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Abstract
We show that for every positive p, the L,-norm of linear combinations (with scalar
or vector coefficients) of products of i.i.d. nonnegative random variables with the p-
norm one is comparable to the {,-norm of the coefficients and the constants are explicit.
As a result the same holds for linear combinations of Riesz products.
We also establish the upper and lower bounds of the L,-moments of partial sums
of perpetuities.
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1 Introduction and Main Results

Let X, X1, Xo,... be i.i.d. nondegenerate nonnegative r.v.’s with finite mean. Define
%
Ryp:=1 and RiZZHXj fori=1,2,.... (1)
j=1
Then obviously for any vectors vg, v1,. .., v, in a normed space (F, || ||), E|| >0 o viRil| <

Yoo lvillER;. In [17] it was shown that the opposite inequality holds, i.e.

n
S un
=0

where cx is a constant, which depends only on the distribution of X.
In this paper we present similar estimates for L,-norms. Our main result is the follow-
ing.

n
>cx Y |vilER;,
i=0
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Theorem 1. Let p > 0 and X, X1, Xo, ... be i.i.d. nondegenerate nonnegative r.v.’s such
that EXP < oo and let R; be defined by (1). Then there exist constants 0 < cpx < Cpx <
oo which depend only on p and the distribution of X such that for any vectors vg, vy, ..., v,
in a normed space (F,| ||),

n
< Cpx ) |lvilPER].

n
oo Y IIPERY < E
i 1=0

n p
E (% Rz
=0

In fact we prove a more general result that does not require the identical distribution
assumption. Namely, suppose that

X1, Xy, ... are independent, nonnegative r.v.’s such that EX? < oo. (2)

Further assumptions depend on whether p < 1. For p € (0, 1] we assume that

Jne1 Vs EXP2 < A(BXP)1/2 (3)
and
Jo<o<1,a>1 Vi B(X] — EX7)Ligxroxr<apxry > OEX]. (4)
Theorem 2. Let 0 < p < 1 and X1, Xo, ... satisfy assumptions (2), (3) and (4). Then
for any vectors vy, v1,...,v, in a normed space (F,|| ||) we have
n n p n
c(p, A0, A) Y villPERY <E||Y vl <> [ul"ERY,
=0 =0 =0

where c(p, A, 0, A) is a constant which depends only on p, A\, and A.

For p > 1 to obtain the lower bound we assume that

1
Jus0,4<c0 Vi EIXi — EX;| > p(EXT)YP and E|X; — EXi[Lix,5 aexryny < Z“(Exf)l/p
(5)

and
Fg>max{p-1,1} <1 Vi (EXg)l/q < A(Esz)l/p- (6)
For the upper bound we need the condition
Viet2,...[p]—1 Ire<t Vi (EXPE)V @R < X (BXPHH)Y kT, (7)
Theorem 3. Let p > 1 and X1, Xo,... satisfy assumptions (2), (5), (6) and (7). Then
for any vectors vy, v1,...,v, in a normed space (F I|'l) we have

n

<O, Ap-1) D vl PERY,
=0

c(p, 1, A, q, A ZHU IPER} <E

gvzz

where ¢(p, 1, A,q,\) is a positive constant which depends only on p,u,A,q and X\ and
C(p, A1, 5 A[p1=1) is a constant which depends only on p, A1,..., Afp—1-
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Remark. Proofs presented below show that Theorem 2 holds with
53 83 (1 — \)?

c(p, A, 0,A) = T where k is an integer such that kX272 < 5121
In Theorem 3 we can take
p(p+1) 1
C(p,)\h---,)\[p]—l):Q 2 H 1_7)\?_3»
1<i<[p]-1 J
and
v o (1=
c(p,p, A, q, \) , where k is an integer such that kAP¥ <

~ 8k 2100 3p = 8C - 2100 . 3p”

2A\? 2p @ 2w
=(1—=\ L—p [ 22 - - 48 min{p—1,1}
G=0-% (3>\> (((J+1—p)ln2> s

Theorem 1 yields by conditioning a similar result for products of symmetric r.v.’s.

Corollary 4. Let p > 0 and X, X1, Xs,... be an i.i.d. sequence of symmetric r.v.’s such
that E|X|P < oo and P(|X| = t) < 1 for all t. Then there exist constants 0 < ¢, x <
Cp,x < oo which depend only on p and the distribution of X such that for any vectors
V0, V1, - -+, Uy in a normed space (F, || ||),

p n
< Cpx Y vl PE|RsP.

n
epx Y [illPE[Ri|P < E
=0 i=0

n
D ikt
1=0

Proof. Let (g;) be a sequence of independent symmetric +1 r.v.’s, independent of (X;).

Then
n p n i i p
E ZWRZ' =E Z’UiHEk |Xk’
i=0 i=0 k=1 k=1
and it is enough to use Theorem 1 for variables (| X;]). O

Another consequence of Theorem 1 is an estimate for L,-norms of linear combinations
of Riesz products. Let T = R/27Z be the one dimensional torus and m be the normalized
Haar measure on T. Riesz products are defined on T by the formula

i
Ri(t) = [[(1 + cos(nyt)), i=1,2,..., (8)
j=1

where (ng)g>1 is a lacunary increasing sequence of positive integers.
It is well known that if coefficients nj, grow sufficiently fast then || Y77 a;Rillz,(r) ~

(E| Y7y aiR;[P)Y/P for p > 1, where R; are products of independent random variables

distributed as R;. Together with Theorem 1 this gives an estimate for || Y1 a;Ri 1, (1)
Here is the more quantitative result.



Corollary 5. Suppose that (ng)k>1 15 an increasing sequence of positive integers such that
Ngt1/ng > 3 and Yoy < 00. Then for any coefficients ag,a1,...,a, €ER and p > 1,

nkl

cpZmZV’/ (Ri(t)? don( /

where 0 < ¢, < Cp < 00 are constants depending only on p and the sequence (ny).

R;(t)

"m0 <63l LiRr am)
=0
o)

Proof. Let X1, Xs,... be independent random variables distributed as 1 4 cos(Y'), where
Y is uniformly distributed on [0,27] and R; be as in (1). By the result of Y. Meyer
[18], | SF g aiRillz, ~ (B[ 37 g a;:R;[P)Y/P (in particular also ||R;||z, ~ (ERY)Y/P) and the
estimate follows by Theorem 1. O

Theorem 1 has also an immediate application to the stationary solution S of the random

difference equation
S=XS+ B, (10)

where the equality is meant in law, (X, B) is a random variable with values in [0, 00) x R?
independent of S such that for some p > 0,
EXP =1, E|B|P<oo and P(X =1)<1. (GK1)

Over the last 40 years equation (10) and its various modifications have attracted a lot
of attention [1, 2, 3, 5, 8, 11, 12, 13, 14, 15, 16, 19, 20]. It has a rather wide spectrum
of applications including random walks in random environment, branching processes, frac-
tals, finance, insurance, telecommunications, various physical and biological models. In
particular, the tail behaviour of S is of interest.

It is well known that in law -

S = Z R;1B;,
i=1

where R;_1 = X7 --- X;_1,Rp = 1 and (Xj, B;) is an i.i.d sequence of r.v.’s with the same
distribution as (X, B). Under the additional assumption that

log X conditioned on {X # 0} is non lattice and EX?log™ X < o0, (GK2)
S has a heavy tail behaviour, i.e. the limit

lim P(|[S]| > t) = coo(X, B)
t—o00

exists and ¢ (X, B) is strictly positive provided that P(Xv + B = v) < 1 for every v € R%.
IfP(Xv+B =wv)=1then S, =v—R,_1v — v =2S. Assumptions (GK1), (GK2) together



with P(Xv + B = v) < 1 will be later on referred to as the Goldie-Kesten conditions. Let

Sn = il Ri—le’-

It turns out that the sequence E||.S,,||? is closely related to co (X, B). Recently, it has been
proved in [6] that under the Goldie-Kesten conditions plus a little bit stronger moment
assumption E(XPT¢ 4 || B||P*¢) < oo for some € > 0, we have

1
lim —E||S,||P = co(X, B) > 0,
n—00 NPpP
where p :=EXP?log X.
Now suppose that X, B are independent. Then Theorem 1 implies that for every n

1
epxEl|BIIP < ~E[|Sa[|” < Cp xE| BI”, (11)

which gives uniform bounds on the Goldie constant co (X, B) depending only on the law
of X and E||BJ/P and independent of the dimension. Moreover, in some particular cases
when constants A, 0, i, ¢, A\ in (3)—(7) can be estimated more carefully, (11) may give some
information about the size of the Goldie constant which is of some value, especially in the
situation when none of the existing formulae for it is satisfactory enough (see [7, 10, 6, 4]).

We can go even further. With a slight modification of the proof we can get rid of
independence of X, B and obtain the following theorem.

Theorem 6. Suppose that F' is a separable Banach space. Let p > 0 and let an i.i.d.
sequence (X, B), (X1, B1), ... with values in [0,00) x F' be such that X is nondegenerate and
E||B||P,EX?P < co. Assume additionally that

P(Xv+ B =wv) <1 for every v € F. (12)

Then there are constants 0 < ¢p(X,B) < Cp(X,B) < oo which depend on p and the
distribution of (X, B) such that for every n,

Zn:Rz‘—le

p

¢(X, BE|B|? Y ER, <E < Cy(X,BE|BIPY ERY,.  (13)

i=1 i=1 i=1
Theorem 6 specified to our situation with EX?P = 1 says
1
cp(X, B)E|B|P < ~E[[Sa[” < Cp(X, B)E[| B, (14)

This gives an estimate for the Goldie constant but now with ¢,(X, B), Cp(X, B) depending
on the law of (X, B). Again, in particular cases, a careful examination of the constants



involved in the proof may give a more satisfactory answer. Also, in view of Theorem 6, it
would be worth relaxing the assumptions of [6].

The paper is organized as follows. In Section 2 and 3 we derive lower bounds in
Theorems 2 and 3. Then in Section 4 we establish upper bounds in both theorems. We
conclude in Section 5 with a discussion of the proof of Theorem 6.

2 Lower bound - p > 1

In this section we will show the lower bound in Theorem 3. Since it is only a matter of
normalization we will assume that

X1, Xo,... are independent, nonnegative r.v.’s such that EX? = 1. (15)

In particular this implies that ERY = 1 for all 7.
We also set for k=1,2,...

i
Rir—1=1 and Ry, := H X; for i > k.
j=Fk
Observe that R; = Ry Ry41, for i > k > 0.
We begin with several lemmas.

Lemma 7. Suppose that a nonnegative random variable X satisfies E|X —EX| > p and
ElX —EX|[1{x>a) < +u. Then for allp > 1 and u,v € (F,|| ||) we have

W 1
EfuX + 0|’ 2 ElluX +v|"Lix<a) 2 g min {17 (EX)I,} max{|[u/”, [[v]["}.

Proof. Let Y has the same distribution as X conditioned on the set {X < A}. Let us
define ¢ := EY < EX. Clearly, E(X — EX); = E(X —EX)_ > 4. Therefore,
E[X —t[1ix<a) > E(X = )4+ 1ix<ay > E(X —EX) 1 11x<ay
_B(X —EX); — B(X — EX){ Lo
1 1 1 1
= SH —EIX —EX|L{x>4} 2 P T g H = g
We obtain

1 1
EluY +v| = EEHU(t -Y)+ (tu+v)Y| > ZHU”EW —t| — |[tu + v||.
Since E||uY + v|| > ||[uEY + v|| = ||[tu + v||, we have

po vl

E[X — ¢[1 >
(X =ty 2 g P(X < A)

1
ElluY +ol 2 o lWI[E[Y —¢] =



We arrive at

EuX + vlPLx<ay = (BlluX + ol 1{x<a))” = (Elu¥ +v|[P(X < A))P

P ,LLp
> L ol? > Tl
8PtP 8P (EX)P

We also have

E|luY +v|| = E[|[w(Y — ) + tu 4+ v|| > ||[u||E|Y —¢| — ||[tu + ||

Therefore Jall lal
u [
E||luY > —E|Y -t
oy -+ =SBy — ) > £t
and as before we get that ElluX + v[[Plix<a) > ’g—;Hqu. O

Lemma 8. Assume that (15) and (5) hold. Then for any vg,v1,...,v, € (F,|| ||) we have

Evzz

Proof. For 1 < j <mn we have >.' jv;R; =Y + X;(vjRj—1 + X;411Z), where Y and Z are
independent of X; and X ;. Observe that EX; <1 and EX;;; < 1. Thus, using Lemma
7 twice, we obtain

L P> p
> 65 1@35%” wlf 2 & nZH uill”

P P (P
> 87,EHUJ‘RJ—1 + X127 > @!!UijE!Rj—l\p =

Ll

O]

Lemma 9. Assume that (15) holds and there exist ¢ > 1 and 0 < X\ < 1 such that for all
i, (EX)Y2 < X. Then for any vo,v1,...,v, € (F,| ||) and t > 0,

n (1—p)
P( >tZWv Hp> (1= 7 7.
1=0

Sum,

Proof. Using Minkowski’s and Hélder’s inequalities we obtain

(E zn: ’UiR
=0

1
a\ g n n
1 i p=ls
i ) < Z(EHwRiH )a < ZH%H)\’ D lwilAea™e
=0 i=0




Thus,

E

q n 1
. (p—1)
< <§ juvz-npx) (1-N" 7.
=0

n
E v R
i—0

By Chebyshev’s inequality we get

! q n . % (1-p)q q
> tr (Z Alnvz-np) <(1-A) 7ot
=0

n

Z UiRi

1=0

P

A

O

Lemma 10. Let Y, Z be random vectors with values in a normed space F and let p > 1.
Suppose that E||Y||P~Y|Z|| < AE||Z|P. Then

1
Bl + 2P 2 ElYIP + (55 - 2 ) ElZIP

Proof. For any real numbers a,b we have |a + b|P > |aP — pla|P~1|b]. If, additionally,
la| < £[b], then |a+b|P > |a|? + 5 |b[P. Taking a = ||Y||, b= —||Z|| and using the inequality
IV + 2] > IV - |1 Z]]| we obtain
p_ P P
BIY + 2" =EIY + ZIPLyy<tyzyy + EIY + Z1PLg v 512
1
p = p
2 EIYIPLyyvy<iyziy + 5 BIZ1P L gvy<yyzin
p _ p—1
+E[Y| ]L{HY||>%HZH} PE[Y| ||Z||IL{||Y||>%HZ||}
1 -1
=EIYIP+ ZEIZIPA = Lyyys1yz1y) = PEIYIPNZIL gy 1y 29

Note that
1 _ 1 _
e (?,p”Z”p + PRV 1”Z”> Livistizy < <3 +p> E[Y[P~Y|Z]| < 2pvE|Z|PP.
Therefore,
1
EY +Z|” 2 EIY|” + ZE|Z|” — 2p9E| Z]1".
]

We are now able to state the key proposition which will easily yield the lower bound in
Theorem 3.



Proposition 11. Let p > 1 and r.v.’s X1, Xo, ... satisfy assumptions (15), (5) and (6).
Then there exist constants €g,e1,Cy > 0 depending only on p,u, A,q and X such that for
any vectors vy, v1, ..., U, in a normed space (F,|| ||) and k > 1 we have

n

Evii

1=0

E > 2o jvol” + Z CROICR (16)

where

=0 forl1<i<k-—1, Ci:@Z)\jforiZk and ® = CoA\P~DE,
=k

) 1 uP uP sz
€ = m1n{4 3. 24p} €1 := min { 30’ o= 1641’} 0,

the value of Cy will be chosen later. In the proof by e9,C5, C5 we will denote finite
nonnegative constants that depend only on parameters p, u.A, g and .
We fix k£ > 1 and prove (16) by induction on n. From Lemma 7 and Lemma 8 we obtain

251
Z [[oi[?

Proof. Define

p
> 2¢o]|vol|?, E

n

Z UiRi

1=0

n

S uk

=0

E

Therefore for n < k we have
n p c n
1
E ;WR@ > eollvol|? + k; [Jvi [P

Suppose that the induction assertion holds for n > k. We show it for n + 1. To this
end we consider two cases.
Case 1. gollv|? < @ S N v P

Applying the induction assumption conditionally on X; we obtain

p n+1
€1
> coBllvg + o1 X P + ) (? - C¢—1> E|| Xyv]|?
i=2

n+1

E Z v R;
i=0

9 A 9

1 1

> ol + 3 (=it il
=2

n+1 n+1

> eolleol” = ® D7 N uill” + —Hvluuz(——cz 1) Dol
i=k
n+1

=<ololl + 3 (5= <) il



where the second inequality follows from Lemma 7.

Case 2. gg|vol? > @ S0 NP
Define the event Ay € o(X1,..., X)) by

Ak = {Xl S A, R27k S 2%)\16_1}.

By the induction assumption used conditionally on X1, ..., X; we have
n+1 p k n+1
E ZUZRZ ]]‘Q\Ak > EQE Z (%3 i ﬂQ\Ak + Z (* - cz'—k) E"UZRk||pILQ\Ak (17)
i=0 =0 i=k+1

We have by Chebyshev’s inequality and (6),

ER? 1
> 24 \F- 1) 2k < 2
(ng 24 M1 < 0 < 5 (18)
Together with (5) it implies P(A) > 0. Let (Y,Y’, Z) have the same distribution as the

random vector (37 viRi, S v R4, SO0 viR;) conditioned on the event Aj. Note

that
n+1 p

E | wiRi|| 1a, =PA)E|Y + Z]|PP.

Applying Lemma 7 conditionally we obtain

p
1

p_ ey
EHZH P(Ak)E ZUlRZ H{X1§A}H{R2,k§2%)\k_l}

p (RQ,/C < 25}‘]671) Mp P 1

- - L b,

Note that Y’ has the same distribution as Z?Ikl v;Rp11,; and is independent of Z. We
have for ¢ > 0,

B(IYIP > (E|Z|]P) < (Aw =Dk |y > ¢ uvoup)

n+1
(APW D28 |y > ok Zx mup)

n+1
=P (HY'II” > 1Coe2 Z”‘kllvill”) < C1(tCo) r
i=k

(20)

where the last inequality follows by Lemma 9 (recall that €2 and C; denote constants
depending on p, i, A, q and \).

10



In order to use Lemma 10 we would like to estimate E||Y||P~1||Z||. To this end take
0 > 0 and observe first that

E[lY[P7HZI < EIYIPHZI Ly r<oriziey + EIY P ZIL g 210 <om) 2110y
+E|Y PN ZIL o >om) 22} L1 211w >68) 2|1} (21)
Clearly,
pe1 p-1 =t p-1 »
ENYIP N2y p<oryzipy < 6 7 (ENZ]P) 7 E[ Z] <6 # E[|Z]". (22)
To estimate the next term in (21) note that
E[Y P ZI1 g zpp<smyzipy < 8P (EIZIP)PE|Y(P.
Using estimate (20) we obtain
oo
BV = @IZI7)7 [ R (1P 2 sTEZ)P) ds
0

p—1

_ oo g9 g
< (Euzup)”pl/ min{1,C,C, *s 71} ds < (|| Z|]P) 7 (1 + 0, > :
0
where the last inequality follows since ¢ > p — 1. Thus,
_a
BV 21 gzpsmian <50 (14 GGy ) B2 (23)

We are left with estimating the last term in (21). We have

ENY P ZIL gy psom) 20y L)1 21>08) 2]}

o0
= Y EIYIP N ZI L iamsmyzio <y o <amtiom) 2y L1 2 |p>08) 210}

m=0

o0
1)e=1 p=1 p=1
< > 2™V RENZIP) T 120 T emsryzie <y iy Lz o8 21}

m=0
p—1

<55 fo:2<m+”*pflﬂz 12 7z
P P - m
=0T 2 5 (23| Z [P <Y )

o0
1)2=1
= > 2SR ZIPL ez zip <o

m=0

Recall that Z and Y’ are independent. Therefore as in (20) we get
El[ZIPLgms)zjp<| v ry < EHZHp]l{HY’HPszéCOEQ St X =k ||v; ||}
n+1 '
<E|Z|’P (HY’HP > 2"M5Che2 Z )\’kHvi]p>
i=k
< E|Z|PCy(276Ch) .

11



We arrive at

o0
_ _4 1)p=1
EI|Y [P ZIL gy oo 20y Lz sy 2y < EIZIPCLEC0) 7> Y 205

m=0

< E|Z||PC5(5Co) 7,

where we have used the fact that ¢ > p — 1.
Estimates (21)—(24) imply

- 4
IVl < Bzl (5% + 600+ acy )+ o ).

(24)

Now we choose § = §(p) sufficiently small and then Cy = Cy(p, A, p.q, \) sufficiently large

to obtain

_ 1
E[Y[PHZ] < . ElZ|".

~ 4p3p

From Lemma 10 we deduce

1
E|Y + Z|P > E|Y|P + —E| Z|.
IY +ZIP 2 E|Y )" + 55 El 2]l

Hence
n+1 p k-1 p n+1 p
E|> uiR Lo, > 5 F > wiRi| La, +E|D viR|| 1a,.
i=0 i=0 i=k
Lemma 7 and (18) yield
k—1 p P ) 1w
D [l P 7 \k—1 - = P
B[S k| a2 Gl B(Ras <2007 2 5 ool
1=
It follows that
1 k-1 p k-1 p
23pE ZOUZRZ ]]'Ak > 60Hvo||p+€0]E ZOUZRl ]lAk.
1= 1=

By the induction assumption we obtain

n+1 p n+1 .
1
E (Y wiR| La, > coBlopRilPla, + Y <? - ci_k) E||v; Ri|[PLa,
i=k i=k+1

12

(25)

(26)

(28)



Combining (26), (27) and (28) we get

n+1 p k—1 p
E ZviRi ]lAk > Eo”?)()”p + goE Z?}Z‘Ri ﬂAk + 80EHU}€R]€HP]1A,€
i=0 i=0
n+1 c
1
+ ) (? - Cz‘—lc) Ellvi Re || 1 4,
i=k+1
c k p n+1 c
0 1
> sollol? + 22 D uf| La+ 3 (5 eine) Bl L
1= 1=k+

This inequality together with (17) and Lemma 8 yields

n+1 p c k p n+1 .
0 1
E ZviRi 2 eollvol[” + 5, E Z'UiRi + Z <E - Cz‘—k) Elv; Ry ||P
i=0 =0 i=k+1
c k n+1 c
1 1
> colluoll” + 5 Do llP + D0 (5 — ik Il
i=1 i=k+1

n+1

€1
> colluoll” + Y (5 — ) lil”
=1

We are ready to prove the lower L,-estimate for p > 1.

Proof of the lower bound in Theorem 3. For sufficiently large k we have for all i,

Thus, Proposition 11 yields

n
D ik
1=0

where € := min{eo, 5} }.

p n n
€1
E Zeollvo!\”%;\lvi\lp ZE;HMI’ﬁ

Remark. Observe that u < E|X; — EX;| < 2EX; < 2(EX?)Y/? = 2. This shows that

P
T 8k -210p. 30

€1

€0 and min {z—:o, —k}

1P I
T 8o T opiggr

€0

13



Other constants used in the proof of Proposition 11 may be estimated as follows

P \P p (1-p)g —4 (1—p) q

T 8P APe, 24 3\

r=1 d C 20 <
_— an =
I 1 3 2<1+IT—p_1 (g+1—p)ln2

A

Co

Hence we can for example take

P

2 2A\7 2p ¢ 2
§:=48 "1 and Coi=(1- N7 () (——L )" 4wt T,
==X < ><W+1—mmﬁ

then each term 6®—1/p §/p, 51/p0200_q/p and C3(0Cy)~ 9P is not greater than 4877 <
(16p3P)~! and (25) holds.

3 Lower bound - p <1

In this section we prove the lower bound in Theorem 2. We will also assume normalization
(15) and use similar notation as for p > 1.
We begin with a result similar to Lemma 7.

Lemma 12. Let X be a nonnegative random variable such that EXP = 1. Then for every
A>1 and u,v in a normed space (F,| ||) we have

EJuX + vl > ElluX + v"Lixs<ay > 6 max{|ul?, [v]"},

where
(S = E(Xp — 1)1{1§XPSA}

Proof. Since EX? = 1 we have

6 - ]E(Xp - 1)]]'{1SXpSA} S ]E(Xp — 1):[].{1SXP}
= E(1 - XP)Lixpeyy < P(XP <1) < P(XP < A). (29)

The triangle inequality yields |[uX + v|| > |[|u[|X — |Jv]||. Thus, it suffices to prove
E|fu X — [loll|"Lixr<ay = 6 max{[|ull?, [[o]/P}. (30)

If u = 0 then this inequality is satisfied due to (29). In the case u # 0 divide both sides of
(30) by |lul[P to see that it is enough to show

E|X — t[PLixpr<ay > d max{t!;1} fort > 0.

14



To prove this inequality let us consider two cases. First assume that ¢ € [0,1]. Then we
have

E[X —tPLixrcay = EIX — /P 1cxrcay = BE(XP — 7)1 1<xocny
2 E(Xp — 1)]].{1§Xp§A} == 5 == 5max{tp, 1}
In the case ¢ > 1 it suffices to note that
2 ]E(tp — thp)]l{ngl} = tp]E(l — Xp)]l{Xp§1} 2 (Stp = 5max{tp, 1},
where the last inequality follows from (29). O
As a consequence, in the same way as in Lemma 8, we derive the following estimate.

Lemma 13. Let r.v.’s X1, Xo, ... satisfy (15) and (4). Then for any vectors vy, v1, ..., v, €

F we get
n
S un
i=0

Lemma 14. Suppose that random variables X1, Xo, ... satisfy assumptions (15) and (3).

p 52 n
E > 6% max [oi|P > — > [loi”.
1<i<n n

i=1

Then for all vectors vy, va, ... in (F,|| ||) we have
Y ’ t = 1
P ( iz;viRi > H;”Hvill”) < % fort > 0.

Proof. Note that

P/2 n n
E < Sl PPERY? < 37 N flug P12,

1=0 i=0

n
D ik
1=0

By the Cauchy-Schwarz inequality we get

n 2 n n n
(Z x‘uwup/?) <N NP < % > X wil.
1=0 =0 1=0 =0

Thus, using Chebyshev’s inequality we arrive at

p n
t .
> Ul lI? | <
IP( _1_)\;_0:)\”%” ) <P

n p/2

Z UZ‘Ri

1=0

> VY NP

1=0

n
D ikt
1=0

n
> vk
i=0

2
p/ 1

<—.
R
]

n -1
< (ﬁ > AiHmW) E
1=0

15



Our next lemma is in the spirit of Lemma 10, but it has a simpler proof.

Lemma 15. Let Y, Z be random vectors with values in a normed space (F,| ||) such that
ENZIPLy 1y 1o 1512001 < SEIIZ[P.
{Iylr>3ElZ|*} = g

Then ]
E|Y +Z|IP 2 E[Y|” + SE|| Z]}".

Proof. We have for any u,v € F, |[u+v|P > H|u|| - Hv||‘p > ||u|” — ||v||?, therefore
EIY + Z|P > E(IY 1P + 121" = 2l Z11") Ly o> 12y 210y
FEYIP+ 1217 = 2V 1) gy o < Le) 2y
p p_ P _ p
> E[[Y[]" + B[ Z]1” = 2| ZPL gy o> 1gy 20y = 2BV Ly o < 15y 210y

1 1 1
> E[[Y [P +E[[Z]P —2- SEIZ|]” - 2. SB[ Z]” = E[[Y]” + SE| Z]]".

O]

The proof of the lower bound for p < 1 is similar to the proof for p > 1 and it relies on
a proposition similar to Proposition 11.

Proposition 16. Let 0 < p < 1 and r.v.’s X1, Xo,... satisfy assumptions (15), (3) and
(4). Then for any vectors vy, v1,...,v, in a normed space (F,|| ||) and any integer k > 1

we have
P n e
> <olloolP+ Y (5 = i) lusl”
i=1

n

Z 'UiRi

i=0
where eg = 0/8, 1 = 63/8 and

E

284

k—2
1_)\)\ .

i
c=0for1<i<k-—1, ci:<1>2)\jfori2k and &=
j=k

Proof. For n < k the assertion follows by Lemmas 12 and 13, since g9 < §/2 and e1/k <
e1/n < 6%2/(2n). For n > k we proceed by induction on n.
Case 1. golvol? < @ S0 N g7
In this case the induction step is the same as in the proof of Proposition 11.
Case 2. go|voll? > @ S0 N vy 7.
Let us define the set
Ap i={X] < A, Rp, <472

16



By the induction hypothesis we have

n+1 p k n+1

E Z'UiRz ]lQ\Ak 2 EoE Z V; z’ HQ\Ak + Z (* - Cifk) EHUiRkaﬂQ\Ak- (31)
=0 =0 i=k+1
By Chebyshev’s inequality and (3) we get
E p/2 1
P(Rb, > 4X*2) < 5 A,f;’j <3 (32)

in particular P(A;) > 0. Let Y,Y”, Z be defined as in the proof of Proposition 11. As in
(19) we show that Lemma 12 yields E||Z||P > §|lvg|P. We have ||V [P < 4AX2*=2|| Y|P,
variables Y’ and Z are independent and Y’ has the same distribution as 37! v; Ry 14
Thus,

EIZI"L gy o> 1wy 2y < E”Z”pl{mvH||Y'||p>é|\voup}

— e (v > Wk 2eouvo|rp)

n+1 )

where the second inequality follows by the assumptions of Case 2 and the definition of ®
and the last one by Lemma 14. Hence, Lemma 15 yields

n+1

Z Vi Ry,

< EHZH”]P’<

1
< ZE[Z]],
8

1
E[lY + Z|” = EY]]” + SE[ Z]|".

Thus
P

La,. (33)

n+1

§ UZ i

Using Lemma 12 and (32) we obtain

n+1

§ U’L P

1
ﬂAk > E ﬂAk +E

k—1
E Vi i
1=0

p

k—1
)
Lay > 0llvolPP(Rax < 4X*7%) > Cfluo|P.

Z UiRi

1=0

E

Since g¢ < % and g9 < 0/8 it follows that

k—1 p k—1 P
1
38| il a2 aolunl? + 2o |3 v L (34)
1= =

17



By the induction assumption we obtain

n+1 p n+1 .
1
E(S wiRi|| 1a, = coBllopRylPLa, + > <? - ci_k> Ellv;Re|Pla,.  (35)
i=k i=k+1

Combining (33), (34) and (35) we arrive at

k—1
> vik
i=0

p p

n+1

E (> wiRi|| 14, > ollvoll” + o 14, + coE||vg Re|[P 14,
=0

n+1
+ Y (7 — ¢ ) ElluiRy|"La,
i=k+1
k p ntl
1
Z 8()”1)0Hp + €0E ZviRi ]lAk + Z (? — CFk) EH’UZ‘Rk”pﬂAk.
i=0 i=k+1
Combining this inequality with (31) yields
n+1 p k P nt1 c
1
E (> vili|| > collwoll” +<B || S wili| + D (G ik ) EllviBil”
=0 =0 i=k+1
n+1
> eoljeol + §jnww > (5 —eie) Il
i=k+1
n+1
>mmw+§X*—QMm
where in the second inequality we used Lemma 13. 0

We are now ready to establish the lower L,-bound for p < 1.

Proof of the lower bound in Theorem 2. To show the lower bound let us choose k& such that

Then

Therefore, Proposition 16 implies

p

0
> p P>
> Slleol + 16k§ il 2 16k§ el

n

Z ’L)Z'Ri

=0

E

18



4 Upper bounds

The upper bound in Theorem 2 immediately follows by the inequality (a + b)P < af + bP,
a,b> 0, p € (0,1]. To get the upper bound in Theorem 3 we prove the following slightly
more general result.

Proposition 17. Let p > 0 and X1, Xo,... be independent random wvariables such that
E|X;|P < oo for all i and

Vickep] Innct Vi (BIXGIPF)Y @R < Ny (| X, PHH) Y 0=kt (36)
Then for any vectors vy, v, ..., in a normed space (F,|| ||) we have
n p n
B[S uki| <cm) lulPEIR P, (37)
=0 =0

where C(p) =1 for p <1 and for p > 1,

AP1 Cp—-1)
Cp)=2° <1 +C(p— 1)1_1> <P ——.
1— M) 1— M)

Proof. We have | Yo viRill < S0y uill[Ril and |Ri| = TT'_, |X;1, so it is enough to
consider the case when F' = R, v, > 0 and variables X; are nonnegative. Since it is only a
matter of normalization we may also assume that EX? =1 for all 4.

We proceed by induction on m := [p]. If m = 1, i.e. 0 < p < 1 then the assertion
easily follows, since (z + y)P < zP 4+ yP, x,y > 0.

Suppose that m > 1 and (37) holds in the case p < m. Take p such that m < p < m+1.
Observe that

(x+y)P < aP +2P(yaP~! +4P)  for z,y > 0. (38)

Indeed, either x < y and then (x + y)? < 2PyP, or 0 < y < x and then by the convexity of
P, ((z +y)P —aP) [y < ((22)7 —aP)/z = (2P = 1)aP ™.

We have by (38)
n p—1
Z v R; + v
i=0

p n
+ 2P | v ZviRi

i=1

P
E <E

n
§ v R,
i=1

Iterating this inequality we get

n
E ’UiRZ'
=0

p n—1 n =1
E <VPERD + 27 | ) uER; ( > Uz-RZ-> + ) o'ER?

k=0 i=k+1 =0

19



However, ERy (3.0, vil;)P~t = ERPE(Y 1, ., viRk41,)P " and ERY = [[V_ EX? = 1.

Hence
n p n n—1 n p—1
E Z viR;| < 2P va + 2P Z v E < Z viRk+17i> .
i=0 i=0 k=0

i=k+1
The induction assumption yields

n p—1 n i
IE( > viRk+17i> <C(p-1) Z WTBRY =Cp—1) Y o J] ExPY

i=k+1 i=k+1 i=k+1 j=k+1

n
<Cp-1) Y IAPIEH,
i=k+1
where the last inequality follows by (36). To finish the proof we observe that

ka Z Uz'p 1)\(17—1)(@—]6) < <UZ + p’[)f) )\gp—l)(l—k)
n > ( 1 )\p 1 n
b p—1)j p
32;%2% 1_)\p1§
1= 7=1

Remark. It is not hard to show by induction on [p]| that

C(p) < 2p<p2+1) H 1

p—J’
1<5<[p]—1 1=4

5 Stochastic recursions

The proof of Theorem 6 is only a slight modification of the proof of Theorem 1. Normalizing
we may always assume EXP = 1. The upper bound follows as in the proof of Proposition
17 (see more details below). To show the lower bound we consider two cases:

There are w,u € F such that w + B + Xu = 0 a.e. (C1)

or
P(w+ B+ Xu =0) < 1 for every w,u € F. (C2)

In case (C1) we get
ZRZ 1B; = ZRH —w — X;u) ZRz 1w — ZRU

= _ZRi,l(uH—u) +u— Ryu.
i=1

20



Notice that

p

ZRi—l

=1

i-1(w+u)| = [lw+ul]’E > cpxnfjw + ull?,

where the last inequality follows by Theorem 1 with F' = R and v; = 1. Assumption (12)
implies w + u # 0. Moreover,

Ellu — Ryul” < 27|[ulP(1 + ERT) = 271 |u]]”.

Hence for n > ng = no(X, B) and ¢ = ¢(p, X, B) = 2er1ch||w + ul|P,

P
1Bl = i—1(w+u) — (u— Ryu)|| > cn.
To get the lower bound in (13) for 1 < n < ng we observe that
nng no—1 (k+1)n
cnng <E|Y Ri_1B; _E > > RiaB;
i=1 k=0 i=kn+1
no—1 (k+1)n no—1 (k+1)n p
<np Y E| > RiaBi| =ng Y ERLE| > Rinri1Bi
k=0 i=kn+1 k=0 i=kn-+1
n p
= ’I’LgnoE Z Rilei 5
i=1

where the last equality follows since Zlk;g; T Rjp+1,i-1B; has the same distribution as

Ez:l lelB :

It is worth mentioning here that the estimate E|| > | R;—1||P > cn was first observed
in [4] under the Goldie-Kesten conditions. In fact, a stronger statement was proved there:
limy, 00 2E|| 314 Ri1||P exists and it is strictly positive. Note also that if u = —w), i.e.
assumption (12) does not hold then

i—1B;|| = Ellu— RpullP < 2P |u/?

and the lower bound in (13) cannot hold for large n.
In the sequel to derive the lower bound it is enough to consider case (C2). The following
lemma is then a counterpart of Lemmas 7 and 12.
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Lemma 18. Suppose that X is a nonnegative, nondegenerate r.v., B is a random vector
with values in a separable Banach space F, E|X|P E||B||P < oo and for any u,w € F,
P(B + Xu = w) < 1. Then there exist constants A < co and § > 0 depending only on the
distribution of (B, X) and p such that

Ellw+ B + Xull"1x<; > dmax||w]?, [ull?, E| B|7}.

Proof. By d1 and 05 in the sequel we will denote positive constants depending only on the
distribution of (B, X) and p. Lemmas 7 and 12 yield

E|lw + Xu||P > 6 max{||w]||?, ||[u]P} for any w,u € F.
Since ||ug + u2||P < 2P(||up||P + ||uz|/P) for any ui,us € F', we get
Ellw+ B + XullP > 2 PE|lw + Xul]P — E|BJP > 2-P~16; mas{ [w|]?, |ul]”, E| B},
provided that max{|jwl|/?,|[u|P} > M := 2PT max{1, ;' }E||B||P. Let
a:=inf {E[|lw + B + Xu|”: max{||w|]?, ||u|"} < M}.

First we observe that o > 0. Indeed, assume that a = 0, then there exist sequences
(un), (wy) in F such that ||u,||? < M, ||w,||? < M and E||w, + B + Xu,|[’P — 0. We have

E|lwy + B + Xuy||P + E||lwy, + B+Xup||”
> 27PE||(wy, + B + Xuy) — (W + B + Xup)||P

> 2776y max{||wn — wl|”, [|un — uml"}-

Thus both sequences (uy,) and (wy,) satisfy the Cauchy condition, hence they are convergent,
respectively to v and w. But then E||w + B 4+ Xu||P = lim,, E||w,, + B + Xu,||? = 0, which
contradicts our assumptions.

Therefore o > 0 and for max{||w|?, [|u||P} < M we get

1 1 1
Bllo-+ 8+ Xul? 2 o > amax { 4 JulP. gl gy ELB1 )

This way we showed that
E|lw + B 4+ Xul|P > do max{||w|?, ||u||,E|B|"} for any w,u € F.
To finish the proof it is enough to note that
2
Ellw+B+XullPLix>a) < SPE(Jw[P +{IBIP +[[ul”)Lix>ay < 5 max{[lw]?, [[u]”, E[ B}

provided that A is large enough. O
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For the rest of the proof of the lower bound in (13) we do not need to assume that
(Xi, B;) are i.i.d, but we need uniformity in Lemma 18, i.e. the condition

35>0,4<00 Vi Vwuer Ellw+Bi+XiulP1ixr< apxry > 0 max{E| Bi[l”, [[w||”, |ulPEXT}. (39)
More precisely, the following theorems hold.

Theorem 19. Let 0 < p < 1 and let (X1, By), (X2, Ba)... € RT x F be a sequence of
independent random variables such that E||B;||P,EX? < oo. Suppose that conditions (3)
and (39) are satisfied. Then there is a constant c(p, A, d, A) such that for every n,

ZRilei

i=1

p n

< SERPDE|BiP. (40)
=1

C(pa >\7 57 A) Z(ERzp—l)EHBZHp S E
=1

Theorem 20. Letp > 1 and let (X1, B1), (X2, Ba)... € RT < F be a sequence of independent
random variables such that E||B;||P,EX? < co. Suppose that conditions (6), (7) and (39)
are satisfied. Then there are constants ¢ = c(p,q, A, 6, A),C(p, A1, .. App)—1) such that for
every n,

n p

c(p, A, 6,4) Y (ERY )E||B||P <E
=1

< C(pv Aty )\]—p1—1) Z(ERffl)]EHBal
=1

2”: R;_1B;

=1

(41)
Since it is only a matter of normalization we may and will assume that EX? = 1.
First we prove the upper bound in (41). Proceeding by induction as in the proof of
Proposition 17 we get

n
Z R;,_1B;
i1

p p

n p—1
E + 27 [ E|| By (Z Ri1||Bi|) +E[B|”

1=2

n
<E Z R; 1B;
i=2

p

n n p—1

-1

=E|) Ri1Bi| +2° | E||B X} (E R2,z’—1HBz'H> + E|| B[
1=2 1=2

Iterating this inequality we obtain

z”: R;_1B;
=1

p n—1 n p—1 n—1
B <B|BP +2 S BBy R ( 3 RkH,HHBZ-H) L2 SR
k=1 i=1

i=k+1

n n—1 n p—1
< QPZEHBin+2pZEHBkHX;f_1E( > Rk+1,¢—1HBi||> :
i=1 k=1

i=k+1
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By the induction assumption

n

n p—1
E ( > Rk—i—l,i—lHBiH) <C(p—1) Y (ER ), DE|Bi|""

i=k+1 1=k+1

<Cp—1) Y ATREVE| gt
1=k+1

Hence

Zn: R;_1B;
i—1

To finish the proof of the upper bound we observe that for k < 1,

. 1 1
E|| Byl Xy B[P~ < SEUBE" + (= DXEIBiP) = o

p n n—1 n
E <Y BP+ 20 -1 Yo AT TTVEIBX B

i=1 k=11i=k+1

E|Bell” + (p — 1)E||B;|").
Therefore

n—1 n . ( )

i—1—k)(p—1 -1 —
SN ATEREIE) By X By P
k=1i=k+1

n—1 n n
—1—k)(p—1) (1 p—1 1
<> 3 AT (Qeim + L ARisp) < — o SO EIBIP

k=1i=k+1 p P D et

and the conclusion follows.

To prove the lower bounds in (40) and (41) we follow closely arguments of Sections
2 and 3 making use of (39) whenever Lemma 7 or Lemma 12 are used. For instance, to
obtain the estimate

p

6 n
E > E|B|[P > 2 S E|B;|[P 42
> 0 max E||B;|" = - > E|By] (42)

Jj=1

n
w + Z R;_1B;
i—1

we proceed as follows. For 1 < j < n we have

p
>E

p

n
E w + Z Ri1Bi|| L(r, >0y = ER_|Y; + B; + X; Z]|",

i=1

n
w + Z R;_1B;
i—1

where

Jj—1 n
1
Y}' = (w + E Ri—le’) R‘il]l{Rj71>0} and Zj = E Rj—l—l,i—lBi'
i=1 J= i=j+1
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Since variables R;_1,Y; and Z; are independent of (X, B;) condition (39) yields

n p
w+ > R 1B;|| >ERY_|E|B;|IP = dE|B;|”.

=1

E

Similar argument used for j = 1 yields

n p
w+ZRi—1Bi > 0||lwlP. (43)

i=1

E

For the rest let us concentrate on the case p < 1 presenting only the parts of the argu-
ment that are specific for the setting of Theorem 19. If p > 1 the argument is completely
analogous. In this situation Lemma 14 holds with the same proof.

Lemma 21. Suppose the assumptions of Theorem 19 are satisfied. Then fort > 0,

n P
le . X 1B
=1

p<'_

The main proposition (analogous to Proposition 16) can be formulated as follows.

t =i 1
> SR IBIP ) < V2 44
> Y ma) < m

Proposition 22. Suppose that the assumptions of Theorem 19 are satisfied and EX?P =1
for alli. Then for anyw € F and k= 1,2,... we have

p

n
9
E > collull” + Y (5 — i) EIBIP,

i=1

n
w + Z R;,_1B;

=1

where g9 = /8, 1 = dey,

c=0for1<i<k-1, ci:@Z)\j_l,iZk and &= A2,
=k

(1=2)

Proof. For n < k the assertion follows by (42) and (43). For n > k we proceed by induction.
To simplify the notation let for kK =1,2,... and w € F,

Skn(w) :=w+ Z Ryi—1B; and Sp(w):= S p(w)=w+ Z R;_1B;.
i=k i=k

Observe that the random variable Sj ,(w) is independent of (X;, B;)i<k—1.
As in the proof of Proposition 16 we consider two cases. First assume that

n+1
eollw|? <@ NT'E|Bi||P. (45)
i=k
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We have
E[|Sn41(w)[|P = EXT[S2nt1(w)[PLrx, 01 + Ellw + B1||P1ix, 0y, (46)

where w' = X, (w + B1)1¢x,50}- Hence by the induction assumption (used conditionally
on (X1, B1)) we get

n+1
€1
E[|Sp+1(w)|[P > EXP <€o|w'||p + (E - CH) EHBz’Hp) Lix >0y + Elw + Bi[[P1{x, 0y
=2
n+1 c
1
= coBllw + By [PLx, 50y + Y (? - Cz‘—l) EXTIBillPLix, >0
=2

+E||lw+ Ball{Xlzo}
n+1 c
> soBllw + Byl + ) (?1 - Ci—l) E|B;|?
1=2

n+1 n+1

g i—
> ciE[BylP + Y (5 = eim1) BBl +2ollwll” — @ > N BBl
=2 1=k
n+1 c
1
= collwl? + i EBUP + > (T — i) BB,
=2

where we used independence of X7 and B; for ¢ > 2, normalization EXf]l{X1>O} =EX7 =1
and inequalities (42) and (45).
Now suppose that

n+1
eoflwll? > @Y " NTE|By|IP (47)
i=k
and let
Up = {X] < A, RY, < 4\P72)
We have

ElSn1(w)[PLovw, = ERISk11.n41(W)IPLovu, 1R, >0}
k

+Ellw+ Y Ri1BillP o, 1,0},

=1
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where w' = (Ry)'(w+ 2%, R;—1B;)1¢R,~0y- Hence by the induction assumption

E[Snt1(w)|[P Loy,

n+1
€1
>ER (so\w'rp+ > (k—cik)EuBz-\P) Lo\, U (r,>0)

i=k+1
k p
+E||lw+ Z Ri-1Bi|| 1a\v, L{r,=0}
=1
k p n+1 -
1
ZEOE w + Z Ri_lBi HQ\Uk]l{Rk>O} + ERII; Z <? — Ci*k) EHBsz]lQ\Uk]l{Rk>O}
i=1 i=k+1
k p
+E [jw+ Z Ri1Bi|| 1o\v, Lir,=0}
=1
k p n+1 -
1
>eoE [|w + Z R;_1B; Lo, + ER% Z <? - Ci,k> E"Bi|’pﬂQ\Uk
=1 i=k+1
k n+1
>eolE ||lw + Z R; 1B; HQ\Uk + Z ( Ci7k> EHRkBin]lQ\Uk'
i=1 i=k+1

To finish the proof we define (Z,Y,Y’) as the random variable

n+1 n+1
<w+sz XiBi, Y X1...Xi1Bi, Y Xy - XilBi)

i=k+1 i=k+1

conditioned on Uy and we proceed as in the proof of Proposition 16. 0
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