GAUSSIAN MIXTURES: ENTROPY AND GEOMETRIC INEQUALITIES
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ABSTRACT. A symmetric random variable is called a Gaussian mizture if it has the same dis-
tribution as the product of two independent random variables, one being positive and the other
a standard Gaussian random variable. Examples of Gaussian mixtures include random variables
with densities proportional to e~ 11" and symmetric p-stable random variables, where p € (0,2]. We
obtain various sharp moment and entropy comparison estimates for weighted sums of independent
Gaussian mixtures and investigate extensions of the B-inequality and the Gaussian correlation in-
equality in the context of Gaussian mixtures. We also obtain a correlation inequality for symmetric
geodesically convex sets in the unit sphere equipped with the normalized surface area measure. We
then apply these results to derive sharp constants in Khintchine inequalities for vectors uniformly
distributed on the unit balls with respect to p-norms and provide short proofs to new and old
comparison estimates for geometric parameters of sections and projections of such balls.

1. INTRODUCTION

Gaussian random variables and processes have always been of central importance in probability
theory and have numerous applications in various areas of mathematics. Recall that the measure

Yo on R” with density dy,(z) = (27)""/2e” 25=1%5/2 4z is called the standard Gaussian measure
and a random vector distributed according to 7y, is called a standard Gaussian random vector. A
centered Gaussian measure on R™ is defined to be a linear image of standard Gaussian measure.
In the past four decades intensive research has been devoted to geometric properties related to
Gaussian measures (see, e.g., the survey [Lat02]), which have provided indispensable tools for
questions in convex geometry and the local theory of Banach spaces. In many cases, however, it
still remains a challenging open problem to determine whether such properties are Gaussian per se
or, in fact, more general.

The main purpose of the present article is to investigate properties of mixtures of Gaussian
measures and demonstrate that they are of use to concrete geometric questions.

Definition 1. A random variable X is called a (centered) Gaussian mizture if there exists a positive
random variable Y and a standard Gaussian random variable Z, independent of Y, such that X
has the same distribution as the product 'Y Z.

For example, a random variable X with density of the form
2
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where pj,o; > 0 are such that » " j=1Pj = 17 is a Gaussian mixture corresponding to the discrete
random variable Y with P(Y = o0;) = p;. Finite weighted averages of non-centered Gaussian
measures are ubiquitous in information theory and theoretical computer science (see, for instance,
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[Das99], [AKO1] for relevant results in learning theory) and are often referred in the literature as
Gaussian mixtures. In this paper, we shall reserve this term for centered Gaussian mixtures in the
sense of Definition 1. Observe that Gaussian mixtures are necessarily symmetric and continuous.
We shall now discuss a simple analytic characterization of Gaussian mixtures in terms of their
probability density functions.

Recall that an infinitely differentiable function g : (0,00) — R is called completely monotonic if
(—1)”g(") () 2 0 for all z > 0 and n > 0, where for n > 1 we denote by g(”) the n-th derivative
of g and g(® = g. A classical theorem of Bernstein (see, e.g., [Fel71]) asserts that g is completely
monotonic if and only if it is the Laplace transform of some measure, i.e. there exists a non-negative
Borel measure p on [0, 00) such that

o
f(z) = / e " du(t), for every x > 0. (1)
0
Bernstein’s theorem implies the following equivalence.

Theorem 2. A symmetric random variable X with density f is a Gaussian mizture if and only if
the function x — f(\/x) is completely monotonic for x > 0.

Theorem 2 will be proven in Section 2. It readily implies that for every p € (0,2] the random
variable with density cpe*mp is a Gaussian mixture; we denote its law by p, and by py = u}?” the
corresponding product measure. Another example of Gaussian mixtures are symmetric p-stable
random variables, where p € (0, 2] (see Lemma 21 in Section 2). Recall that a symmetric p-stable
random variable X is a random variable whose characteristic function is Ee'*X = =!I’ for t € R
and some ¢ > 0. Standard symmetric p-stable random variables correspond to ¢ = 1. In the
consecutive subsections we shall describe our main results on Gaussian mixtures.

1.1. Sharp Khintchine-type inequalities. The classical Khintchine inequality asserts that for

every p € (0,00) there exist positive constants A,, B, such that for every real numbers ay,...,a,
we have
- 1/2 " P\ 1/p - 1/2
()™ < (S we) " < (55" .
= i=1 =
where e1,...,e, € {—1,1} are independent symmetric random signs. Whittle discovered the best

constants in (2) for p > 3 (see [Whi60]), Szarek treated the case p = 1 (see [Sza76]) and finally
Haagerup completed this line of research determining the optimal values of A,, B, for any p > 0
(see [Haa81)).

Following Haagerup’s results, sharp Khintchine inequalities for other random variables have also
been investigated extensively (see, for example, [LO95], [BC02], [K6n14]). In particular, in [LO95],
Latata and Oleszkiewicz treated the case of i.i.d. random variables uniformly distributed on [—1, 1]
and proved a comparison result in the sense of majorization that we shall now describe.

We say that a vector a = (ay,...,a,) is majorized by a vector b = (by,...,b,), denoted a < b, if
the nonincreasing rearrangements aj > ... > a;, and b] > ... > b, of the coordinates of a and b,
respectively, satisfy the inequalities

k k n n
Za;f < Zb}k for each k € {1,...,n — 1} and Zaj = ij.
Jj=1 Jj=1 j=1 j=1
For a general reference on properties and applications of the majorization ordering see [MO79]. For
instance, every vector (ai,...,a,) with a; > 0 and > | a; = 1 satisfies
1 1
— =) =2 (a1, ... an) = (1,0,...,0). 3
(Zesm) = (o) < ) (3)



A real-valued function which preserves (respectively reverses) the ordering < is called Schur convex
(respectively Schur concave).

The main result of [LO95] reads as follows. Let Uy, ..., U, be ii.d. random variables, uniformly
distributed on [—1,1]. For p > 2 and (a1, ...,a,), (b1,...,b,) € R™ we have

n
p p
> E‘ Y b
=1

(4)

(a3, a) = (B, 02) = E[Yails
=1

and for p € [1,2) the second inequality is reversed. In particular, combining (3) and (4), for any
p = 2 and a unit vector (ay,...,a,) we get

p

Ui+ +Un
— | ()
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whereas for p € [1,2) the reverse inequalities hold. Inequality (5) along with the central limit
theorem implies that the sharp constants in the Khintchine inequality

AP<E‘ iaiUi 2>1/2 < <E‘ Zn:aiUZ- p)l/p < BP<E’ f:a,iUi
=1 =1 =1

<IE(

n
p
E|U: P <E| Y ol
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2>1/2 (©)

are precisely
1/2

: € 1,2 S pell,?2
Ap _ ‘Yp31/2 p [ ) and Bp — (p+1)1/p p [ ) , (7)
i P € [2,00) Yp p E [2,00)
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1/p
where v, = V2 (\/%)> is the p-th moment of a standard Gaussian random variable.

Our main result for moments is an analogue of the Schur monotonicity statement (4) for Gaussian
mixtures. Recall that for a random variable Y and p # 0 we denote by ||V, = (E[Y|?)'/? its p-th
moment and ||Y|o = exp(Elog|Y]). Notice that since a standard Gaussian random variable Z
satisfies E|Z|P = oo for every p < —1, a moment comparison result for Gaussian mixtures can only
make sense for p-th moments, where p > —1.

Theorem 3. Let X be a Gaussian mizture and X1, ..., X, be independent copies of X. For two
vectors (ay,...,an), (b1,...,by) in R™ and p > 2 we have

(8)

)
p

n n
(af,....ap) 2 (01,...,00) = HZGiXi éHZbin‘
i=1 P i=1

whereas for p € (—1,2) the second inequality is reversed, provided that E| X P < co.

The proof of Theorem 3 and the straightforward derivation of sharp constants for the corre-
sponding Khintchine inequalities (Corollary 23) will be provided in Section 3.

As an application we derive similar Schur monotonicity properties for vectors uniformly dis-
tributed on the unit ball of 7 for ¢ € (0,2], which were first considered by Barthe, Guédon,
Mendelson and Naor in [BGMNO5]. Recall that for a vector = (x1,...,2,) € R" and ¢ > 0 we

denote |z[lq = (X0, \a:i\q)l/q and [|7]|ec = maxi<icn [i|. We also write £ for the quasi-normed
space (R", |- [|;) and By = {x € R" : |z[[; < 1} for its closed unit ball. In [BGMNO5], the authors
discovered a representation for the uniform measure on By, relating it to the product measures g
defined after Theorem 2, and used it to determine the sharp constants in Khintchine inequalities
on By up to a constant factor. Using their representation along with Theorem 3 we deduce the
following comparison result.



Corollary 4. Fiz q € (0,2] and let X = (X1,...,Xy) be a random vector uniformly distributed on
By. For two vectors (a1, ...,an), (b1,...,b,) in R and p > 2 we have

) < H ;biXi 9)

)
p

n
(@) 2 (B, 02) = || aiX,
=1

whereas for p € (—1,2) the second inequality is reversed.

The derivation of the sharp constants in the corresponding Khintchine inequality is postponed
to Corollary 24. Given Corollary 4 and the result of [LO95], which corresponds to the unit cube
B, the following question seems natural.

Question 5. Let X = (Xi,...,X,) be a random vector uniformly distributed on By for some
€ (2,00). What are the sharp constants in the Khintchine inequalities for X7

It will be evident from the proof of Corollary 4 that Question 5 is equivalent to finding the
sharp Khintchine constants for g, where ¢ € (2,00). We conjecture that there exists a Schur
monotonicity result, identical to the one in (4).

1.2. Entropy comparison. For a random variable X with density function f : R — R the
Shannon entropy of X is a fundamental quantity in information theory, defined as

Ent(X) = —/Rf(a:) log f(z) dz = E[—log f(X)],

provided that the integral exists. Jensen’s inequality yields that among random variables with a
fixed variance, the Gaussian random variable maximizes the entropy. Moreover, Pinsker’s inequality
(see, e.g., [GL10, Theorem 1.1]) asserts that if a random variable X has variance one and G is a
standard Gaussian random variable, then the entropy gap Ent(G) — Ent(X) dominates the total
variation distance between the laws of X and G. Consequently, the entropy can be interpreted as
a measure of closeness to Gaussianity. The following question seems natural.

Question 6. Fix n > 2 and suppose that X,..., X, arei.i.d. random variables with finite variance.
For which unit vectors (a1, ..., ay) is the entropy of > ;" | a;X; maximized?

The constraint Y & ; a? = 1 on (a1, . . ., ay) plainly fixes the variance of the weighted sum > ; a;X;
and the answer would give the corresponding most Gaussian weights.

The first result concerning the entropy of weighted sums of i.i.d. random variables was the
celebrated entropy power inequality, first stated by Shannon in [SW49] and rigorously proven by
Stam in [Stab9]. An equivalent formulation of the Shannon-Stam inequality (see [Lie78]) reads as

follows. For every A € [0, 1] and independent random variables X,Y we have

Ent(VAX 4+ V1 —AY) = AEnt(X) + (1 — A)Ent(Y), (10)
provided that all the entropies exist. It immediately follows from (10) that if X,..., X,, are i.i.d.
random variables with finite variance and (aq,...,ay) is a unit vector, then we have
Ent ( 3 aiX,-) > Ent(X)). (11)
i=1

In other words, the corresponding minimum in Question 6 is achieved at the direction vectors e;.

Moreover, a deep monotonicity result for Shannon entropy was obtained in the work of Artstein-
Avidan, Ball, Barthe and Naor [ABBNO04]. The authors proved that for any random variable X
with finite variance and any n > 1 we have

n 1 n+1 1
Ent(; %XZ) < Ent<; \/ﬁx) (12)



where X1, Xo,... are independent copies of X.

Given inequality (12), a natural guess for Question 6 would be that the vector (ﬁ, e ﬁ) is
a maximizer for any n > 2 and for any square-integrable random variable X. However, this is not
correct in general. In [BNT16, Proposition 2], the authors showed that for a symmetric random
variable X uniformly distributed on the union of two intervals the Shannon entropy of the weighted
sum VAX; + V1 — AX5 is not maximized at A = %

Nonetheless, for Gaussian mixtures it is possible to obtain the comparison for Rényi entropies
which confirms the natural guess. Recall that for a random variable X with density f : R — R4

and a > 0, a # 1, the Rényi entropy of order « of X is defined as

ho(X) = — log</Rfa(z)dx).

11—«

Note that if for some « > 1 the integral of f¢ is finite, then h,(X) tends to Ent(X) as o — 17
(see [BC15, Lemma V.3]), which we shall also denote by hi(X) for convenience.

Theorem 7. Let Xi,...,X, be i.i.d. Gaussian mixtures and o > 1. Then for two vectors
(a1y--yan), (b1,...,by) in R™ we have
n n
(6, 0a2) 2R 02) = ha( Do) > ha( Do 0iXi), (13)
i=1 i=1
provided that all the entropies are finite. In particular, for every unit vector (aq,. .., an)

X1+---+Xn)_ 14

NG

Extensions of inequality (14), even for the uniform measure on the cube, appear to be unknown.

n
Ent(X) < Ent(z aiXi> < Ent(
=1

Question 8. Let Uy,...,U, be i.i.d. random variables, each uniformly distributed on [—1,1]. Is it
correct that for every unit vector (ay,...,an)
n
Uy +---+U,
(S aitn) < (U Uy 15)

Geometrically, this would mean that, in the entropy sense, the most Gaussian direction of the
unit cube BY, is the main diagonal.

We close this subsection with an intriguing question in the spirit of the well known fact that
a Gaussian random variable has maximum entropy among all random variables with a specified
variance. Note that Theorem 7 along with

11 1 1
1,1,0,...,0) = (1,7,7,0,...,0) e (1,f,...,f)
( )z 2°2 - - n n
imply that for every i.i.d. Gaussian mixtures X1, Xo,... the sequence Ent(X1 + L\;LX”“),

n=1,2,... is increasing and in particular

Xy 44+ X,
Ent(X1+X2)§Ent<X1+ 2+ i +1).

vn

Thus, the following result should not be surprising.

Proposition 9. Let X1, X9 be independent Gaussian mixtures with finite variance. Then
Ent(X1 + XQ) < Ent(Xl + G), (16)

where G is a Gaussian random variable independent of X1 having the same variance as Xo.



We pose a question as to whether this is true in general, under the additional assumption that
X1, Xo are identically distributed.

Question 10. Let X1, X2 be i.i.d. continuous random variables with finite variance. Is it true that
Ent(X; + X2) < Ent(X; + G), (17)
where G is a Gaussian random variable independent of X; having the same variance as Xo?

The preceding entropy comparison results will be proven in Section 3.

1.3. Geometric properties of Gaussian mixtures. Recall that a function ¢ : R" — R, is
called log-concave if ¢ = e~V for some convex function V : R — (—00,00]. A measure y on R” is
called log-concave if for every Borel sets A, B C R" and A € (0,1) we have

A+ (1= N)B) > u(AP u(B)' . (18)

A random vector is called log-concave if it is distributed according to a log-concave measure. Two
important examples of log-concave measures on R” are Gaussian measures and uniform measures
supported on convex bodies. The geometry of log-concave measures, in analogy with the asymptotic
theory of convex bodies, has been intensively studied and many major results are known (see, for
example, the monograph [AAGM15]). The Gaussian measure, however, possesses many delicate
properties which are either wrong or whose validity is still unknown for other log-concave measures.
In what follows, we will explain how to extend, in the context of Gaussian mixtures, two such
properties: the B-inequality, proven by Cordero-Erausquin, Fradelizi and Maurey in [CEFMO04],
and the Gaussian correlation inequality, recently proven by Royen in [Roy14].

Choosing the sets A, B in (18) to be dilations of a fixed convex set K C R™ we deduce that for
every a,b >0 and X € (0,1)

p((Aa+ (1= ND)K) = p(ak) u(bK) . (19)

The B-inequality provides a substantial strengthening of (19) for Gaussian measure, under an
additional symmetry assumption: for any origin symmetric convex set K C R™ a,b > 0 and
A€ (0,1)

Yn(a*b' T K) = v (aK) My, (bK) T, (20)

or, in other words, the function t — v, (¢! K) is log-concave on R. In fact, in [CEFM04] the following
strong form of the above inequality was proven.

Theorem 11 (B-inequality, [CEFMO04|). Let K be a symmetric convex set andy a centered Gauss-
ian measure on R™. Then, the function

R™ 3 (ty,...,tn) — Y(A(e", ..., e")K) (21)
is log-concave on R™, where A(s1,...,sy) is the diagonal n X n matriz with entries si,...,Sp.

The authors also proved that the same conclusion holds for an arbitrary unconditional log-
concave measure, provided that the convex set K is unconditional as well (see [CEFMO04, Section 5]
for further details). Furthermore, they asked whether the B-inequality holds for any symmetric
log-concave measure and symmetric convex set K; this is currently known as the B-conjecture.
We note that in [Sarl6], Saroglou confirmed the B-conjecture on the plane (the case of uniform
measures on convex planar sets had previously been treated in [LBo14]). Our result in this direction
is the following theorem.

Theorem 12. Let Xq,...,X, be Gaussian miztures such that X; has the same distribution as Y; Z;,
where Y; is positive and Z; is a standard Gaussian random variable independent of Y;. Denote by



Wi the law of X; and by u the product measure py X -+ X . If, additionally, logY; is log-concave
for each i, then for every symmetric convex set K in R™ the function

R™ 3 (t1,...,tn) — p(A(e™, ... ") K) (22)
1s log-concave on R™.

We do not know whether the additional assumption on the Y; can be omitted, but we verified
(Corollary 28) that both the measure with density proportional to e~ " and the symmetric p-
stable measure have this property for p € (0, 1], whereas they do not for p € (1,2). Notice that the
corresponding product measures, apart from Y, are not log-concave. We note that extending the
B-inequality to p;, where p > 2, is of importance. For instance, it has been proven by Saroglou
[Sarl5] that the B-inequality for pl (that is, the uniform measure on the unit cube BZY) would
imply the conjectured logarithmic Brunn-Minkowski inequality (see [BLYZ12]) in its full generality.
The proof of Theorem 12 will be given in Section 4.

An application of the B-inequality for Gaussian measure is a small ball probability estimate due
to Latala and Oleszkiewicz [LO05]. For a symmetric convex set K denote by r(K) its inradius,
i.e. the largest r > 0 such that rBf C K. In [LOO05], the authors used Theorem 11 along with the
Gaussian isoperimetric inequality (see, e.g., [AAGM15, Theorem 3.1.9]) to prove that if K C R™ is
a symmetric convex set with v, (K) < 1/2, then

r 2
YaltE) < (20" yu(K), for every t € [0, 1]. (23)

Using Theorem 12 and an isoperimetric-type estimate of Bobkov and Houdré from [BH97| we
deduce the following corollary.

Corollary 13. Let K be a symmetric convex set in R"™ such that pf(K) < 1/2. Then

r(K)
pt(tK) <t2ve uf(K), for everyt € [0,1]. (24)

Our next result is an extension of the Gaussian correlation inequality, which was recently proven
by Royen in [Roy14] (see also [LM15] for a very clear exposition of Royen’s proof and the references
therein for the history of the problem).

Theorem 14 (Gaussian correlation inequality, [Roy14]). For any centered Gaussian measurey on
R™ and symmetric convex sets K, L in R™ we have

Y(ENL)>vy(K)y(L). (25)
This inequality admits a straightforward extension to products of laws of Gaussian mixtures.

Theorem 15. Let X1,..., X, be Gaussian mizrtures and denote by w; the law of X;. Then, for
=1 X -+ Xty and any symmetric convex sets K, L in R™ we have

WK L) > p(K)u(L). (26)

This theorem implies that the correlation inequality (26) holds for the product measure Ky as
well as for all symmetric p-stable laws on R™, where p € (0,2) (Corollary 33). In particular,
the multivariate Cauchy distribution, which is a rotationally invariant 1-stable distribution on R”
defined as du(z) = ¢, (1+ ||xH§)7nT+1 dz, satisfies the inequality (26). In [Mem15], Memarian proved
partial results in this direction and noticed that such inequalities are equivalent to correlation-type
inequalities on the unit sphere S”"~'. We will recap his argument in Section 5. Let S?r_l c gn-t
be the open upper hemisphere, i.e. Si_l =S In{xr € R*: z, > 0} whose pole is the point
p=1(0,...,0,1). A subset A C Si_l is called geodesically convex if for any two points xz,y € A the
shortest arc of the great circle joining x,y is contained in A. Furthermore, A is called symmetric
(with respect to the pole p) if for any = € A, the point x* # x which lies on the great circle joining



x and p and satisfies dgn-1(z,p) = dgn-1(p, x*), also belongs in A. Here dgn—1 denotes the geodesic
distance on the sphere.

Corollary 16. Let S_?fl C 8" be the open upper hemisphere. Then for every symmetric geodesi-
cally convex sets K, L in Si_l we have

K NL|- ST = K] - |L, (27)
where | - | denotes the surface area measure on S™~1.

Finally, we want to stress that one cannot expect that all geometric properties of the Gaussian
measure will extend mutatis mutandis to Gaussian mixtures. For example, it has been proven by
Bobkov and Houdré in [BH96] that the Gaussian isoperimetric inequality actually characterizes
Gaussian measures. Nevertheless, it might be the case that there are many more that admit such
an extension.

1.4. Sections and projections of Bj. The study of quantitative parameters of sections and
projections of convex bodies is a classical topic in convex geometry (for example, see the monograph
[Kol05]). As a first application, we revisit two well known theorems and reprove them using some
relevant Gaussian mixture representations.

Denote by Hj the hyperplane (1,0,...,0)* and by H, the hyperplane (1,...,1)*. It has been
proven by Barthe and Naor in [BN02] that for any ¢ € (2, oc] and any hyperplane H C R™ we have

|Projy, By| < [Projy By| < |Projy, By, (28)
where | - | denotes Lebesgue measure. To deduce this, they proved that for any ¢ € [1,00], if
X1,..., X, are i.i.d. random variables with density

2— Ty
folt) = cqlt)s=1e 7T, teR, (29)

then the volume of hyperplane projections of By can be expressed as

n
‘PrOjaLBg| - aq,nE‘ Z aiXi ) (30)
i=1
where a = (ai,...,ay) is a unit vector and g, is a positive constant. It immediately follows

from the characterization given in Theorem 2 that for ¢ > 2 the random variables X; are Gaussian
mixtures and thus, from Theorem 3 (with p = 1), we deduce the following strengthening of (28).

Corollary 17. Fiz q € (2,00|. For two unit vectors a = (ay,...,a,),b = (b1,...,b,) in R" we
have
(ai,....a5) 2 (b3,...,b5) = |Proj,.Bp| > |Proj,. By. (31)

r'n

We now turn to the dual question for sections. Meyer and Pajor and later Koldobsky (see [MP88],
[Kol98]) proved that for any ¢ € (0,2) and any hyperplane H C R"

|By N H,| < |B; NH| < |B; N Hyl. (32)
More precisely, in [MP88] the authors proved the upper bound of (32) for ¢ € [1,2) and the
lower bound for ¢ = 1 and posed a conjecture that would imply (32) for any ¢ € (0,2); this
was later confirmed in [Kol98]. The main ingredients in Koldobsky’s proof of (32) were a general
representation of the volume of hyperplane sections of a convex body in terms of the Fourier

transform of the underlying norm and an elegant lemma about symmetric g-stable densities. Using
a different approach, we prove the analogue of Corollary 17 for sections.

Corollary 18. Fiz g € (0,2). For two unit vectors a = (a1,...,an),b = (b1,...,by) in R"™ we have
(ai,....a2) X (bF,...,b2) = |Blnat| <|B)Nbt. (33)

r'n



In fact, Corollary 18 will follow from a more general comparison of Gaussian parameters of
sections which is in the spirit of [BGMNO5]. For a hyperplane H C R™ and a convex body K C R"
denote by || - || kng the norm on H associated with the convex body K N H.

Theorem 19. Fiz q € (0,2). For a unit vector § € R" let Gy be a standard Gaussian random vector
on the hyperplane 0. Then for every A > 0 and unit vectors a = (a1, ...,a,),b = (b1,...,by) in

K we have IGall} Gl
“MGal®, “AIGo]l%,,
(a2,...,a2) < (b%,...,b2) = Ee Binat L Re Bnet, (34)

r'n
In [BGMNO5], the authors used a different method to prove that for any ¢ € (0,2) and A > 0
the Gaussian parameters appearing in (34) are maximized when a = e;. As explained there, such
inequalities imply the comparison of various other parameters of sections and projections of By,
most notably the volume (Corollary 18) and the mean width. Recall that for a symmetric convex
body K in R™ the support function hg : S"~! — R, is defined as hx (#) = max,c (r,0) and the
mean width is

w(®) = [ hx(0)do(0),

where o is the rotationally invariant probability measure on the unit sphere S"~!. Exploiting the
duality between sections and projections we deduce the following corollary.

Corollary 20. Fiz q € (2,00| and let H C R™ be a hyperplane. Then
w(Projy, B)) < w(ProjyBy) < w(Projy, By). (35)
The lower bound in (35) was first obtained in [BGMNO5], where the authors also proved that
for any ¢ € (0,2) and any hyperplane H C R"
w(Projy By) < w(Projy, By). (36)

Given this result and Corollary 20, what remains to be understood is which hyperplane projections
of By have minimal mean width for ¢ € (0,2), similarly to the study of volume. We will provide
the proof of Theorem 19 and its consequences in Section 6.

2. PROOF OF THEOREM 2 AND EXAMPLES

Here we establish some initial facts about Gaussian mixtures, prove the characterization pre-
sented in the introduction and use it to provide relevant examples.

Let X be a Gaussian mixture with the same distribution as Y Z, where Y is positive and Z
is an independent standard Gaussian random variable; denote by v the law of Y. Clearly X is
symmetric. Furthermore, for a Borel set A C R we have

IP’(XEA):P(YZEA):/OOOIP’(yZGA)dy(y):/A/OOO

which immediately implies that X has a density

1

x2
e 2v2 dv(y)da, 37
vl LT

_ L[ e de(y)
fa)=—= | ), (33)

We now proceed with the proof of Theorem 2.

Proof of Theorem 2. Let X be a symmetric random variable with density f such that the function
x +— f(y/x) is completely monotonic. By Bernstein’s theorem, there exists a non-negative Borel
measure 4 supported on [0, 00) such that

f(Wz) = /000 e " du(t), for every z >0 (39)



or, equivalently, f(z) = [;* e~=* du(t) for every € R. Notice that ;({0}) = 0, because otherwise
f would not be integrable. Now, for a subset A C R we have

P(X € A) = /A /O e () do = /0 h /A e dp du(t)

-/ * /m L ﬁ dute) = | Ty (VIEA) du(t),

where dv(t) = \/? du(t). In particular, choosing A = R, we deduce that v is a probability measure,
supported on (0,00). Let V' be a random variable distributed according to v; clearly V' is positive
almost surely. Define Y = \/% and let Z be a standard Gaussian random variable, independent of

2V
Y. Then (40) implies that

(40)

1 (o.9)
PYZcA)=P|—-ZcA :/ n(V2tA)dr(t) = P(X € A),
vzed)=p(rzea) = [Tv(vEA@0 - P(X € 4
that is, X has the same distribution as the product Y Z. The converse implication readily follows
from (38) and Bernstein’s theorem after a change of variables. O

Before applying Theorem 2 we first provide some examples of completely monotonic functions.
Direct differentiation shows that the functions e=**, 2~ and (1+z)~“, where a > 0, are completely
monotonic on (0,00) and a straightforward induction proves that the same holds for e‘”"B, where
B € (0,1]. The same argument implies that if g is a completely monotonic function on (0, 00) and
h is positive and has a completely monotonic derivative on (0, 00), then g o h is also completely
monotonic on (0, 00). Moreover, one can easily see that products of completely monotonic functions
themselves are completely monotonic.

Combining the last example with Theorem 2, we get that for every p € (0,2] the random
variable with density proportional to e 1" is a Gaussian mixture. Recall that we denote by p
the probability measure with density cpe*mp, p > 0, where ¢, = (2I'(1 + 1/p)) !, and ty = Mf?”.
Furthermore, it is a classical fact that symmetric p-stable random variables, where p € (0, 2], are
Gaussian mixtures. For these measures we can describe the positive factor in their Gaussian mixture
representation. Recall that a positive random variable W with Laplace transform Ee W = e=¢t",
where a € (0,1) and ¢ > 0, is called a positive a-stable random variable. Standard positive a-stable

random variables correspond to ¢ = 1; we denote their density by g,.

Lemma 21. Fiz p € (0,2) and let Z be a standard Gaussian random variable.

(i) If Vi, j2 has density proportional to t_1/29p/2(t) and is independent of Z, then (2Vp/2)_1/2Z
has density cpe_|t|p.
(i) If Wy/o is a standard positive p/2-stable random wvariable and is independent of Z, then

(2Wp/2)1/2Z s a standard symmetric p-stable random variable.

Proof. To show (i), we shall decompose a symmetric random variable with density cpe*|"’“"‘p into a
product of two independent random variables: a positive one and a standard Gaussian. To this
end, denote by p the measure in the representation (39) written for the density cpe_‘”’|p, that is

—aP/2 > —tx
cpe = e “du(t), =>0.
0

Therefore, the Laplace transform of ¢, Ly is e*xp/z, which implies that ¢, 114 is a standard positive

p/2-stable measure with density g, /2. Now, an inspection of the proof of Theorem 2, reveals that
the positive factor Y in the Gaussian mixture representation is Y = (2V)~1/2, where V has law
/T du(t), so in this case the density of V' is indeed proportional to =Y %9, /2(t), as required.

10



On the other hand, (ii) is a straightforward characteristic function computation. Using the
independence of W), /5 and Z we get

) 1/2 ) 1/2 9
e V2W, 027 _ ]EWP/QEZelﬁth/QZ — BetWor2 — ¢,
which concludes the proof of the lemma. O

Lemma 21 will be useful in Section 4. For instance, a direct computation shows that these
Gaussian mixture representations have the following explicit forms when p = 1.

(i) Let € be an exponential random variable (that is, a random variable with density e ‘1;~¢)
and Z a standard Gaussian random variable, independent of £. Then the product v/2€Z has
density %e*“', t € R (symmetric exponential density).

(ii) Let Z1, Z2 be independent standard Gaussian random variables. Then the quotient Z; /| Z| is
distributed according to the Cauchy distribution with density , which is the symmetric
1-stable distribution.

1
m(14x2)

Remark 22. Tt was noted in [BN02, p. 8] that for an infinitely differentiable integrable function

~

f :(0,00) — R, the function = — f(y/z) is completely monotonic if and only if x — f(\/x) is
completely monotonic, where fis the Fourier transform of f. Applying this to the density cpe_‘“p
and then using Theorem 2 yields that symmetric p-stable random variables are Gaussian mixtures,
as was also proven above.

3. MOMENT AND ENTROPY COMPARISON

For the proofs of this section, we will use an elementary result of Marshall and Proschan from
[MP65] which reads as follows. Let ¢ : R™ — R be a convex function, symmetric under permutations
of its n arguments. Let X1,..., X, be interchangeable random variables, that is, random variables
whose joint distribution is invariant under permutations of its coordinates. Then for two vectors
(aty...,an),(b1,...,b,) € R™ we have

(al, ey an) =< (bl, ... ,bn) > E¢(G1X1, . ,CLan) < E(b(lel? ey ann) (41)

or, in other words, the function R™ > (ay,...,a,) — E¢(a1 X1,...,a,X,) is Schur convex. If ¢ is
concave, then the second inequality in (41) is reversed, i.e. the function above is Schur concave.
This result follows directly from the fact that a convex (respectively concave) function that is
symmetric under permutations of its arguments is Schur convex (respectively concave), which, in
turn, is a consequence of the following simple property. If a = (a1,...,a,),b = (b1,...,b,) € R"
then
a=xb < ac Conv{(ba(l), .5 bg(n)) + 0 is a permutation of {1,... ,n}},
where conv(A) denotes the convex hull of a set A C R"™ (for details, see [MOT9]).
We start with the comparison of moments of Gaussian mixtures.

Proof of Theorem 8. Fix p > —1, p # 0. Let X be a Gaussian mixture and Xi,..., X, be
independent copies of X. Since each X; is a Gaussian mixture, there exist i.i.d. positive random
variables Y71,...,Y, and independent standard Gaussian random variables Z1, ..., Z, such that X;
has the same distribution as the product Y;Z;. For ai,...,a, € R the joint independence of the
Y;, Z; implies that

E‘ZaiXi sz‘(Za?Yf) Z‘p:yg-E‘Za?Yf
=1 =1 =1

where Z is a standard Gaussian random variable independent of all the Y; and v, = (E|Z[?)"/?.

p/2

)

n
=1

The conclusion now follows directly from Marshall and Proschan’s result (41) since t — t#/2 is

11



convex for p € (—1,0) U [2,00) and concave for p € (0,2). Notice that when the exponent 1/p is
negative, the resulting norm becomes Schur concave. The result for p = 0 is proven similarly. [

The derivation of sharp constants in the corresponding Khintchine inequalities is now straight-
forward.

Corollary 23. Let X be a Gaussian mizture and X1,..., X, be independent copies of X. Then,
for every p € (—1,00) and ay,...,a, in R we have

n n n
4| z;ain < Z;ain < By z;a,xz ; (42)
1= 1= 1=
where x|
5, pe(-1,2 ; € (-1,2
Ap = ¢ X2 p ( ) and Bp = 1”/5)(“17 b ( ) ) (43)
Y;Da p € [27 OO) HX||2’ p € [2700)
r(z)\ "
provided that all the moments exist. Here y, = V2 <\/2E> 1s the p-th moment of a standard

Gaussian random variable. These constants are sharp.

Proof. We can clearly assume that (ai,...,a,) is a unit vector. We will prove the statement for
p = 2; the case p € (—1,2) is identical. The Schur convexity statement of Theorem 3 along with

(3) implies that
<] Z wX

Applying this for a; = -+ =ap_1 = (n — 1) and a, = 0, where n > 2, shows that the quantity
on the left-hand side is decreasing in n and the central limit theorem 1mphes that

n
Vol Xl < || D aix
=1

HXl—i—

L S Xl (44)

1/2

< (X,

which is equivalent to

- = < IXI
wl| i, < | X ax, ||X||§H Z
=1 =1

The sharpness of the constants is evident. ([l

For the proof of Corollary 4 we need to exploit two results about the geometry of B; which are
probabilistic in nature. Let Y7,...,Y, be ii.d. random variables distributed according to p4 and
write Y = (Y1,...,Y,).

We denote by S the random variable (-7, [¥;9) Y4, As explained in the introduction, the main
ingredient of the proof of Corollary 4 is a representation for the uniform measure on By discovered
in [BGMNO5] that reads as follows. Let £ be an exponential random variable (that is, the density
of £ is e '14~0) independent of the Y;. Then the random vector

(e o)
(ST4+&)1/a’ 77 (94 E)L/a
is uniformly distributed on Bj. Furthermore, we will need a result of Schechtman and Zinn from

[SZ90], also independently proven by Rachev and Riischendorf in [RR91], which asserts that the
random variables S and % are independent.

Proof of Corollary 4. Recall that X = (X1,...,X,,) is a random vector uniformly distributed on
By and let Y1,...,Y,, S and & be as above. For the reader’s convenience we repeat the following

12



computation from [BGMNO5]. Using the representation described before and the independence of
S and % we get

E(;aixl :E\(Squg)l/q;ai f

Then, again by independence, E| Y1 ai% =E|YL, az-Y,;‘ and thus

n
p
E| Z wX = c(p.a.m)E| Y,
=1

where ¢(p, ¢,n) > 0 is independent of the vector (ai,...,ay). In other words, the moments of linear
functionals applied to the vector X are proportional to the moments of the same linear functionals
applied to Y. In view of Theorem 3 and of the fact that Y7,...,Y, are ii.d. Gaussian mixtures,
this property readily implies Corollary 4. O

E‘ (S1+ &) Uq’ ’Zaz

: (45)

E[S]PE’(SQJrg Uq’ ‘Zaz :

Similarly to Corollary 23, it is straightforward to deduce the sharp constants for Khintchine
inequalities on By

Corollary 24. Fiz q € (0,2] and let X = (X1,...,X,) be a random vector, uniformly distributed
on B. Then, for every p € (—1,00) and ax,...,a, in R we have

n n n
ApH > aiXi|, < HZ&X < BZ,HZaiX , (46)
=1 i=1 i=1
where
X1l
) € _172 9 S _172
A, =< Xl pel ) and B, = ?ff(l”p pel ) (47)
Yp, P € [2, 0 HXlHQ’ P S [2,00)
and forr > —1
Ur _rr+1 n+q—1\1/r
Xl = eqn(2) " B(TE MEIZIY (48)
q q q

for some ¢4 > 0, independent of r, which does not affect the values of A,, B,. These constants

are sharp.

Proof. The derivation of (47) is identical to the one in the proof of Corollary 23. To deduce (48),
n—1

notice that X; has density f(z) = cgn(1 — [7|7) ¢ 1j5<; and thus for every r > 0

||X1||7~=cq7n(2/01 (1_95(1) dx)l/r_cqn(q)l/r (r4q—17n+;]_1>1/r’

which completes the proof. O

We now turn to comparison of entropy.

Proof of Theorem 7. Let X be a Gaussian mixture and Xi,...,X,, independent copies of X.
There exist i.i.d. positive random variables Y7, ...,Y, and independent standard Gaussian random
variables Z1,...,Z, such that X; has the same distribution as the product Y;Z;. For a vector
0 = (61,...,0,) € R" denote by Xy the random variable > ; 6;X; and by fy the density of
Xp. Since Xy is itself a Gaussian mixture, Theorem 2 implies that the function x — fp(y/z) is
completely monotonic. Consequently, there exists a measure pg on [0, 00) so that

fo(\/x) = / e " dug(t), for every z > 0.
0

13



It now immediately follows from Hoélder’s inequality that for z,y > 0 and A € (0,1) we have
oS+ =) = [ (e ) ot
o0 A © 1-A
<( /0 e~ dpug(t)) " ( /O e dug(t)) = foV ol /)

or, in other words, the function py(x) = —log fy(1/x) is concave.
Let a = (a1,...,an),b = (b1,...,b,) € R be such that (a2,...,a2) < (b2,...,b2). We first
consider the case of Shannon entropy, i.e. @ = 1. Jensen’s inequality implies the following well

known variational formula
Ent(X;) = E[—log f3(Xp)] = min {E[— log g(X3)] : ¢g:R — R, is a probability density}. (49)
Thus, using (49) for g = f, we get

n

Bnt(Xy) < E[-log fu(X,)] = E[ ~ log fu (3 0:i%)]

= . (50)
—E[ ~log fa((z 2v?) " 2)] = BsBy (Y B22?),
i=1
where in the last equality we used the fact that Z is independent of the Y;. Now, since (a%, co,a?)

is majorized by (b2,...,b2), the concavity of ¢, along with Marshall and Proschan’s result (41)

imply that
Em(fjbf}@ﬂzﬂ) < Ewa(fja%YEZ?)
which, after averaging over Z, givesi.:1 -
Ent(X;) < Ega ( Zn: CL?YZ?Z2) — B[~ log fu(Xa)] = Ent(Xa).
i=1

For the Rényi entropy of order «, where a > 1, we need to prove that

[ @< [ fwa. (51)

Notice that, as before, we can write
1/2
/R fo(@) dz = EfS(X,) = E4Ey £ ((Z @) 7). (52)

The concavity of ¢, implies that, since a > 1, the function z — f¢~1(y/z) = e(1=®)%e(®) is convex
and thus from (41) we get

a—1 - 2v,2 1/2 a—1 - 2y72 1/2
B s (L atv?) 2) <mese (o) )

=1

which, after integrating with respect to Z, gives

Aﬁﬂ@dw<Eﬁ“%(§?%?fﬂZ)—Eﬁ”@%%iéﬁfV@ﬁ@Nw (5)

Finally, Holder’s inequality yields

[ nwar< ([ s@a)™ ([ gwar)” (54

14



Combining (53) and (54) readily implies (51), i.e. the comparison hq(Xg) = ha(Xp). O

Remark 25. We note that a result of similar nature was proven in the work [Yu08] of Yu, who showed
that for every i.i.d. symmetric log-concave random variables X7, ..., X,, the function (ay,...,a,) —
Ent( S aiXi) is Schur convex on R™. In particular, for every vector (ai,...,a,) € R™ such that
Yoy |ail =1 we have

Ent(;gxi) Em(zaz ) Ent(X)). (55)

The main actors in Yu’s argument are the same: the variational principle for entropy (49) and
Marshall and Proschan’s comparison result (41) (the log-concavity assumption is paired up with
the linear constraint on the coefficients).

Finally, we proceed with the proof of Proposition 9.

Proof of Proposition 9. Let X1, X2 be independent Gaussian mixtures such that X; has the same
distribution as the product Y;Z;, for some independent positive random variables Y7, Y5 and inde-
pendent standard Gaussian random variables Z1, Z. Let G be a centered Gaussian random variable
independent of X; with the same variance as Xo. Notice that X7 + X5 has the same distribution
as (Y2 + Y2)'/2Z, whereas X; + G has the same distribution as (Y + EYZ?)'/2Z, where Z is a
standard Gaussian random variable independent of the Y;. Denote by f the density of X; + Xo
and by g the density of X; + G. Using the variational formula for entropy (49) we get

Ent(Xl + XQ) = E[— log f(Xl + XQ)]
< E[-log g(X1 + Xo)] = E(y; 2) By, [~ log g(Y¥ + Y5)'/2Z)].

Since X7 + G is also a Gaussian mixture, as remarked in the proof of Theorem 7, the function
—log g(y/7) is concave and thus

Ey,[—log g((Y{ + ¥5)'?Z)] < —log g((Y} + EY3)'/*Z).
Combining the above we deduce that
Ent(X) + X») < E[—log g((Y2 + EY?)/2Z)] = E[-log g(X1 + G)] = Ent(X; + G),
which concludes the proof. (|

Remark 26. In light of Proposition 9, it could seem that the assumption that X1, Xo are identically
distributed in Question 10 is redundant. However, this is not the case. Let X1, X5 be independent
symmetric random variables such that X; has a smooth density f : R — R, and let G be an inde-
pendent Gaussian random variable with the same variance as Xa. A straightforward differentiation
shows that the inequality

Ent(X; +eX2) < Ent(X; + €G)

as e — 07 is equivalent to the comparison of the fourth order Taylor coefficients of these expressions,
namely

EXQ/f x)log f(x )dx}EG‘L/Rf(A‘)(m) log f(z) dz

However, this inequality can easily be seen to be wrong, e.g. by taking X to have density function
2

flx) = f?e*ﬂ/ 2 and X3 to be uniformly distributed on a symmetric interval.
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4. THE B-INEQUALITY

We start by establishing a straightforward representation for products of laws of Gaussian mix-
tures. Let Xi,...,X,, be independent Gaussian mixtures (not necessarily identically distributed)
so that X; has the same distribution as the product Y;Z;, where Y7, ...,Y,, are independent positive
random variables and Z1, ..., Z, are independent standard Gaussian random variables. Denote by
v; the law of Y;, by u; the law of X; and by v, i the product measures vy X --- X v, and pg X -+ X iy,
respectively. Then, for a Borel set A C R™ we have

M(A) X R ) EA) (<Y121;7Yn2n> EA)

1,-
/ / ylZla"->ynZn) € A) dyl(yl)"'dyn(yn) (56)
— [ B ) D ),
(o, OO)"
where A(y1,...,yn) is the diagonal matrix with entries yi, ..., y,. In other words, u is an average

of centered Gaussian measures on R™. We now proceed with the proof of the B-inequality for
Gaussian mixtures.

Proof of Theorem 12. Let Xi,...,X, be as in the statement of the theorem and denote by h;
the density of Y;. Clearly, the log-concavity of the random variable logY; is equivalent to the
log-concavity of the function s — h;j(e”*) on R. Let K C R"™ be a symmetric convex set and
(t1,...,tn) € R™ Then, by (56) and the change of variables y; = e™* we have

M(A(etlw")etn)K) = (0,00) YN(A(yl_letlv'"7yr:16tn)K)hl(yl)'”hn(yn) dy

(57)
= / ‘yn(A(681+t1’ o eanrtn)K)hl(efm) .. hn(efs“)ef 2?21 Si ds.

The B-inequality for Gaussian measure (Theorem 11) immediately implies that the function
R™ x R™ 3 (s,t) — yp(A(eST1, .. esntin)K)

is log-concave on R™ x R™. Consequently, the integrand in (57) is a log-concave function of
(s,t) € R™ x R™ as a product of log-concave functions. The result now follows from the Prékopa-
Leindler inequality (see, e.g., [AAGM15, Theorem 1.4.1]) which implies that marginals of log-
concave functions are log-concave (see also [GNT14, Theorem 3.15]). O

Remark 27. An inspection of the proof of Theorem 12 shows that the same argument also yields
the B-inequality for rotationally invariant measures of the form du(x) = f(||z||2) dz, where f is
proportional to the density of a Gaussian mixture that satisfies the assumption of Theorem 12.

Checking whether a particular Gaussian mixture X satisfies the assumption of Theorem 12
might be non-trivial, since one has to know the distribution of the positive factor Y occurring in
its representation. However, by Lemma 21, we know this factor for random variables with densities
proportional to e " and for symmetric p-stable random variables, where p € (0,2). This allows us
to determine the values of p € (0,2) for which the assumption is satisfied, for each of these random
variables.

To this end, denote, as before, by g, the density of a standard positive a-stable random variable,

€ (0,1). Recall that the positive factor in the representation of a standard symmetric p-stable
random variable is (2W), /2)1/ 2 where W, /2 is a standard positive p/2-stable random variable. Thus,
the assumption of Theorem 12 is equivalent to the log-concavity of the function s ~ g, /5(e™%) on
R. On the other hand, the corresponding factor in the representation of the random variable
with density c,e™ 1" is of the form (2Vp/2)*1/2 where V,, /5 has density proportional to t*1/2gp/2(t).
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Therefore, the corresponding assumption in this case is again equivalent to the log-concavity of
5+ gp/2(€”%) on R, since the remaining factor e%/2 is log-affine. If X is a random variable with
density g : R — R4, the log-concavity of s — g(e™*) is referred in the literature as multiplicative
strong unimodality of X. The multiplicative strong unimodality of positive a-stable distributions
has been studied by Simon in [Sim11], who proved that such a random variable has this property
if and only if @ < 1/2. Combining this with the above observations and Theorem 12 we deduce the
following.

Corollary 28. For every p € (0,1] the product measure on R™ with density proportional to e~ llzllp
and the symmetric p-stable product measure on R™ satisfy the B-inequality for every symmetric
convex set K C R".

We now turn to the proof of the small ball estimate for the symmetric exponential measure
(Corollary 13) described in the introduction. The argument is very similar to the one in [LOO05].

Proof of Corollary 13. Let K C R™ be a symmetric convex set such that pf'(K) < 1/2 and we
denote by r = r(K) the inradius of K. For a set A C R™ and h > 0 we also denote by A the
h-enlargement of A, that is, A, = A+hBj. Notice that for s € (0, 1) we have (sK)N(K°)q_g), = &,
where K€ is the complement of K, and thus

i (sK) <1 = pi (K —s)r)- (58)

Now, choose u > 0 such that 7 (K) = pi((u,00)) or, equivalently, uf'(K¢) = p1((—u,00)). Bobkov
and Houdré proved in [BH97] that if A C R™ is a Borel set and = € R is such that uf'(A) =
11 ((z,00)), then for every h > 0 we have

h
i (An) = (2 = 5=, 00) ). (59)
Combining (58) and (59) we get

pr(sK) <1 —m((—u — (12_\/?74,00)) = u1(<u+ (12_\/?70,@3)) = e;\_/ér(K)M?(K). (60)

logs
For 0 <t < s <1 we can write s = te? and the B-inequality for x4 implies that

log s log s

p () lost i (1) host < g (sK),

or equivalently
logt

Iu]:n(tK) < <N1n(SK)> log s , (61)
py (K) py (K)

which, in view of (60), gives the estimate
s—1 logt (K) T(K)'s—l

pR(EK) < e2ve s i (K) = 26 o i (K).

Taking the limit s — 1~ we finally deduce that
r(K)
py (LK) <2296 pf (K),
for every t € [0, 1], which concludes the proof. ]

Remark 29. In [PV16a], Paouris and Valettas proved a different small ball probability estimate for
the symmetric exponential measure and any unconditional convex body K in terms of the global
parameter 3(K) = Var|W| x/m(K)?, where W is distributed according to u} and m(K) is the
median of || - || g with respect to xf. Their result is in the spirit of the work [KV07] of Klartag and
Vershynin. In the follow-up paper [PV16b], they showed that a similar estimate holds for every
unconditional log-concave measure and unconditional convex body K with a worse dependence on
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B(K). In the particular case of the symmetric exponential measure the unconditionality assumption
in the suboptimal estimate from [PV16b] can be omitted, because of Corollary 28.

We would like to remark that Theorem 12 combined with a result of Marsiglietti, [Marl6, Propo-
sition 3.1], immediately implies the following corollary.

Corollary 30. Let u be as in Theorem 12. Then, for every symmetric convex set K C R" the
function t — p(tK) is %—concave fort >0, that is

1/n

p(Ot+ (1= N)s)E) ™ = Au(tK)Y™ + (1 = Nu(sK)Vm, (62)

for every t,s >0 and X € (0,1).

5. CORRELATION INEQUALITIES

To prove the correlation inequality for Gaussian mixtures (Theorem 15) we will use Royen’s
Gaussian correlation inequality (Theorem 14), along with a simple lemma for symmetric log-concave
measures. Recall that we write A(y) = A(y1,...,yn) for the diagonal n x n matrix with diagonal

Y= 1, Yn)

Lemma 31. Let p be a symmetric log-concave measure on R™ and K a symmetric convex set in
R™. Then the function t — p(A(t,1,...,1)K) is nondecreasing for t > 0.

Proof. 1t clearly suffices to consider the case when the support of y is n-dimensional and K has
nonempty interior. We will prove that the function ¢ (¢) = log ,u(A(t, 1,..., 1)K ) is nondecreasing
for t > 0. The log-concavity of the measure p yields

pOAA T, DK + (1= NA(s,1,.. ., 1)K) > p(At, 1, .. ) K) u(As, 1, ..., 1) K)A,

for every t,s > 0 and A € (0,1) or, in other words, v is a concave function on (0,00). To verify
that ¢ is nondecreasing, it is enough to prove that lim; ,o () > —oo. Take § > 0 such that
[—9,6]" C K. For every t > 0 we have

¢(t) Z lOg :U’([_t& t(s] X [_57 5]7171)7
which, for ¢t — oo, gives

lim v(t) > log (R x [=6,0]" 1) > —cc.

t—o00

This concludes the proof of the lemma. O

Proof of Theorem 15. Let p be a product of laws of Gaussian mixtures. According to (56) for every
Borel set A C R™ we have

p = [ @ dn) )

for some probability measures vy, ..., v, on (0,00). Let K, L C R" be symmetric convex sets. The
Gaussian correlation inequality yields

pEOD = [ o) K 1AW L) ) )

> / Y (AE) K ya(Aly) L) du (1) - - dvn (y).
(0,00)™
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Fix 91,...,9yn—1 > 0. Lemma 31 implies that the functions y, + vn(A(y)"'K) and y, ~
Yn(A(y)~LL) are nonincreasing on (0,00). Consequently, combining (63) and Chebyshev’s inte-
gral inequality (see, e.g., [HLP88, p. 168]) for the probability measure v, we get

w(KNL)>

/(0 ooy (/OOO Yn(A(y)"'K) dl/n(yn)) (/OOO Yn(A(y)™1L) dl/n(yn)) dvi(y1) -+ dvp—1(Yn—1).

After iteratively applying Chebyshev’s inequality to v1,...,v,_1 we finally deduce that

pEND > [ @@ K ) ) [ ()T ) i)

= p(E)p(L),
which is the correlation inequality (26). O

Remark 32. Similarly to the B-inequality, an inspection of the proof of Theorem 15 reveals that the
same argument also gives the correlation inequality for rotationally invariant probability measures
of the form du(z) = f(||z]|2) dx, where f is proportional to the density of a Gaussian mixture.

Recall that a function f : R™ — R is called quasiconcave if for any ¢ > 0 the set A, = {x € R™:
f(z) >t} is convex. Writing

() = /OOO 1a(x)dt, zER

one can immediately see that if a measure u satisfies the correlation inequality (26) for any sym-
metric convex sets K, L. C R" then for every symmetric quasiconcave functions f, g : R" — R, we
have

[ f@o@an@) > [ @) duta)- [ gla) dua). (64)

Correlation inequalities of the form (64) were treated by Koldobsky and Montgomery-Smith in
[KMS96] for another class of functions when p is a general symmetric stable measure on R™.
Recall that the law p of a random vector X in R™ is called a symmetric p-stable measure if every
marginal (X, a), a € R", is a symmetric p-stable random variable. It is a well known fact (see, e.g.,
[Wer84, p. 312]) that symmetric p-stable random vectors X = (X1,...,X,,) in R" are in one-to-one
correspondence with finite measures my on the unit sphere S"~! such that

E exp (z ]z”; anj) = exp ( - /S jz";ajxj‘p de(az)>, (65)

for every ai,...,a, € R. We will argue that the correlation inequality (26) holds for the law u
of any symmetric p-stable random vector X in R™. Assume first that the corresponding measure
my on S" ! has a finite support, namely supp(mx) = {y1,...,%}, and let Y be a standard /-
dimensional symmetric p-stable random vector with independent coordinates. In this case, one can
find 6y,...,6, € R’ such that X; has the same distribution as (Y, 6;) or, in other words, X is a
linear image of Y and the correlation inequality (26) immediately follows. For a general measure
mx on S™~! there exists a sequence of finitely supported measures m, that converges to my in the
weak* topology (e.g. by the Krein-Milman theorem) which means, by (65), that the corresponding
p-stable random vectors X, converge to X in distribution. Note that to prove the correlation
inequality (26) for a symmetric p-stable measure p on R™, it suffices to consider the case when
K, L C R™ are convex polytopes, which are sets whose boundaries are contained in a finite union of
affine hyperplanes. However, any affine hyperplane is of y-measure zero, since the one-dimensional
marginals of p are p-stable, thus continuous. Therefore, the convergence in distribution concludes
the proof of the following corollary.

n—1
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Corollary 33. Let u be a symmetric p-stable measure on R™. Then for every symmetric convex
sets K, L C R"™ we have

p(K N L) > p(K)p(L).

This corollary implies inequalities of the form (64), analogous to the ones proven in [KMS96].

It also implies that the multivariate Cauchy distribution, defined as du(z) = ¢, (1 + Hx||%)_n7+1 dz,
satisfies the correlation inequality (26). Notice that this also follows from Remark 32. In [Mem15],
the author showed that this is actually equivalent to Corollary 16. We reproduce his argument
below.

Proof of Corollary 16. Consider the hyperplane R*~! = R"~! x {0} C R™ and let S C R" be the
sphere of radius 1 centered at e, = (0,...,0,1). Denote by S, the open lower hemisphere of S, i.e.
S, ={r€S: x, <1}, and define a bijection ¢ : Sy — R"~! by the formula

q(z) = the point of R"~! which lies on the line joining z to e,. (66)

One can easily check that closed arcs of great circles on S are mapped to line segments on R”~!
and vice versa, which immediately implies that geodesically convex sets in Sy are in one-to-one
correspondence with convex sets in R"~!. Moreover, since ¢(0) = 0, symmetry in R"~! agrees with
geodesic symmetry in S;. Denoting by p the push-forward under ¢ of the normalized surface area
measure on Sy, we get that for every r > 0, p satisfies the identity

_ |Bgn-1(arctanr)|

//J(TBgil) - |S+| ’

where Bgn-1(f) is a spherical cap of radius # on S"~!. A simple computation for the volume of
spherical caps along with the rotational invariance of 1 shows that p is precisely the law of the mul-
tivariate Cauchy distribution on the hyperplane R"~!. Therefore, for two symmetric geodesically
convex sets K, L C Sy, the multivariate Cauchy correlation inequality for the symmetric convex
sets ¢(K),q(L) C R"! implies that

KnNnL K L
EOH g 0 1) = ala(F) N (D) > pla()) - pla(D)) = o TEL
S+ 1S4 [S4]
which completes the proof of the corollary. O

Remark 34. 1t is a straightforward consequence of Theorem 15 that the product probability measure
py, with density cge_“m”g satisfies the correlation inequality (26) for every p € (0,2] and n > 1. It
turns out that this is the exact range of p > 0 for which this property holds. To see this, take § > 0
and consider the symmetric strips

K(;:{(:E,y)GR2: |r —y| <} and L5:{(a:,y)€R2: lx +y| <o}

on the plane. We will show that pu2(Ks N Ls) < p2(Ks)pa(Ls) for p > 2 and small enough & > 0.
Indeed, a straightforward differentiation yields that the Taylor expansions of these two quantities
around § = 0 are

2
(K5 N Ls) = 4¢26% + 0(5%) and p2(Ks)p2(Ls) = 4c22' 282 + o(5°)
2
and since 1 < 2'7» for p > 2, the correlation inequality (26) cannot hold for small enough 6 > 0.
A computation along the same lines together with Remark 32 prove that a similar behavior is

exhibited by the rotationally invariant probability measures with densities proportional to e~ llzllz,
they satisfy (26) if and only if p € (0, 2].
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6. SECTIONS AND PROJECTIONS OF Bg REVISITED

In this section we derive the comparison results for geometric parameters of hyperplane sections
and projections of the balls B described in the introduction. First, let us explain how the compar-
ison of the aforementioned Gaussian parameters (Theorem 19) implies the comparison of volume
(Corollary 18) and mean width (Corollary 20), following [BGMNO5].

Proof of Corollaries 18 and 20. Fix ¢ € (0,2) and let a = (a1, ...,a,),b = (b1,...,b,) € R™ be unit
vectors such that (a2, ..., n) (b2,...,b2). Recall that G,, G} are standard Gaussian random
vectors on the hyperplanes a’ and bL respectively. According to Theorem 19, for every A > 0 we

have
q q
=AlGallt,, . 1 *AIIGbIIBgmbL

Ee Bgha— L Ee

Integrating this inequality with respect to A and any measure p on (0, 00) we deduce that
°° —/\IIGaIIanm *° —/\IIGbIIBnmbL
E[ e “duN) <E [ e du(N),
0 0

which, by Bernstein’s theorem, is equivalent to the validity of the inequality
Eg((1Gallhys) < Eg(IGoll by ) (67)
for every completely monotonic function g : (0,00) — R. In particular, choosing g(s) = s~%/9, we
get that
Gl 50 < ENGH 55 0pe

provided that 0 < @ < n — 1 so that the integrals are finite. Integration in polar coordinates now
shows that for every 0 < a < n — 1 we have

< —Q
Lo 1050 do@) < [ 1015 dnf®) (68)

where 04,03 are the rotationally invariant probability measures on the unit spheres S(a'), S(b*)
of the hyperplanes a* and b*, respectively. Letting o — n — 1 in (68) along with the identity

o K
0 do(0) = , 69
L Wl ao0) = (69)

which holds for every symmetric convex body K in R™, imply that |Bj N at] < |By N bt| and
Corollary 18 follows.
Furthermore, applying (67) to g(s) = e_)‘SB where 5 € (0,1] and A > 0, we have

_ Ba _
- AncanW

Since both sides, as functions of A > 0, are equal at A = 0 we deduce that their derivatives at A =0
also satisfy the same inequality, that is

EHGbHBnmbL EllGa ||Bnmau
for every 3 € (0,1]. Choosing 5 = 1/q and integrating in polar coordinates yields
| 6l dov(®) < [ [l dou(®) (70)
S(b+) S(at)

Recall that for a symmetric convex body K in R™, the polar body K¢ of K is defined to be
={z € R": (x,y) < 1foreveryy € K} and if || - |go is the norm associated with K°
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then ||0||ge = hg(0) for every § € S"~!. Thus, combining (70) with the well known identity
By N H = (Projy(Bg:))°, where ¢* > 2 is such that % + q% = 1, we deduce that

w(Proj,. (Bg.)) < w(Proj,. (Bg)). (71)
In particular, for every hyperplane H C R™ we obtain
w(Projy, (B1)) < w(Projg (BI)) < w(Projy, (B)),
where H; = (1,0,...,0)* and H, = (1,...,1)*. This concludes the proof of Corollary 20. O
We finally proceed with the proof of Theorem 19.

Proof of Theorem 19. Fix q € (0,2). For a hyperplane H = a*, where a = (ay,...,a,) € R" is a
unit vector, let G, be a standard Gaussian random vector on a* and denote by H(e) the set

H()={xz eR": [(z,a)] < &}. (72)

To proceed, we will need a representation from [BGMNO05, Lemma 14| for the Laplace transforms
of [|Ga||%nny that reads as follows. For every A > 0 there exist constants a(g, A), (¢, A) > 0 and
q

c(q, \,n) > 0 such that for every hyperplane H = a*, a = (ay,...,a,) € S"~!, we have
e MW = (g 0 m) T oo ((E)) (73)
[ EAY] S0+ % q,\ )

where the probability measure p, » on R is of the form
duq )\(t) = e_a(Q)‘)‘th_ﬁ(qv)‘)tQ dt (74)

and ,ug = u?f\b. An immediate application of Theorem 2 yields that s, ) is the law of a Gaussian

mixture. Thus, by (56) there exists a probability measure v = v (g, \) on (0, c0) such that if A C R"
is a Borel set, then

i) = [ vl A dsn),

where v, = v®". Notice that for the symmetric strip (72) we have
n
A(y) 'H(e) = {x eR": ‘Zajyja:j‘ < 5},
j=1

that is, A(y)~'H(e) is also a symmetric strip of width (Z?’ 1 Jyj) 2, Consequently, the
rotational invariance of the Gaussian measure implies that

e =2 () ) ) (75)
,00 j=1

where U(s fs ~2?/2 dz. Combining (73) and (75) we deduce that

c(g,\,n)"? .Ee_/\”G“”qB%H = lim - ((Za ) 1/2€> dvy, (y)

e—0t €
(o) )t

- /(0 o) de
\/7/000)" (Za ) 1/2 dup(y) = \/12?E<j§::1agyjz>—l/2,
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where Y7,...,Y, are i.i.d. random variables distributed according to v. To verify the assumptions
of the dominated convergence theorem for the swap of the limit and integration in the second

equality, it suffices to check that (Z?’:l a?y?)_l/2 € Li(vy), since ¥(s) < \/‘;7 for s > 0. This

immediately follows by Fatou’s lemma, that is
~ 9 9\l 1 1, ~AGallfy
/ ( E ajyj) dvp(y) < V2rliminf —pup \(H(e)) = V2me(q, \,n) " Ee BqnH
(0,00)" N5 e—0+ 2

Now, since t — t~1/2 is a convex function on (0,00) and Yi,...,Y, are ii.d. random variables,

Marshall and Proschan’s result (41) implies the comparison (34), as required. O

We note that the crucial identity (75) can also be proven in purely probabilistic terms. Let
Xi,...,X, beiid. random variables distributed according to j, » and take i.i.d. positive random
variables Y7, ...,Y, and standard Gaussian random variables Z1, ..., Z, such that X; has the same
distribution as the product Y;Z;. Then we have

P A(H(e)) = IEyIP’Z(‘ zn:ajyjzj’ < a) - EYPZ(yzy(zn:aj?Yf)l/Q < e)
j=1

j=1
_ IEyIP’z(!Z! < (zn:%zyjz)—mg) —9R [@((iag}/ﬁ)_l/%c;)}a
i=1 =

where Z is a standard Gaussian random variable, independent of the Y;.

Remark 35. A similar approach also yields a direct proof of Corollary 18. The crucial ingredient
in this case would be an identity from [MP88] instead of (73). They proved that there exists a
constant ¢(q,n) > 0 such that if H C R" is any hyperplane and H(¢) is defined by (72), then

o1
By N H| = e(g,n) lim o pg (H(e)), (76)

where py is the measure on R™ with density proportional to eIzl Since this measure is also a
product of laws of i.i.d. Gaussian mixtures the preceding argument works identically.

In [KZ03], Koldobsky and Zymonopoulou investigated extremal volumes of sections of the com-
plex /,-balls Bg((C), which can also be treated by the approach presented above. From now on

we will adopt the obvious identification of C* with R?>" without further ado. We will denote by
(-,-) the standard Hermitian inner product on C" and for a vector ¢ € C" we will write ¢+ for
the complex hyperplane orthogonal to ¢. Recall that for a vector z = (z1,%1,...,%n, Yn) € R? we

denote .
lellgiey = (33 +22)77) " (Zw )"
1

Ji
where z; = x; + iy, and B}(C) = {z € R* : I2llency < 1} Let Hy = ¢+ be any complex

hyperplane such that |¢;] = - = |, and H; = 5t be such that n; = 0 for j > 2, where
&= (&, &),n = (n1,...,m) € C". In [KZ03], the authors proved that for any ¢ € (0,2) and
any complex hyperplane H C C™ the inequalities

[BJ(C) N Ha| < |BJ(C) 1 H| < |BJ(C) 0 | (1)

hold true. We will sketch an alternative proof of their result, similar to the proof of Theorem 19.
For a complex hyperplane H = (*, where ( € C*, and £ > 0 denote by Heyi(e) the cylinder

Hep(e) ={z€C": |(z,Q)] <e}. (78)
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One can prove (see also [MP88, Corollary 2.5]) that there exists a constant ¢(g,n) > 0 such that
for every complex hyperplane H C C™ we have

(€)1 HI = (g, m) lim 577 (Hp(©), (19)

where the measure T; on R?" is of the form
dr(w,y) = cye —Eia@ T gy dy.

Writing e=sY? = fooo e~ du(t) for some measure p, we deduce that the density of T4 can be written
in the form

6_2?:1(965-5-1/]2)”2 =/ e Xj=1 (@ +y])d'“ (2),
(0,00)™

where p,, = u®". Therefore, an application of Fubini’s theorem and a change of variables imply
that there exists a measure v on (0, 00) such that for v, = v®" and for every Borel set A C R?" we
can write

() = /(0 YA ) A don), (80)

where each coordinate of y = (y1,...,yn) is repeated twice. Notice that the image
n
AW, Y1, Yns Yn)  Hep(€) = {Z eC": ‘ZCﬂ/jZﬂ" < 5}
j=1

is still a cylinder in C™ with radius (Z?Zl |Cj|2yJ2-)_1/ %, Thus, the unitary invariance of complex
Gaussian measure and a simple calculation in polar coordinates imply that

Yon(AW1, Y1, - Uns Un) Heyi(€)) = 1 — exp ( - %(Z Ilezyf) 7152). (81)
j=1

After interchanging limit and integration in (79) and using (80), (81) we deduce that

ey =250 [ (S 16RE) " ) = G B (LG
00)" t i j=1

where Y1,...,Y, are i.i.d. random variables distributed according to v. This yields (77) as well as
a more general comparison result, similar to Corollary 18, by a direct application of Marshall and
Proschan’s result (41). O

We note that, in view of Ball’s theorem from [Bal86], a Schur monotonicity result for the volume
of sections of By cannot hold in any fixed dimension n > 2 and ¢ large enough. Similarly, according
to Szarek’s result from [Sza76], the same can be said for the volume of projections of By for values
close to ¢ = 1. Finally, we want to stress that a careful look in the previous works [BN02], [Kol98]
and [KZ03] reveals that, even though not stated explicitly, the Schur monotonicity for the volume
was established there as well. The new aspect here is the replacement of representations which were
Fourier-analytic in flavor by others that exploit the rotational invariance of the Gaussian measure.
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