for the functions g,. Since
®(0) = S(00) = 1/p and (1) = 0 we have

/¢@J@m—¢</%dm>=%ﬂ—TWD—ﬂ®
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and

p
thus we have equality in (9). O

[k (= 2) o) = L = 00 - 210

The proof of Theorem 1 is now complete.

3.2 Proof of Corollary 1

The idea behind Corollary 1 is that once a measure supports the S-inequality
for all ideals then so does its image under properly chosen transformation
(cf. the proof of Theorem 2 in [6]). Fix p € (0,1] and o > 0. Consider the
mapping F: (R;)" — (R, )™ given by the formula

F(zy,...,x,) = (af, ..., z0).

rn

We will use it to change the variables. So, take an ideal K C R", the strip
P C R" such that v)(K) = v (P), and compute the measure of the dilation
tK for somet > 1

v, (tK) = (C—p> / ey = CZ/ e~ X% dy
2 K (KR4 )"

S O e
7 Jegrnmom) 1

In the first equality we have used the symmetries of ideals, while in the
last one we have changed the variables putting x = F(y). Introducing the
measure fi,, on R with density (5) we thus have seen that

V;L(tK) = :up,oz(tK)7

where for an ideal A in R” the set A denotes an ideal such that AN (Ry)" =
F7'Y(AN(R,)™) (note that it makes sense as F' is monotone with respect to
each coordinate). The point is that due to the homogeneity of F' we have

tK =tV K. Moreover, strips are mapped onto strips. Therefore
Nna(tl/af{) =1, (tK) 2 v, (tP) = ﬂp,a(tl/aﬁ)a

which means that j,, supports the S-inequality for the ideal K. Since the
ideal K 1is arbitrary, we conclude that p,, supports the S-inequality for

9



all ideals. To finish the proof notice that we recover Weibull and Gamma
distribution setting respectively p = 1, a = 1/p = ¢, i.e. Wy = fl1.a, Ay =
H1/q.9-

Remark. We might use more general change of variables y; = V(x;) for some
increasing function V: R, — R, V(0) = 0 and ask whether we will derive
the S-inequality for other measures than p, , exploiting the above technique.

Since we would like to have tK = u(t)lN( for a monotone function u, we check
it would imply that V' (st) = CV(s)V(t), and C is a constant. So V' should
be a power function yet this case has been studied in the above proof.
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