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ABSTRACT. We obtain Rosenthal-type inequalities with sharp constants for moments of sums
of independent random variables which are mixtures of a fixed distribution. We also identify

extremisers in log-concave settings when the moments of summands are individually constrained.

2020 Mathematics Subject Classification. Primary 60E15; Secondary 60G50, 26D15.

Key words. Rosenthal’s inequality, sums of independent random variables, miztures, log-concave random variables.

1. INTRODUCTION

Rosenthal’s inequality, discovered in [35] in connection with questions in the geometry of Banach
spaces, provides matching lower and upper bounds for p-norms of sums of independent symmetric
random variables in terms of norms of the individual summands, at the expense of a multiplicative
constant depending only on p. Recall that a random variable X is symmetric if it has the same
distribution as — X (or, equivalently, if it has the same distribution as e X, where ¢ is a Rademacher
variable independent of X). Fix p > 2 and let X1, Xo,... be independent symmetric random

variables in L,. Plainly, for any n € N we have
1/2
2
DX DX = (Dol
=t |, =l j=1

where here and throughout ||V, = (E|Y|?)!/P is the p-norm of a random variable Y. Moreover,

for independent Rademacher random variables €1, €2, ... independent of X7, X5, ..., we have
P P 2\ P/2 p/2

X =ExEc | eX;| >Ex [Ec > X, =Ex | Y_IX; > E|XP,

Jj=1 » j=1 j=1 j=1 j=1
thus

1/2 1/p
2
(1) DXyl = maxq [ DX A I
j=1 » Jj=1 Jj=1

and the multiplicative constant 1 in front of the maximum in this inequality is clearly optimal
(simply consider n = 1). Rosenthal in his influential paper [35] established a reversal of (1): for

every 2 < p < 00, there is a constant C},, which depends only on p such that for every n € N and
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every independent symmetric random variables X;,..., X, in L,, we have

1/2 1/p

2
(2) S OXG| < Cpmax$ (S UIXGl5 | L[ Do IXIE
j=1 j=1

Py
J P

Rosenthal’s original motivation in [35] was to construct new subspaces of L, () spaces, answer-
ing important questions raised in [25] and [26]. His fundamental inequality (2), which substantially
generalises Khinchin’s inequality, has also received significant attention in probabilistic literature,
prompting several fruitful lines of research. To mention only some in passing, there are gen-
eralisations to dependent settings of martingale differences, multilinear forms, and the like (see
[4, 13, 17, 6, 30, 32]), random vectors in Banach spaces (see [38, 32]), noncommutative settings
(see [20, 19, 21, 22]), as well as many works devoted to optimal inequalities with sharp constants
in various setups (see, e.g. [34, 5, 33, 18, 39, 9, 15, 37, 28, 14, 36, 29, 31]).

To describe the last direction in more detail, let C, denote the best constant in Rosenthal’s
inequality, namely the least C, such that (2) holds for every n and every sequence of independent
symmetric random variables X3, Xo,... in L,. Rosenthal’s proof gives C, = O(p?). The sharp
behaviour C, = O(p/logp) as p — oo was established by Johnson, Schechtman and Zinn in [18].
This can also be deduced from Latala’s precise formula for moments of sums in terms of marginal

distributions (see [23, Corollary 3]). The exact value of C, is known to be
L+ 1ZIIp)r, 2<p<4,

p =
HZ?ZlEij’ p=4,

where Z is a standard Gaussian random variable and £ is a Poisson random variable with parameter

3)

1, independent of the Rademacher sequence €1,¢€2,.... For p > 4, the value of C, was found by
Utev in [39] (continuing investigations of Prokhorov from [34] and Pinelis and Utev from [33]).
When 2 < p < 4, (3) was proven by Ibragimov and Sharakhmetov in [15] (building on Utev’s
approach), and, independently, by Figiel, Hitczenko, Johnson, Schechtman and Zinn in [9] (with
different methods treating a more general case of Orlicz functionals in place of moments).

The question of identifying the value of C,, can be restated as an extremal problem, since

n n

n
(4) C, =sw{ > X;| : neNand maX{Z 1112, 5 Hleli} <1
j=1 , j=1 j=1

This reformulation has led to the study of many Rosenthal-type extremal problems, in which
the supremal value of the p-norm of a sum of independent variables is sought for under more
refined assumptions, including constraints of the form max { 377, ||Xj||§,)\2?:1 1X500 ) <1
for suitable parameters A > 0, or max{||X;||2, A\j|| X;|lp} < w;, where Aj, u; > 0. As we shall see
in the next section, (asymptotic) maximisers of such multi-constraint problems can frequently be
identified which, in turn, often leads to optimal constants in various Rosenthal-type inequalities.

The present paper is concerned with the following question: what is the nature of maximisers of
Rosenthal-type extremal problems if we a priori assume that the independent variables X1, Xo, ...
have additional properties beyond symmetry, such as unimodality or log-concavity? Can one
identify the optimal value of the corresponding optimal constant C, under these assumptions?
Building on Utev’s approach from [39], we fully answer these questions in the case of general mix-
tures and we also characterize the extremising sequences in the log-concave case, using an effective
refinement of the one-dimensional localisation principle (see [27, 10, 11]) developed in [8].
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2. REsSULTS

2.1. General mixtures. Let V be a symmetric random variable. We say that a random variable
X is a V-mixture if it has the same distribution as RV for some nonnegative random variable
R, independent of V. In particular, when V is a Rademacher random variable, V-mixtures are
exactly symmetric random variables and when V' is uniform, V-mixtures are exactly symmetric
unimodal random variables (see, e.g., [24, Lemma 1]). When V is standard Gaussian random
variable, we refer to a V-mixture as a (symmetric) Gaussian mixture (see [2, 7]).

Following Utev [39], for p > 2, an integer n > 1, sequences a = (a1,...,a,), b = (b1,...,b,) of
positive numbers and positive parameters A, B, we define the classes of n-tuples X = (X1,...,X,)

of independent V-mixtures with constrained moments as follows:
(5)  My(n,p,a,b) = {X : each X is a V-mixture with || Xj|l2 < a; and || X, < bj},

and

n n
(6) Uy(n,p,A,B) = X : each X, is a V-mixture and Z X515 < A2, Z X518 < BP 5,
j=1 j=1

where we have implicitly assumed that a; < b; for every j (for feasibility). We shall simply write M
and U to denote My and Uy with V being a Rademacher random variable, that is for the classes
of independent symmetric random variables satisfying the constraints. Moreover, M, and U, will
denote the subclasses of My and Uy respectively, consisting of all the tuples X = (X3,...,X,)
of identically distributed V-mixtures satisfying the imposed moment constraints.

Our first theorem is the solution of the following Rosenthal-type extremal problem for mixtures.

Theorem 1. Fiz A, B > 0 and let V be a symmetric random variable. For 2 < p < 4, we have

p
n

(7) sup ¢ E ZX]- :neNand X €Uy (n,p, A, B) p = B” + || Z|h AP,

Jj=1

where Z is a standard Gaussian, provided that V is in Lyys for some § > 0. For p > 4, we have

P » P
(8) sup Ezn:X- :neNand X €Uy (n,p, A, B) p = B IVI sz]E z&:V-

s j : 1% s My L1y A2 ||V||£ o 7 )
provided that V' is in Ly, where V1, Va,... are i.i.d. copies of V and £ is an independent Poisson

2p_
random variable with parameter (% H“;Hz) P2 (1-P(V=0)).

Observe that when 2 < p < 4, the solution (7) of the extremal problem is independent of the

law of V. Theorem 1 readily implies the following optimal Rosenthal inequality for mixtures.

Corollary 2. The best constant C, v such that for any sequence X1, Xo,... of independent V -

miztures and any n > 1, we have the inequality

/2 1/p
2
ZXj < Cp,v max Z||Xj||2 7 ZHXJ”i
=1 et =
p
18
A+, 2<p<d
(9) Cyv = o
’ WVIZ) 72 [[sme
(i) Zj:leHp, p>4,
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where Z is a standard Gaussian random variable, Vi, Vo,... are i.i.d. copies of V and & is an

2p_
independent Poisson random variable with parameter (H“;HZ> o (1-P(V=0)).

Proof. By its definition and homogeneity, C,, v satisfies

p

C) = sup IEZXj : neNand X € Uy(n,p,1,1) 5,
j=1
and thus (9) follows immediately from (7) and (8) with A =B =1. O

Theorem 1 specialised to Gaussian mixtures gives the sharp constants in Rosenthal’s inequality
for sums of nonnegative random variables. This recovers and provides a new proof of the main
results obtained independently in [16] by Ibragimov and Sharakhmetov and in [37] by Schechtman
which use different approaches: the former adapts Utev’s arguments, whereas the latter reduces
the problem to sums of independent Poisson random variables using convexity and then optimises

over their parameters (in an ingenious way).
Corollary 3 ([16, 37]). Let A,B > 0. We have

P

- AP + BP, 1<p<2,
(10) sup E ZXj Sl (PN P
j=1 (7) e Egpv p > 27

P
where € is a Poisson random variable with parameter (%) P=' and the supremum is taken over all

n > 1 and all sequences (X1,...,X,) of independent, nonnegative random variables with

n

Y EX; <A and Zn:IEngB”.

j=1 j=1
Proof. For a fixed sequence of independent positive random variables (Xi,..., X, ), we consider
the sequence (v X171,...,v/XnZy) of independent Gaussian mixtures and apply Theorem 1 (we
note that 2521 Z; has the same distribution as \/£Z1). (]

2.2. Log-concave random variables. An important step in Utev’s approach leading to the
optimal Rosenthal constant (3) for p > 4 is a reduction to 3-point distributions: given n and
positive sequences a, b, it turns out that supx ¢ yq(n,p,a,0) E ‘2?21 X; ‘p is attained at the (uniquely
determined) 3-point distribution which attains the moment constraints as equalities (for details,
see Theorem 8 in the next section). Our main result here, put informally, is a log-concave analogue
of this. Recall that a random variable X is log-concave if it has a density of the form e~¢ for a
convex function ¢: R — (—o00, +00]. Log-concave distributions arise naturally in convex geometry
and geometric functional analysis (see e.g. [1, 3]). To state our theorem rigorously, we first need
to describe the relevant extremal log-concave distributions (whose convex potentials ¢ turn out
to be piecewise linear with at most two pieces on the positive semiaxis).
For two parameters « € [0, +00) and v € (0, +00], we define the log-concave density

ay o) = gy e Aol — )}
with the convention that v = 400, @ > 0 gives the uniform density on [—«, a] and that o = 0,
v < 400 gives the two-sided exponential density %e*“"x'. For a € (0,+00] and 7 € [0, +00), let

5
(12) Jay(T) = mexp{—ﬂﬂ}l{mga}
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with the convention that v = 0, @ > 0 gives the uniform density on [—«,a] and that a = 400,

. . . C oy
v > 0 gives the two-sided exponential density e 17l We set

(13) F~ ={fan: a€0,+00),7 € (0,+00]}
and
(14) Ft ={gay: a€(0,400],7 € [0,+00)}

to be the two-parameter family of such densities. The following lemma describes the set of feasible

moment parameters. We defer its simple but technical proof to the next section.
Lemma 4. Let p > 2. For every a,b > 0 such that

b
(15) 32(p 1)V < = <2720 (p + 1)V/P,

a
there exist unique f~ € F~ and f+ € FT with
(16) / 22 fE(z)dz = a® and / |z [P f£ (z)dz = bP.

R R

Conversely, the second and p-th moment of any symmetric log-concave variable satisfy (15).

With notation set up, the main theorem of this section is the solution of a Rosenthal-type

extremal problem for symmetric log-concave random variables with all moments prescribed.

Theorem 5. Fizp > 4, n > 1 and let a1,...,an,b1,...,b, > 0 be such that each ratio b;/a;
satisfies (15). Then, we have

P P P P
(17) inf B> X;| =E|)_X; and  sup EY X;| =E|> XTI,
j=1 j=1 j=1 j=1
where the infimum (respectively supremum) is taken over all sequences X = (X1,...,X,) of inde-
pendent symmetric log-concave random variables Xy, ..., X, with IEXJ2 = a? and E|X;|P = b? and

the X} (resp. X;r) have the unique densities from F~ (resp. FT ) that satisfy the same constraints.

2.3. Random variables with log-concave tails. A symmetric random variable X is said to
have log-concave tails if T'x (t) = P(|X| > t) is log-concave on [0, 0). Every log-concave random
variable has log-concave tails but the converse is not true, e.g. for Rademacher variables. A
modification of the proof of Theorem 5 allows us to also resolve the corresponding Rosenthal-type

extremal problems for variables with log-concave tails. Consider the classes of distributions

(18) G ={X: Tx(t)= e =)+ for some a,b > 0}
and
(19) Gh ={X: Tx(t) = e *1yy(t) for some a,b > 0}.
Theorem 6. Fizp >4, n > 1 and let a1,...,a,,b1,...,b, > 0 be feasible sequences of second
and p-th moments of symmetric random variables with log-concave tails. Then, we have
(20) inf E|Y X;| =E|Y X; and  sup E|Y X;| =E|> _X[|,
j=1 j=1 j=1 j=1
where the infimum and supremum are taken over all sequences X = (X1,...,X,) of independent
symmetric random variables X1, ..., X, with log-concave tails, IEX]2 = a? and E|X;P = b? and

the X (resp. X;‘) are the unique laws in G~ (resp. GV ) that satisfy the same constraints.
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3. PROOF OF THEOREM 1

We first quickly show the identity (7) for 2 < p < 4 as it follows from the case of symmetric

random variables (Rademacher mixtures) proven by Utev in [39].

Proof of (7). Since My C M and Uy C U, thanks to the result for symmetric random variables
(see [9, Proposition 8.1] or equation (3) in [15]), we immediately obtain that (7) holds with “<”
in place of “=". To argue that “>” holds as well, it suffices to modify the example from the proof
of [9, Proposition 8.1] by replacing the Rademacher random variables with i.i.d. copies of V. For

completeness, we now sketch this construction. Fix 0 < o < A/ ||V||, and set
(21) Xj=0V"

where Vi,..., Vs, are i.i.d. copies of V, 0,1,...,0s, are i.i.d. Bernoulli random variables with

parameter \/n, independent of the V}, and v, A > 0 are parameters to be chosen soon. For r > 0,
2n
DXl = VI n' =2 447N,
j=1

Thus, to ensure that X € Uy (n, p, A, B), it suffices to choose v and A such that
A? BP
2y 2 P\ —
YA= —5 —« and VPN = ——
V13 VI
which is clearly possible as long as n is large enough. Using that for arbitrary independent
symmetric random variables S, T, we have E|S + T|? > E|S|P + E|T|?, p > 2 (see (1), say), we get

— oPpl-r/2

P

2n P n 2n Z" Vs p
- j=1"j
ED X;| 2E> X;| + 3 EX;J =o’E | AV
Jj=1 j=1 j=n+1
. i Vi|P o . P I .
The family {‘ = }n>1 is uniformly integrable (since it is bounded in L;45/,, by (2), say),
- n P
so by the central limit theorem, E % — | Z|pIIV]]5 as n — oo. Moreover, ¥*A[|[V[5 =

BP — aPn!=P/2||V|P — BP as n — oo and letting o — A/||V||2 finishes the argument. O

The proof of (8) requires some preparation. We first recall some of Utev’s results. Central to
his approach is the following Poissonisation estimate. For a finite nonnegative Borel measure v

on R, we denote by 7, a random variable with characteristic function
(22) Ee*Tr = exp {/(e”m - 1)d1/(ac)} , teR.
R

(T, can be explicitly constructed as 25:1 X, where X1, X,,... are i.i.d. copies of a random
variable with law %R)u and ¢ is an independent Poisson random variable with parameter v(R).)

As customary, B(R) denotes the o-algebra of all Borel sets in R.

Theorem 7 (Utev, Theorem 4 in [39]). Let ®: R — R be an even C? function with ®" convez.

For every n € N and independent symmetric random variables X1, ..., X, we have
n
(23) E® | Y X, | <EX(T,)
j=1
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with v is defined by setting

n

(24) v(T)=> P(X; €eT\{0}), TeBR).

Jj=1

We will also need to use the fact that 3-point distributions are extremal among all symmetric

distributions with fixed moments.

Theorem 8 (Utev, Theorem 5 in [39]). For p > 4, we have
P

P 1
n n bp p—2
(25) sup E ZXj =E Z (;2) 05,65
J

XeM(n,p,a,b) J=1 J=1

2
where the 0 ., denote i.i.d. Bernoulli random variables with parameter p; = (aj/bj)?p?

We are ready to prove (8). We begin with a lemma showing that i.i.d. sequences are extremal.

Lemma 9. Letp >3, A, B > 0 and let V be a symmetric random variable in L,. We have,

p
n

P
(26) sup E ZXj = sup E ZXj .

n>1, Xely (n,p,A,B) j=1 n>1, Xeui, (n,p,A,B) j=1

Proof. A finite nonnegative Borel measure v on R is a V-mixture if it is of the form

v(I) = /000 P(rV eI\ {0})dn(r), I' e B(R)

for some finite nonnegative Borel measure 1 on (0, 00). We shall argue that both suprema in (26)
are equal to the proxy
(27) Q= sup E[T[",

vEWY (p,A,B)

where
Wy (p, A, B) = {1/ : v is a V-mixture with v({0}) =0, / 22dv(z) < A?, / |z|Pdu(x) < Bp} .
R R

Step 1. We have,

n n

sup E ZXj < sup E ZXj <Q,

n>1Xeu}, (npAB) |53  n>1,X€Uy (n,p,A,B)

where the first inequality is clear and the second one follows from (23) for ®(x) = |z|P.
Step II. We now have to show that

Q< sup E ZX]-

n>1,XeUy, (n.p,A.B) |75

To this end, fix v € Wy (p, A, B). Take an integer n > v(R) and i.i.d. random variables X1, ..., X,
with the law specified by
1
P(X;€T)=-v(I), T eB(R) with0gTl
n

and P (X; =0) =1 — +v(R). Since v is a V-mixture, the random variables X; are also i.i.d. V-

1
mixtures. Moreover, X = (X1,...,X,) € U{,(n,p,A,B), as v € Wy (p, A, B). Note that the
7



characteristic function of Z;—;l X equals

(1 - %V(R) + % /}Reit“du(m)>n = (1 + % /R(e“” - 1)dV(a?)>n7

and thus Z?:l X converges in distribution to T, as n — co. By Fatou’s lemma, we get
P

P <L
E|T,|P < liminfE ZlX
J

which finishes the proof of (26). O

Proof of (8). By virtue of Lemma 9, we will equivalently show (8) with ¢/, in place of Uy . First
we argue that “<” holds. To this end, take an n-tuple X = (X1,...,X,,) of i.i.d. V-mixtures in
Uy (n,p, A, B), say X; = R;|Vj|e; for some i.i.d. nonnegative random variables R; and such that
the R;,Vj,e; are all independent. Plainly,
. P N P
E|Y X;| =EvEr:|> [VjRse;|
j=1 j=1

so conditioning on the values of the V; and applying (25) yields

p 1 p

- — ((Bn=P)r V||
EvEre|Y |ViIRe;| <EvEo. Z( An-177)2 ||V§> |V;il65e;
j=1 —1

BrVI3\ "~
0;V;
(A2 V5 Z ’
where the 0; are i.i.d. Bernoulli random variables with parameter

2p 2
_ (An_1/2 ||V||p) v — -l (A ||V|p> e
Bn=tP |Vl BV

Let v be a Borel measure specified by

(28) () = (g |IIKI:Z> TR er\ {0}) =nP(@:Vi €T\ {0}), T cB(R).

Then Theorem 7 yields
P

n
E|> 60;V;| <E[T,[P.
j=1
Note that 7T, has the same distribution as 2521 V;, where £ is a Poisson random variable with
parameter v(R), as in the statement of the theorem. This finishes the proof of the inequality “<”
in (8). The reverse inequality follows by repeating the construction from Step IT of the proof of
Lemma 9. Alternatively, recalling from the proof of Lemma 9 the notation of the class Wy, as well

as the proxy quantity @, we take the measure v defined in (28) above and rescale

1
. Br ||V||§>”‘2
v)=v|T ( ) I' e B(R)
( AV
to have, U € Wy (p, A, B), thus by the definition of @,

B ||v5>v”2
= E|T,|” = BTy < Q,
<A2 B

8



which finishes the proof in view of two facts, that 7, has the same distribution as 25:1 V; and
that @ equals the supremum from (8) (as shown in the proof of Lemma 9). O
4. PROOF OF THEOREMS 5 AND 6

4.1. Log-concave random variables. We only consider the case of the infimum and class F~,

with the obvious modifications left out to address the case of the supremum and F7.

Proof of Lemma 4. Let fy, fi € F~ be the uniform and two-sided exponential densities chosen
such that [, #%f;(z)dz = a?, j = 0,1. Then

/ [P fo(z)da = 37/2(p + 1)~ 1a?, / (P 1 (2)dz = 27/2D(p + 1)a?
R R

For p € [0, +¢], let
3 2
“1. /gy P +3p
3(p+1)

which is chosen such that the density g,(z) = f%,’y satisfies

/ 2%g,(z)dz = o
R

Since gp = f1 and goo = fo, the intermediate value property gives the existence of p such that

v=70)=a

Jg |z[Pg,(x)dz = b7, as desired. The uniqueness follows from the fact that two arbitrary distinct
densities from F~ intersect each other at most twice on (0,00). The converse implication is

classical, see for instance [8, Remark 14] and [12, Proposition 5.5]. O
We need several more ancillary results.

Lemma 10. Let g be an even log-concave density on R and let f € F~. Then g— f changes sign

at most 3 times on (0, +00).

Proof. Say f = fa,. Examining logg —log f on (0,400), this difference clearly changes sign at
most once on (0, a] (by monotonicity of log g, since log f is constant there) and at most twice on

[, +00) (by concavity of log g, since log f is linear there). O

Lemma 11. Let p > 4. The following function
(29) () = Vo + 1P + |Vz — 1P — 2272, 2>0

is strictly convez on (0,400).

Proof. Let g(z) =[x+ 1|P + |z — 1|P — 227, x > 0. We have ¢,(z) = g(v/z) and 1, (v) = g;(\/@).

Since ¢'(0) = 0, it suffices to show that ¢’ is convex, because then 1/}1’, is increasing. For x > 1, we

have )
" -3 -3 _3
————— " @)=+ )P+ (z - 1)P7° = 22P7° > 0,
plp—1)(p—2)
by convexity. For 0 < x < 1, we have
1 ///( ) (CE + 1);073 — (1 _ x)p73 — 2q773
g \x)=
plp—1)(p—2)(p—3) p—3
14+x x
= / tP=Adt —2 [ t?74dt >0,
l1—x 0
by the monotonicity of the integrand. O



Lemma 12. For 0 < x1 < 2 < x3 and a convex function ¢: (0,400) — R, we have

1z ¢(z1)
(30) det |1 T2 ¢($2) ZO
1 x3 ¢(x3)

Moreover, the inequality is strict if ¢ is strictly conver.

Proof. The desired inequality is equivalent to

Tr3 — T2 X9 — Iq
>
P p(x1) + pra— d(x3) = ¢(x2)
which clearly follows from convexity. (]

Lemma 13. Let p > 4, let «, 5,7 be real numbers. The function
h(z) = |z + 1P + |z — 1P — a — Bx? — yaP

has at most 3 sign changes on (0,+00). Moreover, if it has exactly 3, then its signature is
+7 ) +a -

Proof. 1t suffices to consider the case when h has 3 distinct sign changes, say at 0 < z1 < 29 <
x3 < oo and show that it does not have any more. First note that then, under the notation used

in Lemma 11,
1 zf |z14+1|P+|x1—1|P
det | 1 22 |z241|P+|z2—1|P det | 1 22 ¥p(22)
5 _ Lad fest1PHles 1 | 123 4y (a3)
1 - 2 p - 2 )
1 x7 =3 1 z7 =y
det | 1 23 23 det | 123 2%

2 .p 2 P
1 x5 xy 1 x3 xg

1 I? WP(I%)]

where we used the linearity of the determinant with respect to the last column. It follows from
Lemmas 11 and 12 that both the numerator and the denominator are positive and thus v > 2. In

particular, this gives that h(¥)(4+00) = —co, for k = 0, 1,2, 3. Furthermore,
h"(z) = plp—1)(p—2)2? (L + 27 P2+ L - 27 PP sgn(l —27") — )

and we verify that the function in the brackets changes sign exactly once on (0,+0c0) from + to
—. As h'(+00) = —o0, we gather that h” changes sign either only once on (0,+00), in which
case the conclusion follows, or exactly twice, with the signature —, +, —. In the latter case, since
h'(0) = 0 and A/(+00) = —o0, we get at most two sign changes of A’ on (0,+0c0), hence h has at
most 3 sign changes on (0, +00). Since h(+00) = —o0, the signature of h is +, —, +, —. O

Proof of Theorem 5. Fix a sequence X = (X1,...,X,,) as in the statement, an index 1 < j < n

and a parameter z € R. Thanks to independence, it suffices to show that
(31) E|X; + 2P > IE|XJ_ + zP.

Indeed, if (31) holds, then swapping one variable at a time, we get

p p
n

p
ENX;| >E[X7+> X;| > >E|)_X;| |
j=1

=2 j=1
which is exactly (17). To prove (31), let f; be the density of X; and f;” be the density of X7 .

Using symmetry, the inequality in question is equivalent to

[ -7 @) 60 as 20
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where ¢(z) = |z + z|P + |z — z|P. To prove it, we employ the technique of “interlacing densities”.
Since the integrals of f; and f;” against 1, 22 and 2P are the same, for every a, 3,7 € R, the

inequality above is equivalent to
/ (fj(x) —f; (m)) . (¢(m) —a—fz? - pr) dx > 0.
0

For the same reason, f; — f;” need change sign at least 3 times on (0, +00). In view of Lemma
10, there are exactly 3 sign changes, say at 1 < x5 < x3 and the signature must necessarily
be +, —, 4, — (because the first sign change will occur on the interval where f;” is constant and
f; decreases on (0,+00)). We choose a, 3,7 such that f(z) = ¢(x) — a — Baz? — yaP vanishes
at x1, 22, x3. By Lemma 13, h in fact changes sign on (0,400) exactly at those roots and has

signature 4, —, 4+, —. Thus the integrand is pointwise nonnegative and (31) follows. (Il

4.2. Log-concave tails. The proof of Theorem 5 with minor modifications also gives Theorem

6. Skipping most of the details, the main point is that now we write

J

E|X; + 27 — E|X] + 2P = /OOC &' (1) (TX]. (t) — Tx- (t)) at

_ /000 <¢’(t) — Bt — 7#’*1) : (TXj (t) — Txf(t)) dt,

J

where the second equality uses the constraints on the second and pth moments. Since X € G~
(see also the definition of the classes £F in [8]), the difference Tx, — Tx; changes sign exactly
2 times on (0,+00) with signature —,+,—. On the other hand, choosing 5 and 7 such that
@' (t) — Bt — 4tP~! vanishes at those sign change points, the proof of Lemma 13 yields that this
bracket has exactly these sign changes with signature —, 4, — and we arrive at the conclusion
of Theorem 6. To get the reverse inequality (the supremum instead of the infimum), we choose

X;r € GT and repeat the argument while noting the different sign patterns. (I

5. FURTHER REMARKS AND DIRECTIONS

5.1. More constraints. With the aid of results from [8], the arguments of the previous section
for log-concave tails can be extended to handle more than two moment constraints, that is given
n and say ¢ constraints and feasible a;, > 0, j = 1,...,n, k = 1,...,/¢, the infimum (respec-
tively supremum) is taken over all sequences (X7,...,X,,) of length n consisting of independent
symmetric random variables with log-concave tails satisfying E|X;|P* = a;1,...,E|X;[P* = a; 0,
j =1,...,n. The set of feasible parameters a; s is described in precisely [8, Theorem 7]. We
believe that with some extra work, the same extension is possible in the setting of Theorem 5,

that is for symmetric log-concave random variables.

5.2. Sharp constants. It has been elusive to us how to obtain an analogue of Theorem 1 for
symmetric log-concave random variables. We find it an interesting and challenging problem. The
natural approach, via Theorem 5, leaves us with an optimisation problem over the a; and b;,

unclear how to tackle.

REFERENCES

[1] Shiri Artstein-Avidan, Apostolos Giannopoulos, and Vitali D. Milman. Asymptotic geometric analysis. Part I,
volume 202 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2015.
(2] Roland Averkamp and Christian Houdré. Wavelet thresholding for non-necessarily Gaussian noise: idealism.
Ann. Statist., 31(1):110-151, 2003.
11



[9

(10]

(11]

(12]

13]

14]

(15]

(16]

(17]

(18]

(19]

20]

(21]

[22]

23]

[24]

25]

(26]
27]

(28]

Silouanos Brazitikos, Apostolos Giannopoulos, Petros Valettas, and Beatrice-Helen Vritsiou. Geometry of
isotropic convex bodies, volume 196 of Mathematical Surveys and Monographs. American Mathematical Society,
Providence, RI, 2014.

Donald L. Burkholder. Distribution function inequalities for martingales. Ann. Probability, 1:19-42, 1973.
David C. Cox and Johannes H. B. Kemperman. Sharp bounds on the absolute moments of a sum of two i.i.d.
random variables. Ann. Probab., 11(3):765-771, 1983.

Victor H. de la Pefia, Rustam Ibragimov, and Shaturgun Sharakhmetov. On extremal distributions and sharp
Lp-bounds for sums of multilinear forms. Ann. Probab., 31(2):630-675, 2003.

Alexandros Eskenazis, Piotr Nayar, and Tomasz Tkocz. Gaussian mixtures: entropy and geometric inequalities.
Ann. Probab., 46(5):2908-2945, 2018.

Alexandros Eskenazis, Piotr Nayar, and Tomasz Tkocz. Sharp comparison of moments and the log-concave
moment problem. Adv. Math., 334:389-416, 2018.

Tadeusz Figiel, Pawet Hitczenko, William B. Johnson, Gideon Schechtman, and Joel Zinn. Extremal properties
of Rademacher functions with applications to the Khintchine and Rosenthal inequalities. Trans. Amer. Math.
Soc., 349(3):997-1027, 1997.

Matthieu Fradelizi and Olivier Guédon. The extreme points of subsets of s-concave probabilities and a geo-
metric localization theorem. Discrete Comput. Geom., 31(2):327-335, 2004.

Matthieu Fradelizi and Olivier Guédon. A generalized localization theorem and geometric inequalities for
convex bodies. Adv. Math., 204(2):509-529, 2006.

Olivier Guédon, Piotr Nayar, and Tomasz Tkocz. Concentration inequalities and geometry of convex bodies.
In Analytical and probabilistic methods in the geometry of convexr bodies, volume 2 of IMPAN Lect. Notes,
pages 9-86. Polish Acad. Sci. Inst. Math., Warsaw, 2014.

Pawel Hitczenko. Best constants in martingale version of Rosenthal’s inequality. Ann. Probab., 18(4):1656—
1668, 1990.

Marat Ibragimov and Rustam Ibragimov. Optimal constants in the Rosenthal inequality for random variables
with zero odd moments. Statist. Probab. Lett., 78(2):186-189, 2008.

Rustam Ibragimov and Shaturgun Sharakhmetov. On an exact constant for the Rosenthal inequality. Teor.
Veroyatnost. i Primenen., 42(2):341-350, 1997.

Rustam Ibragimov and Shaturgun Sharakhmetov. The best constant in the Rosenthal inequality for nonnega-
tive random variables. Statist. Probab. Lett., 55(4):367-376, 2001.

Rustam Ibragimov, Shaturgun Sharakhmetov, and Aydin Cecen. Exact estimates for moments of random
bilinear forms. J. Theoret. Probab., 14(1):21-37, 2001.

William B. Johnson, Gideon Schechtman, and Joel Zinn. Best constants in moment inequalities for linear
combinations of independent and exchangeable random variables. Ann. Probab., 13(1):234-253, 1985.

Marius Junge, Javier Parcet, and Quanhua Xu. Rosenthal type inequalities for free chaos. Ann. Probab.,
35(4):1374-1437, 2007.

Marius Junge and Quanhua Xu. Noncommutative Burkholder/Rosenthal inequalities. Ann. Probab., 31(2):948—
995, 2003.

Marius Junge and Quanhua Xu. Noncommutative Burkholder/Rosenthal inequalities. II. Applications. Israel
J. Math., 167:227-282, 2008.

Marius Junge and Qiang Zeng. Noncommutative Bennett and Rosenthal inequalities. Ann. Probab., 41(6):4287—
4316, 2013.

Rafal Latala. Estimation of moments of sums of independent real random variables. Ann. Probab., 25(3):1502—
1513, 1997.

Rafal Latala and Krzysztof Oleszkiewicz. A note on sums of independent uniformly distributed random vari-
ables. Collog. Math., 68(2):197-206, 1995.

Joram Lindenstrauss and Aleksander Pelczynski. Absolutely summing operators in Ly-spaces and their appli-
cations. Studia Math., 29:275-326, 1968.

Joram Lindenstrauss and Haskell P. Rosenthal. The L, spaces. Israel J. Math., 7:325-349, 1969.

Laszlé Lovasz and Miklés Simonovits. Random walks in a convex body and an improved volume algorithm.
Random Structures Algorithms, 4(4):359-412, 1993.

Tosif Pinelis. Exact inequalities for sums of asymmetric random variables, with applications. Probab. Theory
Related Fields, 139(3-4):605-635, 2007.

12



29]
(30]
(31]
32]

(33]

(34]
(35]

(36]

(37)

(38]

(39]

Tosif Pinelis. Exact Rosenthal-type inequalities for p = 3, and related results. Statist. Probab. Lett.,
83(12):2634-2637, 2013.

Tosif Pinelis. Best possible bounds of the von Bahr—Esseen type. Ann. Funct. Anal., 6(4):1-29, 2015.

Tosif Pinelis. Exact Rosenthal-type bounds. Ann. Probab., 43(5):2511-2544, 2015.

Tosif Pinelis. Rosenthal-type inequalities for martingales in 2-smooth Banach spaces. Theory Probab. Appl.,
59(4):699-706, 2015.

Tosif F. Pinelis and Sergey A. Utev. Estimates of moments of sums of independent random variables. Teor.
Veroyatnost. i Primenen., 29(3):554-557, 1984.

Yurii V. Prokhorov. An extremal problem in probability theory. Theor. Probability Appl., 4:201-203, 1959.
Haskell P. Rosenthal. On the subspaces of LP (p > 2) spanned by sequences of independent random variables.
Israel J. Math., 8:273-303, 1970.

Pavel S. Ruzankin. On Cox-Kemperman moment inequalities for independent centered random variables.
Statist. Probab. Lett., 86:80-84, 2014.

Gideon Schechtman. Extremal configurations for moments of sums of independent positive random variables.
In Banach spaces and their applications in analysis, pages 183-191. Walter de Gruyter, Berlin, 2007.

Michel Talagrand. Isoperimetry and integrability of the sum of independent Banach-space valued random
variables. Ann. Probab., 17(4):1546-1570, 1989.

Sergey A. Utev. Extremal problems in moment inequalities. In Limit theorems of probability theory, volume 5
of Trudy Inst. Mat., pages 56—75, 175. “Nauka” Sibirsk. Otdel., Novosibirsk, 1985.

(G. C.) anDp (T. T.) CARNEGIE MELLON UNIVERSITY; PITTSBURGH, PA 15213, USA.

Email address: {gchasapi,ttkocz}@andrew.cmu.edu

(A. E.) CNRS, INSTITUT DE MATHEMATIQUES DE JUSSIEU, SORBONNE UNIVERSITE, FRANCE AND TRINITY COL-

LEGE, UNIVERSITY OF CAMBRIDGE, UK.

Email address: alexandros.eskenazis@imj-prg.fr, ae466@cam.ac.uk

13



	1. Introduction
	2. Results
	2.1. General mixtures
	2.2. Log-concave random variables
	2.3. Random variables with log-concave tails

	3. Proof of Theorem 1
	4. Proof of Theorems 5 and 6
	4.1. Log-concave random variables
	4.2. Log-concave tails

	5. Further remarks and directions
	5.1. More constraints
	5.2. Sharp constants

	References

