
Due to time limitation, I was unable to answer Tom’s question adequately. Here is an outline of the
proof of the Lemma:

LEMMA 0.1 (Technical Lemma).SupposeK as an AEC which is alsoPCℵ0 . If I(ℵ0,K) = 1 and
Kℵ1 6= ∅ then for everyM ∈ Kℵ0 there exits{Mn | n < ω} ⊆ Kℵ0 such tahtM =

⋂
n<ωMn and

Mn+1 ¹Mn for all n < ω.

PROOF. (outline) Notice that byℵ0-categoricity it is enough to prove forsomeM instead ofevery.
Fix an increasing continuous{Mα | α < ω1} ⊆ Kℵ0 . LetF : ω1 → Kℵ0 defined byF (α) = Mα.

Let B := 〈H(χ),∈, ω1, |=L(K),K, F, . . .〉, whereχ is regular large enough so thatB contains the
definition ofK and reflects all the above andK is tehPCℵ0 definition ofK.

(*) Notice that since the theorem we proved immediately after the definition of AECs (i.e. they are
closed under unions of directed systems) this also holds inB.

By Lopez-Escobar’s theorem there is a countableB∗ ≡ω1,ω B such that there is{an | n < ω} ⊆ ωB
∗
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satisfying:
B∗ |= an 3 an+1 for all n < ω.

Let
I := {a ∈ ωB∗1 | B∗ |= a ∈ an for all n < ω}.

Notice thatI is not empty. LetM :=
⋃
i∈I F

B∗(i), by (*) it is in K and letMn := FB
∗
(an).

Check that
M =

⋂
n<ω

Mn.

An absolutness argument show that the above models are inK, sinceKB∗ℵ0
= Kℵ0 .
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