Due to time limitation, I was unable to answer Tom’s question adequately. Here is an outline of the proofoftheLemma:

LEMMA0.1(Technical Lemma). Suppose K ⊣∫ ⊣\ AEC ⊒⟨⟩⌋⟨ ⟩∫ ⊣↕∫≀ PC_{ℵ0} . I f I(ℵ_0,K) = 1 and K_{ℵ1} ≠ ∅ ⊔⟨⌉\ {≀∇ ⌉⊑⌉∇† M ∈ K_{ℵ0} t h e r e e x i t s {M_n | n < ω } ⊆ K_{ℵ0} s u c h t a h t M =^T_{n< ω} M_n a nd M_{n+1} ⪵ M_n for a ll n < ω ▷ PROOF▷ ↼outline↽ Notice that by ℵ_0-categoricity it is enough to prove for some M instead of every▷ Fix an increasing continuous {M_α | α < ω_1} ⊆ K_{ℵ0} . L e t F : ω_1 → K_{ℵ0} d e Θ n e d b y F(α) = M_α ▷ Let B := ⟨H(χ),∈,ω_1,|=_{L(K)},K,F,...⟩⇔ ⊒⟨⌉∇⌉ χ is regular large enough so that B ⌋≀\⊔⊣⟩\∫ ⊔⟨⌉ ⌈⌉×\⟩⊔⟩≀\ ≀{ K ⊣\⌈ ∇⌉∗⌉⌋⊔∫ ⊣↕↕ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⊣\⌈ K ⟩∫ ⊔⌉⟨ PC_{ℵ0} d e Θ n i t i o n o f K↙ ⇐⇑⇒ N≀⊔⟩⌋⌉ ⊔⟨⊣⊔ ∫⟩\⌋⌉ ⊔⟨⌉ ⊔⟨⌉≀∇⌉⇕ ⊒⌉ √∇≀⊑⌉⌈ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕† ⊣{⊔⌉∇ ⊔⟨⌉ ⌈⌉×\⟩⊔⟩≀\ ≀{ AEC∫ ⇐⟩↙⌉↙ ⊔⟨⌉† ⊣∇⌉ ⌋↕≀∫⌉⌈ ⊓\⌈⌉∇ ⊓\⟩≀\∫ ≀{ ⌈⟩∇⌉⌋⊔⌉⌈ ∫†∫⊔⌉⇕∫⇒ ⊔⟨⟩∫ ⊣↕∫≀ ⟨≀↕⌈∫ ⟩\ B↙ B† L≀√⌉‡↖E∫⌋≀⌊⊣∇≃∫ ⊔⟨⌉≀∇⌉⇕ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⌋≀⊓\⊔⊣⌊↕⌉ B^∗ ≡_{ω 1,ω} B ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ {a_n | n < ω } ⊆ ω^{B∗}_1 satisfying:

B^∗ |= a_n ∋ a_{n+1} for all n < ω . Let I := {a ∈ ω^{B∗}_1 | B^∗ |= a ∈ a_n for all n < ω }. Notice that I is not empty▷ Let M :=^S_{i∈I} F^{B∗} (i), by (*) it is in K ⊣\⌈ ↕⌉⊔ M_n := F^{B∗} (a_n). Check that M =^\ n< ω M_n. An absolutness argument show that the above models are in K⇔ ∫⟩\⌋⌉ K^{B∗}_{ℵ0} = K_{ℵ0} .