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Abstract

In this note we consider a certain class of convolution operators
acting on the L, spaces of the one dimensional torus. We prove that
the identity minus such an operator is nicely invertible on the subspace
of functions with mean zero.

2010 Mathematics Subject Classification. Primary 47G10; Secondary
47B34, 26D10.

Key words and phrases. kernel operators, convolution operators, invert-
ibility, Sobolev inequality, Poincaré inequality

1 Introduction

Let T = R/Z be the one dimensional torus viewed as a compact group
with the addition modulo 1, 2@y = (r+y) mod 1, x,y € R equipped with
the Haar measure — the unique invariant probability measure (the Lebesgue
measure). To begin with, fix 1 < p < oo and consider the averaging operator
Uy acting on Ly(T) (with the usual norm || f| = (i [f[P) P for p < 00, and
[If]l = ess supy|f| for p = o0)

1 +t

(Uef)(z) = 5, » flz®s)ds, te(0,1). (1)

If t is small, is the operator I — U; invertible, or, in other words, how much
does U, f differ from f? Of course, averaging a constant function does not
change it, but excluding such a trivial case, we get a quantitative answer.

Theorem 1. Let t € (0,1). There exists a universal constant ¢ such that
for every 1 < p < oo and every f € Ly(T) with [; f =0 we have

If = Uefll = et I £1], (2)
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where ||-|| denotes the L, norm.

Note that if p was equal to 2, then, with the aid of the Fourier analysis,
the above estimate would be trivial. However, || - || is set to be the L, norm
for some 1 < p < oo, the constant does not depend on p, therefore the
situation is more subtle.

When p = 1, if we further estimate the left hand side of (2) using the
Sobolev inequality, see [GT], we obtain the following corollary.

Corollary 1. Let us consider t € (0,1) and assume that f belongs to the
Sobolev space WHH(T) with [ f = 0. Then we have

iy - {20 SE ‘“\ wxe [l an @

where ¢ > 0 is a universal constant.

Remark. Setting t = 1/2, inequality (3) becomes the usual Sobolev inequal-
ity, so (3) can be viewed as a certain generalization of the Sobolev inequality.

Remark. Set f(z) = cos(2mz). Then ||f — Uf| = || f| (1 — 5% sin(27t)) ~
t2||f||, for small t. Therefore, the inequality in Theorem 1 is sharp in a

sense.

In this note we give a proof of a generalization of Theorem 1. We say that
a T-valued random variable Z is c-good with some positive constant c if
P(Z € A) > c|A| for all measurable A C T. Equivalently, by Lebesgue’s
decomposition theorem it means that the absolutely continuous part of Z
(with respect to the Lebesgue measure) has a density bounded below by
a positive constant. We say that a real random variable Y is ¢-decent if
Y1 + ...+ Y, has a nontrivial absolutely continuous part, where Y7, Yo, ...
are i.i.d. copies of Y. Our main result reads

Theorem 2. Given t € (0,1) and an {-decent real random wvariable Y,
consider the operator A; given by

(Aif)(z) = Ef (z @ 1Y). (4)

Then there exists a positive constant ¢ which depends only on the distribution
of the random variable Y such that for every 1 < p < oo and every f € Ly(T)
with [ f =0 we have

If = Acfll = |l

where ||-|| denotes the L, norm.



Remark. One cannot hope to prove a statement similar to Theorem 2 for
purely atomic measures. Indeed, just consider the case p = 1 and let Y be
distributed according to the law py = > .2, pidz,. Then for every e > 0
and every t € (0,1) there exists f € Lq(T) such that ||f — A:(f)|| < €
and ||f|| = 1. To see this take N such that  °.\.  p; < /4 and let
fn(x) = §sin(2mnz). Then | f,|| = 1. Let ng > 8m/e. Consider a sequence
((7mt:v1 mod 27, ...,mntxy mod 27r))n forn =0,1,2,...,nl and observe
that by the pigeonhole principle there exist 0 < nj; < ng < név such that for
all 1 < i < N we have dist(wtx;(n1 — ng),277Z) < i—g Taking n = no — nq
we obtain

N
T i . €
| frn — Ae(fr)]] < 5 E_l pi |[sin(2mnx) — sin(27n(z + tx;))|| + 3

N

. €

=7 Zpl] sin(mntxz;)| - ||cos(2mnz @ wntx;)|| + 3
i=1

al . e dr & €
< 2;pl|sm(7mtxl) + 3 < W/O;pl + 3 <e. O
Our result gives the bound for the norm of an operator of the form
(I—A;)~!. The main difficulty is that this operator is not globally invertible.
Of course, boundedness of a resolvent operator Ry(A) = (A—=zI)~! has been
thoroughly studied (see e.g. [G], [Ba] which feature Hilbert space setting for
Hilbert-Schmidt and Schatten-von Neumann operators). Let us also mention
that the first part of the book [CE] is a set of related articles concerning
mainly the problem of finding the inverse formula for certain Toeplitz-type
operators. The paper [GS] contains the famous Gohberg-Semencul formula
for the inverse of a non-Hermitian Toeplitz matrix. In [GH] the authors
generalized the results of [CE] to the case of Toeplitz matrices whose entries
are taken from some noncommutative algebra with a unit. The operators of
the form I — K (acting e.g. on Li([0, 1])), where K is a certain operator with
a kernel k(t — s), are continuous versions of the operators given by Toeplitz
matrices. Paper [GS] deals also with this kind of operators, namely

1
(I - K)(f)(@) = f(z) - /0 K(t— 3)(s) ds,

where k € Li(]—1,1]). In the case of I — K being invertible, the authors
give a formula for the inverse operator (I — K)~! in terms of solutions of
certain four integral equations. See also Article 3 in [CE] for generalizations
of these formulas.



2 Proof of Theorem 2

We begin with two lemmas.

Lemma 1. Suppose Y is an {-decent random wvariable. Let Y1,Ys,... be
independent copies of Y. Then there exist a positive integer N = N(Y) and
numbers ¢ = c(Y') >0, Cop = Co(Y') > 1 such that for allC > Cy andn > N
the random variable

Yi4+...4Y,
x(©) — Sl N et 1
Yy (C’ NG mod (5)

18 c-good.

Proof. We prove the lemma in a few steps considering more and more general
assumptions about Y.

Step I. Suppose that the characteristic function of Y belongs to L,(R)
for some p > 1. In this case, by a certain version of the Local Central Limit
Theorem, e.g. Theorem 19.1 in [BR], p. 189, we know that the density g,
of (Y1 +...4Y, —nEY)/\/n exists for sufficiently large n, and satisfies

1
qn(m) - 767.’172/20'2

2o

n—oo

sup
z€eR

where 02 = Var(Y). Observe that the density g,(f’) of X\ equals

1 1
©) — - - _
4O () Zcqn<o<x+k> ﬁm), v e 0,1,
kEZ
672/0'2

Using (6), for § = Tore

we can find N = N(Y) such that

1 2 2 2
gn(z) > ——e "7 /27" _ 58, r€R, n>N.
V2mo

Therefore, to be close to the maximum of the Gaussian density we sum over
only those k’s for which z+k € (—2C,2C)+C/nEY for all z € [0,1]. Since
there are at least C' and at most 4C' such k’s, we get that

1 1 2 16 1 2
Og)> ——e 27" .- =2 40 = ———¢ 2,
9n (@) CV2ro C8 2V 2mo
In particular, it implies that X © is c-good with ¢ = —L—e~2/7. Thus, in
5 n g 2o . ’

this case, it suffices to set Cy = 1.



Step II. Suppose that the law of Y is of the form qu + (1 — q)v for
some ¢ € (0, 1] and some Borel probability measures p, v on R such that the
characteristic function of p belongs to L,(R) for some p > 1. Notice that

N

N . v
Wit avy = 15Y = (qu+ (1 —qu)™ = <k)q"“(1 — )Vt xR
k=0

N
N _ B
22 <k>qk(1 — )N TR e N = ey v (N % pv )
k

=N,
where
1 XL /N
PN.Ny = > <k ) ¢ (1 — )Nk No o (NR)
CN,NQ k=N

is a probability measure, and

N

CNNo = D (Z) ¢ (1—g™N*

k=Np

is a normalisation constant. Choosing No = [¢N — C14/q(1 — ¢)N| we can
guarantee that cy n, > 1/2 eventually, say for N > N. Denoting by Y,

Z the random variables with the law w, pn n, respectively and by Y; i.i.d.
copies of Y, we get

Yi+...4+Y Z
P(X}VC)eA)ch,NOP«c 1+\/N+ No | o \]/%VO) mod1eA>.

By Step I, the first bit C(Y; + ...+ Yy, )/VN is c-good for some ¢ > 0 and
C > C(SH) = supy~y vV V/No . Moreover, note that if U is a c-good T-
valued r.v., then so is U &V for every T-valued r.v. V which is independent
of U. As a result, XJ(VC) is ¢/2-good.

Step III. Now we consider the general case, i.e. Y is f-decent for some

¢ > 1. For n > ¢ we can write

Yi+...+Y,
o Attt

v w T Vi Ve

with Y/J = }/(j,1)5+1+. o +Y forj=1,...,|n/¢], and R= YLn/ngJrl—}-. .t
Y,,. Since the absolutely continuous part of the law u of Y} is nontrivial, then

[n/f] Vit + Y c R




p is of the form quv;+(1—q)ve with ¢ € (0, 1] and the characteristic function of
v1 belonging to some L,. Indeed, i has a bit which is a uniform distribution
on some measurable set whose characteristic function is in Ls. Therefore,
applying Step 1I for 17j’s we get that XTQC) is c-good when C Lnnﬂ > C’én).

So we can set Cy = C(()H)\/ﬂ. O
Lemma 2. Suppose Z is a T-valued c-good random variable and By is the
operator defined by (Bzf)(xz) =Ef(x ® Z). Then for every 1 <p < oo and

every f € Ly(T) with [ f =0 we have |Bzf| < (1 —c) | fll, where ||-|| is
the L, norm.

Proof. Fix 1 < p < co. Let pu be the law of Z. Define the measure v(A) =
(u(A) — c|A])/(1 — ¢) for measurable A C T. Since p is c-good, v is a
Borel probability measure on T. Take f € L,(T) with mean zero. Then by
Jensen’s inequality we have

1 1
IBLfIP = /0 /0 f(z @ s) dus)

:(1—C)P/01

1 1
<-cr [ [ Ifaesp as) i

P
dx

p

1
/0 flx®s)dv(s)| dx

1
= —c)P||f||p/0 dv(s) = (1 =) [If]I".

Since ¢ does not depend on p we get the same inequality for p = oo by
passing to the limit. O

Now we are ready to give the proof of Theorem 2.

Proof of Theorem 2. Fix 1 < p < oco. Let Y7,Y5,... be independent copies
of Y. Observe that

(Alf)(z) =Ef (z @Y1 © ... B tY,))
=Ef (x@ (t\/ﬁ <W> mod 1)) .

Take n(t) = C§ [1/t*| N, where Cp and N are the numbers given by Lemma
1. Therefore, with Xég)) defined by (5), we can write
n c

(470 )(@) =Ef (20 X)),
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where C' = t\/n(t) = tCo\/TI/2TN > Cov/N > Cy. Thus X\ is c(Y)-

good with some constant c(Y) € (0,1). From Lemma 2 we have

|47 9s| < a =i

for all f satisfying [ f =
The operator A; is a contraction, namely ||A;f|| < ||f]| for all f € Li(T).
Using this observation and the triangle inequality we obtain

1

IF = Al = — (IlF = Al + [|Af = A+ + A5 = AFT))
1 n
>~ |If = ALl

Taking n = n(t) we arrive at

(¥Y)
—202 N

-4 = 171 = 4| = £ 1.

+1 02 N (
It suffices to take ¢ = ¢(Y)/(2C2 - N). O

Remark. Consider an /-decent random variable Y. As it was noticed in
the proof of Lemma 1 (Step III), the law Y; + ... 4+ Y, has a bit whose
characteristic function is in Lo. Conversely, if the law of S,,, = Y1 +...+ Y,
has the form gu + (1 — q)v with ¢ € (0, 1] and the characteristic function of
1 belonging to L,, for some p > 1, then the characteristic function of the bit
p*1P/21 of the sum of [p/2] i.i.d. copies of Sy, is in Lo. In particular, that
bit has a density function in L; N Le. Thus Y is (m [p/2])-decent.

Remark. The idea to study the operators A; (see (4)) stemmed from the
following question posed by Gideon Schechtman (personal communication):
given € > 0, is it true that there exists a natural number k = k(g) such that
for any bounded linear operator T : L1[0,1] — L1[0,1] with ||T||,, ., <1
which has the property

Vf e Li[0,1] ([suppf| <1/2 = |Tf]y = €[lf]l1)

there exist 0 > 0 and functions g1, ...,gx € Loo|0, 1] such that

1
ITfll, >0 fll, for any f € L1[0,1] satiSfying/O fg;=0,7=1,...k?



This, in an equivalent form, was asked by Bill Johnson in relation with
a question on Mathoverflow [MO]. Our hope was that an operator T'= I —
Ay, for some Y, would provide a negative answer to Schechtman’s question.
However, Theorem 2 says that if Y is an /-decent random variable, then T’
is nicely invertible on the subspace of functions f € L such that [ f-1=0.
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