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ABSTRACT. Boney and Grossberg proved that every nice AEC has an in-
dependence relation. We prove that this relation is unique: In any given AEC,
there can exist at most one independence relation that satisfies existence, exten-
sion, uniqueness and local character. While doing this, we study more generally
properties of independence relations for AECs and also prove a canonicity re-
sult for Shelah’s good frames. The usual tools of first-order logic (like the finite
equivalence relation theorem or the type amalgamation theorem in simple theo-
ries) are not available in this context. In addition to the loss of the compactness
theorem, we have the added difficulty of not being able to assume that types are
sets of formulas. We work axiomatically and develop new tools to understand
this general framework.
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1. INTRODUCTION

Let K be an abstract elementary class (AEC) which satisfies amalgamation, joint
embedding, and no maximal models. These assumptions allow us to work inside
its monster model €. The main results of this paper are:

(1) There is at most one independence relation satisfying existence, extension,
uniqueness and local character (Corollary [5.19).

(2) Under some reasonable conditions, the coheir relation of [BG] has local
character and is canonical (Theorems and .

(3) Shelah’s weakly successful good A-frames are canonical: an AEC can have
at most one such frame (Theorem [6.13).

To understand their relevance, some history is necessary.

In 1970, Shelah discovered the notion “tp(a/B) forks over A” (for A C B), a
generalization of Morley’s rank in w-stable theories. Its basic properties were
published in [She7§].

In 1974, Lascar [Las76, Theorem 4.9] established that for superstable theories,
any relation between a, B, A satisfying the basic properties of forking is Shelah’s
forking relation. In 1984, Harnik and Harrington [HH84, Theorem 5.8] extended
Lascar’s abstract characterization to stable theories. Their main device was the
finite equivalence relation theorem. In 1997, Kim and Pillay [KP97, Theorem 4.2]
published an extension to simple theories, using the independence theorem (also
known as the type-amalgamation theorem).

This paper deals with the characterization of independence relations in various
non-elementary classes. An early attempt on this problem can be found in Kolesnikov’s
[Kol05], which focuses on some important particular cases (e.g. homogeneous
model theory and classes of atomic models). We work in a more general con-
text, and only rely on the abstract properties of independence. We cannot assume
that types are sets of formulas, so work only with Galois (i.e. orbital) types.

In [She87, Chapter II] (which later appeared as [She09b, Chapter V.B]), Shelah
gave the first axiomatic definition of independence in AECs, and showed it gener-
alized first-order forking. In [She09al, Chapter II], Shelah gave a similar definition,
localized to models of a particular size A (the so-called “good A-frame”). Shelah
proved that a good frame existed, under very strong assumptions (typically, the
class is required to be categorical in two consecutive cardinals).

Recently, working with a different set of assumptions (the existence of a monster
model and tameness), Boney and Grossberg [BG| gave conditions (namely a form
of Galois stability and the extension property for coheir) under which an AEC has
a global independence relation. This showed that one could study independence in
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a broad family of AECs. Our paper is strongly motivated by both [She09a, Chapter
I1] and [BG].

The paper is structured as follows. In Section [2] we fix our notation, and review
some of the basic concepts in the theory of AECs. In Section [3] we introduce
independence relations, the main object of study of this paper, as well as some
important properties they could satisfy, such as extension and uniqueness. We
consider two examples: coheir and nonsplitting.

In Section [4 we prove a weaker version of (I]) (Corollary [4.14]) that has some extra

assumptions. This is the core of the paper.

In Section [5] we go back to the properties listed in Section [3] and investigate
relations between them. We show that some of the hypotheses in Corollary [£.14] are
redundant. For example, we show that the symmetry and transitivity properties
follow from existence, extension, uniqueness, and local character. We conclude by
proving . Finally, in Section @, we apply our methods to the coheir relation
considered in [BG| and to Shelah’s good frames, proving and .

While we work in a more general framework, the basic results of Sections
often have proofs that are very similar to their first-order analog. Readers feeling
confident in their knowledge of first-order nonforking can start reading directly
from Section [l and refer back to Sections PH3| as needed.

This paper was written while the first and fourth authors were working on a Ph.D.
under the direction of Rami Grossberg at Carnegie Mellon University. They would
like to thank Professor Grossberg for his guidance and assistance in their research
in general and in this work specifically.

An early version of this paper was circulated already in early 2014. Since that
time, Theorem has been used by the fourth author to build a good frame
from amalgamation, tameness, and categoricity in a suitable cardinal [Vasa]. With
VanDieren, the fourth author has also used it to deduce a certain symmetry prop-
erty for nonsplitting in classes with amalgamation categorical in a high-enough
cardinal [VV], with consequences on the uniqueness of limit models. The question
of canonicity of forking in more local setups (e.g. when the independence relation
is only defined for certain types over models of a certain size) is pursued further
in [Vasb].

2. NOTATION AND PREREQUISITES

We assume the reader is familiar with abstract elementary classes and the basic
related concepts. We briefly review what we need in this paper, and set up some
notation.

Hypothesis 2.1. We work in a fixed abstract elementary class (K, <) which
satisfies amalgamation, joint embedding, and no maximal model.
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2.1. The monster model.

Definition 2.2. Let p > LS(K) be a cardinal. For models M < N, we say N
is a p-universal extension of M if for any M’ >~ M, with ||M'|| < pu, M’ can be
embedded inside N over M, i.e. there exists a K-embedding f : M’ — N fixing
M pointwise. We say N is a universal extension of M if it is a ||M||*T-universal
extension of M.

Definition 2.3. Let p > LS(K) be a cardinal. We say a model N is p-model
homogeneous if for any M < N, N is a p-universal extension of M. We say

M is p-saturated if it is p-model homogeneous (this is equivalent to the classical
definition by [She01, Lemma 0.26]).

Definition 2.4 (Monster model). Using amalgamation, joint embedding and no
maximal model, we can build a strictly increasing continuous chain (€;);cor, where
for all 7, €;; 1 is universal over €;. We call the union € := UieOR ¢; the monster
modell] of K.

Any model of K can be embedded inside the monster model, so we will adopt the
convention that any set or model we consider is a subset or a substructure of €.

We write Auts(€) for the set of automorphisms of € fixing A pointwise. When
A=, we omit it.

We will use the following without comments.

Remark 2.5. Let M, N be models. By our convention, M < € and N < €, thus
by the coherence axiom, M C N implies M < N.

Definition 2.6. Let I be an index set. Let A := (A;)ic;, B := (B;)ier be sequences
of sets, and let C' be a set. We write f : A =¢ B to mean that f € Autg(€), and
for all i € I, f[A;] = B;. We write A =¢ B to mean that f : A =¢ B for some f.
When C' is empty, we omit it.

We will most often use this notation when [ has a single element, or when all
the sets are singletons. In the later case, we identify a set with the corresponding
singleton, i.e. if @ = (a;)ie; and b := (b;);c; are sequences, we write f : @ =¢ b
instead of f : A =¢ B, with A; := {a;}, B; := {b;}. We write gtp(a/C) for the =¢
equivalence class of a. This corresponds to the usual notion of Galois types first
defined in [She01, Definition 0.17].

Note that for sets A, B, we have f : A =¢ B precisely when there are enumerations
a, b of A and B respectively such that f :a =¢ b.

ISince € is a proper class, it is strictly speaking not an element of K. We ignore this detail,
since we could always replace OR in the definition of € by a cardinal much bigger than the size
of the models under discussion.
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2.2. Tameness and stability. Although we will make no serious use of it in
this paper, we briefly review the notion of tameness. While it appears implicitly
in [She99], tameness was first introduced in |[GV06b] and used in |[GV06a] to prove
an upward categoricity transfer. Our definition follows [Bon14b, Definition 3.1].

Definition 2.7 (Tameness). Let £ > LS(K). Let a be a cardinal. We say K is
k-tame for a-length types if for any tuples @, b of length «, and any M € K, if
a #y b, there exists My < M of size < k such that a #y, 0.

We say K is (< k)-tame for a-length types if for any tuples a, b of length «a, and

any M € K, if a #), b, there exists My < M of size < k such that a #, b.

We say K is k-tame if it is k-tame for 1-length types. We say K is fully k-tame if
it is k-tame for all lengths. Similarly for (< x)-tame.

The following dual of tameness is introduced in [Bonl4b, Definition 3.3]:

Definition 2.8 (Type shortness). Let k > LS(K). Let u be a cardinal. We say
K is k-type short over u-sized models if for any index set I, any enumerations
a = (a;)icr, b := (b;)ics of type I, and any M € K,,, if @ #y b, there is Iy C I of
size < k such that ay, #u by,. Here az, == (a;)icr,.

We define (< k)-type short over p-sized models similarly.

We say K is fully k-type short if it is k-type short over p-sized models for all p.
Similarly for (< k)-type short.

We also recall that we can define a notion of stability:

Definition 2.9 (Stability). Let A > LS(K) and « be cardinals. We say K is
a-stable in A if for any M € K, S“(M) := {gtp(b/M) | b € *C} has cardinality
< A. Equivalently, given any collection {A;};-\+, where for all i < AT, |4;| = «,
there exists ¢ < j such that A, =y A;.

We say K is stable in A if it is 1-stable in .

We say K is a-stable if it is a-stable in A for some A > LS(K). We say K is stable
if it is 1-stable in A for some A > LS(K). We write “unstable” instead of “not
stable”.

Remark 2.10. If a < 3, and K is §-stable in A, then K is a-stable in A.

The following follows from [Bon, Theorem 3.1].

Fact 2.11. Let A > LS(K). Let a be a cardinal. Assume K is stable in A and
AY = A. Then K is a-stable in A.
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3. INDEPENDENCE RELATIONS

In this section, we define independence relations, the main object of study of this
paper. We then consider two examples: coheir and nonsplitting.

3.1. Basic definitions.

Definition 3.1 (Independence relation). An independence relation L is a set of

triples of the form (A, M, N) where A is a set, M, N are models (i.e. M, N € K),

M < N. Write AL N for (A, M,N) € L. When A = {a}, we may write a L N
M M

for A L N. We require that L satisfies the following properties:
M

e (I) Invariance: Assume (A, M, N) = (A’, M’, N’). Then A.L N if and only
it A" L N". "

o (M) i/[(;ft and right monotonicity: If AL N, A’ C A, M < N' < N, then
AL N "

M

¢ (B) Base monotonicity: If AL N, and M < M’ < N, then A L N.
M M

We write L for L restricted to the base set M, and similarly for e.g. A L.
M M

In what follows, L. always denotes an independence relation.
Remark 3.2. To avoid relying on a monster model, we could introduce an ambient

~ N
model N as a fourth parameter in the above definition (i.e. we would write A L N).

M
This would match the approach in [She09b, Chapter V.B] and [She09a, Chapter
II] where the existence of a monster model is not assumed. We would require

that N contains the other parameters A, M and N. To avoid cluttering the
notation, we will not adopt this approach, but generalizing most of our results to
this context should cause no major difficulty. Some simple cases will be treated
in the discussion of good frames in Section [6] In [Vasb|, many of our results are
stated in a monsterless framework.

We will consider the following properties of independencdﬂ:
e (C), Continuity: If AL N, then there exists A~ C A, B~ C N of size
M
strictly less than k such that for all Ny >= M containing B~—, A~ L Nj.
M

2Continuity, transitivity, uniqueness, existence and extension are adapted from [MS90]. Sym-
metry comes from [She09a, Chapter IT].
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e (T) Left transitivity: If M; L N, and My L N, with My < M; < M, then

Mo LN, " .

(T) nght transitivity: If AL M, and A L M5, with My < M; < M,

then A L M, " .

e (9) Symmetry If A\LN then there is M’ > M with A C M’ such that

NJ/ M'.If Ais a model extending M, one can take M’ = A

(U) Uniqueness: If AJ/N A’\LN and f: A=y A, theng: A=y A

for some ¢ so that g | A f [
e (E) The following properties hold.
— (Ey) Existence: for all sets A and models M, A L M.

M
— (F) Extension: Given a set A, and M < N < N’/ if AL N, then
M
there is A’ =5 A such that A" L N'.

M
e (L) Local character: k,(L) < oo for all a, where k,(L) := min{\ €
REG U{oo} : for all u = cf u > A, all increasing, continuous chains (M :
i < p) and all sets A of size «, there is some ip < pso A L M,}.

)
e (E,) Strong extension: A technical property used in the proof of canonicity.
See Definition 4.4l

For (P) a property that is not local character, and M a model, when we say L
has (P)ys, we mean L has (P) (i.e. L has (P) when the base is restricted to be
M

M). If P is either (T') or (T%), (P)y means we assume My = M in the definition.

1) (2)
Whenever we are considering two independence relations L and L, we write (P(!)

(1)
as a shorthand for “.L has (P)”, and similarly for (P®).
Notice the following important consequence of (E):
Remark 3.3. Assume L has (F)y. Then for any A, and N > M, there is
A’ = A such that A" L N (use (Ep)y to see AL M, and then use (Ej)y).
M M

Assuming (T%),, this last statement is actually equivalent to (E)yy.

The property (F.) will be introduced and motivated later in the paper. For now,
we note that there is an asymmetry in our definition of an independence relation:
the parameter on the left is allowed to be an arbitrary set, while the parameter on
the right must be a model extending the base. This is because we have in mind

3This second part actually follows from monotonicity and the first part.
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the analogy “a L N if and only if tp(a/N) does not fork over M”, and in AECs,
M
types over models are much better behaved than types over sets.

The price to pay is that the statement of symmetry is not easy to work with. As-
sume for example we know an independence relation satisfies (7') and (5). Should
it satisfy (7,)7 Surprisingly, this is not easy to show. We prove it in Lemma
assuming (F). For now, we prepare the ground by showing how to extend an
independence relation to take arbitrary sets on the right hand side.

Definition 3.4 (Closure of an independence relation). We call L a closure of L

if L is a relation defined on all triples of the form (A, M, B), where M is a model
(but maybe M ¢ B). We require it satisfies the following properties:

e For all A, and all M < N, AL N if and only if A L N.
M M
e (I) Invariance: If (A,M,B) = (A’,M’, B’), then AL B if and only if
M
A LB
M/
e (M) Left and right monotonicity: If AL B and A’ C A, B C B, then
M
A LB
M
e (B) Base monotonicity: If AL B, and M < M' C M U B, then A L B.
M M’

The minimal closure of L is the relation L defined by ALC if and only if there
M
exists N = M, with C' C N, so that A L N.
M

It is straightforward to check that the minimal closure of .L is the smallest closure
of L but there might be others (and they also sometimes turn out to be useful),
see the coheir and explicit nonsplitting examples below.

We can adapt the list of properties to a closure L.
Definition 3.5.

o We say L has (S) if for all sets A, B, AL B if and only if B LA.
M M
e We say that L has (C) if whenever A JL B, there exists A~ C A, B~ CB
M

of size strictly less than x such that A~ ;L B~
M
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e We say that L has (Ey) if whenever ALC, and C' C (', there exists
M
A’ =310 A such that A’ L.
M

e We say that L has (U) if whenever ALC, A’LC, and [ : A =y A,
M M
thereis g: A=pc A withg [ A= f [ A.
e We say that L has (T') if whenever My < My < My, M, € C, and M, L C,
My Mo

we have My L C.
M

0
e The statements of (7}), (Ep), (L) are unchanged. We will not need to use
(E4) on a closure.

For an arbitrary closure, we cannot say much about the relationship between the

properties satisfied by L and those satisfied by L. The situation is different for
the minimal closure, but we defer our analysis to section [5}

Remark 3.6. Shelah’s good A\-frame are another axiomatic approach. They are
introduced in [She09al, Chapter I1], building on a framework introduced in [She01].
There are several key differences with our framework. In particular, good A-frames
only operate on A-sized models and singleton sets. On the other hand, the theory
of good A-frames is very developed; see e.g. [She09a;,JS12,JS13].

An earlier framework which is closer to our own is the “Existential framework”

AxFr; (see [She09b, Definition V.B.1.9]). The key differences are that AxFrs only
N

defines My L My when M < M,, { = 1,2, AxFrs (essentially) assumes (C)y,,
M

while we seldom need continuity, and local character (a property crucial to our
canonicity proof) is absent from the axioms of AxFrs.

3.2. Examples. Though so far developed abstractly, this framework includes many
previously studied independence relations.

Definition 3.7 (Coheir, [BG]). Fix a cardinal x > LS(K). We call a set small if
it is of size less than k. For M < N, define

(ch)
AL N < forevery small A~ C Aand N~ < N,
M

there is B~ C M such that B™ =5 A™.
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(ch)

One can readily check that L satisfies the properties of an independence relation.
(ch)
L was first studied in [BG|, based on results of [MS90| and |[Bon14b|, and gener-
alizes the first-order notion of coheir. An alternative name for this notion is (< k)
satisfiability. Sufficient conditions for this relation to be well-behaved (i.e. to have
most of the properties listed above) are given in [BG, Theorem 5.1], reproduced
here as Fact B.16]

(ch)
Definition 3.8. We define a natural closure for L :

(ch)
AL C <= forevery small A= C Aand C~ CC,
M
there is B~ C M such that B~ =-- A™.

(ch) (ch)
It is straightforward to check that L is indeed a closure of L, but it is not clear
at all that this is the minimal one. This closure will be useful in the proof of
(ch)

local character (Theorem [6.4) Note that L differs from the notion of coheir given
in [MS90]; there, types are consistent sets of formulas from a fragment of L,
for k strongly compact and the notion there (see [MS90, Definition 4.5]) allows
parameters from C and |M].

Definition 3.9 (y-nonsplitting, [She99]). Let p > LS(K). For M < N, we say

p-ns

(p-ns)
A L N if and only if for for all Ny, N, € K<, with M < N, < N, { = 1,2, if
M
f N1 =p No, then there is g : Ny =40 No such that f | Ny =g [ V;.
There is also a definition of nonsplitting that does not depend on a cardinal p.

Definition 3.10 (Nonsplitting). For M < N,

(ns) (k-ns)
ALN < A L N forall p.
M M
An equivalent definition of nonsplitting is given by the following.

(ns)

Proposition 3.11. A L N if and only if for all Ni, Ny € K with M < N, < N,
M

¢ =1,2,if h: Ny =y Ny, then f: A =y, h[A] for some f with f | A=h ] A

(equivalently, @ =y, h(a) for all enumerations a of A).

The analog statement also holds for pu-nonsplitting.

Proof. Assume h : Ny =y Ny, and f: A =y, h[A] is such that f | A=h [ A. Let
g:=ftoh. Then g | Ny =h | Ny, and g fixes AM. In other words, g : Ny =
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N, is as needed. Conversely, assume h : Ny =5; No. Find g : Ny =437 Ns such that
h | Ny =g | N;. Then f:=hog!is the desired witness that A =y, h[A]. O

(ns)

Using Proposition |3.11] to check base monotonicity, it is easy to see that both L
(k-ns)

and L are independence relations. These notions of splitting in AECs were first

explored in [She99], but have seen a wide array of uses; see [SV99,Van06| Van13,
GVV,||Vasa] for examples. p-nonsplitting is more common in the literature, but
we focus on nonsplitting here. Using tameness, there is a correspondence between
the two:

Proposition 3.12. Let M < N and ¢ > LS(K). If K is p-tame for |Al-length
types and p' € [u, [| N|]], then

iens (u'-ns)

(u-ns)
AL N=AL N
M M

Proof. We use the equivalence given by Proposition [3.11] Let y' € [u, || N||], and
(1'-ns)

suppose A L N. Then there are N, € K,y so M < N, < N for ¢ = 1,2 and

M
h : Ny =) No, but a £y, h(a) for some enumeration a of A. By tameness, there
is Ny € K<, so that a #y- h(a). Without loss of generality, M < N, . Let

(p-ns)

Ny := h7Y[Ny]. Then N; and N, witness that A /£ N. O
M

A variant is explicit nonsplitting, which allows the N;’s to be sets instead of requir-
ing models; this is based on explicit non-strong splitting from [She99, Definition
4.11.2].

nes

(nes)
Definition 3.13 (Explicit Nonsplitting). For M < N, we say A L N if and only
M

if for for all C;,Cy C N, if f: C7 =) Cs, then there is g : C1 =45 Cs such that
J1C=glCh.

From the definition, we see immediately that, (IleLS) - (ji). Of course, the corre-
sponding version of Proposition [3.11] also holds for (IieLS), so it is again straightfor-
ward to check that (ris) is an independence relation. One advantage of using (Tj)
over (ji) is that it has a natural closure:

(7SS

Definition 3.14. Wesay A L C'if and only if for for all C;,Cy C C|if f : C1 =y
M
(5, then there is g : C7 =) Cy such that f [ C; =g | Ch.
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Again, it is not clear this is the minimal closure. We will have no use for this
closure, so for most of the paper we will stick with regular nonsplitting.

Nonsplitting will be used mostly as a technical tool to state and prove intermediate
lemmas, while coheir will be relevant only in Section [6]

3.3. Properties of coheir and nonsplitting. We now investigate the properties
satisfied by coheir and nonsplitting. Here is what holds in general:

Proposition 3.15. Let k > LS(K).

() ()
(1) L and L have (C),, and (T).
(ch) (ch)
(2) If M is k-saturated, L and L have (Ep)as.

(ns) (nes) (mes)

(3) L, L ,and L have (Ey).
Proof. Just check the definitions. O

While extension and uniqueness are usually considered very strong assumptions,
it is worth noting that nonsplitting satisfies a weak version of them, see [Van06,
Theorems 1.4.10, 1.4.12]. Tt is also well known that nonsplitting has local character
assuming tameness and stability (see e.g. [GV06b, Fact 4.6]). This will not be used.

Regarding coheir, the followingﬂ appears in [BG]| :
Fact 3.16. Let x > LS(K) be regular. Assume K is fully (< k)-tame, fully
(ch)
(< K)-type short, has no weak k-order propert and L has (E)H
(ch)

Then L has (U) and (5).

Moreover, if x is strongly compact, then the tameness and type-shortness hy-
(ch)

potheses hold for free, L has (E;), and “no weak k order property” is implied by

‘N> rso I\ K) <227

As we will see, right transitivity (7,) can be deduced either from symmetry and
(T') (Lemmal5.9) or from uniqueness (Lemmal5.11]). Local character will be shown
to follow from symmetry (Theorem [6.4)).

4Since this paper was first submitted, a stronger result has been proven (for example one
needs not assume (E)). See [Vasc, Theorem 5.15].

%See [BG, Definition 4.2].

6All the properties mentioned in this Lemma are valid for models of size > & only.
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4. COMPARING TWO INDEPENDENCE RELATIONS

In this section, we prove the main result of this paper (canonicity of forking), mod-
ulo some extra hypotheses that will be eliminated in Section [5] After discussing
some preliminary lemmas, we introduce a strengthening of the extension property,
(Ey), which plays a crucial role in the proof. We then prove canonicity using
(E;) (Corollary [4.8)). Finally, we show (E,) follows from some of the more clas-
sical properties that we had previously introduced (Corollary , obtaining the
main result of this section (Corollary . We conclude by giving some examples
showing our hypotheses are close to optimal.
1 2

For the rest of this section, we fix two independence relations (J,) and (J,) Recall
from Definition that this means they satisfy (), (M) and (B). We aim to

1) 2)
show that if L and L satisfy enough of the properties introduced in Section ,
RN )
then L = L.

The first easy observation is that given some uniqueness, only one direction is
necessar

Lemma 4.1. Let M be a model. Assume:

2

—
~

=

W Lc
(2) (BEW)ar, (UP)u
(2

=.1

M

1

—
N
~

Then

=

(2) (1)
Proof. Assume AL N. By (EMW),;, find A’ =j; A so that A’ L N. By hypothesis
M M

(2) (1)
(1), A LN. By (U®)y, A'=x A By W)y, ALN. O
M M

With a similar idea, one can relate an arbitrary independence relation to nonsplit-

tinﬂ:

(ns)
Lemma 4.2. Assume (U)y,. Then L C L.
M M

Shelah states as an exercise a variation of this lemma in [She09a, Exercise I1.6.6.(1)].
8Shelah gives a variation of this lemma in [She09al Claim IT1.2.20.(1)].
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Proof. Assume AL N. Let M < Ni,Ny < N and h : Ny =j N,. By mono-
M
tonicity, AL N, for £ = 1,2. By invariance, h[A] L Ny. By (U)as, there is
M M

(ns)
f:A=n, h[A] with f | A= h | A. By Proposition 3.11), A L N. O
M

(nes)
A similar result holds for L , see Lemma

The following consequence of invariance will be used repeatedly:
Lemma 4.3. Assume L satisfies (E7)y. Assume AL N, and N’ > N. Then
M
there is N” =5 N’ such that A L N”.
M

Proof. By (E1)u, thereis f: A =5y A, A L N'. Thus f: (A, N') =5 (A, f[N]),
M
so letting N” := f[N'] and applying invariance, we obtain A.L N”. O
M

Even though we will not use it, we note that an analogous result holds for left
extension, see Lemma [5.8

We now would like to strengthen Lemma 4.3| as follows: suppose we are given A,
M < Ny < N, and assume N is “very big” (e.g. it is (2‘A‘+”N‘)”)+—saturated), but
does not contain A. Can we find N} =y Ny with A L N{, and Nj < N?

M

We give this property a name:

Definition 4.4 (Strong extension). An independence relation L has (E) (strong
extension) if for any M < Ny and any set A, there is N = Ny such that for all
N’ =pn, N, there is Nj =y Ny with A L N and Nj < N'.

M

Intuitively, (E) says that no matter which isomorphic copy N’ of N we pick, even
if N' does not contain A, N’ is so big that we can still find N inside N’ with the
right property. This is stronger than (F) in the following sense:

Proposition 4.5. If L has (E,), L has (Ep). If in addition L has (T), then .
has (E7). Thus if L has (F) and (7}), it has (E).

Proof. Use monotonicity and Remark [3.3] O
Remark 4.6. Example shows (E, ) does not follow from (E).

Strong extension allows us to prove canonicity:

(1) (ns)
Lemma 4.7. Assume (EP)M, (Ef))M. Assume also that L C L.
M M
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n ©
Then L C L.
M M

1) )
Proof. Assume A L Ny. We show AL Ny. Fix N = N, as described by (Ef))M.
M M
1)
By Lemma , we can find N’ =y, N such that A L N’. By definition of N, one
M

2)
can pick N) =y Ny with Nj < N" and A L N{.
M

(ns)
We have A L N, M < N{, Ny < N, and Nj =), Ny, so by definition of nonsplit-
M
(2
ting, V) =am No. By invariance, A L Ny, as needed. O
M

Corollary 4.8 (Canonicity of forking from strong extension). Assume:

° (U(l))M, (E(l))M-
o (U, (ED).

CY RN
Then L = L.
M M
o ®n @ (1) (nms)
Proof. By Lemma {.1} it is enough to see L C L. By Lemma 4.2, L C L. The
M M M M
result now follows from Lemma 4.7 O

We now proceed to show that (E) follows from (F), (7)), (S) and (L). We will
use the following important concept:

Definition 4.9 (Independent sequence). Let I be a linearly ordered set. A se-
quence of sets (A;);es is independent over a model M if there is a strictly increasing
continuous chain of models (NN;);e; such that for all ¢ € I:

1) MUlJ,_; A; € N; and Ny = M.
() J<i*7)
(2) A; L N,

M

This generalizes the notion of independent sequence from the first-order case. The
most natural definition would only require A; JI\Z U, A4; (for some closure .L of .L)

but it turns out it is convenient to have a sequence of models (V;);c; witnessing
the independence in a uniform way.

We note that very similar definitions appear already in the litterature. See [JS12,
Definition 3.2], [She09al Section IIL.5], or [She09b, Definition V.D.3.15].
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Just like in the first-order case, the extension property allows us to build indepen-
dent sequences:

Lemma 4.10 (Existence of independent sequences). Assume (E);. Let A be a
set, and let 0 be an ordinal. Then there is a sequence (A4;);<s independent over M
so that A; =y A for all 1 < 9, and Ay = A.

Proof. Define the (A;);<s and the (N;);s witnessing the independence of the se-
quence by induction on i < §. Take Ny = M and Ag = A. Assume inductively
(Aj)j<i> (Nj)j<i have been defined. If 7 is a limit, let N; := J;; N;. If i is a suc-
cessor, let IN; be any model containing M U J;_;(4; U N;) and strictly extending

the previous N;’s. By (E), there is A; =y A such that A; L N;. Thus (4,;);<5 is
M
as desired.
O

The next result is key to the proof of (E.). It is adapted from |[Bal88, Theorem
11.2.18).

Lemma 4.11. Assume L has (5), (T)a, (L). Let Abeaset, and let p1 := 4 (L).
Then whenever (M;);<, is an independent sequence over M with M < M; for all
7, there is ¢ < p with A L M,;.

M

Proof. Let (N;)i<, witness independence of the M;’s. Let N, := UJ,_, Ni. By
definition of g, there is i < p so that AJ/N By (5), there is a model Ny4

with N; < Na, A C Ny, and N, J/NA By (M), M; \LNA Since the M;’s are

independent, we also have M; J/N By (T\)n, M; J,,NA By (S) (recall that

M < M;), Ny L M;. By (M), AJ,MZ,asdeswed O
M M

Remark 4.12. The same proof works if we replace L by its minimal closure L,
and (M;)i<, by an arbitrary sequence (B;);<, independent over M.

Corollary 4.13. Assume (E)u, (S), (Ti)a, and (L). Then (E )

Proof. Fix A and Ny = M. Let ju := k(L ). By Lemma [4.10} there is a sequence
(M;)i<, independent over M such that M; =y Ny for all i < p, and MO Ny. Let
(N/)i<, witness independence of the M;’s. We claim N := J, ! is as required.
By construction, Ng = My < N.

Now let f : N =5, N'. Let M := f[M,]. Invariance implies (M;);<, is an

independent sequence over M inside N, with M| =), N, for all i < . By Lemma

4.11} there is ¢ < p so that A L M/, so N} := M/ is exactly as needed. O
M

z<u
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Corollary 4.14. Assume:

Then L = L.
M M

Proof. Combine Corollaries 4.8 and [4.13] O

We will see (Corollary that (S) and (7.) follow from (E), (U), and (L).
We now argue that the other hypotheses are necessary. The following example
(versions of which appears at various places in the literature, e.g. [She09a), Ex-
ample 11.6.4], [Adl09a, Example 6.6]) shows we cannot remove the local character
assumption from Corollary In particular, (£ ) does not follow from (£) and
(U) alone. The example also shows the AxFrs framework (see [She09b,, Definition
V.B.1.9]) is not canonical.

Example 4.15. Let T;,; be the first-order theory of the random graph, and let
K be the class of models of Tj},4, ordered by first-order elementary substructure.
Define

(1)
e AL Niff ANN C M, and there are no edges between A\M and N\ M.
M

(2)
e AL N iff ANN C M, and all the possible cross edges between A\M and
M
N\M are present.

1) 2
It is routine to check that both L and L are independence relations with (E),
@ ©
(U), (9), (T), (T.), (C)x,- Yet L # L, so one knows from Corollary |4.14| (or
from first-order stability theory) that K can have no independence relation which
in addition has (L) or (E}).

Of course, Tj,q is simple, so first-order nonforking will actually have (FE, ), local
character, transitivity and symmetry (but not uniqueness).

(1)
A concrete reason (Ey) does not hold e.g. for L is that given M < N one can
pick a € Ny such that there is an edge from a to any element of Ny. Then for
any N > Ny, one can again pick N =y, N, disjoint from {a} U (N\Np) such that

(1
there is an edge from a to any element of N'. Then a L N for N} < N implies
M

N} = M. Local character fails for a similar reason.



18 WILL BONEY, RAMI GROSSBERG, ALEXEI KOLESNIKOV, AND SEBASTIEN VASEY

Example 4.16. It is also easy to see that (E®) and (U®) are necessary in
1)
Corollary|4.14, Assume L has (E), (U), (S), (T%), and (L). Then the independence

(2 2)
relation L defined by A L N for all A and M < N satisfies (£), (5), (T%), (L), but
M

(1)
not (U), so is distinct from L.

(2 1)
Similarly define AL N if and only if M < N and either both A L N and ||M]|| >
M M

(2
LS(K)*, or M = N. Then L has (Ey), (U), (S), (T.) and (L), but does not have
(E1)ar if M is a model of size LS(K'). This last example was adapted from [Adl09a;,
Example 6.4].

Remark 4.17. After the initial submission of this paper, it was shown in [Vasb,
Lemma 9.1] that (F) can be removed from the hypotheses of Corollary (but
one has to replace it by (C'),) if one only wants the independence relations to agree
over sufficiently saturated models.

5. RELATIONSHIP BETWEEN VARIOUS PROPERTIES

In this section, we investigate some of relations between the properties introduced
earlier. We first discuss the interaction between properties of an independence
relation and properties of its closures, and show how to obtain transitivity from
various other properties. We then show how to obtain symmetry from existence,
extension, uniqueness, and local character (Corollary . This second part has
a stability-theoretic flavor and most of it does not depend on the first part.

Most of the material in the first part of this section is not used in the rest of
the paper, but the concept of closure (Definition felt unmotivated without it.
Our investigation remains far from exhaustive, and leaves a lot of room for further
work.

5.1. Properties of the minimal closure. Recall the notion of closure of an in-
dependence relation (Definition [3.4). We would like to know when we can transfer
properties from an independence relation to its closures and vice-versa.

For an arbitrary closure, we can say little:

Lemma 5.1. Let L be a closure of L. Then:

(1) A property in the following list holds for L if and only if it holds for L
(T2)ars (Eo)ar, (L)-

(2) If a property in the following list holds for L, then it holds for L (C)y,
(T)Ma (El)M7 (U)M
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Proof.

(1) Because those properties have the same definition for .l and L.
(2) Straightforward from the definitions.

The minimal closure is more interesting. We start by generalizing Lemma [£.3}

Lemma 5.2. Assume L satisfies (F1)y. Let L be the minimal closure of L.
Assume A L C , and let B be an arbitrary set. Then there is B’ =;c B such that
M

ALB.
M

Proof. Let N be a model containing C' and M such that AL N. Let N’ be a
M
model containing NB. By Lemma there is N’ =5 N’ such that A L N”.
M

Now use monotonicity to get the result. 0]

The next lemma tells us that the minimal closure is the only one that will keep
the extension property:

Lemma 5.3. Let J_/ be a closure of L and let L be the minimal closure of L.
Assume L has (E})y. Then L = L if and only if L has (E})
M M

Proof. Assume first J/ J, Let C' C (', and assume A\L C. Then by definition
of the minimal closure there exists N = M containing C such that A\L N. Let
N’ be a model containing N and C’. By (Ej) for L, there is A’ =y A so that
A’ L N’. By monotonicity, A’ Lo , and since N contains C', A’ L.
M M M
Conversely, assume L has (E1)y. We know already that L C J_,, SO assume
M

AL C. Let N be a model containing M and C. By Lemma thereis N’ =pc N
M

so that A L N’, so ALC, as needed. O
M M

Lemma 5.4. Let J_, be the minimal closure of L. Then

(1) (E)a holds for L if and only if it holds for L.



20 WILL BONEY, RAMI GROSSBERG, ALEXEI KOLESNIKOV, AND SEBASTIEN VASEY

(2)
(3)
(4)

Proof.

(1)
(2)

(3)

(S)ar holds for L if and only if it holds for L.
If L has (E)y, then it has (U),, if and only if L does.
If L has (F), then it has (7') if and only if L doe4§|

By Lemmas and .
Straightforward from the definition of symmetry and monotonicity.

One direction holds by Lemma . For the other direction, assume L has
(Ey)p and L has (U)y. Assume ALC and A' L C, with frA=y AL
Let N be a model containing MC suj\gh that A J,Af\f. By extension again,
find h: A =p;c A” such that A” L N. We knoth’ c=hof:A=y A", so

M
by uniqueness, there is b’ : A=y, A", and b’ [ A=h' | A= (ho f) | A,
so f | A= (h7'oh”) | A. Therefore g := h™' o h” is the desired witness
that A =MC A

Let My < M; < Ms, and assume M; J, C, M, J/ C. Let N be an extension

My

of M; containing C' such that M, J, N. Let x be a big cardinal, so that

(Vy, €) reflects enough set theory and contains N M. Let N’ be what V,,
believes is the monster model.

By Lemma , there is f : N” =5 N’ such that My L N”. Notice
M

that CM; € N C N/, so since we took x big enough, we can apply the
definition of the minimal closure inside V, to get N) < N’ containing M,
and C so that M; J,N’ Let Ny := f[N§]. By invariance, M J,NO, and

Ny < N”| so by monotonlcrcy, M, J, Ny, so by (T, for L, Mg J, Ny. By

monotonicity again, My Lc.
My

The following remains to be investigated ™}

9More precisely, if L has (E)ar,, and for My < M; < My, we have that Mo J/N M, LN

Mo

implies My L N, then M, J, C, M, J./ C implies My J/ C.

0 Mo Mo

10A convenient way to obtam (C), in the closure was discovered after the initial submission
of this paper, see [Vasb, Lemma 4.5].
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Question 5.5. Let L be the minimal closure of L. Under what conditions does

(C), for L imply (C), for L7

We can use Lemma [5.4] to prove a variation on Lemma [4.2]

nes)

(
Lemma 5.6. Assume L has (F)y; and (U)y,. Then L C L
M M

Proof. Let L be the minimal closure of L. By Lemma , L has (E)p and
(U) -

Assume AL N. Let C;,Cy C N, and h : C7; =) C5. By monotonicity, ALC’Z
M M

for ¢ = 1,2. By invariance, h[A] LCQ. By (U)u, there is f : A =y, h[A] with
M

(nes)

f 1 A=h|A. By (the proof of) Proposition [3.11f, A L N. O
M

Question 5.7. Is the (F),; hypothesis necessary?

We can also obtain a left version of Lemma 4.3k

Lemma 5.8. Let L be a closure of L. Assume L has (E)y, and L has (1), -
Suppose that N L M, with N = M;. Then for all N' = N, there exists N” =5 N’
M

such that N” L M.

My

In particular, this holds if L has (F) and (7).

Proof. The last line follows from part of Lemma by taking L to be the
minimal closure of L.

To see the rest, let N3 be a model containing MyN. By (E)y, there is N” =5 N’
such that N” L N3. Since My C N3, N” L M, By hypothesis, N L M,. So since
N N My

L has (T)a,, N L Ms. Since My = M, N L M. O
M1 Ml

Finally, we can also use symmetry to translate between the transitivity properties:
Lemma 5.9. Assume L has (5). Then:

(1) If L has (T%)n,, then L has (7).
(2) If L has (7)), and (E), then it has (7%) -
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Proof. Let My < My < M. Let J_/ be the minimal closure of L. By Lemma
L has (9).

(1) By Lemma 1| L has h) M,- Now use symmetry.

(2) By part (4) of Lemma (5.4, L has (7). Now use symmetry.

0
This gives us one way to obtain right transitivity for coheir:
(ch) (ch)
Corollary 5.10. Assume L has (S) and (£). Then L has (7).
(ch)
Proof. By Proposition [3.15] L has (T'). Apply Lemma . O

Another way to obtain right transitivity from other properties appears in [She09a,
Claim II1.2.18]:

Lemma 5.11. Assume L has (E)y and (U). Then L has (7}) .

Proof. Let My < M; < M,, and assume AJ,Ml and AJ/MZ By (E1)u, there
exists A" =), A such that A’ J, M. By base monotonmlty, A J, M. By unique-

ness, A =, A’. By invariance, AJ/MQ O
Mo

5.2. Getting symmetry. We prove that symmetry follows from (F), uniqueness
and local character and deduce the main theorem of this paper (Corollary .
We start by assuming some stability. The following is a strengthening of unstability
that is sometimes more convenient to work with:

Definition 5.12. Let a and A be cardinals. K has the a-order property of length
A if there is a sequence (a;);<x of tuples, with £(a;) = «, so that for any ig < jo < A
and i; < jl < )\, &iO&jO 7_é &jldil.

K has the a-order property if it has the a-order property of all lengths.

K has the order property if it has the a-order property for some cardinal a.

This is a variation on the order property defined in [She99] taken from |GVO06b].
It is stronger than unstability:

Fact 5.13. Let a be a cardinal. If K has the a-order property, then K is a-
unstable.
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Proof sketch. This is [She99, Claim 4.7.2]. Shelah’s proof is “Straight.”, so we
elaborate a little.

Let A > LS(K). We show K is a-unstable in X\. Let I C I be linear orderings
such that [[]| < A, ||Z]| > A, and I is dense in /. Combining Shelah’s presentation
theorem with Morley’s method, we can get a sequence I:= <(zi | i€ I > with
l(a;) = o and iy < jo, 11 < 7y implies a;,a;, # aj,a;,. Let I:=(a; | i € I).

Now for any ¢ < j in f, a; #1 a;. Indeed, pick ¢ < k < j with £ € I. Then

a;a, # a;a, by construction, so a; #;, G;. This completes the proof that K is
a-unstable in . O

We are now ready to prove symmetry. The argument is similar to [She90, Theorem
I11.4.13] or [She75, Theorem 5.1].

(nes)

Theorem 5.14 (Symmetry). Assume L has (E)y and L C L . Assume in
M M

addition that K does not have the order property. Then L has (.S),.

Proof. Let L be the minimal closure of L. Recall that by Lemma , L has
(S) if and only if L has (S) -

Assume for a contradiction L does not have (5),,. Pick A and M < N such that
A\L N, but N J/A Let A be an arbitrary uncountable cardinal. We will show

that K has the (||N || + |A])-order property of length A. This will contradict the
assumption that K does not have the order property.

We will build increasing continuous (M, € K : o < A), and (A,, M), Ny : a0 < A)
by induction so

(1) MO = N and A C |M0‘
(2) No, =y N and N, < M.
(3) Au =y Aand A, C M, ;.
(4) My < M. < Mqyq.

(5) Ng J/M and A, J/M'

This is possible. Let My be any model containing AN. At « limits, let M, :=

U g<a Mp. Now assume inductively that Mz has been defined for 5 < a, and Ag,

Ng, Mj have been defined for 8 < a. Use (E)y to find N, =y N with N, L M,
M

Now pick M!, > M, containing N,. Now, by (E), again, find A, =x A with
A, L M!. Pick M., = M, containing A, and M.
M
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This is enough. We show that for o, 5 < A:

(1> If B <a, (AvN) ZM (AﬁvNOé)‘
(2) If 8> a, (A7N> =M (A57Na)'

For (1), suppose f < a. Since A C M < M,,, we have N, L A. Then we can use
M

the invariance of L and the assumption of no symmetry to conclude (A, N,) Z
nes

(nes)

(A,N). On the other hand, we know that N, L M,. Since A, Az C M, and
M

A =) Az, we must have (A, N,) =y (Ag, No). Thus (A, N) #u (A, Ny).

To see (2), suppose > « and recall that (A, N) =y (Ag, N). We also have that

nes

(nes)
Ag L Mj. N =y N, and N, N, C My, the definition of non explicit splitting
M

implies that (Ag, N) =p (Ap, No). This gives us that (A, N) = (Ag, No) as
desired.
0J

Remark 5.15. The same proof can be used to obtain symmetry in the good frame
framework. This is used in the construction of a good frame of [Vasa].

Corollary 5.16. Assume K does not have the order property. Assume L has
(E)p and (U) . Then L has (S)a.

(nes)

Proof. By Lemma , L C L . Now apply Theorem [5.14] OJ
M M

If in addition we assume local character, we obtain the “no order property” hy-
pothesis:

Lemma 5.17. Assume L has (U) and (L) (or just x1(L) < o0). Then K is
a-stable for all a. In particular, it does not have the order property.

Proof. That a-stability implies no a-order property is the contrapositive of Fact

Now, assume (U) and let p := k;(L) < co. Fix a cardinal a > 1. We want
to see K is a-stable. By Remark we can assume without loss of generality
a >+ LS(K).

Let A := J,+. Then:
(1) A is strong limit.
(2) cf (\) =a™ > u+ LS(K).
(3) A¥ =sup, ., 7" = \.

We claim that K is a-stable in A. By Fact [2.11] it is enough to see it is 1-stable
in A. Suppose not. Then there exists M € K, and {a;};<+ such that i < j
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implies a; Zar a;j. Let (M;);<x be increasing continuous such that M = J,_, M,
and ||M;|| < A. By definition of p, for each i < A™, there exists k; < A such that

a; L M. By the pigeonhole principle, we can shrink {a;};- + to assume without
My,

loss of generality that k; = ko for all 7 < A*. Since there are at most Mol < )
many types over My, , there exists i < j < AT such that a; = My, @;- By uniqueness,
a; =n aj, a contradiction. O

Corollary 5.18. Assume L has (E)y, (U) and (L) (or just x1(L) < 00). Then
L has (S)y and (7%) -

Proof. Lemma gives (T,)p. Combine Lemma and Corollary to
obtain (.5) . O

Thus we obtain another version of the canonicity theorem:

(1) (2)
Corollary 5.19 (Canonicity of forking). Let .L and .L be independence relations.
Assume:

° (E(l))% (U(l))M.
° (E(2) U

o ®
Then L = L.
M M

In particular, there can be at most one independence relation satisfying existence,
extension, uniqueness, and local character.

Proof. Combine Corollaries and O

6. APPLICATIONS

6.1. Canonicity of coheir. Fix a regular x > LS(K'). Below, when we say coheir
has a given property, we mean that it has that property for base models in K.

We are almost ready to show that coheir is canonical, but we first need to show
it has local character. We will use the following strengthening that deals with
subsets instead of chains of models:

Definition 6.1. Let .L be an independence relation. For « a cardinal, let k, =

Ra(-L) be the smallest cardinal such that for all N, and all A with |A| = «, there

exists M < N with ||M|| < R, and A L N. K, = oo if there is no such cardinal.
M

Remark 6.2. For all «, (L) < Ro(L)T. Thus ke (L) < oo implies k4 (L) < oo.
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Remark 6.3. The converse is also true: under some reasonable hypotheses,
Ka(L) < oo implies kq(L) < oo. This appears as [BV|, Proposition 2.15] (cir-
culated after the initial submission of this paper).

(ch) (ch)
Theorem 6.4 (Local character for coheir). Assume L has (S). Then g,(.L) <

(ch)
((aw+2)<")*. In particular, L has (L).
(ch)

The proof is similar to that of [Adl09b, Theorem 1.6] The key is that L always
satisfies a dual to local character:

Lemma 6.5. Let N,C be given. Then there is M < N, ||M|| < (|C|+ 2)<" +
(ch)

LS(K) such that N L C.
M

Proof sketch. For each of the |C|<" small subsets of C, look at the < 2<% small

types over that set (realized in N), and collect a realization of each in a set A C |N].
Then pick M < N to contain A and be of the appropriate size. O

(ch)
We will also use the following application of the fact L has (C'), and a strong
form of base monotonicity.

Lemma 6.6. Let A\ be such that ¢f A > k. Let (A)icx, (M;)icr, (Ci)i<r be

(ch)
(not necessarily strictly) increasing chains. Assume A; L C; for all ¢ < A. Let
M;

(ch)
Ay = ;-\ Ai, and define M), C similarly. Then Ay L C,.
My

(ch) (ch)
Proof. From the definition of L, we see that for all i < A\, A; L C;. Now use the
My

()
fact that L has (C), (Proposition [3.15]). O

Proof of Theorem[6.4 Fix «, and let A and N be given with |A4| = a. Let p :=
(|A|+2)<". Inductively build (M;)i<,, (IV;)i<, increasing continuous such that for
all 7 < pu:

(1) ACN,.
(2) M; < N, [[M;]] < .
(3) M; < Niq1.

W After proving the result, we noticed that a similar argument also appears in the proof of
(B), in [MS90, Proposition 4.8].
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(ch)
4) N L Ny

My
. . (ch)
This is enough: By Konig’s lemma, cf y > x so by Lemma N L N,. Moreover,
e

by (2), (3) and the chain axioms, M, < N,, N, and by (2), ||M,|| < p. Thus

(ch) (ch) (ch)

N L N,, and one can apply (S) to get N, L N. By monotonicity, A L N, exactly
M//‘ M;L M//a

as needed.

This is possible: Pick any A C Ny with |[Ng|| < p (this is possible since g >
|A] + x> LS(K)). Now, given i non-limit, (N;);<; and (M;);<;, use Lemma [6.5]

(ch)
to find M; < N, ||[M;]| < (|| N;|]])<F < p, such that N L N;. Then pick any N;;;
M;

extending both M; and N;, with ||NV;1]| < p.
0J

We finally have all the machinery to prove:

Theorem 6.7 (Canonicity of coheir). Assume K is fully (< k)-tame, fully (< k)-
type short, and has no weak x-order propertyﬂ.

(ch)
Assume L has (E). Then:

(ch)
(1) L has (C)., (T), (T.), (S), (U), and (L).
(ch)
(2) Any independence relation satisfying (£) and (U) must be L (for base
models in K>).

(ch) (ch)
Proof. By Proposition [3.15] L has (C), and (T"). By Fact |3.16| has (U) and
(ch) (ch)
(S). By Corollary [5.10| (or Lemma |5.11]), also has (7). By Theorem , €L
has (L). This takes care of (1). (2) follows from (1) and Corollary |4.14] O

Corollary 6.8 (Canonicity of coheir, assuming a strongly compact). Assume « is
strongly compact, all models in K, are s-saturated, and there exists A > x such
that I(\, K) < 2*. Then:
(ch)
(1) L has (E), (C), (T), (T3), (), (U), and (L).

(ch)
(2) Any independence relation satisfying (F) and (U) must be L (for base
models in K>).

12See [BG, Definition 4.2].
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(ch)
Proof. By Proposition [3.15, L haiEo). Thus by the moreover part of Fact [3.16],
6.7 OJ

(ch)
L has (F). Now apply Theorem

6.2. Canonicity of good frames. As has already been noted, the framework
AxFriz defined in [She09b, Chapter V.B] is a precursor to our own, but Example
shows it is not canonical. Shelah also investigated an extension of AxFris
axiomatizing primeness (the “primal framework”) but it is outside the scope of
this paper.

We will however briefly discuss the canonicity of good frames. Good frames were
first defined in [She09a), Chapter II]. We will assume the reader is familiar with
their definition and basic properties. As already noted, the main difference with
our framework is that a good frame is local: For a fixed A > LS(K), a good A-

N
frame assumes the existence of a nice independence relation L where only a L N
M

is defined, for a an element of N and M < N < N models of size \.

In [She09a;, Section I1.6], Shelah shows that, assuming a technical condition (that
the frame is weakly successful), one can extend it uniquely to a non-forking frame:

N ~
basically an independence relation . where M; L M, is defined for M < M, < N
M

in K, £ = 1,2. For the rest of this section, we fix A > LS(K) and we do not
assume the existence of a monster model (Hypothesis 2.1)). Recall however that
the definition of a good frame implies K, has some nice properties, i.e. it has
amalgamation, joint embedding, no maximal model, is stablﬂ in A\, and has a
superlimit model.

Fact 6.9. If 5 is a weakly successful good A-frame, then it extends uniquely to a
non-forking frame (i.e. using Shelah’s terminology, there is a unique non-forking
frame NF that respects s).

Proof. Uniqueness is |[She09a, Claim I1.6.3] and existence is [She09al, Conclusion
I1.6.34]. O

As Shelah observed, Example [4.15] shows that a non-forking frame by itself need
not be unique: we need to know it comes from a good frame, or at least that there
is a good frame around. Shelah showed:

Fact 6.10. Assume that s is a good’ A-frame and NF is a non-forking frame, both
with underlying AEC K. Then NF respects s.

Proof. See |She09al, Claim I1.6.7]. O

13Really only stable for basic types, but full stability follows (see |She09a), Claim I1.4.2.1]).
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Here, good™ is a technical condition asking for slightly more than just the original
axioms of a good frame.

We also have that a non-forking frame induces a good frame:

Fact 6.11. Assume K, has a superlimit, is stable in A, and carries a non-forking
frame NF (so in particular it has amalgamation) with independence relation (de-

N ~ o~
fined for models in K) L. Then the relation a L N holds iff there is N’ > N and
M

~ N’
M < M’ < N" with a € M’ so that M’ L N defines a type-full (i.e. the basic types
M

are all the nonalgebraic types) good A-frame t. If in addition NF comes from a
type-full weakly successful good A-frame s, then s = t.

Proof. See [She09a;, Claim 11.6.36]. O

Thus we obtain the following canonicity result:

Corollary 6.12. Assume that s; is a weakly successful good™ A-frame and s, is a
weakly successful good A-frame in the same underlying AEC K. Assume further
51 and sy are type-full (i.e. their basic types are all the nonalgebraic types). Then
51 = §9.

Proof. Using Fact let NF, be the non-forking frame extending s, for £ = 1, 2.
By Fact [6.10, NF5 respects s;, so NF; = NF,. By Fact (the existence of a
good frame implies the stability and superlimit hypotheses), we must also have
51 = S9. O

The methods of this paper can show slightly more: we can get rid of the good™.

Theorem 6.13 (Canonicity of good frames). Let 51, 55 be weakly successful good
A-frames with underlying AEC K and the same basic types. Then s; = s,.

Proof sketch. Using Fact [6.9, let NF, be the non-forking frame extending s, for
o @
¢=1,2. Let L, L be the independence relations (for models in K ) associated to
NF;, NF; respectively. By Fact|6.11} one can extend their domain to allow a single
element on the left hand side. Thus without loss of generality we may assume s;
~ ~ (1),N
and sy are type-full. Let M < N < N and let a € N. Assume a L N,. We
M

(2),N
show a L Ny. The symmetric proof will show the converse is true, and hence
M

that 51 = §9.

First observe that stability, amalgamation, joint embedding and no maximal model
in A implies we can build a saturated (hence model-homogeneous) model M of
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size AT. Since (as we will show) the argument below only uses objects of size A,
we can take M to be our monster model for this argument (i.e. we assume any
(1),N (1),M
set we consider comes from M). Then we have a L. Ny if and only if a L N
M M

¢9) (2)
so below we drop M and only talk about a L Ny, and similarly for .L. Note that
M

working inside M is not essential (we could always make the ambient model N
grow bigger as our proof proceeds) but simplifies the notation and lets us quote
our previous proofs verbatim.

Now, we observe that our proof of Corollary is local-enough (i.e. it can be
carried out inside M). We sketch the details: First build a sequence (M;);<

(2)
independent (in the sense of L) over M so that My = Ny, M; =y Ny. Let
N =, IV}, where N/ witness the independence of the sequence. Notice that we
can take N € K, by cardinality considerations. By extension, find f: N =,; N’

(1)
so that a L N'. Let M/ := f[M;]. By the proof of Lemma |4.11[ (and recalling that
M

(2)
k1(L) < w in good frames), there is ¢ < w such that a L M/ (notice that Fact[6.11
M

is what makes the argument go through). Finally, use the proof of Lemma {4.7] to
(2)

conclude that a L Nj. O
M

We do not know whether one can say more, namely:

Question 6.14. Let s; and s, be good A-frames with the same underlying AEC
and the same basic types. Is §;1 = 557

After the initial submission of this paper, it was shown [Vasb, Theorem 9.7] that
the answer is positive if the underlying class is categorical in \.

7. CONCLUSION

We have shown that an AEC with a monster model can have at most one “forking-
like” notion. On the other hand, we believe the question of when such a forking-like
notion exists is still poorly understood. For example, is there a natural condition
implying that coheir has extension in Fact Even the following is open:

Question 7.1. Assume K is fully (< k)-tame, fully (< &)-type short and cate-
gorical in some high-enough A > k. Does K have an independence relation with
(E), (U) and (L)?

Using the good frames machinery, an approximation is proven in [Bonl4a| using
some GCH-like hypotheses. However, the global assumptions of tameness and a
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monster model gives us a lot more power than just the local assumptions used to
obtain a good frame. In [Vasbl, Theorem 15.1] (which was posted after this paper
was first submitted), the above question is answered positively (in ZFC) assuming
an extra locality condition called type-locality. It is conjectured that type-locality
is not necessary.

In an earlier version of this paper, we asked whether such an independence relation
has to be coheir:

Question 7.2. Assume L is an independence relation with (£), (U) and (L). Let
(ch)
M be sufficiently saturated. Under what conditions does . = L 7
M M

This has since been answered [Vasb, Theorem 9.3]: assuming enough tameness
and type-shortness, we indeed have that any nice-enough independence relation
has to be coheir over sufficiently saturated models.

Finally, we note that while some of our results are local and can be adapted to
the good frames context (see e.g. Theorem , some are not (e.g. Theorem m,
Lemma .. It would be interesting to know how much non-locality is really
necessary for such results. This would help us understand how much power the
globalness of our definition of independence relations really gives us.

REFERENCES

[Adl09a] Hans Adler, A geometric introduction to forking and thorn-forking, Journal of Mathe-
matical Logic 9 (2009), no. 1, 1-20.

[Ad109D) , Thorn-forking as local forking, Journal of Mathematical Logic 9 (2009), no. 1,

21-38.

[Bal88]  John T. Baldwin, Fundamentals of stability theory, Perspectives in mathematical logic,
Springer-Verlag, 1988.

[BG] Will Boney and Rami Grossberg, Forking in short and tame AECSs, Preprint. URL:
http://arxiv.org/abs/1306.6562v9.

[Bon] Will Boney, Computing the number of types of infinite length, Notre Dame Journal of
Formal Logic, To appear. URL: http://arxiv.org/abs/1309.4485v2.

[Bon14a] , Tameness and extending frames, Journal of Mathematical Logic 14 (2014),
no. 2, 1450007.
[Bonl4b)] , Tameness from large cardinal axioms, The Journal of Symbolic Logic 79

(2014), no. 4, 1092-1119.

[BV] Will Boney and Sebastien Vasey, Chains of saturated models in AECs, Preprint. URL:
http://arxiv.org/abs/1503.08781v3.

[GV06a] Rami Grossberg and Monica VanDieren, Categoricity from one successor cardinal in
tame abstract elementary classes, Journal of Mathematical Logic 6 (2006), no. 2, 181-
201.

, Galois-stability for tame abstract elementary classes, Journal of Mathematical

Logic 6 (2006), no. 1, 25-49.



http://arxiv.org/abs/1306.6562v9
http://arxiv.org/abs/1309.4485v2
http://arxiv.org/abs/1503.08781v3

32 WILL BONEY, RAMI GROSSBERG, ALEXEI KOLESNIKOV, AND SEBASTIEN VASEY

[GVV]

[HHS4]
[JS12)
[JS13)

[Kol05)]

[KP97]
[LasT6]
[MS90]
[She75]
[She7s]
[Shes7]
[She9o]
[She99)]
[She01]
[She09a]
[She09b)]
[SV99]
[Van06]

[Van13)

[Vasa]
[Vasb]
[Vasc]

[VV]

Rami Grossberg, Monica VanDieren, and Andrés Villaveces, Uniqueness of limit models
in classes with amalgamation, Mathematical Logic Quarterly, To appear. URL: http:
//arxiv.org/abs/1507.02118v1l
Victor Harnik and Leo Harrington, Fundamentals of forking, Annals of Pure and Ap-
plied Logic 26 (1984), 245-286.
Adi Jarden and Alon Sitton, Independence, dimension and continuity in non-forking
frames, The Journal of Symbolic Logic 78 (2012), no. 2, 602-632.
Adi Jarden and Saharon Shelah, Non-forking frames in abstract elementary classes,
Annals of Pure and Applied Logic 164 (2013), 135-191.
Alexei Kolesnikov, Dependence relations in non-elementary classes, Logic and its ap-
plications (Andreas Blass and Yi Zhang, eds.), Contemporary Mathematics, American
Mathematical Society, 2005, pp. 203—-230.
Byunghan Kim and Anand Pillay, Simple theories, Annals of Pure and Applied Logic
88 (1997), 149-164.
Daniel Lascar, Ranks and definability in superstable theories, Israel Journal of Mathe-
matics 23 (1976), no. 1, 53-87.
Michael Makkai and Saharon Shelah, Categoricity of theories in L, ,,, with & a compact
cardinal, Annals of Pure and Applied Logic 47 (1990), 41-97.
Saharon Shelah, Categoricity in ¥y of sentences in Ly, ., (Q), Israel Journal of Mathe-
matics 20 (1975), no. 2, 127-148.
, Classification theory and the number of non-isomorphic models, Studies in
logic and the foundations of mathematics, vol. 92, North-Holland, 1978.
, Universal classes, Classification theory (Chicago, IL, 1985) (John T. Baldwin,
ed.), Lecture Notes in Mathematics, vol. 1292, Springer-Verlag, 1987, pp. 264-418.
, Classification theory and the number of non-isomorphic models, 2nd ed., Stud-
ies in logic and the foundations of mathematics, vol. 92, North-Holland, 1990.
, Categoricity for abstract classes with amalgamation, Annals of Pure and Ap-
plied Logic 98 (1999), no. 1, 261-294.
, Categoricity of an abstract elementary class in two successive cardinals, Israel
Journal of Mathematics 126 (2001), 29-128.

, Classification theory for abstract elementary classes, Studies in Logic: Math-
ematical logic and foundations, vol. 18, College Publications, 2009.

, Classification theory for abstract elementary classes 2, Studies in Logic: Math-
ematical logic and foundations, vol. 20, College Publications, 2009.
Saharon Shelah and Andrés Villaveces, Toward categoricity for classes with no maximal
models, Annals of Pure and Applied Logic 97 (1999), 1-25.
Monica VanDieren, Categoricity in abstract elementary classes with no mazximal mod-
els, Annals of Pure and Applied Logic 141 (2006), 108-147.
, Erratum to ”Categoricity in abstract elementary classes with no mazimal mod-
els” [Ann. Pure Appl. Logic 141 (2006) 108-147], Annals of Pure and Applied Logic
164 (2013), no. 2, 131-133.
Sebastien Vasey, Forking and superstability in tame AECs, The Journal of Symbolic
Logic, To appear. URL: http://arxiv.org/abs/1405.7443v3,
, Independence in abstract elementary classes, Preprint. URL: http://arxiv.
org/abs/15603.01366v5.
_, Infinitary stability theory, Preprint. URL: http://arxiv.org/abs/1412.
3313v6.
Monica VanDieren and Sebastien Vasey, Symmetry in abstract elementary classes with
amalgamation, Preprint. URL: http://arxiv.org/abs/1508.03252v3|



http://arxiv.org/abs/1507.02118v1
http://arxiv.org/abs/1507.02118v1
http://arxiv.org/abs/1405.7443v3
http://arxiv.org/abs/1503.01366v5
http://arxiv.org/abs/1503.01366v5
http://arxiv.org/abs/1412.3313v6
http://arxiv.org/abs/1412.3313v6
http://arxiv.org/abs/1508.03252v3

CANONICAL FORKING IN AECS 33

E-mail address: wboney@math.harvard.edu

URL: http://math.harvard.edu/ wboney/
MATHEMATICS DEPARTMENT, HARVARD UNIVERSITY, CAMBRIDGE, MA, USA
FE-mail address: rami@cmu.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH,
PA, USA

E-mail address: akolesnikov@towson.edu
DEPARTMENT OF MATHEMATICS, TOWSON UNIVERSITY, MD, USA

E-mail address: sebv@cmu.edu

URL: http://math.cmu.edu/ svasey/

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH,
PA, USA



	1. Introduction
	2. Notation and prerequisites
	3. Independence relations
	4. Comparing two independence relations
	5. Relationship between various properties
	6. Applications
	7. Conclusion
	References

