SHARP COMPARISON OF MOMENTS AND THE LOG-CONCAVE
MOMENT PROBLEM
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ABSTRACT. This article investigates sharp comparison of moments for various classes
of random variables appearing in a geometric context. In the first part of our work we
find the optimal constants in the Khintchine inequality for random vectors uniformly
distributed on the unit ball of the space ¢; for ¢ € (2,00), complementing past works
that treated ¢ € (0,2] U {oo}. As a byproduct of this result, we prove an extremal
property for weighted sums of symmetric uniform distributions among all symmetric
unimodal distributions. In the second part we provide a one-to-one correspondence
between vectors of moments of symmetric log-concave functions and two simple classes
of piecewise log-affine functions. These functions are shown to be the unique extremisers
of the p-th moment functional, under the constraint of a finite number of other moments
being fixed, which is a refinement of the description of extremisers provided by the
generalised localisation theorem of Fradelizi and Guédon [Adv. Math. 204 (2006) no. 2,
509-529].
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1. INTRODUCTION

This paper is devoted to two results concerning moments of log-concave random vari-
ables. The first is a sharp Khintchine-type inequality for linear functionals of random
vectors uniformly distributed on the unit balls of £y for ¢ € (2,00). The second is a
precise description of sequences of moments of symmetric log-concave functions on the
real line. The approach to both these results is based on the same simple idea which we
shall now briefly explain.

Suppose we are given two real random variables X, Y that satisfy E|X P = E|Y'|Pi for
i =1,...,n, where py,...,p, are distinct real numbers, and a function ¢ : R — R for
which we want to prove the inequality Eo(X) > Ep(Y). Let fx, fy be the densities
of X and Y respectively. We would like to show that [p ¢ - (fx — fy) > 0. Using the
constraints, we see that this integral can be rewritten as

(1) Lo tix=t= [ (et + Zt) (Fx(0) = fr()at
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for every ci,...,¢c, € R. Suppose additionally that fx — fy changes sign in exactly n
points t1,...,t, € R. It turns out that it is always possible to choose the parameters
¢1,...,Cq in such a way that the other factor h(t) = ¢(t) + >, ¢;tPi also vanishes in
these points. Therefore, if one can prove (under additional assumptions on ) that h
actually changes sign only in t1,...,t,, then the integrand in (1) has a fixed sign and the
desired inequality follows.

1.1. A sharp Khintchine-type inequality. Let X = (Xy,..., X,,) be a random vector
in R” and a = (ai,...,a,) € R”. A Khintchine inequality is a comparison of moments
of linear forms S = (X, a) = > ; a;X; of X, namely an inequality of the form [|S], <
Cp.a.x|ISllg for p,q > 0, where ||S||, = (E[S|")Y/" denotes the r-th moment of S. Here
the constant C), ; x depends only on p, ¢ and the distribution of X, but not on the vector
(ai1,...,a,). Since the second moment |S|2 has an explicit expression in terms of the
coefficients a1, ...,a, (e.g. [|S|l2 = \/Doiq a?||X;||3 if X is l-unconditional), the most
commonly used Khintchine inequalities are of the form

n
) < H z;ain‘
=

(*) AvaHZaiXi » < Bp7XHZaiXi .
i=1 i=1

It is of interest to study the best constants A, x and B, x such that the above inequality
holds for all real numbers ay,...,a,. In this setting, the classical Khintchine inequality
(see [Khi23]) corresponds to a random vector X uniformly distributed on the discrete cube
{—1,1}". Then, one of the two sharp constants A, x = A, or B, x = By, depending
on the value of p, is always equal to 1. To the best of our knowledge, the other optimal
constant is known only for some ranges of p, namely for p > 3 by the work [Whi60] of
Whittle (see also [Eat70] and [Kom88]) and for p < py ~ 1.8474 by the works of Szarek
[Sza76] and Haagerup [Haa81]. The asymptotically sharp constants A, = inf,,>; A4, , and
By, = sup,,> By have been determined for all p > 0 (see [Haa81]). We refer to [LO95],
[KKO01], [BC02], [NO12] and [K&n14] for Khintchine inequalities for other random vectors.

In this article we consider random vectors X uniformly distributed on the unit ball
By ={z € R": |z1]9+4 ...+ |z,|? < 1} of the space £, where ¢ > 0. As usual, we denote

by BY = [—1,1]" the unit cube. We are interested in the values of the best constants
A, x = Apgn and B, x = Bj4p such that inequality (%) holds for all real numbers
ai,...,ap. In [LO95], Latata and Oleszkiewicz determined these constants for all p > 1
and ¢ = oo, that is, when X1,..., X, are i.i.d. random variables uniformly distributed on

[—1, 1] (see also Section 3 for a short proof of their theorem). For ¢ < 0o, the question was
first raised by Barthe, Guédon, Mendelson and Naor in [BGMNO5], who estimated the
values of the optimal constants up to universal multiplicative factors for every p,q > 1. In
the recent work [ENT16], we found the sharp values of A, ,, and B, , for all ¢ € (0, 2]
and p > —1 via a reduction to moments of Gaussian mixtures, yet this approach fails
for ¢ > 2. The first goal of this paper is to address the problem for the remaining range
q € (2,00), when additionally we shall assume that p > 1, thus answering Question 6 of
[ENT16].



As observed in [BGMNO05, Lemma 6], if X = (X1,...,X,,) is uniformly distributed on

By for some g > 0, then for every p > —1 and real numbers ay, ..., a, we have

n n
(2) H Z aiXi|| = Bpgn Z aiYi| ,

i=1 P i=1 P
where Y1, ...,Y,, are i.i.d. random variables with density proportional to e~ !*I and Bp,g,n
is a positive constant, given explicitly by
3 g Xy _ ( P(n/q+1) >”p

g, T - :
Pl \T((n+p)/a+1)

This identity is a crucial observation which reduces finding the optimal constants in
Khintchine’s inequality for X whose coordinates are dependent to Y = (Y7,...,Y},),
which has i.i.d. components. Therefore, we restrict our attention to the latter case. Our
first main results are Theorems 1 and 2 below.

Theorem 1. Fix q € [2,00] and n > 1. If Y1,...,Y, are i.i.d. random variables with
density functions proportional to e =1 then for every unit vector (ay,...,a,) and p > 2
we have

n
4 ¥illy < |3 acxi] .

i=1

whereas for p € [1,2] the inequality is reversed. This is clearly sharp.

(et 1/p . .
Denote by v, = \/Q(Tfr) the p-th moment of a standard Gaussian random vari-

able.

Theorem 2. Fiz q € [2,00]. If Y1,Ys,... are i.i.d. random variables with density func-
tions proportional to e~ then for every n > 1, real numbers ay, ..., an and p > 2 we
have

)

2

n n
(5) HZCMYZ' < VpHZaiYi
i=1 P i=1

whereas for p € [1,2] the inequality is reversed. The above constant is optimal.

Combining Theorems 1 and 2 with the crucial identity (2), we get the following conse-
quence for random vectors uniformly distributed on By

Corollary 3. Fiz q € [2,00] and n > 1. If X = (X1,...,X,) is a random vector

uniformly distributed on By, then for every real numbers ay, ..., an and p > 1 we have

n n n
(6) Ap,q,n ZCLZXZ ) < H ZazXz < Bp,q,n ZazXz 5’
i=1 i=1 P i=1
where
Bp,a,n (1 X4 ]
(7) Ap qn — BZ’Z’n T PE [17 2) and Bp qgn = HXlHZ’ e [17 2)
4, X »q, n °
e, pel2,00) Bty peE[2,00)

This value of Ay qr is sharp for p € [2,00) and of By qn for p € [1,2).
3



The infimal (respectively supremal) values of these constants A, (resp. B,) over n > 1
provide the answer to Question 6 of [ENT16].

Corollary 4. Fiz q € [2,00]. If n > 1 and X = (X1,...,X,) is a random vector
uniformly distributed on By, then for every real numbers ay,...,a, and p > 1 we have

n
) < H ;%’Xi
1=

n n
i=1 b i=1

27
where
31/2
(9) 4= PERD g, G PELD)
(p+1)1/P> pe [27 OO) Vps pE [2, OO)

The above constants are sharp.

It will be evident from the proof of Corollary 4 that the dimension-dependent constants

(7) improve upon the asymptotically sharp constants given in (9). We also note that the
part of the corollary regarding the constant %

Remark 14 for details).

holds in much greater generality (see

Question 5. Fix ¢ € (2,00), n > 1 and let X = (X1,...,X,,) be arandom vector uniformly
distributed on Bj. For p > 2 (respectively p € [1,2)), what are the optimal values of
By gn (resp. Apgpn) in (6) and which unit vectors (aq, ..., a,) maximise (resp. minimise)
the moments H Sy aiXin? More ambitiously, is there a Schur monotonicity result as
in the range ¢ € (0,2] U {o0}?

Our arguments rely on the convexity of certain functions and work in fact for the whole
range q > 0. However, when p < 1 those functions are no longer convex. The technique
developed in [ENT16] for the range ¢ € (0, 2] has the advantage of covering all p > —1. It
remains an open problem to understand the optimal constants for ¢ > 2 and p € (—1,1).

1.2. An extremal property of symmetric uniform distributions. Before proceed-
ing to the second main part of the present article, we mention an extremal property of
symmetric uniform random variables which was motivated by a similar property of inde-
pendent symmetric random signs €1, €9, .... In [FHJSZ97] and independently in [Pin94],
the authors showed that an Orlicz function ® : R — R of class C? satisfies the inequality

(10) Ei’(iXi) > E@(iaﬁov

for every symmetric independent random variables X1, X, ... and real numbers 01,09, . ..
such that UZ-Q = I[?,Xi2 if and only if ®” is convex on R. This result, when applied to
®(z) = |z|P and X; being standard Gaussian random variables allows one to derive the
optimal constants in the classical Khintchine inequality for p > 3. For p € (0,3) all
available proofs (see [Haa81], [NP00], [Morl7]) are subtle and more technical. We obtain
the following analogue of the above theorem for symmetric unimodal random variables,

i.e. continuous random variables whose densities are even and nonincreasing on [0, 00).
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Theorem 6. Let Uy, Us,... be independent random wvariables uniformly distributed on
[—V/3,V/3], thus having EU? = 1. An even function ® : R — R of class C° satisfies

(11) E@(iXi) ZE@<iUiUi>v

for every symmetric unimodal independent random variables X1, Xo, ... and real numbers
01,02, ..., such that o2 = EX?, if and only if ®"'(x) > 0 for every & > 0. Moreover, the
reverse inequality holds if and only if ®"(x) <0 for every z > 0.

As we will explain in Remark 18, thanks to the convexity of the function |z|P for p > 1,
this theorem allows us to recover the sharp Khintchine inequality for symmetric uniform
random variables of [LO95] for all p > 1 (see also Proposition 15).

1.3. The log-concave moment problem. Recall that a function f : R" — R, is
called log-concave if f = e~V for a convex function V : R® — R U {oo}. For a symmetric
log-concave function f : R — Ry and pi,...,pp41 € (—1,00), consider the moment
functionals m;(f) = [;°tPif(t)dt, i = 1,...,n + 1. For simplicity, we shall restrict
our attention to the class £ of symmetric log-concave functions that additionally satisfy
f(0) = 1. Our goal is to describe all possible sequences (my,...,m,) arising as moment
sequences of functions f € £, i.e. m; = my;(f) for i = 1,...,n. For k > 0, consider the
following classes of simple log-concave functions,

£2_k = {f(t) = exp (— ar|t| — aa(|t| — b2)y — -+~ — ar(|t] — b)) Ljyj<b,, }
(12) L300 = {f(t) = exp (— ar]t] — az(Jt| — b2) s — a1 ([t] = bpg1)+ }
Ly, ={ft)= XP(—GI(W—bl)+—"'—ak(’t|—bkz)+)}
Lo ={ft) =exp(—ar(|t| —b1) — - — ar([t] = b&)4) Lyyj<p.s )
where the parameters satisfy ai,as,... € [0,00] and 0 < by < by < ... < co. Here and

throughout we will adopt the convention that co -0 = 0. We also set [Zoi = {10y, 1}.
For n > 0, the space of parameters (a,b) corresponding to E% will be denoted by Pf.
Notice that each £F is an n-parameter family of functions. Moreover, these families form
a hierarchical structure, namely it is not hard to check that

(13) Lr UL, =LrncL,.
It turns out that all possible moment sequences (mj, ..., my) arise as moment sequences

of members of £;=. To be more precise, we show the following theorem.

Theorem 7. Letn > 1, f € L and let p1,...,pnt1 € (—1,00) be distinct such that
P1<:<Dn-
(i) There exist unique functions f+ € L} and f— € L, such that

(14) mi(f) =mi(f+) =mi(f-), for every i=1,... n.
(i) If |{i : pi > pn+1}| is even, then
(15) M1 (f=) < M1 (f) < minsa (f4)-

If {i : pi > pnt1}| is odd, then the above inequalities are reversed. Moreover,

equality holds only if f = fy or f = f_ respectively.
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The above theorem should be compared with the work of Fradelizi and Guédon on
extremizing convex functionals under linear constraints, see [FG06, Theorem 2|. There,
the authors work with the class L of all log-concave functions f supported on the
bounded interval [0, V], where M € (0,00). According to their theorem, among all
log-concave functions f € Lj; with fixed values of m;(f), i = 1,...,n, the ones which
maximise (or minimise) m,11(f) have to be of a specific form, namely f = e~V where
V is a piecewise linear, convex function with at most n linear pieces. In fact, in [FG06],
a similar statement is proved in much greater generality, that is, when one maximises a
convex functional over a set of log-concave functions f € Ly, satisfying arbitrary linear
constraints. In the same work, this was also further extended for log-concave functions
on R™. Nevertheless, a log-concave function f = e~V € Ly with V being piecewise
linear with at most n linear pieces is determined by 2n parameters, namely the slopes
of these linear pieces, the n — 1 points where these slopes (potentially) change and the
value of f(0). In contrast to that, the classes of simple functions £} and £, appearing in
Theorem 7 depend on n free parameters each and are in one-to-one correspondence with
sequences of moments (mq,...,my). Theorem 27 in Section 4 provides further insight
into the structure of the set of moment sequences of symmetric log-concave functions.

The rest of this paper is organised as follows. In Section 2 we present the proofs of
Theorems 1 and 2 along with the derivation of Corollaries 3 and 4. The proof of Theorem
6 and some related remarks appear in Section 3. Finally, Section 4 contains the proof of
Theorem 7.

Acknowledgments. We are indebted to Olivier Guédon for his great help with a pre-
liminary version of this manuscript, valuable feedback and constant encouragement. We
are also grateful to Rafal Latala for a stimulating discussion and to Matthieu Fradelizi
for Remark 14. Piotr Nayar would like to thank Bo’az Klartag for his kind hospitality at
the Weizmann Institute of Science in August 2017. The accommodation during this visit
has been provided from the ERC Starting Grant DIMENSION.

2. SHARP KHINTCHINE INEQUALITIES ON B;‘

We start by proving Theorems 1 and 2. Let Yl(Q)7 Q(Q), ... be ii.d. random variables

with density f,(z) = c,e™11*, where ¢, = (2r(1+ 1/q))71 is the normalising constant and

q € [2,00). For p € (0,00), consider also the normalised random variables

(16) v =Yy,

The essence of our argument comprises two main parts. First, we show that the densities

fq interlace well as g varies which gives the monotonicity of ¢ — Eh(Yifg)) for certain test

functions h and every p € (0,00) (see Lemma 11; the same idea was used for instance

in [KKO1] and [BN02]). Afterwards, combining this with an inductive procedure gives

the monotonicity of moments of S = >"" | aiYi(Q) with respect to ¢. Finally, comparing

against Gaussian random variables, which correspond to g = 2, gives the desired results.
We remark that each Y;(Q) is a symmetric unimodal random variable, that is, a con-

tinuous random variable whose density is even and nonincreasing on [0,00). We shall
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need two basic facts about symmetric unimodal random variables (for the proofs see, for
instance, Lemmas 1 and 2 in [LO95]).

Lemma 8. A symmetric unimodal random variable is of the form R - U, where R is a

positive random variable and U is uniformly distributed on [—1,1], independent of R.

Lemma 9. A sum of independent symmetric unimodal random variables is a symmetric

unimodal random variable.

In other words, symmetric unimodal random variables are mixtures of uniform random
variables and the convolution of even and unimodal densities is even and unimodal. (Note

that analogous properties are also true for symmetric random variables.)

2.1. Proof of Theorems 1 and 2. The main result of this section is the following

monotonicity statement, which implies Theorems 1 and 2.

Theorem 10. Let aq,...,a, be real numbers.
(i) The function 1 : (0,00)" = R given by

(17) $r(qrs - qn) E‘ZazY(ql

is coordinatewise nondecreasing when p > 2 and nonincreasing when p € [1,2].
(i) The function s : (0,00)" = R given by

" N
(18) PYa(qu, -5 qn) = E‘ ZaiYifgl)
i=1

is coordinatewise nonincreasing when p > 2 and nondecreasing when p € [1,2].

A fact similar to the monotonicity of ¢ for slightly different random variables has been
established in the case p = 1 in [BN02] (see the proof of Theorem 3 therein). We first
show that this theorem implies Theorem 1 and 2.

Proof of Theorem 1 and 2. To prove Theorem 1, note that Yif)) arei.i.d. centred Gaussian
random variables with p-th moment equal to one. By Theorem 10(3), for every unit vector
(a1,...,a,) and p > 2, we have

- 1/2
[ -S|

which immediately yields (4). When p € [1, 2], the above estimate gets reversed.

=1

Y

v ,

To get Theorem 2, note that Yi(g) are i.i.d. standard Gaussian random variables. By

Theorem 10(ii), for every real numbers ay, ..., a, and p > 2, we have
3o ], = 3o, <3 >
[z, < | e, =] S
WO = HY

which immediately yields (5). When p € [1, 2], the above estimate gets reversed. The
constant v, is sharp by the Central Limit Theorem. U

The proof of Theorem 10 relies on the following lemma, the case p = 1 of which can

also be directly inferred from [BN02, Lemma 9].
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Lemma 11. Let 0 < g < 7 and p € (0,00). For every convex function h : [0,+00) — R

we have

(19) Eh(Yyy [P) = EA(Y,})P).

Proof. Let ¢4 be the density of Yl(z)). By symmetry, the assertion is equivalent to
(20) | 1 64f) = @) > 0

Since the density ¢4(z) is of the form bse~®*I° there is an interval (A, B) C (0,00) such
that the difference ¢q(x) — ¢, () is negative on (A, B) and positive on (0, A) U (B, 00).
Indeed, it is clear that the graphs of ¢4 and ¢, have to intersect on (0,400) at least twice
because both functions are probability densities with the same p-th moments (see also
Lemma 21). On the other hand, by the convexity of z + In (gbq(xl/q)/qbr(xl/q)) one can
easily check that they cannot intersect more than twice. Finally, ¢4(z) — ¢,(x) is plainly
positive for z large enough, since ¢ < r.

Choose o and ( such that h(aP) — aaP — 3 vanishes at * = A and * = B. Since
h is convex, the function h(aP) — axP — § is nonpositive on (A, B) and nonnegative on
(0,A) U (B, 0). Therefore,

(h(@”) = az® = B) (¢4(x) — ér(x)) 2 0
for every & > 0 and integrating yields the desired inequality (20). O

To derive Theorem 10 from Lemma 11, we shall establish the convexity of certain
functions h, which is settled by the following elementary lemma.

Lemma 12. (i) The function hi(z) = |z'/? + 1P + |z/? — 1P, = > 0 is convex for
p € [1,2] and concave for p > 2.
(ii) The function ho(x) = f_ll |21/ 4 u|Pdu, x> 0 is concave for p € [1,2] and convex
forp>2.

Proof. (i) For y # 1 we have h}(y~P) = |1 + y|P~! + sgn(1 — y)|1 — y[P~! and therefore
—p(p—2)y " iy ") = (p—2)(Mi(y ")) = (p—Dp—2)[I1 +yl > = [1 -yl >0,
for all values of p > 1 and y > 0.

(i) We have

d (' i d [ I 1/2 1/2
Bl Py — — Py — - 1P — _ 1P
o e eapdu= o [ e = (1P = 2 1),
so our goal is to show that the function p1(y) = ¢2(y)/y, y > 0, where ¢o(y) = |y + 1|P —
|y — 1|P, is monotone. Since ¢2(0) = 0, it suffices to observe that for y # 1

(p—2)e5(y) =plp—Dp—2)(jy + 11> — |y — 1["~%) >0,

for all values of p > 1 and y > 0, and then use the monotonicity of slopes of the function
(P — 2)¢p2. O



Proof of Theorem 10. 1t clearly suffices to show the desired monotonicity with respect to
()

p - By symmetry we have

¢1. To prove monotonicity of ¥y let us define S =>"7" , ;Y;

B[ oy
=1

where, again by symmetry of S, we have

p
= IE|“1Y1(fzf>1) +5|" = E}a1|Y1(f§})| + 5" = Eyh(|Y1,417),

(21) h(z) = Eslajz'/? + S|P = %ES [|a1x1/P + 8P+ |ayzt/P — sﬂ,

which, by virtue of Lemma 12, is an average of convex functions when p < 2 (respectively
concave when p > 2). The conclusion follows from Lemma 11.
To prove the claim for ¢ , let S =>"", aiYifgi). By symmetry we can write

=1

where h(z) = Eglaj/x + SP. From Lemma 9, S is symmetric and unimodal and thus

P
= E|a1Y1(§1) + S|P — E}a1|yl(§1)| + S’p _ EYh(’Y1(,q21)|2),

S has the same distribution as RU, where R is a positive random variable and U is a

uniform random variable on [—1, 1], independent of R. We therefore have

1
(22) h(z) = Ex B / JanE+ Ruf?dul

for some positive random variable R. By virtue of Lemma 12 this is an average of convex
functions when p > 2 (respectively concave when p < 2) and the conclusion follows from
Lemma 11 with p = 2. O

Remark 13. The unimodality of Y; is essential for the monotonicity of 1o and the deriva-
tion of the Gaussian constant -, in the preceeding argument. In [BN02], Barthe and Naor
were interested in determining the optimal constants in the Khintchine inequality (with
p = 1) for a different family of random variables indexed by ¢ € [1,00). Even though the
exact analogue of Lemma 11 was valid in their context as well, the lack of unimodality
of those distributions when ¢ € [1,2) makes an inductive argument as in the proof of
Theorem 10 fail and, in fact, the optimal constant for ¢ = 1 differs from ~v; (see [Sza76]).

2.2. Constants in the Khintchine inequality. A standard argument leads to Corol-

lary 3. We include it for completeness.

Proof of Corollary 8. Let ai,...,a, € R and p > 2. The crucial identity (2) implies
that (4) also holds for a random vector X = (X1,..., Xy), uniformly distributed on By
Therefore, by homogeneity we get

. o 1/2 1 X1l || o
@ X z( a?) X1, = PH ai X;
|22 e, 2 () 10l = | e

For the reverse inequality, consider i.i.d. random variables Y7,...,Y,, with density pro-

2.

portional to e~#I?. Combining (2) and (5), we deduce that

n n n
H § a; X; E a;Y; ’ E a; X;
i—1 i—1 i—1

which completes the proof of (7) for p > 2. The case p € [1, 2] is identical. O
9

_ Bp,g,nVp

2 B2,q.n

)

2

n
= Bp,q,n < 6p,q,n’7p” Z a;Y;
p p X
i=1



Given Corollary 3, deriving the constants in Corollary 4 is now straightforward, but

requires a bit of technical work.

Proof of Corollary 4. For n > 1, p > 2 and real numbers a1, ..., a, by Corollary 3 we get

’XIHP - 5pqn .
s IS5l =[S, = e S
( ) ||X1H2 Z ; o p ﬂ?,q,nfyp ; !

The optimal values (9) of the constants A, B, in the Khintchine inequality (6) will easily

follow from the following claim.

Claim. Suppose that X = (X {n), . ,X,(@n)) is a random vector, uniformly distributed

on By for some q € (2,00). Then, the sequence {||X{n) ||p/||X£”)||2}ZO:1 is nondecreasing.
Assume for now that the claim is true. By the crucial identity (2), the sequences

{HXYL) H,,/HXYL) H2}ZO:1 and {5p,q,n/ﬂ2,q,n}zo:1 are proportional, so by the claim the latter

is also nondecreasing. Thus, for every n > 1, p > 2 and real numbers aq, ..., a,, (23)

yields that

n n n
A,,H > e, < H > < BpH Y aix
=1 i=1 i=1

where
HX Hp Xt Hp _ 3w
A, = -
= XM 1xMe e+
and
5pqn 51“]”
By, = sup == = lim 22—~
— n>1 P2.q,n T n—oo BQ,qn P

as can be checked using (3) and Stirling’s formula. The optimality of these constants
follows from the sharpness of Theorems 1 and 2. The proof for p € [1,2] works with the

obvious adaptations. O

Proof of the claim. Fix p,q > 2 and for every n > 1, denote Y,, = X%n)/HX{n)H?
The Y,, are symmetric unimodal random variables with densities of the form f,(z) =

n—1

en (M, — \:1U|q)+T and an argument identical to the one used in Lemma 11 shows that
the graphs of f,, and f,41 intersect exactly twice on (0,00). Therefore, to prove that
I1Yallp < [|Yntillp, it suffices to prove that the sign pattern of f, — fr41 is (—, +, —) or,
equivalently, that M,, < M,,+1. An elementary computation involving the beta function
shows that

(24) oL _ (TG TG+
X 7 ’

r(2) F(g+1)

thus the proof will be complete once we prove that the function

pa) = pr)

m, € (0,00)

is strictly increasing for s = 1 + % > 1. It is well known that n(z) = logT'(x) is strictly
convex on (0, 00), hence (log p) (z) = n'(x+s) —n'(x+1) > 0, since s > 1, and the claim

follows. O
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Remark 14. The constant W in Corollary 4 can be obtained in a much simpler way,
immediately from the following general folklore fact: if X is a monnegative continuous
random variable with nonincreasing density, then the function p — (p + )YP|X||, is
nondecreasing on (0,00). For completeness, we sketch its proof kindly communicated
to us by M. Fradelizi . Let f be the density of X. Notice that (p + 1)EX? = (p +
1) [ 2P f(z)dx = [;° g(t)PT1dt, where g(t) = sup{z > 0, f(x) > t} is the generalised
inverse function of f. By Holder’s inequality, p — log [;° g(¢)P*!dt is convex, vanishes at
p =0, thus %log[(p + 1)EXP] is nondecreasing.

3. FURTHER REMARKS ON UNIFORM RANDOM VARIABLES

The technique used to prove Theorems 1 and 2 also provides a new proof of the result
of Latata and Oleszkiewicz from [LO95] which we shall now present. Fix n > 1 and let
Ui, ...,Up be independent random variables uniformly distributed on [—1,1]. The main
result of [LO95] is that || > | a;U;

concave) for every 1 < p < 2 (resp. p > 2). See [MO79] for further background on

as a function of (a?,...,a2) is Schur convex (resp.

the Schur ordering. In particular, when, say, p > 2, the p-th moment H Yo aiUs

as (ai,...,a,) varies over all unit vectors, is maximised for a = (1/y/n,...,1//n) and
minimised for a = (1,0,...,0).

For X € [0,1], let X = VAU; + V1 — AU. The crux of the argument presented in
[LO95] is the fact that for every symmetric unimodal random variable V' independent of
the U; we have

(25) EIX)\+ VP <E|[Xy+ V[P, 0<A<)N <1/2,

for p > 2 and the reverse for 1 < p < 2. Then, Schur convexity follows by a standard
argument based on Muirhead’s lemma (see [MO79, Lemma B.1]). We shall sketch a dif-
ferent proof of this inequality, based on the idea of “well intersecting” densities described
in the introduction and used in the proof of Lemma 11.

A new proof of (25). Let fx be the density of X and h(z) = Ey|y/z + V|P. Since V is
a mixture of uniform random variables (Lemma 8), it follows from Lemma 12 that this
function is convex for p > 2 and concave for 1 < p < 2. By symmetry,

Eh(X3) = E||X)| + VP = E|[X) + V7,

thus we want to show that Eh(X3) < Eh(X?}) or, equivalently, that

(26) | 1) (ful) = f))do > 0

Since EX; = IEU12 does not depend on A, we can modify h(z?) in the integrand by any
function of the form az? + 3, writing

/ T ) (fr (@) — fa(a))da = / T (@) - ad® — B) - (fu(a) — fale))da
0 0

The only technical part of the argument is to check that fy — f) changes sign exactly
twice on (0, 00), say at 0 < A < B and that it is positive on (0, A), negative on (A, B) and

nonnegative on (B, 00), yet this is elementary to check since both densities are trapezoidal
11



with the same second moment. Having this, we finish as in the proof of Lemma 11: we
choose o and § to match the sign changes of the function h(2?) — ax?® — 3, so that the
integrand is nonnegative and (26) follows. O

We remark that for uniform random variables, both the approach from [LO95] and the
one presented here break down for p € (—1,1). This is because the functions appearing
in Lemma 12 fail to be convex or concave when p is in this range. Nevertheless, uniform
random variables satisfy the conclusion of Theorem 1 for p € (—1,1), as shown by the
following simple argument.

Proposition 15. Fizp € (—1,2) andn > 1. If Uy,..., U, are i.i.d. symmetric uniform

random variables, then for every unit vector (ai,...,a,) we have

@ |- o
=1

Proof. By Lemmas 8 and 9, there exists a positive random variable R such that Y " | a;U;
has the same distribution as RU;. Since ||Uill2 = || i aiUi|l2 = [|R]||2||U1]|2, we have
|R||2 = 1. Therefore, for p € (—1,2) we have

[
=1

which completes the proof. O

< [Uxllp-
p

, = IEU s = Bl [Utlly < [Ell2) Ul = U1,

It is evident from the proof of Proposition 15 that an analogue of Lemma 9 about sums
of random variables with density proportional to e 2 g e (2,00), instead of uniforms
would extend Theorem 1 to all p € (—1,00) and g € (2,00]. We refer to [MOUO05] for
more on distributions having this property.

Remark 16. The proof of Proposition 15 can be used to extract a Khintchine inequality
for unimodal random variables and general exponents p,q € (—1,00). We claim that if
p,q € (—1,00) and p < ¢, then for every unimodal random variable W we have

v
(28) Wl < Z[[W]lg,
Uq

where v, = ||U||, is the r-th moment of a random variable U, uniformly distributed on
[—1,1]. To see this, notice that by Lemma 8, there exists a positive random variable R
such that W has the same distribution as RU, where U is independent of U. Therefore,

Ul v
Wl = IRIp1Ullp < 1 B[[1U1lp = 1 PIWlly = 2w,
1U1lq Uq

A similar inequality can be obtained for Gaussian mixtures (see [ENT16]). If X is a

Gaussian mixture, then

g
(29) IX1p < —F1X g,

g
where 7, = ||G||p is the p-th moment of a standard Gaussian random variable G. In
particular, (29) holds true for random variables of the form ", a;Y; where Y7,...,Y,

are i.i.d. with density proportional to e~1*I*, ¢ € (0,2]. Conceivably, the reverse of (29)

holds for such random variables when ¢ € (2, 00]. This would strengthen Theorem 2.
12



We conclude this section with the proof of Theorem 6. According to Lemma 8, inequal-
ity (11) is equivalent to the validity of

(30) E@(iRiUi) > E@(Eﬂ:aiUi),
i=1 =1

where Uy, ...,U, are arbitrary independent symmetric uniform random variables and

Ry, ..., R, are independent positive random variables, independent of U; satisfying IERZ2 =

2

o;. By Jensen’s inequality, (30) is equivalent to the coordinatewise convexity of the

function
(31) H(:cl,...,xn):IEtI)<Z\/37iUi>, T1,...,2y > 0.
i=1

We claim that this is equivalent to the convexity of
(32) h(:z:) = hU1,U2 (Jf) = EULUQCI)(\/EUl + UQ), x>0,

where Uy, Us are arbitrary independent symmetric uniform random variables. Indeed, one
direction is clear as h(x) = H(z,1,0,...,0). To prove that H is convex in z; assuming
the convexity of h, it suffices to write S = ' ,/z;U; in the form S = RU; (using
Lemmas 8 and 9), where U is some uniform symmetric random variable, and R is positive,

independent of Us. Then, we have

H(z1,...,zy) = EgEy, v, ®(v/21U1 + RU2) = EgEy, v, he, rU, (21),

which is a mixture of convex functions. As a result, Theorem 6 is a consequence of the
following elementary observation.

Lemma 17. Let ® : R — R be an even function of class C3. Then, the function

(33) h(z) = /_ Z /_ 2¢(u+ Vo) dudy

is convez on [0,+00) for every a,b > 0 if and only if ®"'(x) > 0 for every x € [0,00).

Proof. Suppose that ®"(z) > 0 for every x € [0,00). To show the convexity of h observe
that since

vdw,

b a Iv) — —a v
) = [ Het VB - Bar /B

by a simple rescaling and homogeneity, it is enough to show that the function

o) MR ELUE B

O (y +t)dt
Yy Yy

1

is nondecreasing on (0,00). This follows by the monotonicity of slopes, because the
function y — f_ll ®'(y + t)dt vanishes at y = 0 and is convex (as can easily be seen by
observing that ®” is odd and distinguishing cases y > 1 and y € (0,1)).

To show the converse, consider H, p(x) = fﬁb f(a,z,v)dv, where

fla,z,v) = /_a ((D(u +Vav) — ®(u) — Voud'(u) — évaCI)"(u) - éx‘q’/zvgfb'"(uodu.

13



Since Hgp(z) differs from h(xz) by an affine function, H,; is also convex on [0, 00).
Note that v +— f(a,z,v) is an even function and satisfies f(a,z,0) = %f(a,x,O) =
%f(a,x,O) = 2% f(a,2,0) =0 and C9744]“"(@1‘,0) = 222®"(a). Therefore, we find that

v 0
. 1 2 f(a,l‘,b)_ [ —
o g5 Hap(z) = 5 lim === = g5 - 27(a)

and we know this is a convex function of z on [0, 00) for every a > 0 as a pointwise limit
of convex functions. Thus, ®"(a) > 0 for every a > 0. Changing ® to —® proves the
opposite statement. U

Remark 18. The proof of Theorem 6 shows that a sufficient condition for (11) to hold
is that the function ® is only of class C' with ® being convex on [0,00). Therefore,
choosing X; = 0;G; to be Gaussian random variables with variances o? and ®(x) = |z|P,
p > 2, shows that for every real scalars o1, ..., 0y,

g < E‘ zn:JiGi g ’yg(zn:ag)pﬂ.
i=1

The same argument also gives the Gaussian optimal constant when p € (1,2), yet it does
not work for p < 1 due to the lack of the differentiability of ®(x) = |z|P at 0.

(35) E( En: o:U;

4. MOMENT COMPARISON FOR SYMMETRIC LOG-CONCAVE FUNCTIONS

In this section we shall present the proof of Theorem 7. In Subsection 4.1 we describe
some properties of the families £;¥. We shall need those properties in particular for the
proof of Theorem 7(ii). In Subsection 4.2 we formulate and prove two rather standard
topological facts concerning FEuclidean balls. In Subsection 4.3 we introduce the main
ingredients needed for the inductive proof of Theorem 7(i). We also establish some tech-
nical preparatory facts. In Subsection 4.4 we formulate and prove Theorem 27, which can
be seen as a strengthening of Theorem 7(i) needed for our induction-based argument to

work. Finally, we prove Theorem 7.

4.1. Properties of L. The following three elementary lemmas are crucial for the argu-
ments presented in this subsection.

Lemma 19. Suppose that ay,...,an, b1,...,by are real numbers. Then the function
(36) h(t) = ayt® + - + apt®™

is either identically zero or it has at most n — 1 zeroes in the interval (0,00). Moreover,

if h has exactly n — 1 zeroes in (0,00), then every zero is a sign change point of h.

Proof. For the proof of the first statement we proceed by induction on n. The statement
is trivial for n = 1. Assume that the assertion is true for some n — 1 and, without loss of
generality, that

h(t) = ait™ + - + apt™

is not of the form h(t) = at®. The equation h(t) = 0 is equivalent to h(t) = 0 where

il(t) =ay + a2tb2_b1 4+ -+ antbn_bl
14



is non-constant. To prove our assertion by contradiction, suppose that the latter has more
than n — 1 solutions in (0, 00). Then, Rolle’s theorem shows that the function

W(t) = (by — bi)agt™ 171 4 4 (by — by)ant® 171,

which is not identically zero, has at least n — 1 zeros. This contradicts the inductive
hypothesis.

For the second part let us assume, by contradiction, that there is a point ¢, > 0 such
that h(ty) = 0, but ¢, is a local extremum for h. In particular, the function A is not of the
form h(t) = at’. Then, the function & defined above has exactly n — 1 zeroes in (0, oc)
and t, is a local extremum of h. Therefore, by Rolle’s theorem A’ has n — 2 zeroes lying
strictly between the zeroes of h and additional one at t,. This means that b has at least

n — 1 zeroes in (0, 00), which contradicts the first part of the lemma. O

The formulation of the next lemma appeared as Problem 76 in [PS98]. We include its
proof for completeness.

Lemma 20. For any real numbers p1 < pa... < pp and 0 < t;1 < ty... < t, the

determinant of the matriz A = (t];]) | 18 positive.

n
ij=
Proof. We first show that det(A) # 0. To prove it by contradiction, assume that the
matrix A is singular and take a non-zero vector ¢ = (¢y,...,¢,) such that Ac = 0. Thus,
if f is given by

n

(37) fE)y = et >0,
j=1
we have f(t;) = 0 for every ¢ = 1,...,n. Since some of the ¢; are non-zero, the function

f is not identically zero, which contradicts Lemma 19.
To prove that the sign of det(A) is positive we proceed by induction. The assertion is

clear for n = 1. From the first part we deduce that the function
i,7=1

(tn_1,00) 3 ty = det ((tfj)fl )

has constant sign. It therefore suffices to check the sign in the limit ¢,, — co. Expanding
the determinant with respect to the last row we get

. 1 i\ i\n—1
tignoo e det ((tf])i,jzl) - det((tfj)z’,jzl)’

which is positive by induction hypothesis. This completes the proof. U

For n > 1 let us define the moment map ¥, : {f : f > 0} — [0, 00]™ given by

(38) Un(f) = (ma(f), .. .ma(f)),  where mi(f) = /OOO 7 f(t)de,

for every i € {1,...,n}.

Lemma 21. Suppose that f,g : [0,00) — Ry are two measurable functions such that f —g

changes sign at most n — 1 times on (0,00). If ¥,,(f) = ¥,,(g9), then f =g a.e.
15



Proof. Suppose that f — g changes sign at some points 0 < t; < to < ... < tj, where

k <n — 1. For real numbers cq, ..., ¢, consider the function
k
(39) h(t) = Pt 43 " et
i=1
Using Lemma 20, we see that it is possible to find ¢1,...,¢; € R such that h(t;) = 0
for every i = 1,...,k (since this involves solving a linear system of equations whose
determinant is non-zero). From Lemma 19, for this choice of ¢y, . . ., ¢k, the function h has

exactly k roots in (0,00) and each root corresponds to a sign change of h. Therefore, the
function h(f — g) has a fixed sign. However, since U,,(f) = ¥,,(¢) implies ¥ (f) = Y(g),
we get [(“h(f —g) =0, and thus f = g a.e. O

We begin our study of the families Ef with a lemma which will be needed to show the

uniqueness in Theorem 7(%).
Lemma 22. The map ¥, is injective on LE.

Proof. A careful case analysis shows that if f,g € £} or f,g € L., then f — g changes
sign at most n — 1 times on (0,00). Therefore, Lemma 21 shows that if ¥,,(f) = ¥, (g),
then f = g a.e. It follows that f = g everywhere, due to the convention oo - 0 = 0 which
leads to the lower semi-continuity of the members of L. U

We are ready to formulate and prove our main proposition of this subsection.

Proposition 23. For n > 1, suppose that the functions f € L, fy € L and f— € L,
are such that

(40) \Ijn(f+) = \I’n(f*) = \Ijn(f)

and let —1 <p; <pa<...<pp <00 and ppt+1 € (—1,00). The following hold true.
(i) If {3 : pi > pnt1}| is even, then

(41) M1 (f=) < Mpg1 (f) < minsa(f4)-

If |{i : pi > pny1}| is odd, then the above inequalities are reversed.

(i3) If f+ or f— belongs to L} UL, | then fi = f_ and, in particular, m,.1(f-) =
Myt (f+4)-

(iii) If f1 & L3y U Loy and fo @ £ UL, then musy(f-) # musi(fs).

(1) If mpy1(f) = mny1(fx) then f = fi ae

Proof. We shall prove that if [{i : p; > pny1}| is even, then my11(f-) < mps1(f) and
the reverse holds if |{i : p; > pn+1}| is odd. The inequalities for fi are identical. We can
clearly assume that f is not equal to f_. Then, by the log-concavity of f and the definition
of £, the function f — f_ changes sign at most n times on (0, 00). Combining this fact
with the assumption ¥, (f) = ¥,,(f-) and Lemma 21, we infer that f — f_ changes sign
exactly n times on (0,00). As in the proof of Lemma 21, take h(t) = 3"t cit? with
¢n+1 = 1 and choose ¢y,..., ¢, € R such that A(f — f_) has a fixed sign. Note that in a
small neighbourhood to the right of the last sign change (when f_ jumps to 0) the sign

of f — f_ must be positive, since otherwise the number of sign changes would be strictly
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less than n. What remains is to examine the sign of the function h to the right of the
last sign change or, equivalently, the sign of the coefficient c¢s, where is the index of the
maximal exponent. Since p; < ... < pn, we know that s=nors=n+1. If s=n+1
we have ¢; = 1 and thus A(f — f—) > 0. In this case we get

/OO Pt (f(t) — f(t))dt = /Oo h(t)(f(t) — f-())dt = 0.
0 0

Assume now that s = n, and recall that the vector ¢ = (c1,...,¢,) was constructed as
the solution to the linear system
t]{l e t?n Cl tzfn+l

th' " Cn tn

A

where det(A) > 0 from Lemma 20. Hence, a straightforward application of Cramer’s rule,
shows that ¢, has the same sign as

A A
(43) —det | : .. : : ,

7 AUk T

which is positive if [{i : p; > pp+1}| is even and negative if |{i : p; > pp41}]| is odd, as can
be seen by repeatedly swapping columns so that the exponents p; are ordered and then
applying Lemma 20. Knowing the sign of ¢,, we then find lim;_,o, h(t) as before and thus
decide whether h(f — f_) is nonnegative or nonpositive. Then (i) follows by integrating.

Part (ii) is an immediate consequence of Lemma 21, since if, say f; € E:Lll UL, i,

then for any f € £ the function f; — f changes sign at most n — 1 times, in particular so
does fy — f—. To prove part (iii), first observe that the assumption implies that f, is not
equal to f_. Thus, the same argument used for (i) shows that f; — f_ changes sign exactly
n times and choosing the function h as above, gives fooo h(fy— f=) # 0, since h(fy — f-)
is not identically zero and has a fixed sign. Part (iv) follows again from Lemma 21 by
observing that f — fi changes sign in at most n points and ¥, 11 (f) = Vpp1(f1). O

4.2. Topological facts. We will also need the following standard topological lemmas.

Lemma 24. Let By C R" be a set homeomorphic to the closed Euclidean ball By and
suppose that Fy, F_ : By — R are two continuous functions such that Fy(x) > F_(x) for
every © € By, with equality if and only if x € OBy. Then, the set

(44) C={(z,y) € BoxR: F_(z) <y < Fi(z)}
1s homeomorphic to the closed Euclidean ball B;H'l and
(45) OC = {(z,F_(z)): € Bo} U{(z,Fi(z)): =€ By}.

Proof. Let h : By — By be a homeomorphism. By considering the functions F; o h and

F_oh on Bj, we can clearly assume that By = Bj. Then, we claim that the function
17



Qz,y) = (z,w(z,y)), where

Fy(2)F_(x) y
(46) w(z,y) = { Fi(o) + 775 ((1—||x\\%>1/2 1)’ [zl <1
Fi(z) = F_(z), ]2 = 1

is a continuous map from BSH to C'. Indeed, the continuity on the interior of Bg“, as
well as the continuity at points (z,y) € 8B;‘+1 with y # 0, is clear. We are left with
checking the continuity at points (z,0), where x satisfies ||z|l2 = 1. Suppose (zn,yn) —
(z,0). It is enough to show that w(z,,y,) — w(z,0) = Fi(z) = F_(z). We have
W(xpn, yn) € [F-(zpn), Fy(x,)] and the desired convergence follows by the sandwich rule.
Moreover, the inverse of the map (46) is given by Q~!(z,y) = (x,0(z,y)), where

(Frotrm @ = Fe@) +1) (1= 213, Jall <1
0 laflo = 1

(47 O(zy) = {

and is also continuous. Indeed the only problematic case in checking the continuity
occurs when Fly(x) = F_(x), that is, ||z|2 = 1. In this case, if (zn,yn) — (x,0) then
0(zy, yn) — 0(x,0) = 0 since

O(@ns yn) € [~(1 = lal3)2, (1 = l2all}) /2]

and we can again use the sandwich rule. Hence C' is indeed homeomorphic to BQLH. The
description of the boundary of C' follows from the continuity of F; and F_ and from the
fact that they coincide on the boundary of B. O

Lemma 25. Let P and C be two subsets of R™ homeomorphic to a closed Euclidean ball
B. Consider a continuous function f : P — R™ that is injective on int(P) and assume

that f(P) C C and f(OP) = 0C. Then f(P)=C.

Proof. We can clearly assume that P = C' = B. Suppose the assertion does not hold,
that is, there exists yo € B such that yo ¢ f(B). For any 6 € S*~! let us define

r(6) = the point y in {yo +t6 : ¢t > 0} N f(B) which is closest to yo.

Since f(B) is compact, () is well defined. We claim that r(0) ¢ f(int(B)). Indeed, by
the invariance of domain theorem (see [Hat02, Theorem 2B.3]), f|in(p) is an open map
and therefore f(int(B)) is an open subset of R™. If r(0) was in f(int(B)), then it would be
contained in f(int(B)) along with a ball around it, hence contradicting its minimality. We
get that 7(0) € OB for any 6 € S"~! and thus f(B) C dB. In particular f(int(B)) C 9B,
which is a contradiction since f(int(B)) is open. O

4.3. Technical facts. For every function space £ we denote by P= C [0,00]" the
corresponding parameter space of the vectors of parameters (a,b) appearing in (12). The

parameter space 772: is compact (in the usual topology of [0, 00]™) and homeomorphic to

+ .

the closed Euclidean ball By. These parameter spaces give rise to natural maps e;, :

PE — L£F which are injective on the interiors of P;¥ (but not on the boundaries). A

n

simple case analysis also shows that

(48) ef(api) = 5:71 UL, ;.
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Fix n > 1 and distinct p1,...,pnt1 € (—1,00). For M > 0 consider the class
(49) LEy = {f €Lk / F)dt < M}.
0

and note that (J,,- EffM = LF\ {f = 1}. Denote by PZCM = (ef)_l(ﬁfM) the corre-
sponding parameter space. Moreover, if p = min;—1 . 41 p; and P = max;—1,. pn41 i, We
equip the space £ij u With the metric

(50) d(f.g) = /0 T1R) - gl + Py,

which is well defined since the only log-concave function f € £ which does not decay
exponentially is f = 1.
We will prove the following technical proposition.

Proposition 26. For everyn > 1 and M > 0 the following hold true.

(i) The functionals m; are continuous on (LE,,,d) for everyi=1,...,n+1. As a
consequence, the map W, is also continuous on (/JfM, d).
(ii) The natural map e PiM — LF M s a continuous map between compact spaces.
(iii) The map ¥, o e : PE — R" is continuous.
(iv) The map U, : [’iM — \I'n(EmM) is a homeomorphism.
(v) The map mpy10 (V)" U, (LE) — Ry U {oo} is continuous.

Proof. (i) Since tP" <t +tF for any i = 1,...,n + 1, the continuity of m; is evident.
(ii) Suppose that (a*),b*)) e Pi satisfy (a®,b*)) — (a,b) for some (a,b) € PrjiM.
Let fi = e (a® b)) and f = ef (a b). Then fr — f a.e. Indeed, the only point ¢

(k)( b(k)) might not converge to a;(t — b;) is t = b;, when b; is finite. Therefore,

where a
the convergence holds everywhere except for finitely many points. For every function
g€ [’iM we have 2M g(2M) < fooo g < M. This gives g(2M) < 1/2 and by log-concavity
g(t) < g(2M)1/PM < 27t/2M for t > M. Thus, g(t) < 2_t/2M1{t22M} + L<onry- We
therefore get
|fe(t) — fR)] <2 27t/2M1{t22M} + 2100y

and thus [ |fx(t) — f(t )\(tp +tP)dt — 0 by Lebesgue’s dominated convergence theorem,
i.e. d(fr, f) — 0. Hence, e PiM — EiM is a continuous map. Since EiM is a closed
subset of Ei Pi M is a closed subset of the compact space Pf, and thus it is compact.
As a result, Em y =6 (732E ) is also compact.

(iii) Let us consider a sequence of parameters (a®), b)) € PE converging to (a,b) €
PE If f = e (a, b) is not identically equal 1, then by a.e. convergence of f;, = e (a(®), b))
to f we deduce that there exists L > 0 such that eventually fx(L) < 1/2. By the same
reasoning as in the proof of part (i) we see that eventually f; are exponentially bounded

n [L,00), namely fi(t) < 2*t/L1{t2L} + 1y<py. Thus, eventually fi € EerE,Mo with
My = L(1+4 1/2In2). Thus, in this case our assertion follows by combining (i) and (7).
If f =1 then by Fatou’s lemma

00 = / f()tPidt < lim inf/ fr(t)tPidt, i=1,...,n,

and thus U, (fr) = ¥, (f) = (c0,...,00).
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(iv) By Lemma 22 the map V¥, is injective. From point (%) it is also continuous. Hence,
v, : Ei M \Iln(ﬁf ) is a continuous bijection defined on the compact space Ei A With
values in the Hausdorff space [0, 00]™. Consequently, it is a homeomorphism.

(v) To prove the continuity at a point W, (f) = m € ¥, (LF) which is not (oo, ...,00),
take a sequence my = V¥, (fx) convergent to m. It suffices to show that eventually all
fx belong to Ei , for some M because (i) and (iv) immediately imply that for every
M > 0, myy1 0 (¥,)"! restricted on \Iln(ﬁffM) is continuous. For any f € L and any
p,q > —1 we have

1

o) ([ sorat) ™ < o ([ stownar) ™"

where

(4+1)7 Tlp+ 1)141}
(p+1)71 T(g+1)7

(see also [MP89, Lemmas 2.1 and 2.6]). To prove the above inequality choose unique
functions fy € £{ and f_ € L7 such that [;° f(t)t9dt = [° f(t)t9dt = [~ f—(t)tedt.

Applying Proposition 23 in the case n = 1 with p; = ¢ and py = p reduces proving (51)

Cp,q = max {

to the case f € {f4, f—}. The inequality follows by computing the resulting constants in
these two cases. Since U, (fi) converges, there is My > 0 such that m(fr) < My for any
k > 1. It follows that fooo fr < Co’leol/(lerl) and so we can take M7 = C’O,leg/(mH)—i—l.
To prove the continuity at (oo, ..., 00) is suffices to observe that due to (51) we get that
Jo" fe(®)tPrdt — oo implies [° fi(t)tPr+1dt — oo. O

4.4. Proof of Theorem 7. Define Af = U, (£F) and B, = ¥,,(£). To establish Theo-
rem 7 (i) we shall prove that A = B,,. Consider the functions Fy and F_ on B,,_1, given
by

(52)  Fy(my,...,mp_1) =sup{mu(f): f€Land mi(f)=my;, i=1,....,n—1}
and

(53)  F_(mi,...,mp_1) =inf {my(f): f€Land mi(f)=my, i=1,...,n—1}
and let

(54) C,, = {(ml, ceosmy) €EBpy xR omy, € [F_(ml, . ,mn_l),F+(m1,...,mn_1)] }
It is clear from the definition of these sets that

(55) Af C B, Cc,.

We will prove the following strengthening of Theorem 7(%).

Theorem 27. For every n > 1 we have A} = A, = B, = C,. Moreover, these sets are
homeomorphic to the Buclidean ball BY and their boundary is W,,(L} ) UV, (L, ).

Proof. The proof goes by induction on n. For n =1 we get

(56) LI ={f(t)=e™: 0<a< oo} and Ly ={ft)=1py: 0<b< oo}
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Thus, since P = [0,00], we get my(ef(a)) = a~®*+DD(p; + 1) and my(ey (b)) =
ﬁb’““, which implies that AF = By = C; = [0,00]. Since £T = {110y, 1} we get
OBy = {0,00} = U1 (L) = ¥1(Ly). Therefore, the assertion is true for n = 1.

Suppose that the claim is true for n constraints and we will show it for n + 1. We will
first determine the boundary of C,y1. Let m = (my,...,m,) € B,. By the induction

hypothesis there exist fy € £ and f_ € L, such that

Uo(f1) = Ualfo) = (i, my).

and then Proposition 23(i) shows that for any f € £ such that ¥,,(f) = (mq,...,my,),

we have

(57) min {my41(f-)s Mas1 (1)} < muga(f) < max {mnp1(f-), masa(f4)

depending on the sequence pq,...,pn+1. Consider the functions

(58) F_ =min {my41 0 (Wnlp) ™m0 (Ul p6) 7'}
and

(59) Fy =max {mp41 0 (Un| =)~ mns1 0 (Unl0) 7'}

A combination of the induction hypothesis B, = A = ¥, (LE) with Proposition 26 (v)
yields the continuity of F:r and F_ on B,,, which moreover is a set homeomorphic to
BY. Tt also follows from the induction hypothesis that the boundary of B,, is ¥,,(£} ;) U
U, (L, ;). We would like to show that pointwise ﬁJr > F_ with equality only on the
boundary of B,,. Indeed, take a point m € B, and unique (by Lemma 22) functions
fr € £F such that m = U, (f-) = U, (f}). If m € 0B, = V(L YU ¥, (L, ), then
frell UL, |, sof = fand F_(m) = Fy(m) by Proposition 23 (). If m is not in
OB, then neither f_ nor fy isin £ UL |, so by Proposition 23 (iii), F_(m) < F(m).

Combining all the above with Lemma 24, we finally infer that the set

Coy1 = {(z,y) € By xR: F (z)<y< ﬁr(az)}
is homeomorphic to Bg“ and that

(60) OCpi1 = {(z, F_(2)): € B,YU{(z,Fy(x)): € By} = W1 (L) UT,i1(L;).

Moreover, using the notation of (52) and (53), we can rewrite (57) as Fiy = Fy, which in
turn shows that C,+1 = Cp41. Therefore, we deduce that

(61) 1 = \Dn-i—l(ﬁ;zr) UWni1(Ly).

The proof will be complete once we show that Af +1 = Cny1. To this end, consider the
function fni_i_1 : ’P?i_l — [0, 00]™*1, given by fni+1 = U,y 0 eTiH_l. It is continuous by
Proposition 26 (i) and satisfies

7:Lt+1(7)7:1t+1) = ‘I’n+1(ef+1(7jf+1)) = ‘I’n+1(£7jf+1) = Ant1 C Gt
and by (48) and (61),

ni+1(87)2[+1) =WVni1 (efj;l(afprirl)) = \IjnJrl(L:) U ‘I’n+1(£;) = acn+1'
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Notice that féc+1 is injective on int(PZ, ), since W, 41 is injective on £ 41 (by Lemma 22)

n+1
and ef 1 Is injective on int(Pf+1). Therefore, since both 73211 and Cf;rl are homeomorphic

to By, Lemma 25 gives that AX, | = f | (PE, ;) = Cns1, thus completing the proof. [

Remark 28. The equality B,, = C,, provides a structural property of the set B,,. Namely,
its intersection with every line of the form {yo +te;, t € R}, where (e;)!"_; is the standard
basis of R", is either a line segment or the empty set.

Proof of Theorem 7. The existence part of (i) follows from Theorem 27, whereas the
uniqueness follows from Lemma 22. Part (ii) is a consequence of Proposition 23 (i) and
Proposition 23 (iv). O
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