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Abstract

Suppose we choose N points uniformly randomly from a convex body in d dimensions.
How large must N be, asymptotically with respect to d, so that the convex hull of the points
is nearly as large as the convex body itself? It was shown by Dyer-Fiiredi-McDiarmid that
exponentially many samples suffice when the convex body is the hypercube, and by Pivovarov
that the Euclidean ball demands roughly d%/? samples. We show that when the convex body
is the simplex, exponentially many samples suffice; this then implies the same result for any
convex simplicial polytope with at most exponentially many faces.
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1 Introduction

Consider sampling random points qi,qs,... uniformly and independently from a convex body
X C R4 We are interested in the asymptotics of the random variable Vy y given by the volume
of the convex hull of qi,...,qu. In particular, how large does N have to be to ensure that w.h.p.!
the volume of the convex hull of q1,...,qu is a significant fraction of the volume of X7

This problem is well-understood when X is a product space (i.e., a hypercube) or a Euclidean ball.
In the case where X is the hypercube [0,1]¢, the coordinates of the q; are independent uniform
random variables in [0, 1], and Dyer, Fiiredi, and McDiarmid [5] proved:
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Theorem 1.1 (Dyer, Fiiredi, McDiarmid, 1992). If X is the hypercube [0,1]%, A = eJo (= wrr) du
2.14, and € > 0, then as d — oo we have that

In particular, an exponential number of sample points suffice to capture the volume of the hypercube
with the convex hull of the sample (and they even determine the correct base of the exponent).
This was generalized in 2009 by Gatzouras and Giannopoulos in [6] to the case of random points
with i.i.d. coordinates which instead of uniform are drawn from any even, compactly supported
distribution, satisfying certain mild conditions.

On the other hand, if X is the Euclidean ball, Pivovarov proved in [9] that the threshold is super-
exponential.

Theorem 1.2 (Pivovarov, 2007). If X is the unit Eulidean ball in R?, X = {z € R, 2?21 z? <1},
and € > 0, then as d — oo we have that

EVxy _ [0 i N=N(@ <
Vol(X) " |1 if N=N(d)>

For results concerning a more general rotationally symmetric model of the so-called S-polytopes
(also exhibiting super-exponential thresholds), see the recent papers [1, 2]. For general bounds on
N concerning arbitrary log-concave and k-concave distributions see [3].

We analyze the case where X is a convex simplicial polytope. In particular, we prove:

Theorem 1.3. Suppose that q1,qz2, ... is a sequence of points chosen independently and uniformly
from X, where X C R% is a convex simplicial polytope with m facets. Let Q; = Qja S Q be
the convexr hull of {qi,...,q;}. There are positive universal constant co,Co such that for all large

enough d, if N > Cg§ - m, then Vol(Qn) > (1 — e’CO‘/E)Vol(X).

Since any convex simplicial polytope with m faces can be partitioned into at most m simplices,
which are all affine equivalent, it suffices to prove Theorem 1.3 in the case where X is a simplex.
In particular, we let Q4 denote the standard embedding of the (d — 1)-dimensional simplex in
d-dimensional space:

Qi={x>0:z14+22+ - +z4=1}.

The heart of our results is thus the following:

Theorem 1.4. Suppose that q1,qz2,... is a sequence of points chosen independently and uniformly
from Q = Qq, and let Q; = Qj,a C Q be the conver hull of {q1,...,q;}. There are positive constants

co, Co such that for all large enough d, if N > C&, then EVol(Qn) > (1 — eiCO\/E)Vol(Q).

Remark 1.5. By the Borel-Cantelli lemma, it follows that if we take a sequence of instances
1, Q9, ..., then Vol(Qn,q)/Vol(Qq) — 1 as d — oo with probability 1.

Remark 1.6. For clarity, we do not try to optimize any constants in our proofs. We get the
theorem with co = i and Cy = 300.

The following lower bound shows an exponential dependence is necessary:



Theorem 1.7. Under the assumptions of Theorem 1.4, for every e > 0, if N < eV=9)  then

WEVOI(QN) — 0 as d — oo, where v = 0.577... is the Euler-Mascheroni constant.

A similar lower bound with a worse constant follows from Theorem 1 in [3]. To prove Theorem 1.7,
we use the approach from [5]. We conjecture that the value of the constant e” is sharp (the method
from [5] yields sharp results in the independent case as well as rotationally symmetric ones — see
[1, 2, 5, 9] — where the dependence between components is mild, as in the case of a simplex). For
the upper bound, we follow a different strategy, which is summarized at the beginning of the next
section.

The rest of the paper comprises two sections devoted to the proofs of Theorems 1.4 and 1.7.

2 Proofs of the upper bound: Theorem 1.4

For the sake of clarity we begin by sketching the structure of the whole proof. For i =1,...,d we
define the a-caps C;(«) of the simplex to be the sets

Cila):=Qn{x|x; >1—a}. (1)

Note that they are disjoint as long as a < 3 and the volume Vol(Cj(«)) of Cj(a) is precisely
a?=1.Vol(Q). In particular, when examining the sequence {q;}, we expect to see a point in Cj, (c)
every (i)d*1 steps. And for a a constant, after exponentially many steps, we can collect points
from each cap C;(a). A routine calculation shows that the expected measure of the convex hull of
a random set of d points with one from each C;(«) is exponentially small compared with §2, though
it is not a priori clear how much overlap to expect from multiple such random simplices. The basic
strategy of the proof is to define a large set Q(e,~) C Q, and then show that for any fized x € Q(e, ),
the point x is very likely to lie in the convex hull of some simplex with one point p¥ in each in
cap C;(a), where all the the points p¥, py,...,p} occur among the first Cg terms of the sequence
d1,92, .- .. We do this by showing (in Lemma 2.4) that every exponentially many steps, one obtains
not only a point p¥ which lies in the cap C;(«), but one which is similar to x with respect to it’s
proximity to a lower dimensional face close to x—this provides points which give a good chance
of containing x in the convex hull reasonably quickly. (The fact that the points p¥ are large in
coordinate 7 let us view them as a diagonally dominant matrix, which we exploit to show that x is
likely to lie in their convex hull.) Linearity of expectation will then show that the measure of the
uncovered part of Q(e,~) is very small, and Markov’s inequality can then give a w.h.p statement
as in the theorem. In particular, although x lying in the convex hull of {qi,...,qn} is of course
equivalent to x lying in some simplex S, with vertices in {qi,...,qn}, it is perhaps surprising
that we prove the theorem by actually identifying S,, rather than, say, considering whether x is

separated from the convex hull by a hyperplane.

2.1 The exponential model

A basic tool we use is the standard fact that the coordinate vector of a uniformly random point in
the simplex ) can be simply described using independent exponentials, as encapsulated in the first
part of the following Lemma:

Lemma 2.1. If we generate a random point q € §) by generating the coordinates g; as

R 2)
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where the E;’s are independent, mean 1 exponentials, then q is uniform in . Moreover, if we

generate points p; (i =1,...,d) by generating the coordinates as
ak; ; . .
Dij = : for i#£j 3
2¥) Zk;él Ei,k: +04E1)Z # ( )
2
a“b;;
pii=(1-a) o (4)

+ )
Dk Bik +aEi;

where the E; ;s are independent mean-1 exponentials, then each p; is uniform in the cap Ci(a).

Proof. The statement about q follows from the fact that the coordinate vector of a random point
in Q has the same distribution as the vector of d gaps among d — 1 independent uniforms in [0, 1],
and that these gaps are distributed as exponentials with a conditioned sum (see e.g., [4], Ch 5,
Theorems 2.1 and 2.2).

Consider now a point p; € Q which is uniform except that we condition that it lies in C;(«). The
coordinates p; ; of p; are distributed as

d

- conditioned on  E;; > (1 — «) Z E;q. (5)

pi’jNE¢,1+"‘+Ei,d

j=1
for independent mean-1 exponentials E; ;. Note that this conditioning is equivalent to conditioning

on
(1-a) Zj;ﬁz’ Eij
- .

Ei,i >

Thus rather than condition in (5), by the memoryless property, we could have instead replaced E; ;
in that expression with a random variable F; generated as
~ 1-—a)> .. Eij

E; = a#i SN E;;,

and (3) and (4) follow by substitution. O

We will also use the following result of Janson, which gives concentration for sums of exponentials:

Lemma 2.2 (Janson [7]). Let W1, Wa,..., W, be independent exponentials with means ,%J =
1,2,...,m. Let a, =min", a; and let W = Wy +Wo+-- -+ W, and p =EW) = > 1", a% Then,
for any A <1,

IP)(W < )‘N) < efa*u()\flflog)\)' (6)

2.2 The large typical set

Recall that our proof works by defining a large set of “typical” points in €2, and then showing that
any such point is very unlikely to be still uncovered after exponentially many steps.

To define and work with the appropriate typical set, we will be in interested in the magnitudes of
the smallest coordinates of points x in the set. (Roughly speaking, the typical set Q(e,~) defined
below is one where none of smallest coordinates are much too small.) For this purpose, we make
the following definitions:



Definition 1. Given a point x € Q, r«(i) is the integer giving the ranking of x; among the coordi-
nates 1, ...,xq of X, where ties are broken arbitrarily. More precisely, r« : {1,...,d} = {1,...,d}
is any fized bijection such that r«(i) < r«(j) implies x; < x;.

Definition 2. Given a point x € Q, ix is the integer j € {1,...,d} such that i = rx(j).

In other words, if (z7,...,z};) is the nondecreasing rearrangement of x = (x1,...,24), that is
zy < ... <z} then (z;)%, = ()L .

We now define our typical set as follows:

Q(s,y):{xEQ:xix>Z;,l<i<7dandxix>;l,i>7d}, (7)

where the coordinates of the vector € are defined in terms of a constant ¢ > 0 and by

__ et o1<i<Va,
’ g, i>d.

Lemma 2.3. For every v < 1, there is a positive constant cy such that for every 0 < e < % and d
large enough, we have
vol(€(e, 7))

e Vd
>1- TVE
vol(?) 1= ®)

Proof. Let x be a random vector uniform on 2. In view of Lemma 2.1 and (2), the vector (z; )%, =
(x)4_, of the order statistics of x has the same distribution as the vector of the order statistics
of i.i.d. mean one exponentials normalised by their sum, which combined with Theorem 2.3 from
Chapter 5 in [4] gives that (z;, )%, has the same distribution as the vector

(E(d)—i—E(d—1)+---+E(d—i+1)>d )
i=1

S GE()

where the E(j)’s are independent exponentials with rate j. Thus,

Eii

d?’
€it . Y
=P ((:c” = ﬁ’ V1 S 1 S ’}/d) A (:v(hdJ_H)m Z 2d)>

>1-) P <x < ;) —-P (I(LvdHl)m = %) :

i<~vyd

Y

Vlgigwd>/\(azi12;d7 V7d<i§d)>

V

We estimate these probabilities using Janson’s inequality (6). First define the event
d
s 8d
U= JEG) > 5
j=1

By (6),

P(U) < e—d(l.ﬁ—l—logl.ﬁ) < e—d/lo.

Now consider the events

Ui:{E(d)—i—E(d—l)+-~-+E(d—i—|—1)S 85”}.



Note that

d
pi=EE) +Bd-1)+- BE(d-i+1)= Y. LN g
jdz+1‘7
By (6),
]p(Ui)SeXp{_(d—Z—l—l) (1651d—1—1og(165))}

Since u — 1 —logu > — 3 logu for u < 0.2, we get for i < ~d, as long as 1.6e < 0.2,
P (U;) < (1.6g;) 1 7/2,
Thus,

P (x < 32> <P (Uy) +P(U) < (1.6g;,)170i/2 4 g=01d

and

Zp(ximézg> 3 (16eVAHEZ 1 N (1,66) 12 4 qdem01d = o~ UVD,

1<vyd i<Vd Vd<i<~d

Similarly, for i = [yd] + 1, we get p; > £ >, so

P (x(hdm)z < %) <P(E(d)+...+E(d—i+1)<0.8y)+P(U)
< e~ (d=i+1)7(08-1-10g0.8) 4 —0.1d

< ~0.02d(1=7)7 4 ,—d/10,

Putting these bounds together finishes the proof. O

2.3 A lightly conditioned candidate simplex

We now fix an arbitrary x € Q(e,~), and consider choosing a p; randomly from C;(«), for some
i €{1,...,d}, using Lemma 2.1. To use p; as the vertex of a candidate simplex to contain x, we
hope to find that

J]
I = 2d2
runs over the smallest vd coordinates of x; recall that jx denotes the coordinate of the jth smallest
component of x. Indeed, we will later argue that conditioning on this event for every 4, the random
points p1,...,pqg would have a reasonable chance of containing x in their convex hull. The follow-
ing lemma shows that we can ensure that (10) is not too unlikely to be satisfied, without much
conditioning on the random variables E; ; for j > ~d.

Di <wj /2, where j=1,2,...,7d (10)

Lemma 2.4. Let v < % and 2ey < ba. Let x € Q(e,v) and let p; be chosen randomly from C;(«)
for some fized i € {1,...,d}, as in Lemma 2.1. Then for the event

B={ ¥ Buz} (1)

ki
rx(k)>~d

and an event A; x depending only on the E; ; for which r<(j) < vd (and so independent of B; x),
we have

Lrey Nt g —-107%d
> . >1—
P(Ais) 2 < (m2) e P(Bia) 21—, (12)



and
Ci,x ) Bi,x n Ai7xy

where C; x 1s the event that

. . 13 j
ngyévdjx#)p”xfzﬁ

Proof. We have

akF; €57 ) . .
C'ix: o) SL; V].S]S’Yd,JX ?
’ { CYEN' + Zk?éi Ez‘,k d? 7&
O aF; _6” Eig, V1<j<n~djx#i
4, x d2
k#i,jx
9 i
;{amegé?ﬂ Vlgjgvdh#ﬁ}ﬂ }:Eﬂxz5 ,
Jj>vd
Jx 74

The second event in the last line is B; x, and we define A; x to be the first event in the last
line. We have the claimed probability bound on B; x from Lemma 2.2. Indeed, for the mean
p=E>isva E;;, , we have p > (1 —v)d, so (6) gives

JxFl

4d 4 4 4
Pl X B | <P| T < g | <ew{on (gry -1 e )

Jj>nd j>~d
Jx ;éz ]x;él

4 4
< —d(1 — — —1-log—-—
oo {1 -2 (55 -1 e gy |
and for v < %, we have (1 —7) (ﬁ -1 —logﬁ) > 10~%.

For Ay ;, we compute

5d

2e;7
- H P(E:; SM
T Sad
1<j<~d
JxFi

2€jj
- 11 (oo (-520))
1<j<~d

€iJ

> 3

o H S5ad
1<j<vd
JxFi

2e:9
HD(-Ai,x) =P <01Ei,jx < 6]]7 V1 < .7 < dvjx 7£ Z)

for 2ev < ba, since 1 — et >ph— % > % for b < 1. Thus we have

d|! d/e)vd—1 B Va 1 vd
P 2 g I o= Gl ()2 4 (50) e




O

As a consequence of Lemma 2.4, we will have that if we sample exponentially many points in
Ci(a), we will with probability at least 1 — e~ have at least one one point p; for which the
corresponding event A; x occurs. In particular, we will with probability at least 1 — de=¢ have
one such point p; for each i = 1,...,d. Furthermore, with probability 1 — de=1° ", we have that
all the corresponding events B; x occur. These points p1,...,pq form the vertices of a candidate

simplex; note that the Lemma gives us that these points p; satisfy p; ;, < 53’&%" for all 1 < jx < ~vd,
j # i. In the next section, we show that they are not too unlikely to contain the fixed vertex
x € Q(e,7). In particular, this will mean that after collecting exponentially many such simplices
(in time exponential(d) - N = exponential(d)), the probability that x is not covered by any such

simplex will be exponentially small.

2.4 Enclosing a fixed x € Q(e,7)

In this section we show that for any fixed x € Q(g,~), it is only exponentially unlikely to be contained
in a simplex whose vertices p;, i = 1,2, ...,d are each chosen randomly from the corresponding set

Ci(a).

In particular, our goal in this section is to prove:

Lemma 2.5. Let v < % and 2ev < 5. Fiz x € Q(e,v) and suppose that for each i = 1,...,d,
the point p; is chosen randomly from C;(a). Let A;x be the events from Lemma 2.4 and let
Ax =iy Aix. Then

P (x € conv{p1,...,pn} | Ax) > b4,

1—~)d
64 = <1 - 50‘)( K —de"107"d,
Y

where

We define the matrix P = p;; whose rows are the random points p;, and write P = D + R where
D is the diagonal of P, and M = D~'R.
We will apply Gershgorin’s Circle Theorem to this matrix M:

Theorem 2.6 (Gershgorin). Suppose M = [m;;] is a real or complex d x d matriz where for each
i=1,....d, R; =3, |msj| is the sum of the absolute values of the non-diagonal entries of the ith
row, and the 1th Gershgorin disc D; s the disc of radius R; centered at m;;. Then every eigenvalue
of M lies in one of the Gershgorin discs (and, applying this to MT, the same applies where we
define the Gershgorin discs with respect to the columns). O

In particular, we use it to prove the following:

Lemma 2.7. We have that

Pl= (i(—l)’w’f) D (13)

k=0

Proof. Observe that if the sum in (13) converges, then we can write

Pl=(IZ+D'R)'D ! = (i(nk(pln)k) Dl = ( . (1)‘“/\4’“) DL (14)

k=0 k=0



Thus it remains just to prove that the sum converges. Recall first from the definition of C;(a) in
(1) that diagonal entries of P are all at least 1 — a, while the sum of each row is 1. In particular,
Gershgorin’s Circle Theorem implies the eigenvalues of M have absolute value at most 2, which

is less than 1 assuming a < %

Next we argue that M is a.s. diagonalizeable. This is the case if the discriminant of the characteristic
polynomial of M is nonzero. This discriminant is a polynomial expression involving only products
of the off-diagonal entries of M; in particular, it is nonzero with probability 1.

Thus finally we write M = QAQ~! and M* = QAFQ~'. This converges exponentially fast,
confirming convergence of the sum and thus the lemma. O

We are now ready to prove Lemma 2.5.

Proof of Lemma 2.5. As the p; lie in general position, we can always write the given x (uniquely)
as a linear combination
X = A\Pp1 + -+ AiPd;

our goal is to show that given (), A; x, there is probability at least ¢? for some ¢ > 0 that the ); are
all nonnegative. Observe that these coefficients are determined as

A=xP L

From (13), we can write

o er(S)o (S
k=0

k=0

which is nonnegative so long as x(I — M) is, since M has only nonnegative entries.

Note that the jth coordinate y; of the product y = x(I — M) is given by

Y =5 — Z D;ilpiﬁjl'i. (16)
(REI]

Thus
P(xEconv{pl,...,pn} ’ .Ax) ZIP’(yj >0:Vy Sd‘ .Ax).

Recall from Lemma 2.4 the events B; x which are all independent of the events A; x. Let Bx =

ﬂle B; x. Each of the values of j corresponding to small coordinates of x—that is the j for which
rx(j) < yd—must satisfy y; > 0 if Ax N Bx occurs. Indeed, from Lemma 2.4, we know that for all
i # j we have p; ; < x;/2 in this case, and so in particular we have that

— S o Ly _ o T
Yj = Iy ZD%l DijTi = X 2(17_ a) sz > T 72(1 — a) >0 (17)
i#] i#j
(by (4), we have D; ; > 1 — ). This shows that
P(y; > 0:Vj <d| Ax) > P ((y; > 0:Vj < d)NBx | Ax)
=P ((y; >0:Vj <dst. rx(j) >~d) N Bx | Ax).



It therefore remains to handle the case of r«(j) > 7d. On the event By, for ¢ # j, we have
pi; < 52F; ; (recall (3)), thus, bounding Difil < 72— < 2 (see (22)) and using that z; > 75 for j
such that r«(j) > ~d, we obtain (on using the first equality in 17) that

P((y; > 0:Vj <d,re(j) > ~vd) N Bx | Ax)

>P ZEi,jxiS%:ngds.t. rx(7) > ~vd ﬂBx‘Ax
iitj

By a simple inequality P(AN B) > P (A) — P (B°),
Py >0:¥<d | A) 2B Y Bijay € V) Sdst.r(i) > 7d | Ax | =B (BS | Ax)
R

The fact that the E; ; for j with r<(j) > 7d are not conditioned by Ax, Markov’s inequality and
independence yield

P> B < 5% LV < d st me() > vd | Ay
i)

v 5a (1=v)d
=P ZEi’jxiggTa: Vi <ds.t. rx(j) > ~d 2<1_’Y> )
iy

The independence of By and Ay, a simple union bound and (12) yield
P (BS | Ax) = P(BS) < de™ 104,
Altogether,

5a (1—v)d 4
P (x € conv{py,...,pn} | Ax) > (1 — 7) —de™1074, (18)

2.5 Covering most of the simplex in exponentially many steps

We are now ready to combine the ingredients to prove the main theorem.

Proof of Theorem 1.4. Recall that we draw N random points qi,qq,...,qy independently and
uniformly from the simplex ) and QQn denotes their convex hull. First, note that by Fubini’s
theorem, we have

EVol(Qn) :]E/Ql{a:GQN}dx:/QP(x €Qn)dx > /Q( )P(x € Qn) dx, (19)
ey

where (e, ) is the typical set defined in (7). Fix « € Q(e, 7). By Lemma 2.5, we will have a good
lower bound on P (z € @), provided we know that among the q; there are n points, one from each
cap C;(a) which moreover fulfill the events Ay. To use that, we condition on all possibilities for
the q; and then argue that the majority of the possibilities are good, provided N is large enough.

10



Formally, given two sequences | = (I1,...,Ix) € {0,1,...,d}" and 0 = (01,...,0n) € {0, 1}V, we
define the event

d
Elo= ﬂ {if l; =0, then g; ¢ U Ci(a); if I; > 0, then ¢; € Cj; ()
<N i=1

and g; satisfies A;; x if and only if §; = 1}

which tells us which among the points q; fall in the caps and among those which satisfy A; x. Let
Good be the set of those pairs of sequences (I, 6) for which there are 1 < j; < ... < jg < N such
that {lj17"'7le} = {1,,d} and 0]'1 =...= do =1. Then,

PreQn)=) PecQn|&a)PEp)> Y. P@ecQn|&o)P(EL).

1,0 (1,0)€Good

For (I,0) € Good, by Lemma 2.5, we have P(z € Qn | £,9) > 04, so it remains to estimate
2 (1.0)cGood P (E1,0). Fix i € {1,...,d} and let S; be the number of points among the q; which
are in C;(«) and satisty A; x. We have,

> P(Ee)=P(Si>0: Vi<d)
(1,0)€Good
By independence,
N
P(S; =0) = (1 —P(Aix)P(q € Ci(a))> ,

where P (A; x) is taken with respect to the probability uniform on C;(«). Therefore, by (12) and a
union bound,

N
Z P(&p)>1—d- <1 — % (%)M e—dad—1> .

(1,0)eGood
Thus,
Lrey\ g a4
P >0 (1-d- N = (—) : 2
(x € Qn) > d4 ( dexp{ 7 \5ea) €@ (20)
Set v = % and then choose a to be a small enough constant such that
(1-v)d
64 = <1 - 50‘) —de™107Md 5 m1070 (21)
Y

Choose € < % (allowing the use of Lemma 2.3 later) such that 2ey < 5a (allowing the use of Lemma
2.4). Then we take N = Cf with C; large enough so that the exponential term in (20) satisfies

Lrey\ 4 4 1
. _]\7 .- <7) < —.
d exp{ d \bex €« -2

‘We then have

P(z € Qn) > e

Then, by independence, we get
o L 1044 > L 1074 od d
Pz € Quuy)>1-Px¢Qn)?>>1-— 1—56_ >1—exp —56_ 2200 >1—e" %

11



Finally, thanks to (19) and Lemma 2.3,
EVol(Qeyy) = Vol((e, 1))(1 — e~%) > 1 — =0V,

for a positive universal constant cg. O

Remark 2.8. All of these inequalities hold with
1
y==, a=-—, e=—-, (C; =150 (22)

(provided d is large enough). Moreover, for the constant c, in Lemma 2.3, we can take cy = %.
These justify Remark 1.6.

3 Proof of the lower bound: Theorem 1.7

Since the quantity m\fol(@ ~) is affine invariant, we can work with the standard orthogonal

simplex Sy in R? instead of Qg,
d
Sy = {(E € Rd, Tiyee.,Tg > O,le < 1},
i=1
which will be more convenient here. The following fundamental lemma from [5] is a starting point.

Lemma 3.1 ([5]). Suppose X1, Xo,... are i.i.d. copies of a random vector X in R%. Define a
random polytope Qn = conv{X1,...,Xn} and consider the function £ = £x defined by

&(z) =inf{P (X, € H), H half-space containing z}, z € RY. (23)

Then for every subset A of RY, we have

EVol(Qn) < Vol(4) + N - (SXCP q) -Vol(A° N {z e RY, &(z) > 0}) (24)

EVol(Qy) > vol(A) (1 - 2(];[) (1—int 5)Nn> . (25)

We will only need the first part of Lemma 3.1, that is (24), which will be applied to sets of the form
A= {r e R4 &(x) > A}, the (convex) level sets of the function £. To get an upper bound on the
volume of such sets, we shall use a standard lemma concerning the Legendre transform A% of the
log-moment generating function Ax of X,

Ax(x) = logEeX:®) and A% (z) = sup {(0,z) — Ax(0)}.
OeRd

Lemma 3.2. For every a > 0, we have

{z eRY, &x(z) > e} C {z eR?, A(z) < al. (26)
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Proof. Plainly, for the infimum in the definition (23) of £x(x), it is enough to take half-spaces for
which z is on the boundary, that is

fx(fﬂ) = Glen]RfdP«X - 1’,9> > O)a (27)

where (u,v) = Y, w;v; is the standard scalar product in R?. By Chebyshev’s inequality for the
exponential funciton,
P((X —xz,0) > 0) < e 02 Eel0X)

Consequently, &x (z) < e Mx (@), O

The next lemma is a crucial bound on the moment generating function Ax for X uniform on the
simplex Sy.

Lemma 3.3. Let X be a random vector uniform on Sy. For every § € (—oo,d)? and d > 7, we
have

d
1
DR | .
157,74

Proof. We have,
1
]Ee<0’X> — / ez Oizi g — d!/ ez by,
VOI(Sd) Sy {z€(0,00)4, > z;<1}

A change of variables z; = y;/d and a simple pointwise estimate 1 < e4=2¥ valid on the domain
of the integration yield

]E€<9’X> § d[d*d/ ezeiyi/dedfzyidy
{yE(0,00)d, > yi<d}

< d!dided/ 627(179i/d)yidy
(0,00)¢

d

1
= (d\d—4e? _
(@a~e) [ ] = 6,/d
=1
Finally, d! < v/ 2nddledet2a. For d > 7, we have v/ 2rdet@a < d. O

Proof of Theorem 1.7. Fix ¢ > 0. Let N < (=94 and o = v — £/2. Let ¢ be the function from
(23) defined for a random vector X uniformly distributed on Sy. Setting Qn = conv{Xi,..., XN},
where X1, Xs,... are i.i.d. copies of X and using (24) with A = {x € Sy, q(z) > e}, we get

Evol(Qn) _ vol(A) —en/2
vol(Sq) = vol(Saq) e

By (26), 1)
VO](Sd)

By Lemma 3.3, we obtain

d d
1 0
A*(z) > sup {(97x>—logH1_a/d—10gd} = —logd + § sup {91'33@4-10% <l_n>}
i=1 ¢

0€(—oo,d)? i—1 fi<d

=P (g(X) >e ) <P(A*(X) < ad).

d
=—logd+ Y (xid),
=1
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where
P(t)=t—1—1logt, t>0.

As a result, for d large enough,

d
P (A*(X) < ad) < < Zde <a+1°§d>gp<22w(&d)<yi>

(here the X; are the components of X, not its independent copies as earlier). To finish the proof, it
remains to argue that the right hand side is o(1). We use the fact that X has the same distribution
as the vector (%, ce %), where Z =Y + -+ Yy + W and Yi,...,Yy, W are i.i.d. exponential
random variables with parameter 1 (which can be deduced e.g. from (2) of Lemma 2.1). For

0 € (0,1) (to be chosen later), we write
)< )

( Zde <’y—>—IE”< (d
<y-— ((1—5)d,(1+5)d)>

o135 (i

+IP’(Z<( —0)d)+P(Z > (1+4)d).

The last two probabilities are exponentially small (which can be argued in a number of ways, e.g.
using Lemma 2.2, Bernstein’s inequality, or estimates for the incomplete gamma function). To
handle the first probability, we decompose 1 as follows

Y(t) = i(t) + P2(t),
where 11 (t) = 1(t)1(0,1)(t) is nonincreasing and 2 (t) = ¥(t)1(1,00)(t) is nondecreasing. Having this
monotonicity, if Z € ((1 — 8)d, (1 + 6)d), we get ¥ (d%) > 1 (125) + 1o (HJ) Thus, setting

t t
f(t) = (1_5> + 92 (1+5>7
we obtain

P(jlzzp(d?)q—flje((l—é) (14 8)d) ) (Zf ’y—)

i=1

It remains to find the mean of f(Y7) and use the law of large numbers. We have,

0 1-6 o)
Ef(Y7) = /0 ft)e tdt = /0 (0 <1t6> e tdt + /1+<Sw (1jr(5) e tdt

_(1-0) /Olw(t)e_te‘”dt+ (1+0) /100 W(t)e—te=ttdr

> (1-9) /01 Y(t)e tdt + /100 Y(t)e H(1 — 6t)dt
= /OOO Y(t)e tdt — 6 (/01 P(t)e tdt + /100 ¢(t)tetdt) :

/ Y(t)e tdt = —/ e ‘logtdt =
0 0

14
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(which was derived by Euler — see (2.2.8) in the survey [8]) and

1 o]
/ w(t)e_tdt+/ Y(t)te tdt < 1,
0 1

we can conclude that

Choosing, say § = ¢, we thus get

(Zf <7—€> (Zf <1EfY1)—8>

and by the (weak) law of large numbers, the right hand side converges to 0 as d — oo. O
References
[1] G. Bonnet, G. Chasapis, J. Grote, D. Temesvari, N. Turchi, Threshold phenomena for high-

2]

dimensional random polytopes, Commun. Contemp. Math. 21 (2019), no. 5, 1850038, 30 pp.

G. Bonnet, Z. Kabluchko, N. Turchi, Phase transition for the volume of high-dimensional
random polytopes, preprint: arXiv:1911.12696.

D. Chakraborti, T. Tkocz, B.-H. Vritsiou, A note on volume thresholds for random polytopes,
preprint.

L. Devroye, Nonuniform random variate generation, in Handbooks in operations research and
management science, 13 (2006), 83-121.

M. Dyer, Z. Fredi, C. McDiarmid. Volumes spanned by random points in the hypercube, in
Random Structures & Algorithms 3 (1992): 91-106.

D. Gatzouras, A. Giannopoulos. Threshold for the volume spanned by random points with
independent coordinates, in Israel Journal of Mathematics 169 (2009) 125-153.

S. Janson, Tail bounds for sums of geometric and exponential variables. Statist. Probab. Lett.
135 (2018), 1-6.

J. Lagarias, Fuler’s constant: Euler’s work and modern developments. Bull. Amer. Math. Soc.
(N.S.) 50 (2013), no. 4, 527-628.

P. Pivovarov, Volume thresholds for Gaussian and spherical random polytopes and their duals.
Studia Math. 183 (2007), no. 1, 15-34.

15



	Introduction
	Proofs of the upper bound: Theorem 1.4
	The exponential model
	The large typical set
	A lightly conditioned candidate simplex
	Enclosing a fixed x(,)
	Covering most of the simplex in exponentially many steps

	Proof of the lower bound: Theorem 1.7

