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Abstract
In part I, it is shown that for integrals of the type

I(u,v) ::/Qf(x,u(w),v(a:))dm,

with Q C RY open, bounded, and f : @ x R™ xR¢ — [0, +00) Carathéodory satisfying a growth condition
0 < f(z,u,v) < C(1+ |v|?), for some p € (1,+00), a sufficient condition for lower semicontinuity along
sequences u, — u in measure, v, — v in L*, Av, — 0 in W~" is the A,-quasiconvexity of f(z,u,.).
Here A is a variable coefficients operator of the form

N ) 9
A= Z A(l)(l’)aimz,
i=1

with A® Co (U M>Y N W §=1,..N, satisfying the condition
N .
rank <Z A(’)(x)wi> = const for z € Q and w € R™ \ {0},
i=1

and A, denotes the constant coefficients operator one obtains by freezing x. Under additional regularity
conditions on f it is proved that the condition above is also necessary. A characterization of the Young
measures generated by bounded sequences {v,} in L? satisfying the condition Av, — 0 in WP is
obtained.

In part II, an integral representation for the functional

k—+o0

F(m, M) :—inf{liminf f(m,mk(m),mG(x))dx+/ [[m] (z)|dHN " -
Q QNS (my)

my € SBV(Q;RY), |mi(z)|=1 ae. inQ,
my —m in LYQRY), Vmg —M in LQ(Q;RN)}

is obtained. This problem is motivated by equilibrium issues in micromagnetics.

In part III, the effective behavior of second order strain energy densities is obtained using relaxation
and I' convergence techniques. The Cosserat theory is recovered within a dimension reduction analysis
for 3D thin domains with varying profiles. Homogeneous and inhomogeneous 2D models with periodic
profiles are treated.
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1 Introduction

An important problem in the Calculus of Variations, motivated by issues in Mathematics, Physics, Materials
Science, is to prove existence of
min{/(u) : u € Adm},

where Adm is a subset of some Banach space X and I is a functional defined by an integral.

In order to apply the Direct Method of the Calculus of Variations, which is the most commonly used
method to prove existence of minimizers, it is important to establish conditions that ensure lower semicon-
tinuity of I for a given appropriate topology. A well known result in this direction is that for a functional I
of the type

I(u,v) = / flz,u(x),v(z)) dz,
Q
with appropriate regularity conditions on f, we have
Up, — u in measure, v, —v in L = liminf I(uy,v,) > I(u,v),

if and only if f(z,u,.) is convex.

In many problems we don’t need to have lower semicontinuity for all weakly convergent sequences, but
just for some of them, and then it may happen that convexity is not necessary any more. A typical example
is when we deal with gradients, I : W1P(Q;R™) — R,

W= [ f@u(w). Dula)) da.

Under appropriate regularity and growth conditions on f, I is weakly lower semicontinuous in WP if and
only if f(x,u,.) is quasiconvex ([56], [3], [31]). As introduced by Morrey ([56]), a continuous function
f:R™N R is said to be quasiconvez if and only if

A) < /Q (A + Dg(x)) dz,

for every A € R™N and every ¢ € W( “(Q;R™), where Q := (0, ) , or equivalently,

/fA—i—w

for every A € RV™ and for every w € C*°(Q; R™), Q—periodic, fQ x) dz = 0, with curlw = 0. The notion
of quasiconvexity lies between convexity and convexity in directions of rank-1, i.e., a quasiconvex function
may not be convex in all directions of the space, but at least it is convex in the rank-1 directions. Thus, for
N =1 or m = 1, quasiconvexity is the same as convexity.

Variational problems involving gradients, as well as some other differential constraints, such as higher
order derivatives, divergence free fields, Maxwell Equations, etc, can be treated in a unified way under
the notion of A-quasiconvexity, as Fonseca and Miiller proved in a recent paper([40]). They studied lower
semicontinuity problems when the sequences are constrained by a first order system of PDEs of the form

under a technical condition called the constant rank condition, precisely

N
rank (Z A(i)wi> = const,

i=1

for every w € RV \ {0}. They considered integrals of the form

I(u,v) ::/Qf(x7u(x),v(x))dm,



and proved that, under appropriate regularity and growth conditions on f, one has
Up — w in measure, v, —v in LF Av, — 0 in WP = liminf I(un,v,) > I(u,v),

if and only if f(z,u,.) is A-quasiconvex. A function f : R? — R is said to be A-quasiconvex if
f0) < [ o+ wla) da,
Q

for all v € R? and all w € C=(RY;R?), Q-periodic, wi(x) dr = 0, Aw = 0. We remark that in case
A = curl, A-quasiconvexity reduces to the usual quasiconvexity.

In part I we study lower semicontinuity when the sequences are constrained by a system of PDEs with
variable coeficients, precisely, we deal with operators A of the type,

N

i ov
Av = ZA(’)(x) oz,

i=1

with A®) € 0> N W and rank (Zf\;l AW (x)wz) = const, for every z € Q and every w € RV \ {0}. For
integrals of the type

I(u) :z/ﬂf(x,u(x))d:c,

under appropriate regularity and growth conditions on f, we were able to prove that I is lower semicontinuity
along sequences u, — u in L?, Au, — 0 in W1 if and only if f(x,.) is A,-quasiconvex, where A, is the
constant coefficients operators we obtain by freezing x. We also characterize the Young measures generating
by such sequences. This work is CNA Report 03-2003.

In many problems we have also to deal with surface energies and consider functionals in SBV of the type

I(u) ::/Qf(m,u(x),Vu(x)) clﬂv—l—/Q glu™u™ vy) dHN L.

NS (u)

The study of the lower semicontinuity for these integrals brings new difficulties since it may happen that
there is interaction between the volume and the surface energies. The Compactness Theorem (2.27) in SBV
due to Ambrosio (][9], [14]) identifies a class of functionals for which we can study lower semicontinuity
considering the volume and the surface integrals separately, namely, if f(x,u,v) > c|v|” for some r > 1 and
g(u,v,p) > clp|, f(z,u,.) convex and g jointly convex (see [14]), plus appropriate regularity conditions, then
I is lower semicontinuous in SBV for sequences u,, — u in L', sup,,||u,||, < +oc. If, in addition, we have
sup,, HN~1(S(u,) N Q) < +o0, then it is enough to assume quasiconvexity of f(z,u,.) (see [10], [14]).
When lower semicontinuity fails, the effective energy is given by the relaxation of I,

F(u) := inf{liminf I'(u,) : uy, — u}.

Then a question arises: can we find a 'good’ representation for F, i.e., can we represent F as an integral of
some new densities? In part II we deal with a relaxation problem in SBV, where the conditions of Ambrosio’s
Compactness Theorem fail. We find an integral representation for the functional

F(m, M) = inf {liminf/ﬂf(x,mn(x),an(x)) dx + /Qms( ) [[mn] ()| dHN =1 2 m,, € SBV(;RY),

m, —m inL', |mu(z)]=1 ae inQ, Vmy—M inL%},

with ¢(|v]* — 1) < f(z,u,v) < C(1 + |v|?), satisfying appropriate regularity conditions.

This problem is motivated by equilibrium issues in micromagnetics. In considering the relaxed functional
defined for pairs (m, M), instead of only m, we look for a better description of defects (situations where a
given magnetization can be attained via a diffusion of discontinuities), in the same spirit as the structured
deformations introduced by Owen and Del Piero (see [36]) to understand defects in crystals and then studied



by Chosky and Fonseca in [27]. This work is CNA report 029-2002 and it was submitted to the Journal of
Nonlinear Differential Equations and Applications.

In part III we consider a sequence of functionals
F.(u) := / We(z, D*u(z)) dx
Qa

where §'|H|" < W.(z,H) < B3(1 + |H|") for some p € (1,+0o0) and 0 < 3 < 3 < oo, which represents a
second order strain energy of a 3D thin structure, possibly with variable thickness between ve and € for a
fixed v > 0, i.e., Q. := {x € R®: (z1,72) €Ew, 0 <3 <cef(ry,m2)}, withw C R? and v < fo(z1,22) < 1.
This is a generalization of the energies considered in [17], where to a multiple well elastic energy is added a
quadratic term of the second derivative to account for interfacial energy, to the case where the dependence in
the second order derivate is not necessarily quadratic, and as there is strong convergence in the lower order
terms we focus simply on a term depending only on the second derivatives. By considering dependence on
x and possibility of variable thickness, we allow for material heterogeneity and periodic profiles, as Braides,
Fonseca and Francfort did in [20] for plate models.

For each sequence {e}, we prove the existence of a subsequence {e'}, such that {F.r} converges to a
limit functional

Fyory(u,b) ::/W{ER}(xl,xQ,DQU,Db) dx.

Although we could not prove that this convergence is I'-convergence, it has similar properties and the
techniques used in the proofs are similar to the framework of T convergence, namely sequences {u.r} of
minimizers (or almost minimizers) of F.r converge in a appropriate sense to minimizers of the 2D limit
problem Fy.ry. We derive applications to homogeneous, inhomogeneous and periodic models. This is a
joint work with Elvira Zappale, it is CNA report 021-2002 and it was accepted in the Journal of Nonlinear
Analysis.



2 Preliminaries

In this section we present some notation and results that will be useful for the next chapters.

In the sequel © is an open, bounded subset of R, £ is the N-dimensional Lebesgue measure, SV ~1 :=
{x € RN : |z| = 1}, Q = (0, DY and Q(zg,r) = zo + r(—3, %)N Let v € S¥~1 and denote by
QV (1’0, 7’) =0 + rQua where

1 1
Q, = {sc eRYN |z < §,|m.u| < 5,2’ =1,..,N — 1},

for some orthonormal basis {v1, .., ux_1, 7} of RY. We denote by Ef(R™) the s-tuple of completely symmetric
t-linear forms on R™. Given a set A the function x4 is

1 ifx € A,
xa = 0 otherwise,

A(A) denotes the set of all open subsets of A, and A (A) those which have Lipschitz boundary. The set of
the finite Radon measures on R? is denoted by M (R9).

2.1 Young measures

In this section we present some results on Young measures. For more details and proofs we refer the reader
to [61], [15], [58].

Given a bounded sequence {u,, } in LP(£2), for some p € [1, +0o0], it is often useful to have a characterization
of the weak limit of f(uy,), whenever exits, where f is a nonlinear function. The Young measure associated
to the sequence (or to a subsequence of) {u,} provides such a characterization. The precise result is stated
below.

Theorem 2.1 (Fundamental Theorem on Young Measures). Let E C RY be a measurable set of finite
measure and let {z,} be a sequence of measurable functions, z, : E — R®. Then there exists a subsequence
{zn,} and a weak™ measurable map v : E — M(R?) such that the following hold:

i) v, 20, ||[ve||yg <1 forae xze€E;
ii) One has ') [|[vz||\g = 1 for a.e. x € E if and only if

pim, sup £ ({lzn, | = M}) = 0; (2.1)

iii) if K C R? is a compact subset and dist(z,, , K) — 0 in measure then

suppv, C K for a.e. x € E;

iv) if i’) holds then in iii) one may replace ’if " by ’if and only if’;

v) if f: QxR — R is a Carathéodory integrand, bounded from below, then

liminf/f(x,znk(x))de/f(x)dx
Q Q

k—-+oo

where

@) = (v £ = [ Fopdonto)



vi) if i) holds and if f is as in v), then

liminf/ f(x,znk(x))dx:/f(x)dx<+oo
Q Q

k—-+oo
if and only if {f(., zn, ()} is equi-integrable. In this case
fCozn, () = f in LY(9).
The map v : E — M(RY) is called the Young measure generated by the sequence {z,,}. The Young
measure v is said to be homogeneous if there is vy € M(R?) such that v, = v for a.e. x € E.

Remark 2.2. Condition (2.1) holds if for some p > 0

sup/ |20 |” dz < 400
neNJE

Proposition 2.3. If {v,} generates a Young measure v and if w, — w in measure then {v, +wy} generates
the ’translated’ Young measure
Uy i= Fw(az) Vg

where
(Tap, @) == (p, 0(. + a))

for a € R, ¢ € Cy(RY). In particular, if w, — 0 in measure then {v, +w,} generates the Young measure
v.

Proposition 2.4. If {v,} generates a Young measure v and u, — u a.e. in Q then the sequence {(un,v,)}
generates the Young measure p defined by

U = Oy(e) @ Vg, a.e. T €D

2.2 A-quasiconvexity

Here we present some results on A-quasiconvexity, which are due to Fonseca and Miiller. For more details
and proofs we refer the reader to [40].
Consider a first order linear partial differential operator of the form

N ov
— Ohad
Av : ZA oz’
i=1
where v : RN — R4 A®) ¢ M!*4 and
N .
rank (Z A(Z)wi> = const, (2.2)
i=1

for all w € RV \ {0}. The constant rank hypothesis (2.2) plays a pivot role in the construction of a continuous
projection onto the kernel of A, T : LI(Tx;R?) — LY(Ty;R?), where 1 < ¢ < +oco and L(Tx;R?) denotes
the space of functions v : RN — R? Q—periodic, v € L(Q), with the following properties

Lemma 2.5. i) A(Tv) =0;
i) T2=T
iii) |[v— Tv|| e < Cyl|Av||yy-r.q for every v € LYTn;R?) such that fQ vdx = 0;

iv) if {vn} is q-equi-integrable then {Tv,} is also q-equi-integrable.

10



A Borel function f :R? — R is said to be A-quasiconver if
f0) < [ o+ wla) da,
Q

for all v € R? and all Q—periodic w € C®°(RY;R?) such that Aw = 0 and fQ w(z)dx = 0. The A-
quasiconvexity lies between convexity and convexity in certain directions of the space, defined by the char-

acteristic cone N
A= UweRN\{O}ker (Z A(l)wl> 5

i=1
introduced by Murat and Tartar (see [61], [57]). Precisely,

Proposition 2.6. If f : R — R is upper semicontinuous and A-quasiconvez, then

fOy+(1—0)2) <O0f(y)+(1—0)f(2)
for all 0 € (0,1), y,z € R? such that y — z € A.

If the directions in A are enough to generate all the space R? then the A-quasiconvex functions are locally
Lipschitz continuous (see Theorem 2.3, pag. 29, in [31]). In the curl-free case (the usual quasiconvexity) the
characteristic cone is A = {a®b : a € R™,b € RN}, m.N = d, i.e., all the rank-one directions, which are
enough to generate all R%, thus, as it is well known, quasiconvex functions are continuous.

The notion of k—quasiconvexity, which was introduced by Meyers in [54] to treat higher order variational
problems, can be included also in the framework of A-quasiconvexity, for an appropriate operator A (see
[40], [19]). We recall that a Borel function f : Ef*(RY) — R is said to be k—quasiconvex if

f(v) < /Q f(v+ D¥o(a)) da,

for all v € E(RY) and all ¢ € C2°(Q;R™). For such a functions the characteristic cone is given by (see for
instance [16])
A = UbeRN\{O}{G,@b@k ra € Rm}

We now prove that Ay generates the space E,’C"(RN ), thus, k—quasiconvex functions are continuous, for any
k € N. This is a consequence of a Theorem of Tensor Algebra we present below. We first need to introduce
some notation: let V be a real vector space of dimension m and V*) the set of completely symmetric
k—linear forms on V. Let S, denote the set of all permutations of {1,2,..,m}. Given v!,v? ...,o™ € V we
define

vievie. . ev™ = ﬁ Z v"_l(1)®v"_1(2)®...®v"_1(m),
" oeSm

i.e., the symmetrized tensor product (see Theorem 3.1, pag. 89 in [53]). Let G ., denote the collection of
nondecreasing sequences of positive integers of lenght k£ chosen from 1,..,m, w denote the generic element
of G,m and k;(w) the number of times the integer ¢ appears in the range of w. We then have the following
result (Theorem 1.7, pag 191 in [53]).

Theorem 2.7. Let {ey,..,e,,} be a basis for V. Let e(w) := Y /" | ki(w)er, w € Ggm, and set
e*(w) =e(w)e...oc(w) e VF,

Then {e*(w) : w € Gr.m} is a basis for V). Thus V) is spanned by elements of the form x e ... e x (k
times), v € V.

Theorem 2.8. Let k € N. If f: E"(RY) — R is k-quasiconvez, then f is locally Lipschitz.
Moreover, if

F@)l<a@+ o) (23)
then
F01) = F@2) < 8 (14 01" +[oal”") for = val.

for every vy, ve in EJ*(RN).

11



Proof. Applying Theorem 2.7 with V = RY and V*®) = E.(RY), we get that the set {w®* : w € RV}
generates Ej(RY). Thus Ay = {a®@w®* : a € R™,w € RV} generates all space EJ*(RY). As f is convex in
each direction of Ag, by Theorem 2.3, pag. 29, in [31], f is locally Lipschitz continuous.

If, in addition, f satisfies 2.3, then by Lemma 2.2, pag. 156, in [31], f is p—Lipschitz continuous. O

This result is well known for k& = 1, (cf. [31], [52]), and it was recently proved in the case k = 2 in [46].

The Theorem below is a characterization of the Young measures generated by bounded sequences {v,,}
in L9, satisfying Av,, = 0. This result generalizes that of Kinderleher and Pedregal about Young measures
generated by sequences of gradients bounded in L?, that correspond to the particular case A = curl (see
(48], [49]).

Theorem 2.9. Let 1 < ¢ < 400, and let v = {v}, ., be a weakly measurable family of probability measures
on R?. There erists a g-equi-integrable sequence {v,} in LI(Q;R?) that generates the Young measure v and
satisfies Av, = 0 in Q if and only if the following three conditions hold:

i) there evists v € LI(S;R?) such that Av =0 and

v(z) = Vg, Id) a.e. x €1

ii)
/<l/_r, |2]7) dor < 400
Q

iii) for a.e. x € Q and all continuous functions g that satisfy |g(v)| < C (1 + |v|?) for some C > 0 and all
v € R? one has

<meg> > Q.Ag(<l/fca [d>)’

where for v € RY

Qag(v) := inf {/Q fo+w(x))dr:we LY(Ty;RY) N KerA} )

2.3 Pseudodifferential operators

We present some results on Pseudodifferential Operators. For more details and proofs we refer the reader to
[59], [6], [62].

We start by introducing some notation. Given a function u : RN — C, we denote by 9; the partial
derivative with respect to z;, and by D; := —i0;, where i is the imaginary unit. Given two functions u and
v in L2(RY) we denote by

(u,v) = /]R i) dr.

We denote by S the space of C>°(RY) functions that are rapidly decreasing at infinity, i.e., a function ¢
belongs to S if z29%p are bounded in RY for all pairs «, 3 of multiindices. The topology on S is defined by
the norms (k € Zg)

lelly = sup|ap<illz*0”¢l| -

We denote by S the set of semilinear forms u on S (i.e. (u,p + ) = a(u, @) + B(u,1))) such that there
exits C € R and M € Z{ verifying

[(u, )| < Cllellpy for p € S.

For a function u € S, the Fourier transform @ (or Fu) of u, is defined by the formula

a(A) = u(z)e A d.
RN

12



The inverse Fourier transform is given by

fﬁlu()\) = N/ u(:v)eiz')‘dx.
]RN

Given s € R we denote by L*?(R") the image of LP(R") under the linear mapping
Jou=F((1+ |)\|2)_%}'u) .
If u € LSP(RY) then there exits a unique @ € LP(RY) with u = J*a. The space L¥P(RY) is a Banach space

with norm
||l

Low = |10l Lo

The spaces L*P, with p = 2, coincide with H*(RY) for any s € R, and for p € (1,+0c0) and s € Z they
coincide with W*P(RY). We have the duality relation

[LoP(RY)] = L=+ (RY),

where p’ = #.

For more details about the spaces L*P we refer the reader to [4].

Let ¢ € R and b(z,)\) be a C* complex-valued function on RY x RY. We say that b is a symbol of
order-q, and we write b € S9, if there exists constants C,p such that
a—18]

2

02056, M| < Cag(1+ A7) 7, (2.4)

for (z,\) e RN xRN o, B € Zf. We have S7 C S for ¢ < I, and define S := UgS9.
Given a symbol b € S? we say that b~ >, b;, with j € Zg, if bj € S777 and

b= by eSTr.
j<k
We define below two operations on symbols, the compound, b#c, and the adjoint, b*.
Theorem 2.10. Let b € S9 and ¢ € S'. Then the oscillatory integrals

1

b (z,\) = (27T)N

/B(w —y, A —n)e ¥ dydn

b#tc(x, A) = (2;)]\] / b, A —n)e(z —y, Ne ¥ dydn

define symbols b* € S and b#tc € ST with the following asymptotic expansions
* 1 o Har 1 [ o
b NzaﬁADxb b#CNZaaAbec.

Remark 2.11. For any b € S* we have
(b*)" =b.

[SIEN

For t € R, denote by 7¢ the symbol 7¢()\) = (1 + |)\|2) , we then have
) () =

ii) Thifrtz = plattz

13



We associate a pseudo-differential operator B (or b(x, D)) to the symbol b(z, ) € S9, by the formula

1

Bp(z) := W

/RN bz, \)@(N)e ™, o € S(RM).

The function By € S(RY) and the application is continuous from S to S (see Theorem 3.1. in [59)]).

The adjoint symbol is associated with the adjoint operator, it is the tool to extend the domain of a
pseudodifferential operator to S ,, and the compound symbol is associated with composition, as the theorem
below shows.

Theorem 2.12. For any b and ¢ € S™ and ¢ and » € S one has
i) (b*(z, D)p,¥) = (¢, bz, D)¢)
ii) (b#c(z,D)p,¢) = (b(x, D)c(z, D)p, 1)

Remark 2.13. Given b = b(z,\) € S? and ¢ = ¢(\) € S', the symbol correspondent to the composition
b(x, D)c(D) is the multiplication of the symbols, i.e.,

b#c(x, A) = bz, \)c(N).

However, the general case where the symbol ¢ also depend on z, is more complicated. In that case, according
to Theorems 2.10 and 2.12, all one can say is that

b#tc(z, N) = b(z, N)e(z, X) + symbol of order g +1—1
The domain of a pseudodifferential can be extended to S, as it is illustrated below

Definition 2.14. Given a b € S, we call pseudodifferential operator of symbol b, the operator b(x, D) :
S — S defined by
(b(z, D)u, ) = (u,b"(x, D)p),  for uweS,pes

Ifb € 89, b(x, D) is said to have order q.

In particular, we can define the action of a pseudodifferential operator on Sobolev spaces, and the
continuity result below holds.

Theorem 2.15. Let b € S?. Then for every s € R there exists a constant C such that b(x, D)u € H*~? for
all w e H?, with
|[b(z, D)ul| s < Cs||ul| -

For p # 2 a similar result holds if we replace the Sobolev spaces by the spaces L*P. In order to prove
that we need the following result, due to Coifman and Meyer ([30]).

Theorem 2.16. Let b € S° and p € (1,+00). Then b(z, D)u € LP(RY) for all u € LP(RY), and
||b(x7D)30||LP SCH@HLP? VSOELP(RN)7

Theorem 2.17. Let b € S?. Then for every s € R there exists a constant Cs such that b(x, D)u € L~ TP
for all w € L*P, with
||b(x, D)ul

Ls—a.p S CS”u‘ Lsp*

Proof. The proof is similar to the proof of Theorem 2.15 presented in [59].
Let b € S1. We first prove that

Hb*(va)SDHL*SYP S C||90HLLI*5J'3 for ¥ € S.

Note that S C L®P and

el Lo = 1IT° (D)l Lo
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We have
|[6% (@, D)ol oo =770 (2, D)ol 0
= |[7=*(D)b* (z, D)~ T"*(D) 77> (D)gl| .,
<Ol (D)ol = Cllell pa-son-

Let u € L®P, we now prove that

|(b(z, D)u, ¢)| < Clful

porllllpmns Vo ES.
We have
|(0(z, D)u, )| = [(u, b*(x, D))
= |(u, (D)7 > (D)b"(x, D)g)|
= |(7*(D)u, 7*(D)b*(z, D))
< lwllpop 167 (2, D)ell, .
< Clul

PR | ) P

thus b(x, D)u € L~ %P and
[Ib(z, D)ul|a—ap < Cllullpsp-

O

In what follows we are interested in pseudodifferential operators associated with matrix-valued symbols.
Given a matrix B(z, \) := [bjk(x,)\)]‘;:z:l, we say that B(x,\) € (S9)**" if bjp(z,\) € S for j = 1,..,,
k=1,..t Given ue S (RV;R") we define Bu € S’ (RV;R*) by

t
(Bu); == ijk(a:,D)uk, j=1,.,s.
k=1

It is easy to check that all the results we presented above for scalar-valued symbols still hold for matrix-valued
symbols.

We now derive some estimates that will be useful in Chapter 3. Consider the operator defined in (3.1)
and denote by A(x, \) its symbol, i.e.

N

Az, N) = Z AD (),

i=1
and by P(z, \) the projection onto Ker(A(x,\)). Define Q(z, A) by the implicit equation
Q(x, N A(z, \) := I, — P(x; \). (2.5)

The function Q(z,\) is positively homogeneous of degree -1 in A and using (3.2) we get that Q(z,\) €
C>=(Q x RN\ {0}; M™*4). Define

@y, A) == n(@)Q(z, A)x(A]),

where x : [0,4+00) — R is a C*°-function for which we can find numbers r, R, 0 < r < R < 400, such that
X(|A[) = 0 for [A| < 7 and x(|A]) = 1 for [\[ > R, and n € CZ(;[0,1]), n = 1 on €, for some open set
Q CC Q. It is easy to check that

—1-18]
2

02002 V)| < Cap(1+ V)7,

for z € RY and A € RY. Thus @Q,(z,\) is a symbol of order -1 and we denote by Q,, the corresponding
pseudo-differential operator.

15



We denote by A, (x, A) the symbol

N
Ay, 2) =Y (@) AV (z) i,

i=1

and by A, the corresponding operator.
By Remark 2.13, the compound operator @,.A, has order 0 and symbol

n(x)Q(z, A)x(|A])A,(x,A) + symbol of order -1,

or, using (2.5),
()L, — n*(2)P(z,\)x(|]A\]) + symbol of order -1.

We denote by P, the operator correspondent to the order 0 symbol n?(z)P(z, \)x(|A|), thus

u— Pyu = QuAu+ Ku,

for u € LP() with compact support in Q, where K is a pseudo-differential operator of order -1. Using

Theorem 2.17, we get the estimates
lu = Pyull, < CllAully -1, + Cllully -1,

and
||AP77u||W71,p S CHUHW*LP?

where we have used the fact that AP, is an operator of order 0, because of the relation

A(z,\)P(z,\) = 0.

2.4 Spaces BV, SBV, and sets of finite perimeter

(2.6)

(2.7)

We recall some basic definitions and properties of the space BV of functions of bounded variation, of the
space SBV of functions of special bounded variation, and also of sets of finite perimeter. For more details

and proofs we refer the reader to [14].

Definition 2.18. A function u € L'(2;R?) is said to be of bounded variation, u € BV (Q;RY), if for all

te{l,..,d}, j€1,.,N, there exists a bounded Radon measure p;; such that

/Qui(x)gz_(l‘) dw:—/ﬂtﬂ(ﬂﬁ)duz‘j

for every ¢ € CL(Q). The distributional derivative Du is the matriz-valued measure with components ;.

The total variation of the gradient measure, |Du|(§2), is given by |Du|(2) = Zil |Du; | (), where

| Du;|(£2) := sup{/ u;divpdr : p € CHOQ;RY), ||, < 1} .
® Q
The space BV is a Banach space equipped with the norm

[ull gy oirey = Ul 1 (ray + [Dul(£2).

Definition 2.19. A set A is said to be of finite perimeter in Q if x4 € BV(Q), where x4 denotes the

characteristic function of A. The perimeter of A is defined by

Perq(A) := |Dxal()

There is an important connexion between sets of finite perimeter and level sets of BV functions which

we state next.
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Theorem 2.20 (Co-area formula for BV functions). Ifu € BV(Q)), then E; := {z € Q : u(z) > t} has
finite perimeter for a.e. t € R, and

+o00
Dul() = / DX 5 () dt

— 00

Let E C RY be a £N-measurable set. We define

E' = {xERN : lim

e—0

and

E° .= RN i
{x < ey eN

the measure theoretic interior (the set of points of density 1 in E) and the measure theoretic exterior (the
set of points of density 0 in E) of E, respectively. Also, 0*F is the essential boundary of E, i.e.

O*E =R\ (E°UE").

We note that LN (EAE') =0 and LN ((RY \ E)AE®) = 0.
For sets of finite perimeter it is possible to define a normal on part of the boundary, the reduced boundary
FE.

Definition 2.21. Let E C 2 be a set of finite perimeter in Q. We define reduced boundary FE to be the
set of points x such that

i) [Dxe|(Q(x,e)) > 0 for every € > 0 such that Q(x,e) C Q,

i) vg(z) = lime_o % exits in RN,

iii) |vp(z)|=1.
The function vg : FE — SN~ is called the generalized inner normal to E.

It can be shown that FE C 0*F and HN~1(0*E \ FE) = 0 (see [14]). The set FE is (N — 1)-countable
rectifiable, i.e.,
FE=U72K,UE,
and HVN~1(E) =0, K,, is a compact subset of a C! hypersurface S,, for each n, and vg|S,, is normal to S,,.
Given u € BV (;RY), the approzimate upper and lower limit of each component w;, i € {1,..,d}, are

given by
N )
uf (z) == inf {t eR: lim L7 ({ui > t}iﬂ Qz,¢)) = O}
e—0t €
_ . LV({u; <t} N Q(w,¢))
u; (z) .—sup{tER.Elirtr)l+ N =0,.
The set

S(u) ==V, {z € Q:uy (z) <uf(2)}

is called jump set of u, and the value @(z) := §(u™(z) + u™(x)) is defined for every z € Q. It is well known
that S(u) is (N — 1)-countable rectifiable. The result below is about some fine properties that BV functions

enjoy.
Theorem 2.22. If u € BV (;R?), then
(i) for LN-a.e. x € Q,

1 N N
lim ———— — — (y — N-1( -0
ag(r)lJr eN+1 {/Q(xo,s) |'I.L(y) u(m) V’LL(.’E) (y .’E)| y} 0;

17



(i) for HN"1-a.e. x € S(u), there exists a unit vector v(xz) € SN~1, normal to S(u) at x, and there exist
vectors u_(z),uy(z) € RY such that

We remark that, in general, (u;)* # (ug),. We denote by [u](x) the jump of u at z, defined by
[u(z) == uy(2) — u_(x).
If u € BV(Q;R?), then the measure Du may be represented as
Du = Vul™ + (uy —u_) @ vHN 1S (u) + C(u), (2.8)

where Vu is the density of the absolutely continuous part of Du with respect to £V, and C(u) is the Cantor
part. The three measures in 2.8 are mutually singular.

It is possible to define the trace of a function u € BV (Q; R?) on the reduced boundary of a set E of finite
perimeter in €2 (see Theorem 3.77, pag. 171 of [14]).

Theorem 2.23. Let u € BV (;RY) and let E C Q be a set of finite perimeter in Q. For HN~1-almost
every x € FE there evist uy rr(r), u_ rp(z) in R? such that

1
lim — / u(y) — s rp(@)| dy =0
=0 Jot, (@e)
and )
= [ )~ (o) dy =0
Quy(z,6)

Moreover Du|FE = (U4 rg — U— 7rE) ® vgHN | FE.

Theorem 2.24. Let u,v € BV (R N L>® and let E be a set of finite perimeter in Q. Then w :=
uxg +vxonr € BV(;RY) and

Dw = DuLEl + (U+)]:E — ’U,’].‘E) X VEHN_l L(fE) + DULEO

The next theorem is a generalization of the Besicovitch Differentiation Theorem (see Ambrosio and Dal
Maso [11], Proposition 2.2).

Theorem 2.25. If A\ and p are Radon measures in 2, p > 0, then there exists a Borel set E2 C ) such that
w(E) =0, and for every x € suppu \ E

@(x) — lim Mz 4+ eC)
dp’ " e50 p(z + €0)
exists and is finite whenever C is a bounded, convex, open set containing the origin.
The following subspace of BV was introduced and studied by De Giorgi and Ambrosio [13].
Definition 2.26. A function u € BV (2;R?) is said to be of special bounded variation if C(u) = 0. We
write u € SBV (§; R?).
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The following SBV compactness theorem is due to Ambrosio [9].

Theorem 2.27. Let ¢ : [0,+00) — R and 6 : (0,400) — R be nondecreasing lower semicontinuous functions
satisfying
t ot
limso()*oo lim ®)

t—o0 t—0+ t

Let {u,} be a sequence of functions in SBV (Q;R?) N L= (;RY) such that sup,, ||un||e < 00 and

su U X U N-1 0.
np{ /Q (V) dz + /Q o }<

Then there exists a subsequence {uy,} and a function u € SBV (;R?) such that

Up, — U N L, Vuyp, = Vu in L'

The next theorem was obtained by Alberti [5].

Theorem 2.28. Let f € L'(Q;RN). There exists u € SBV (;RY) and a Borel function g : Q — RN
such that

Du = fﬁN + QHN_l LS (u), / |g|dHN_1 < C”fHLl(Q;RdXN)?
QNS(u)

where C' depends only on N.

The Lemma below is a simple corollary of the co-area formula for BV functions, and it is an improvement
to the Lemma 2.9 in [27].

Lemma 2.29. Let u € BV(Q;R?). There exist functions u,, € SBV, with Vu,, =0, such that u, —u — 0
in L™ and
lim |Du,|(Q) = lim [un] (z)|[dHN = (2) = | Du| ().

n—-4oo n—-+oo QNS (un)

Proof. Without loss of generality we may assume that d = 1. We also assume u to be non-negative; the
general case follows by considering the positive and negative parts of u. Let F; := {x € Q : u(z) > t} and
define

=1
0 0) = 3 1, 0),
=1

has finite perimeter and

Ain

where, using Theorem 2.20, a;, € (%, %) is such that F,

i

Dxe,, @) _ %
Xl < [T D @)

n

Clearly u, —u — 0 in L>*(£2), and

o0 1 o0
Dual(®) < Y 2 1Dxe, () < [ 1Dxs () dt = Dul(9.
i=0 0
This yelds
lim sup |Du, |(Q) < |Dul(Q)
The converse inequality follows from the lower semicontinuity of the total variation. O
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2.5 Global method for relaxation

We present an integral representation result for a class of functionals. The following result was established
in [24].

Theorem 2.30. Let Fy : WP (;R™)x A(Q) — [0, +00) be a functional satisfying the following assumptions

Fi(u,-) is the restriction to A(Q) of a Radon measure,

Fi(u, A) = Fi(v, A) whenever u=v LN a.e. on A € A(Q),

Fi(-A) is LY(Q;R™) — lower semicontinuous,

there exists C > 0 such that & [, |Dul|Pdx < Fi(u, A) < C [,(1+ [DulP)dx.

O —

(Cc1
(C2
(C3
(C4
Then, for every u € WHP(Q,R™) and A € A(Q) we have

Fi(u, A) = /Afl(as,u, Du)dx, where f1(xo,up,€§) := limsup m (uo + & ;Nzo);Q(xg,e))

e—0*t

for all g € w,up € R™, ¢ € RN and where, for (v, A) € WHP(Q;R™) x A(Q),
m; (v, A) := inf {F1(w, A) : w € WHP(A;R™) with w = v in a neighborhood of 0A}.

With a proof entirely analogous to that of Theorem 2.30, one can obtain a similar result valid for
functionals defined in W2P(Q;R™)x WP(Q,R™). Let F : W2P(Q,R™)xWhP(Q,R™)x.A(Q) — [0, +00)

be an energy functional such that

(A1)  F(u,b,-) is the restriction of a Radon measure to A(Q2),
(A2)  F(-,-A) is W2Px WP — sequentially weakly lower semicontinuous, that is
up—u in W2P(Q,R™) and b,—b € WHP(Q,R™) = F(u,b, A) < liminf,, 4 oo F(tn, by A)
for all A € A();
(A3) F(-,-,A)islocal, ie. f u=v and b=d a.e. in A € A(Q) then F(u,b, A) = F(v,d, A);
(A4) there exists C' > 0 such that
L [, (|D%u|” + |Db|P) do < F(u,b,A) < C [, (1+|D?ul” + |Db|") d

for u € W2P(Q,R™), b € WHP(Q,R™) and A € A(Q).

Theorem 2.31. Let F : W2P(Q,R™)xWHLP(Q,R™)x A(Q) — [0,+00) be a functional satisfying the as-
sumptions (A1) — (A4). For every (u,b) € W2P(Q,R™)xW1P(Q,R™) and A € A() we have

T(u,b,A):/ f(z,u, Du, D*u, b, Db)dx
A

where
- 1. _ Tr(. — .
Feoruo, €. H. bo, B) = hm%&p m(ug + &(- — xo) + 5(- — o) ZIE[ ), bo + B( xo),Q(:co,s))7 (2.9)
and

m(ug, bo, A) 1= inf{]—'(u, b, A) : (u,b) € W2P(A,R™)xWIP(A,R™), u =g and b= by
on a neighborhood of 3A}

for ug € W2P(Q,R™), by € WEP(Q,R™) and A € A(RQ).

The proof of Theorem 2.31 is hinged on several lemmata. Most of them are analogous to those related
to the proof of Theorem 2.30. We present just those which differ from their counterpart in [24]. To this
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end, and just as in [22] and [24], we start by introducing the following family of functions. For § > 0,
we W2P(Q,R™),b € WhP(Q,R™) and A € A(Q),

m° (ug, by, A) := inf { Zm(uo,bo,Qi) 1 Q; cubes , Q;NQ; =0 for j #1,
=1
Q: C A, diam(Q;) < 8, LV (A\UQ;) = o}.

For every A € A(Q) and (ug,by) € W2P(Q; R™)x WLP(Q, R™) we set

m*(u()abOvA) = ;%mé(UOabOaA)' (210)

Note that (2.10) is meaningful since the {mg(ug, by, A)} is a decreasing sequence in 4.

Lemma 2.32. If A’ CC A, with A', A € A(RY), then

m(u,b, A) <m(u,b, A') + C 1+ [D%|” + |Dbl* ) da,

A\A (
and
Flub, 4) < Flusb, A)+C [ (14D + |DbP) da.
A\A
Proof. Given 1 > 0 choose (v,d) € W2P(A,R™)xWP(A’ R™) such that v = u and d = b on a neighbor-

hood of A’ and
m(u,b, A") > F(v,d, A") —n.

_J vin A da— din A’
Y7 win w\A’ MEC= bin w\A’

Define

Let € > 0, set A’ := {x € A’ dist(z,0A") > £}. By (A4) we have
m(u7 b’ A) S f(w’ q, A)
< F(v,d, A"+ C

(14 [D2uf” + (Do)
A\AL

<m(u,b,A")+n+C

(14 [D2u]” + |Db]? ) da-.
A\AL

Letting e—0 and then n—0 we get the desired inequality. A similar proof can be performed for . O
Lemma 2.33. Let (u,b) € W2P(Q,R™)xWhP(Q,R™) and A € A(Q). Under assumptions (A1) — (A4)
m*(u,b, A) = F(u,b, A).

Proof. The proof of Lemma 2.33 is entirely similar to the proof of Lemma 3.3 in [22].

O
Lemma 2.34. If F satisfies (Al) — (A4), then
lim F((u, b),g(xo,a)) — lim m((u, b)vNQ(mOag)) (2.11)
e—0 5 e—0 5
for LN a.e. zg € Q.
Proof. The proof is entirely similar to the proof of Lemma 3.5 in [22]. See also Lemma 2.2.2 in [24]. O
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The proofs of the two following lemmas are proposed for the convenience of the reader, since there are
slight modifications with respect to the proofs of Lemmas 2.3.1 and 2.3.2 in [24], due to the presence of
second order derivatives.

Lemma 2.35. For a.e. xg € )
dF(u,b,-)
acyN
where f is the function defined in (2.9).

Proof. In the proof the constant C' may vary from line to line.
By (2.11) and arguing as in [24] we have
m(ua b7 Q(.’IJ(), AE))

dF(u,b,-) . .
gy (wo) = lim Tim, Y ' (213)

(x0) < f(z0,u(zo), Du(zo), D*u(z0), b(x0), Db(10)) (2.12)

In order to get (2.12) it is enough to verify that the right hand side of (2.13) is less than or equal to
f(xo,u(zo), Du(zo), D*u(xg), b(z0), Db(x0)). Fix 0 < s < 1 and let us consider v. € W?2P(Q(zo,s)\e))
and d. € WhP(Q(zg, sAe)) such that v.(z) = u(zg) + Du(zo)(z — z0) + 3(x — z9) " D*u(z0)(z — 20) and
de(x) = b(xo) + Db(xo)(x — xo) on a neighborhood of 9Q(xg, sAe) and such that

F(ve, e Q(ao, 342)) < m(u(zo) + Dulzo)(- — z0)+
1
5( — 20) T D?*u(20) (- — 0), b(x0) + Db(x0) (- — x0), Q (o, s)\s)) + (Ae)N T,

Outside Q(xo, sAe) we can consider the layer L of width (1 —s)A5 and a smooth cut off function ¢, 0 < p <1

in L, o =1 on Q(xg, sAe), ¢ = 0 on 9Q(xo, Ae), || Dyl < ﬁ, }|D2g0||oo < U—ﬂ% We define

we(x) := pve(x) + (1 — @)u(z) and o (x) := pd: () + (1 — p)b(x).

This functions agree respectively with u and b on a neighborhood of 9Q(xg, A¢). In view of Lemma 2.32 we
have

m (u, b, Q(zo, Ae)) < F (we, 0c, Q(x0, A€))
)

< F (ve,dz, Q(z0, As¢)) + C (14 [D?w. @) + Do (x)|") da
Q(zo, e)\Q(zg,\s¢€)
< m (u(zo) + Du(zo)(- — o) — 5(- — 20) " D>u(wo)(- — x0), b(zo) + Db(20)(- — 20), Q(x0, sAe))

+A)VH O (14 [D*u@o)[ + [D*u(@)|” + | Db(ao)l” + | Db(a)|”) da
o Q(x0,2e)\Q(z0,\s¢)
+— Du(zo) — D*u(z0)(z — 2¢) — Du(x)|”
(1= 5)P(A)? JQ(ao.re)\ Q0. Ase) (| |

C

+ |b(x0) — Db(xo)(x — x¢) — b(x)|P d:v+—/
| ( 0) ( 0)( 0) ( )| ) (1_8)217()\6)2], Qo A\ Q (a0, As¢)

u(z) —u(zo)

—Du(zo)(x — z9) — %(x — 20)T D*u(x0)(z — ) " de.
By dividing by (Ae)"V we have
m (u, b, Q(z0, Ae))
(Ae)
- m (u(xo) + Du(zo)(- — zo) — %( —x0)D?u(x0)(- — 20), b(z0) + Db(x0)(- — 20); Q(0, s)\s))

- (Ae)N

et -+ S <|D2u|p+ |va’) dz

C (Ae)N /Q(mo,)\a)\Q(zo,/\sa)
_ Du(z) — D*u(z0)(x — o) — Du(z)|”
(1= 9)PA)P N Jo(@o.xe)\Q(w0.252) (’ |

C
T [b(xo) — Db(zo)(x — o) — b(a)|") da + /
(1 - S)QP(AE)QP—HV Q(z0,2e)\Q(z0,As¢)

~Dulao)(x — 20) — 5 — 20)" Dulao)(x — x0)|da

(2.14)
+

u(z) — u(zo)
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Clearly

lim lim l][ ‘D2u|p - sN][ |D2u‘p = lim UD u( xo)’p —sN ‘D2u(ﬂco)’p} =0
517 e=0F | JQ(z0,Me) Q(z0,8)e) i s—1-

and

lim lim ][ | Db|P —st |Db|” | = lim [|Db(zo)|” — s™ |Db(z0)["] =0
Q(zo,\e) Q(xo,sAe) ]

s—1- e—0t s—1—

And the last two lines of (2.14) go to 0 as € goes to 0 by the fine properties of Sobolev functions (see Theorem
3.4.2 page 129, [63]). Finally, we conclude that

%( 0) < hm H}f lirginf

i ™ (u(zo) + DU(%)( — x9) — 5(- = 20) D*u(xo) (- — x9), b(o) + Db(0) (- — w0); Q(wo, 5Ae))
e—0 (she)NV

<1 m (u(xo) + Du(zo)(- — x0) — 5(- — x0) D?u(20)(- — o), b(0) + Db(xo)(- — x0); Q(x0,€))
< limsup -

= f({E(), 'LL((E()), DU(SIJO), D2’U,(£IJ()), b({Eo), Db(x()))

O
Lemma 2.36. For LN a.e. zp € Q
dF(u,b,-
%(mo) > flxo,u(xo), Du(xo), D*u(x0), b(zo), Db(x0)). (2.15)

Proof. Let ,—0 be such that

lim sup — (u(wo) + Du(zo)(- — o) — 5(- — w0)" D*u(wo)(- — o), b(wo) + Db(xo) (- — 20); Q(wo, ¢))
e—0t (E)N

B (l)im m (u(xo) + Du(zo) (- — zo) — l( —x0)D?u(20)(- — 20), b(x0) + Db(10)(- — 10); Q(mo,sh))

 en—0+ (ep)N '

Fix 0 < s < 1 and let v., € W?P(Q(xo,se1)) and de, € WP(Q(zo, s, )) be such that v., = u and d, = b
on a neighborhood of 9Q(zy, se) and

}—(vshadsth("EOa Sgh)) § m(u7b> Q(ajO, Sgh)) + (5h)N+1'

Extend v., as u and d, as b outside Q(zg, se,) and consider a layer L around the cube of width %

and consider a cut off function cp such that 0 < ¢ < 1in L, ¢ = 1 on Q(xo,ser) , ¢ = 0 on Q(xo,ep),
1Dl oo m and || D?¢|| W Define

ey ) 5= 9(e)vey () + (L= (o) (ulao) + Do) = 0) + & = 20)" Dua) o~ )

and
0., (1) i= @(@)de, (2) + (1 = p(a)) (b(xo) + Db(zo) (@ — 20))

Since w., = u(zo) + Du(wo)(- — 20) + 3(- — x0) T D?u(wo)(- — 20) and de, = b(zo) + Db(zo)(- — o) on a
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neighborhood of 9Q(zg, €p,), arguing as in the proof of Lemma 2.35 we get

m (u(zo) + Du(zo)(- — o) — 3(- — zo) D*u(wo)(- — x0), b(xo) + Db(xo) (- — 0); Q(z0,€41))

, (gz)N
< m(uv aQ(‘r07 Sé‘h)) +ep+ C(l _ Sn) + 7]\]/ <|D2u’p + ‘Db|p) dr
€h €h JQ(z0,en)\Q(wo,52n)

C

FTmT gy P000) ~ Do) = Do) = )
Z0,ER

+— b(x) — b(xo) — Db(xo)(x — 20)|F da
A sy ™ Q(mvgh)| ) — b(z0) (o) )l

SR — [u() — (o) — Dulzo) (& — w0)+
(1 — S)2PghN+2P Q(IO,Eh)

= Lo ) DRl - 20)

p

dz.

Therefore

f(xo,u(xo),Du(xo),Dzu(xo),b(xo),Db(xo)) <liminf lim m(u, b, Q(o, 5¢n))
s—1— g,—0% (Eh)N

and this concludes our proof.

Clearly Lemmas 2.35 and 2.36 now yield Theorem 2.31.
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3 A-quasiconvexity in the variable coefficients

In this chapter we generalize some of the results of [40] to the case of variable coefficients, precisely

Av =" AW (z) e (3.1)
=1

where A®) € C(Q; M>*4) N W and

N
rank <Z A(i)(x)wi> = const (3.2)
i=1

for every z € Q and all w € RV \ {0}.
Given xg € €2, denote by A, the partial differential operator with constant coefficients that we obtain
by freezing =z, i.e.,

o 40 () 2
Az v ::ZA (”0)833-‘

i=1

The following sufficient condition for lower semicontinuity holds.

Theorem 3.1. Let Q C RN be an open, bounded set, 1 < q¢ < +oc, and let f : @ x R™ x R — [0, +00) be
a Caratheddory function, with a growth condition 0 < f(x,u,v) < a(z,u)(1+ |v|?), for some locally bounded

function a : Q x R™ — [0, +00) and for allv € RY, a.e. x € Q. Suppose f(x,u,.) is A,-quasiconvex for a.e.
z in Q and oll uw € R™. Then

liminf [ f(z,u,(x),v,(x))dz > 5 flz,u(z),v(z)) de

n—-4o0o Q
whenever u, — u in measure, v, — v in L1(Q;R?), Av, — 0 in W~H4(Q; R!).
For the necessary condition we have the following.

Theorem 3.2. Let Q C RY be an open, bounded set, 1 < q < +oo, and let f : Q x RY — [0,+00) be a
continuous function satisfying the g-Lipschitz continuity condition

£, 00) = fo,v2)] < ae) (14 oa]" + ool ) Jor = ol (33)

where a € L2 (). Suppose that we have lower semicontinuity of the integral

liminf/ flz,vn(z)) dx > / flz,v(z))dx
Q Q
for sequences v, — v in L1(Q;R™), constrained by the system of PDFEs in the following sense

Av,, = Z A (m)a—

i=1

—0 in Wh(Q;RY). (3.4)

T

Then f(x,.) is Ag-quasiconvez for all x € Q.

We could not prove the necessary condition for exact solutions of the PDE, but only under the more
restrictive condition (3.4). In the case of constant coefficients Fonseca and Miiller [40] were able to prove the
necessary condition for sequences in the kernel of A. Using Fourier series representation they could construct
a projection P onto the kernell of A4, using algebraic computations on the symbols, and to prove the estimate
(continuity of the inverse)

[0 = Poll, < Cyll Aol (3.5)
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One difficult that arises when we deal with the variable coefficients is that to the composition of operators
does not correspond the multiplication of symbols any more, only up to a regularizing operator, thus in our
case, using also Fourier analysis, we were just able to prove the estimate

lo = Pyoll e < Cq ([l 1.0 + [[0lly-1.0) 5 (3.6)

where P, is not a projection, AP,v # 0, in general, but AP,v, — 0 in W~ whenever v,, — 0 in W14,
We also emphasize that at least in the case ¢ = 2 there exits a continuous projection onto the kernel of
A but we were unable to prove the continuity result (3.5), or at least the weaker estimate (3.6), with the
projection P, replaced by P.

We also characterize the Young measures generated by bounded L7 sequences satisfying (3.4). In the
case of constant coefficients similar characterization is provided ([40]), for sequences in the kernel of the
operator, in this way generalizing the result of the Kinderleher and Pedregal on gradients [48] [49] (in that
case A = curl). For the reasons we explained above we were note able to replace (3.4) by sequences in the
kernel of the operator.

Theorem 3.3. Let 1 < q < +o0 and let {v,},.q be a weakly measurable family of probability measures on

Re. Then there exists a q-equi-integrable sequence {v,} in LI(Q;R?) that generates the Young measure v
and satisfies Av, — 0 in W™L2(Q;RY) if and only if

i) there exists v € L1(Q;RY) such that Av =0 and v(z) = (vz, Id) a.e x € Q;
i) Jq Jpa 2" dva(2) dz < +oo;

iii) for a.e. x € Q and all continuous functions g that satisfy |g(v)] < C(1 + |v|?) one has (vy,g) >
Qa,9 (v, Id)).

3.1 Sufficient condition
We now prove Theorem 3.1.

Proof. By extracting a subsequence (not relabeled) we may assume

L:= 1iminf/Q flz,un(z), v, (x)) de = lim/Q f(z,upn (), v, (2)) da.

By extracting another subsequence (still not relabeled) we may assume that the pair {(u,,v,)} generates a
Young measure {fi; = dy(z) ® Vz }oeq, Where {v; }zcq is the Young measure associated to v,,. We have

L> /Q/med f(x,mﬁ) dﬂw(n’g) = /Q - f(x,u(x),f) de(f)

Now we truncate the sequence v,, to get ¢—equi-integrability. As v, is a bounded sequence in L9 we have

/(um, |z|?) dz < 4o0.
)

Consider the following family of truncation functions

(2) = z if |z| <k
ET Y ks i |2 >k

K]

and we have

limlim/ |Tk(vn)|qda::lim/<1/$,|7'k(.)|q)da::/<V1.,|z|q>da:.
kEonJo k- Ja Q

We can then find a sequence 0y, := 73 (vp,,) such that

e —0, lim /|ﬁk|qdm:/<um,|z|q>dac,
k—+oo Jq Q
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for 1 < s < p. The sequence 7y, also generates the Young measure v, it is g—equi-integrable and
At — 0 in Wbs,

Now choose a point g € §2 such that f(xg,u(zo),.) is Az,-quasiconvex,

1

lim — | [2%) = (Vi [ 2] dz = O

r=or Q(zo,r) (3 7)
) )

lim — / [v(z) — v(xo)|Ydx =0

r=0 Q(=o,r)

and

L e R (38)

for a countable number of ¢ in Cy(R?). Define wy , € LI(Q;RY) by wy, ,-(2) := g (w0 + 72). Using (3.7) and
(3.8), we have

lim lim /|13k(a:0—|—rz)|qdz:(Vmo,\z|q>,

r—0 k—-+4oo
N (i (o +72))
E A9 (z +rz)k+ —0 in W™ ask— +oo
2

i=1

lim lim (O (o +1r2) — v(x0)) ¥(2)dz = 0,
r—0 k—+o00 Q

for every U e L7,

lim lim /( (Ok (g +12)) dz = Vg, ¢ /C

r—0k—-+oo

for ¢ in C,(Q) and ¢ in the countable subset of Cy(R?) for which (3.8) holds.
Then, using an appropriate diagonalization, we find a sequence wy, € L(Q;R%) such that

N
wrp = v(xg) in LI, ZA(i)(xo + rkz)a%z(lz) —0 in Wb* (3.9)

and

Lm QW(Z)QO(wk)dZZ <vxms0>/Q77(Z) dz,

for n and ¢ in a countable dense subset of L'(Q) and Cy(R?), respectively, and

lim /|wk(z)|qdz:<ux0,|z|q>7

k— 400 Q

thus wy, generates the Young measure v,, and it is g-equi-integrable.
Now we prove that

N
Agwi = ZA“)(:CO)%‘”’“ —0 in Wbs (3.10)

Zq
In fact we have

iy
:Z o KA( V(zo) — AD (20 + rkz)> Wk(z)]

HA® ow
+ 7 Z (xo + rE2)wi(2) + Z A( (zo + ri2) 825
i=1
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and all the terms go to 0 in W15, Indeed the first converges to zero due to the s-equi-integrability of wy,
and the continuity of the coefficients which imply

(A(i)(:co) _ A(i)(xg + T‘kZ)) wip(z) =0 in L%

the second because r;, — 0 and the boundedness of wy, in L*®, and the third because of (3.9).

Next we modify wy in order to get Q-periodicity. We consider an increasing sequence of smooth cut-
off functions ¢/ € C°(Q), ¢/ / 1 and we do a appropriate diagonalization of @/wy, in order to get a
new sequence @, € L(Q), g-equi-integrable, that still generates the homogeneous Young measure vy,, and
verifies

Agy@p — 0 in Wb,

Now we just have to project {@y} into the kernel of A,,, i.e., we apply Lemma 2.5 to get
wp =T [(.Dk —v(xg) — / (g (x) —v(xo)) dz| + v(xo),
Q

Q-periodic, g-equi-integrable, @ — v(x), fQ Wr(y) dy = v(zg), W still generates vy, and Ag,or = 0. Thus
[ 1o, u(w0) €002 (€)= im | oo uteo). )y > Sz, o), v(an).
from which we get
L> / flz,u(x),v(z)) de.
Q
O

Remark 3.4. Using a similar argument one may obtain the same result of Theorem 3.1 for systems in
divergence form with L°° coefficients, i.e.

where rank(ZlN:l A(")(x)wi) =const, for a.e. x € Q and all w € RV \ {0}. Precisely if f(z,u,.) is A,-
quasiconvex for a.e. x € €) and all v € R™ then we have lower semicontinuity for sequences u, — wu in
measure, v, — v in L, Av, — 0 in W19, In the proof one uses the approximate continuity of the
coefficients at a.e. z € Q.

However, in this case we were unable to prove that the sufficient condition is also necessary.

3.2 Necessary condition

In this section we prove Theorem 3.2.

Proof. Fix xg in 2, ¢ € R%, and let 7 > 0 be such that Q(zg,2r) CC Q. Let w € C®°(RY;R™), Q-periodic,
satisfying

8—9 =0. (3.11)

N
w(y)dy =0 Aggw =Y AD ()
/Q ; Ay

Using the uniform continuity of f on compact sets we can choose n large enough such that
_ - 1
|f(z,0) = f(a',v)] <e forz, 2’ € Q(xo,7), veEQUOc+]|w|,) |r—2a]< -

Decompose

Qo) = U@ (2, ).
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where the equality above is up to a £N-negligible set. Given ¢ > 0 consider ¢ € C2°(Q(zg,7),[0,1]) such
that LN (Q(zg,7) N {p # 1}) < er’¥. Define

g () 1= {so(fv)w* (M) if 2 € Q(z;, L),

0 otherwise,
where w*(y) :=w(y + (3, .., 3)). We have

Ay, = Aty — Ago U + Aggtm

- i nzN: 81 <(A<i>(x) - A“’(xo)) p(z)w* (mnx _ij )) XQ(w,%)

i=1 j=1
N . .
S A0 A ey
o ox (3.12)
» T —x;
+ Z ZA(l)(wo) SOl w* (mn J) XQ(z;,2)
i=1 j=1 ¢ "
R )
+ ¢(x) ZZA@(I’O) Oz XQ(z;,Z)
i=1 j=1 ¢
=: 11 +12+13+I4
As
w* (mnx_w]> —0 in LYQ(z,, ﬁ)) as m — +o0o,
r n
we have Iy, I3 — 0 in W19 as m — 400, and by 3.11 I = 0. Moreover
N nVN x T
Ii||yy-1.q < (A(i) z)— AV (z )w* (mn_]> x
il < 323 (40) = Ao e
(3.13)
N . ] q
<cy (/ 14D (z) A(Z)(:po)|qdm> ,
i=1 Q(zo,r)
where C' is independent of m.
Now consider n € C°(€;[0,1]), n =1 on Q(xo,r) and define
U = Pplipy,.
As P, is an operator of order 0, by Theorem 2.17, we have
lomllpe < Cllum||q, (3.14)

omllw -1 < Cllumlly 1.4,

thus, up to a subsequence,
U — 0 in LY.
Moreover, by (2.7),
Avy, — 0 in WL

As the pseudodifferential operators are non-local, we need to localize the sequence {v,,}. For that consider
Ny € C(Q(x0,2r);[0,1]), nr = 1 in Q(xo,7), and define

U 2= NpVUm.-
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We have

Om — 0 in L4, Av,, — 0 inW 14

thus, by the lower semicontinuity we have
liminf/ flz, e+ U (z)) dz > / f(z,c)dx. (3.15)
Q Q

On the other hand, using (3.3), (2.6), (3.13), (3.14), and Holder’s inequality, we get

Qf@m+ﬂmu»¢n;éf@m+um@»

SC/ |17m(x)—um(x)|(1+|c+5m|q—1+|c+um|q_1) e
Q

<cC B (@) = (@)] (14 Bl + | ) d
Q(wo,27)

1

<C / (B (2) — (@) 7dz | |77 + / am|qu>
Q(zo,27) Q(zo,2r)
. / a1 de (3.16)
Q(zo,2r)
o ¥
< C(/ [ (z) — um(x)|qd:r) rd 4+ / |t |? dz
Q Q(zo,m)

<

where C' is independent of m. Thus using (3.15) and (3.16) we have

1
N a
7

limsup/f(x,c—l—um( ))dx 4+ Cra
m  Ja

> /Qf(w,c) dx

(i) @D (2 )? dar
(Z/mmA x4<@d)

or, equivalently,

1
q

N
lim sup/ f(z,c+up(z))de+ Crd (Z/ |AD (z) — AD (z0)]" dcc)
Q(zo,r) ; Q(zo,r)

> / f(z,c)dx.
Q(zo,r)
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We now estimate the first term above, using the continuity of f and Riemann-Lebesgue Lemma,

limsup/ f(z, ¢+ up(z))dx
Q(zo,m)

m

nN

< limsupZ/ I (m,c—kw*(mnm
(IJ n)

r
m =1

i )) dx + 2Mer™

<hmsup2/ (xj,c-l-w*(mnm—xj)) dx+(2M—|—1)ETN

Q(zj5,%) r

< limsupz n—N/ f(@j,c+wlimy))dy + (2M + 1)er™ (3.17)
m i3 Q

z/

Q(zj,+)

< %/@(%;) (/Q f(xm—kw(y))dy) dx + (2M + 2)er™

Jj=1

< /Q(mw) (/Q f(a:,c+w(y))dy> dz +O(e)r™

where M := sup{f(z,v) : © € Q(zo,7), |v| < ¢+ ||w||,.} Thus dividing by r"V and using (3.17) we get

(/q?f(xj,c—kw(y))dy) dz + (2M + 1)erN

5[ (et vty doror)

Q(=zo,m)

Q=

: 1
+O<Z _— /( )|A<z A<z)(x0)|qu> . TN/Q £2.0)da.
I()’I”

By letting » — 0 and using the arbitrariness of € we obtain
0.0 < [ Foo e+t dy
ie., f(zg,.) is Az,-quasiconvex. O

3.3 Characterization of Young measures
We now prove Theorem 3.3. The idea is to split the domain into small cubes, approach the variable coefficients
operator by one with constant coefficients in each cube, apply in each cube the theorem about characterization
of Young measures generated by bounded sequences in L? that are in the kernel of an operator with constant
coefficients (Theorem 2.9), and then use an appropriate diagonalization.
Proof. We assume without loss of generality that

Ve, Id) = 0.

Consider {¢,},°5 a dense countable subset of L(Q), &(z) = 1, {¢},-F a dense countable subset of
Co(R%) and ¢g(z) = |2|?. Given @ € N we can find v > 0 such that

1
/ 1€ (2)] ||| o, < - for h,l=1,...,a, (3.18)
B
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and

/ (v 217 iz < (3.19)
B

when £V (B) < ~. For each o € N we consider a compact set K, such that £V (Q\ K,) < min{-,~/3} and
the functions

T — (Vg |2]7), = (Veyor) L=1,....0,
are continuous in K,. We consider disjoint cubes @); CC € of side i, for an appropriate integer m,, such
that £V(Q\ UQ;) < min{L,~/3},

. . 1/« .
D2 e, D @) ~ AV < LG =1, (3.20)
1/a
supw,wleQmKJ(um,(pl) — (v, 1) < ||§/h| hil=1,.. «, (3.21)
and
su  — 4 1/7a 3.22
p:c,:c'EQiﬁKaKVI? |Z| > <V9L’/7|Z| >| < ‘Q| ’ ( . )

where C7 := 2 fQ<1/y, |2|P) dy + 1. By considering less cubes and a smaller compact set Ka, if necessary, we
may assume that for each cube @); we have

LN(Q)
2 b

LYQiNK,) > (3.23)

and K, C UQ;. It is easy to check that
LY(Q\ K,) <min{3/a”,~},  LN(Q\UQ:) < min{3/a®, ~}.

In each cube @Q; we pick up a point z; € K, N Q; that fulfills the conditions below

1
<ina z|q> < m L} o <Vy7 |Z|q> dy, <VzﬂId> =0,
o % aNQ;

(V;r 9) = Qa,,9(0), (3.24)

for every continuous g satisfying |g(v)| < C(1+ v|?). Now we apply Theorem 2.9 and get a g—equi-integrable
sequence 0, ,, € LF (Qi;RY) that generates the homogeneous Young measure v,, and satisfies A, v?, , = 0.

ZiYa,m

Using an appropriate sequence of cut-off functions, n° € C°(Q;), n* / 1, and diagonalizing 7°0’

a,n’

such that vfxm = 0 on a neighborhood of 0Q);, g-equi-integrable, also

one
can construct a new sequence, g, ,,
generating v,, and

A vt —0 in W H(Q;RY) as n — 4oo.

Define
N vé,n if z € Q;,
0 otherwise.
We have
N )
9 (A9 (z;)0, )
We claim that
/ lvan|?da < Cy (3.25)
Q

for all @ € N and n large enough. As {v;n}n generates v,, and it is g—equi-integrable, we know that

/ |U§1,n|q dr — <V:t7‘,7 ‘Z|q>‘CN(Ql)

i
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y (3.23) and (3.24),
£N(Qy) o
T )/Wa< o217 dy

<9 / (v |21%) dy,

i

AL (Q) <

(Ve

and for n large enough
/ [Va,n|? da < 2/ (vy, |2|TY dy + 1 = C1.
Q Q
We claim that

Z/Q 2 [0l da < F(a), (3.26)

for some F satisfying the condition F(a) — 0 as o — 0 and n large enough. Using the g—equi-integrability
of (vf,,)  and (3.24) we have

‘/Q\f( [l dz = (v, 21 LV (Qi \ Ka)

EN(Q@' \Ka) q
< o i /Q k) dy
Setting Jo = {i : aLN(Q; \ Ko) > LN (Q; N K,)}, we then have
S LNQiNKa) <> aLN(Qi\ Ka) < aLN(Q\ K,) <
i€Jq ieJ

Thus

i1 M 4 1
Z/Q\K oo dngz:N(me( o 0
< Z/

1 1
vy |2l dy + - / (s |2l dy + -
i€Jq Qi ﬂK“ @ Ja a

for n large enough, from which we get (3.25).

As
Aava,n - A'Ua’n = Z i (A(J) (mz) _ A(J) (1.)> %
7 j=1 8$]‘
N a (J)(xi) — AU (z )) an) N DAD (2)
B Z (Z 831]‘ +Zija,n
Jj=1 =
and

1
j j i « 1
ZZ/HK | A7 (z) — A7 (;)]"|v], | d < a/ﬂwa,nwdx <
ZZ/ @) = A @) o] do < 2NAILNF (a),

we conclude that for n large enough

HAava,n -

2
<9 ALNF (o) + = (3.27)
’ (0%

We now prove that for n large enough

6
(0%

)1 (Va,n) dz — / En(x) (e, 1) dx for h,l =1, .., a. (3.28)
Q

<
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Indeed, as n — o0,

@@t e =Y o) [ @ ra0) [ o

\UQ;

and

‘ | @) e da - > | awde—a [ G

\UQ;

s/ﬂ\ |sh<>uxmdx+z/ 160 () = ) s

+Z/ |€h ){Va,, 1) d$+2/ |€h ) (Ve 1) da
+ Lo 0)] / o o]

using (3.18) and (3.21) we get (3.28). A similar argument can be carried out in order to obtain

‘/Qm’"(x”qu/Q<Vx,|2|q>dz

for n large enough. Then, using appropriate diagonalization, we may find a sequence wy := va,n, € LY,
we — 0in LY, Aw, — 0 in W14, verifying

im [ @) de = [ 6000 da
11£n/§2|wa(z)| d:z::/Q(ux,|z| ydx

thus {wg} generates the Young measure v and it is g-equi-integrable.

4
<F =
<Fla)+ -,

for all h,l € N, and

For the necessary condition we may use an argument similar to the one of proof of Theorem 3.1, in order
to obtain that at a.e. zg € 2, the homogeneous Young measure v, is generated by a sequence wy € L1(Q),
Q-periodic, g-equi-integrable, wy, — v(xg) in LI, fQ wi(z) de = v(zo), Ag,wr = 0. Then

i | o)) d = (ve,9) > Qs (0170)),
which proves iii); 1) and ii) are trivial. O

Remark 3.5. Using a similar proof one may obtain the same result of Theorem 3.3 for systems written in
divergence form with L coefficients
N

and rank (Zf\il AW (x)wl) = const, for a.e. z € Q and all w € RY. In the proof we use Lusin’s Theorem to

A() )

obtain continuity of the coefficients except on a set of small measure.
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4 Relaxation result in SBV for micromagnetics

In this chapter we consider the functional

E(m) :/Qf(am(a?),Vm(x)) dm+/§an( )|[m](ac)|dHN_1 + Ey(m), (4.1)

where m € SBV (€; RY) is subject to the pointwise constraint |m(z)| = 1 a.e. in 2, and E; is a continuous
functional with respect to the strong topology of L?2.

The motivation to address this type of energies is drawn from micromagnetics, a continuum model to
describe the behavior of a ferromagnetic body. According to this theory, the equilibrium states of a body
subjet to a given external field h. correspond to absolute (or local) minimizers of the energy functional

2 1 2
m—>a/Q|Vm(x)| —|—/Q<p(m(x)) dx—/Qhe(:E).m(x)dm—l—g/Rs|hm(x)| dz, (4.2)

where ) C R? represents a region occupied by the body and the magnetization is a function m : R3 — R3
such that
Im(x)| = moxa(xr) for L3 ae z¢cR3

and mgs > 0, the saturation magnetization, is a function of the temperature and of the specific material. The
induced magnetic field is a function h : R — R3 which is related to m through (distributional) Maxwell’s
equations, i.e.

curlh,, =0 in R3,

divim + h,) =0 in RS

We note that the last two integrals in (4.2) are continuous with respect to the strong topology in L? (see
[35],[45]), and their sum reduces to the term F;. By considering a surface term in (4.1) we allow the
possibilities of m to have discontinuities (magnetic cracks), the body be made of several magnetic materials,
or both (see [2] for some arguments concerning the penalization of formation of interfaces).

When the functional (4.1) is not lower semicontinuous, it is usual to look for its relaxation, i.e., given
a magnetization m we want to attain it by spending the least possible energy, and this corresponds to
characterizing the functional below

F(m) = inf{liminfE[mk] cmy € SBV(RY),  |mi(x)] =1 ae inQ, my —m in Ll(Q;RN)} .

k——+oo

We consider here a surface term that will induce interaction, i.e., for sequences {my} with bounded energy
we may not have Vmy — Vm and D*my — D®m, instead it may happen that part of Vm is approached
in a more economical way using jumps. Adopting a point of view similar to Choksi and Fonseca in [27] we
consider a relaxed energy which also take in account the limits of the gradients

k——+oo

E(m, M) := inf{liminfE[mk] cmy € SBV(URY),  |mp(x)] =1 ae. in Q,
mr —m in LY(QGRY), Vmy =M in L*(QRY)}.

Similar relaxed energies were considered in [27], where they studied relaxed energies associated with struc-
tured deformations of continua, a concept introduced by Del Piero and Owen in [36] for taking into account
situations where the deformation of a body can be attained via a diffusion of cracks (microscopic disar-
rangements). In [36] they treat a triples (K, g,G), where K is the macroscopic crack, g is the macroscopic
deformation, G is the deformation without disarrangements, and the regions where there is presence of mi-
croscopic disarrangements are identified with {Vg # G}. In [27] these triplets are reduced to pairs (g, G),
and the set K is incorporated in g by identifying crack sites with jump sets of SBV functions.

Here we make the parallel of what was done in [27] to the case of micromagnetics. The minimum energy
can be attained by sequences such that there is a diffusion of discontinuities in some region (microscopic
disarrangements), which in the limit can be identified by considering pairs (m, M) and through the inequality
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Vm # M. Indeed, if Vm # M in some open set A and if we have a sequence of magnetizations {my} C
LY(Q; SN=1), with my, — m in L', Vm, — M in L?, we know by the compactness Theorem (2.27) of
Ambrosio [9] [14] that necessarily HN~1(A N S(my)) — +oo, i.e., there is a diffusion of discontinuities
through A. A pair (m, M) gives a more complete description of the minimizers, because we not only know
what is the magnetization, but also we get information about the microscopic disarrangements.

The function f : Q x RV x RV R [0,4+00) is assumed to be Caratheddory and satisfies the growth
condition

(1) Ll O < fy) <0 (14 o)

for some C > 0. In addition, the following hold:
for every (xg,up) € Q x RY and € > 0 there exists § > 0 such that

(H2) f(zo, ug,v) — f(z,u,v) <e(l+ f(z,u,v))

for all (x,u) € Q x RN with |z — 20| + |u — ug| < 6 and all v, v’ € RNXN,
for every compact K C  x R exits Lxg > 0 such that

H3)  [f(@,uv) = fl2,u,0)] < L (L+[o] + [0 Jv — 0|

for all (z,u) € K and v, v' € RV*N,
Since my, — m in L?(£; RY) (what follows immediately from the L' convergence and the bounds) implies
Ei(mg) — E(m) , we have that
E(m, M) =F(m, M)+ E1(m),

where F is given by

F(m, M) := inf liminf/ [z, mi(z), Vmy(z)) de +/ [mg] () |dHN 1
k—+oc J QNS(my)

my € SBV(Q;RY),  |mp(z)| =1 ae. inQ

mpy —m in LY(GRY), Vmy =M in L*Q;RY)}
Thus, since strong convergence in m entails the convergence of the nonlocal term fQ |hm\2 dzx, the relaxation
will not involve directly Maxwell’s equations. Relaxation results in the context of micromagnetics were also
studied by Fonseca and Leoni in [39], where they consider the non-exchange model (without the first term
in (4.2), i.e. the exchange energy, see [35]) and they find the relaxation of the functional

G(m) := /]RN g(z, xa(x)m(x), u(x), Vu(z)) d,

with respect to L>°-weak™ convergence for m, where (yom, Vu) satisfies the Maxwell’s equations, i.e. u €

H!(RY) is the unique solution of Au+div(xqm) = 0 in RY. In [39] they obtained a representation formula

involving a quasiconvexification of g which takes into account the underlying partial differential equation.
The main result of this chapter is

Theorem 4.1. The functional F has an integral representation of the form

F(m, M) = H(x,m(a:),Vm(x),M(m))dx—F/ |[m] (z)|[HN L.
Q QNS(m)

where for xg € Q, a # 0, A, B € RVXN,

H(zo,a,A, B) := inf {/Qf(mo,a,Vu(:v))dx—i—/Q |[u](z)| dHN " () :

NS (u)
u e SBV(Q;IRN) N LW(Q;RN), u|aQ = Az,

Vue L?, /qu},
Q
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f(xo,a,v) := f(xg,a, P,(v)) and P, is the orthogonal projection of R™ onto T,(S™V~1) (the tangent space
to |a|SN =1 at the point a).

The problem of relaxing a functional under a manifold constraint was already treated by Dacorogna,
Fonseca, Maly and Trivisa in [33], where they obtained the representation result

F(u) := inf {liminf/ f(Vup(z))de i u, = u in WP
Q

n—-+o0o

u(r) e M forae ze}= /QQTf(u(x),Vu(ac)) dx,

with Q7 the tangential quasiconvezification defined by
Qr(a,v) :=inf {/ flw+Ve(z))de: ¢ € WOI’OO(Q;TG(M)} ,
Q

for a € M, v € T,(M)?, and M is a C! manifold. As shown in [33], an alternative formula for Q7 is

QT(CL,U) = Qf(avv)v

where f(a,v) = f(a, P,(v)), P, denotes the projection into T,,(M) and @ refers to the usual quasiconvexifi-
cation ([31],[55]), i.e.

Qf(e0) =t { [ fla.v+ Vola o o € W@ |
Q
Relaxation of functionals under constraints are also treated in [23].

4.1 Integral representation result

As it is usual in relaxation theory, we start by localizing F, precisely, for every open subset A C RY we
define

Fl(m, M); A] := inf liminf/ f(x,mk(x),mG(x))dIJr/ |fmg) (@) |dHN 1
k—too /4 ANS(my)
my € SBV(A4; RN), |me(z)]=1 a.e. in A,
mp —m in LY(ARY), Vmy =M in L*(A4RY)}.

We note that there is a compatibility condition linking m to M, precisely, from the condition that Vmy(z) €
Tony(z) for a.e. @ € Q, which can be expressed by mk(x)TmG(x) = 0 a.e., passing to the limit we obtain
m(z)" M(z) = 0 a.c. in Q. In view of this remark, in what follows we say that (m, M) is admissible pair if
m e SBV(QRN), M € L2(QRN), |m(z)| =1 for ac. z € Q, and m(z)" M(z) =0 ae. in Q.

The goal is now to prove that for every admissible pair, (m, M) € SBV (;RN) x L2(Q; RN, |m(z)| = 1
a.e. in Q, m(z)" M(z) = 0 a.c. in Q, F[(m,M);.] is the restriction of a Radon measure to (), the set
of all open subsets contained in 2. Once this is established, the integral representation will follow from the
Radon-Nikodym Theorem.

The lemma below provides an alternative characterization of the density H.

Lemma 4.2. Under conditions (H2), (H3) we have

H(zg,a, A, B) = inf {liminf/ f(zo,a, Vu,(y)) dy —|—/ |[un](y)|dHN_1(y) :
notee Jg QNS (uy)

u, € SBV(Q;RM)NL>®(Q;RY), wu, — Az in L,
Vu, = B in L2}7
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and

H(zg,a,A, B) = inf {/Q f(xo,a, Vu(x)) dx +/Q |[u) ()| dHN 1

nS(u)
u€ SBV(QTu(SN 1) NL>®,  uly, = Az, (4.4)

Vu € L?, / Vu(z) dx:B}
Q

Proof. The proof of (4.3) is similar to the proof of Proposition 3.1 in [27].

We start by noticing that one inequality (<) in (4.4) is trivial. For the converse inequality, we fix A, B,
N x N matrices with columns in 7,,(SV~1), and we consider a test function u € SBV (Q;RY) N L> such
that Vu € L%, u|0Q = A, fQ u(z)dr = B. Set 4 := P,u, and notice that @ € SBV(Q;T,(SYN=1))n L,
ilyg = Az, Vi € L? and fQ Vi(z)dx = B. Moreover, using the fact that |[a](x)] < |[u](z)| and the
definition of f, we get

N N N—-1 r N—1
/Q £ (0, a, Vi(x)) dz + /Q o) @) < /Q F(xo, 0, Vu(a)) dz + /Q ) () [V (@),

nS(u)

which proves the other inequality. O

We now prove that any admissible pair (m, M), may be attained by an admissible sequence, and we also
obtain an upper bound for the relaxed energy.

Lemma 4.3. Let A C Q be open, and let (m, M) be an admissible pair. Then there exists a sequence
{my} € SBV(A;RY), Imi(z)| =1 a.e. in A, such that

my —m in LY(A;RY), Vmg — M in LQ(A;RNQ).
Moreover,
Fl(m, M); A] < C/ (1 + |Vm(z)|]® + |M(w)\2> dx +/ [[m](x)|HN 1 (z). (4.5)
A ANS(m)

Proof. Using Theorem 2.28 we can find a function h € SBV (A4;R") such that
Vh=M —Vm, |Dh|(A) < C/ |M(z) — Vm(z)| de. (4.6)
A

By Lemma 2.29 there exists a sequence {hy} C SBV(A4;RY), Vhy = 0, such that
hy —h—0 in L®(A;RY), |Dhy|(A) — | Dh|(A). (4.7)

We consider
my :=(m + h — hy)

where II(z) = x/|z| is a projection on the N — 1-dimensional unit sphere. For k large enough the sequence
my, is well defined and belongs to SBV (A4;RY), moreover it satisfies the constraint |my(z)| = 1 a.e. in A.
It is easy to check, taking into account that VII(m(x)).M(x) = M(x) for a.e. x € A, that m; — m in
LY(A;RYN) and Vmy, — M in L2(A;RY). Given § > 0, restrict II to a neighborhood of SNV ~! of the form
N, :={z € RN : 1 —n < |z] < 1+ n}, with  small enough, so that the Lipschitz constant of II|y, will be
smaller than 1 + §. Then we have, for k large enough,

Flim,M); A] < liminf{/Af(x,mk(a:),mG(x))da:—i-/

k—+oo ANS(my)

I[mk](x)ldHN‘l}

< hmsup{ [ @) V@) da 148 [ (@ @)

k—+o00 ANS(m)

(14 6) ( /A o @)+ /A Il <x>>}
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and using (H1), (4.6) and (4.7), and the fact that § is arbitrary we deduce the upper bound (4.5). O
Now we prove a subadditivity property for F[(m, M);.]
Lemma 4.4. Let A, B,C be open subsets of Q such that C CC B CC A. Then
Fl(m, M); A] < F(m, M); B] + F|(m, M); A\ C].

Proof. Fix e > 0. Let {m1;} C SBV(A\ C;RY), {ma} C SBV(B;R") be sequences such that

Flim,M); A\ C] + ¢ > lim { [z, my g (x), Vmy k() da
A\C

my g|(T N=1(g ,
n /A s a7 )}

|mig(x)] =1 ae. in A\ C, mi, — min LY(A\ C;RY), Vmik — M in L?(A\ C; RNQ), and
Fl(m,M); Bl +¢ > lim{/ flx,ma i (z), Ving i (x)) dz
B

N—-1
+ /B oo @ ),

|mak(z)] =1 ae. in B, mgy — m in LY(B;RY), Vmyp — M in L2(B;RN2).
Up to a subsequence, we can find bounded Radon measures, v, p; and po such that

(1IVm1 sl + [Vma i) £ (BN C) S v

[ma ] [HY 7 (S(mag) N (B\ C)) =

[[ma k] [HY (S (ma) N (B C)) = po (4.8)
Let Ss := {z € B : dist(x,0C) < 0} and choose §p such that v(9Ss,) = p1(9Ss,) = u2(9Ss,) = 0 and
Joss ns(m) [Im](x)|dHN = = 0. Let S := S5, and set S := {z € B : dist(x,5) < 1}. We consider a family
of cut-off functions ¢* € C*(4;[0,1]), ¢'(z) =1 on A\ S, ' =01in S*, ||Ve'|| < Ci%. Let

mig = @'my g+ (1 — ¢ )ma .

Clearly m; x — m in L'(4;RY), Vm; , — M in L*(A; RNQ) as k — +o0, and now we need to modify this
sequence in order to have its range on S™V~!. We will do that in two steps: first we modify the sequence
{m; 1} into a new one {m; } of the form
_ mik(z) i [mg ()] > ni,
my () = )
m(x) otherwise,

for suitable n;; in order to have |m; kx(x)| > n > 0, and afterwords we project {m; ;} onto the unit sphere
by considering mm; g = II(7; k).
We consider the Lipschitz function

1 if |z > 1,
f(z) =< |z] if 1 <lz[ <1,
3 izl <3
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The composite function w;j = f(m; ) belongs to SBV (see [14], [12]). Set E, = {z € S\ S*t1 :
|mk(z)| > n}. By Theorem 2.20 E} has finite perimeter for a.e. n and all (i, k) and

1 -
/ P(EL; §'\ S71) dp = | Dw, 4|(S7\ 571) < / Vs k| do + | D*wi |(ST\ S7T)
% Si\Sit1
< / Vimy i da + / B [ ] () ARV (4.9)
5 (57\8++1)NS ()

+ / B ([ ) (@) dHV .
(SI\Si+1)NS(ma,k)

For every (i, k) we can find numbers 7;;, € (%, 1) such that Ei* has finite perimeter and
P(EL; 51\ §7) < 2/1 P(EL: 5%\ 57F1) dy
3

In view of (4.8) and (4.9), it follows that

lim lim P(E}*;S"\ S*1) = 0. (4.10)

i—+00 k— 400

We have

|[mi,k](z)|dHNl(x)}

i—+400 k——+o00 Aﬂs(ﬁli)k)

Fl(m, M); A] < lim inf lim inf {/Af(x,ﬁzi,k(x),vmi7k(a:))dx—|—/

< lim { 7f(x,m17k(x),Vm1,k(x))dx+/ [m1,k]($)|dHN_1(x)}
A\C

(A\C)NS(m1 k)

4+ lim { /B e, ma(x), Ving () do + / |[m2,k](x)|dHN—1(x)}

k—+o0 BNS(ma.)

+ lim sup lim sup C/ (1+|Vmik($)|2)d$+/ (k] () [ dHN " ()
i—+too k—4oo Si\GitT (S\STF)NS (k)

< Fl(m,M); A\ C] + F[(m, M); B] + 2¢

+ limsup limsup § € / A+ V@B e+ [ ) @)
i—+o00 k—+4o0 Sl\SH'l (SN\STF)NS (min)

< Fl(m, M); A\ C] + F[(m B] + 2¢
+ lim sup lim sup C'/ (14 |Vmy k(z )+ |Vm2,k(a:)|2) dx
i—+4o0o0 k—+oo S \Sb+1
+C V! ()] [ () — ma ()] de + C [Vm(a)[ de
Si\SL+1 Si\Si+1

o )it @ w0 2] @)l dHY ()
SiI\SF1)NS(m1 k) (Si\Si+1 NS(ma.x)

m|(z N=1(g ik .
# [ gy PN 70+ CPLEL ,A>}

By (4.8) and (4.10) we obtain
Fl(m, M); A] < Fl(m, M); A\ C] + F[(m, M); B] + 2,

and since ¢ is an arbitrary positive number, we deduce the subadditivity. O
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Next we prove that F[(m, M);.] is the trace on the open subsets of Q2 of a bounded Radon measure. The
argument is exactly similar to that used in Proposition 2.22 in [27] and we include it here for the convenience
of the reader.

Proposition 4.5. There exists a bounded Radon measure p such that
Fl(m, M); A] = p(A)

for every open set A C Q. Moreover u << LN |Q + |D*m)|.

Proof. We can find a sequence {my} such that

I[mk](x)ldHNl}

k—+o0 QNS (ms)

Fl(m,M);Q] = lim {/Qf(ac,mk.(a:),mG(x))d:c—F/

and
f (e mp (), Vg () £V [Q + |[mg] () [HY (20 S (my)) = p,

where 1 € M(RY). We note that we extended the integrands above to all R by zero.
Let V CC Q be an open set, fix € > 0, and let W be open, with W cC V, and u(V \ W) < . We have
u(V) < p(W) +e = pRY) — w(RY \ W) +¢
< Fl(m, M); Q] — Fl(m, M); Q\ W] + ¢
< Fl(m,M);V]+e.

As € is arbitrary we conclude that (V) < F[(m,M);V]. If we only have V open, V' C €, then consider
V' CcC V, apply the inequality just proved to V', i.e.

u(V') < Fl(m, M); V'] < Fl(m, M); V],

and then take the supremum on the left hand-side over all such V's.
Now we prove the reverse inequality. Given an open set V), there is a compact K CC V such that

(C’(l +|MP)LN + C|Dm\) (V\K) <e. Let W be an open set verifying K cC W CC V. By 4.5 and
Lemma 4.4,
Fl(m, M); V] < Fl(m, M); W] + Fl(m, M); V\ K] < p(W) +& < p(V) +¢,
and letting ¢ — 0 we get F[(m, M); V] < u(V). O
Next we characterize the densities

dF[(m, M); ] dF[(m, M); ]
acyN -7 d(|[m][HN=1[S(m))

Proof. STEP 1: Lower bound
We consider a sequence {my} C SBV (Q;RY) such that my — m in L', Vmy — M in L? and

sup {/Qf(wamk(x)ﬂmk(x)) +/ms(mw I[mk](x)HN_l(w)} < too.

Up to the extraction of a subsequence (not relabeled), we assume further that
pr = f @ mg (@), Vg (2)) LV [Q + [ [my) () [HY S (my) =

where 1 is a bounded Radon measure. We now decompose the measure i relatively to £V [Q and |[m](x)|HN =S (m),
denoting the respective densities by u, and ps. We start by establishing a lower bound for p,.
Fix ¢ € Q such that
M(Q(x07 T))

lim ~

r—0 r
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exists and is finite,
. 1
lim /Q(wo , [m(z) —m(zo) — Vm(zo)(z — x0)|dz = 0,

and
1

im — |M(z) — M(z0)|> dz = 0.
r=0 Q(zo,r)
The set of points that do not satisfy all these conditions has Lebesgue measure zero.

We choose a sequence r, — 0 such that ©(0Q(zg,r,)) = 0 for all n, and we have

d . To,T . 1 .
o) = B (ag) = 1 BT gy L0 i Qo)

1
= lim lim — / f(x,mk(a:),mG(x))dz—l-/ ] (z)|dHN 1
n——+00 k—-+o0o T,JY{ Q(z0,rn) Q(xo,rn)NS(my)

1
N / Flama (@), Vi () dz + / (] () [ dHY 1
n—+00 k—-+oo 7"7127{ Q(z0,mn) Q(x0,mn)NS (M)

= lim lim {/ f (w0 + 1y, mi(wo + 1Y), Vme(zo + 1,y)) dy
Q

n—+00 k—-+oo

1
+— [[m] (zo + rny)ldHN_l} < +oo.

Tn Qn S(mfyz—wo

Set
my (o + ray) — m(zo)

W (y) == " .
n

It can be easily checked that limsup,, ., limsupy ., o [|[Vwrall;2 < C, limyqoo limg 4o fQ lwi,n (y) —
Vm(zo)y|dy = 0 and lim,,—, 4 oo limg—, 4 o0 fQ (Wi — M (z0))p(y) dy = 0 for every ¢ € L?. Using a diagonal-
izing procedure and the separability of L2, we can find a sequence wy € SBV (Q; RV)NL>(Q;RY), verifying

the conditions
wyp — Vm(xg)y in L', Vuwgp = M(zo) in L2,

and

aiotoo) = Jim { [ o rigm(eo) + ront). Sen()

N-1
of o el }

Now we prove the existence of another sequence &, € SBV(Q;RYN) N L®(Q;RY), Vi, € L*(Q;RN"),
verifying the conditions

@ — Vm(zo)y in LY, Vaop — M(zo) in L?

and

(o) = timint { | 7ot i mGao) + rissto), Vet dy + | |[wk1<y>|dHN—1}

dﬁN —+too S(w
QNS (4.11)

> liminf {/Q f(zg, m(xo), Vo (y)) dy —l—/ |[wk](y)|d’HN_1} )

k—+oo QNS(@k)

To this end, we consider the family of Lipschitz continuous functions ¢; : RY — RV,

@ if |2] < 5ot
pi(x) = —x—i—%l% if i <[z < &
0 otherwise
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We note ¢; has Lipschitz constant 1 and we define
Wik = Vm(zo)y + ¢i(wi(y) — Vm(zo)y).
Using the chain rule (see [14], [12]) we find
Vi, = Vm(zo) + V7 pi(wr(y) — Vm(zo)y).(Vwr(y) — Vm(zo))
and
1D*;k|(Q) < |D*wi|(Q), (4.12)

where V7¢; denotes V(ip;|A(y)), with A(y) = &x(y) — Vm(zo)y + {(Vwi(y) — Vm(zo))v: v € RV} (see
[14] pag. 193, Thm. 3.101).
We have

/Q F(wo + rrys m(zo) + 14 (9), Voru(y)) dy

< fzo + rry, m(zo) + rrwi(y), Vi (y)) dy

/;ﬂ{yEink(y)—Vm(xo)ySQﬁrl} (4.13)

+C (14 1V@ixl*) dy
QN{yeQ: g4 <lwk (y)—Vm(zo)y|< & }
+C/ (1+ |Vm(as0)|2> dy.
QN{y€eQ:|wi (y)—Vm(zo)yl> 57 }
We show that the last two terms tend to 0 if we choose (i, k) going to infinity in a suitable way. Let jj be
the greatest even number verifying the inequality

27 < ! .
lleor = Vm(@o)yl| i )

For every @ < ji

[y € Q: lonly) ~ Vmlaolyl > 5:H <2 [ un — Vmlao)yl dy
Q

< /Il = Vm(@o)ylls ) — 0

as k — 4o00. From the bound

<.

C (1+196:4/?) dy

k
ik /Qﬂ{yeQiziﬂ_l <lwk(y)=Vm(zo)y|<5r}
2

<c /Q (1+ [Ver(y) ~ V(o)) dy < C.

we get the existence of an index iy, € [%‘,jk] such that
2C
Je+2

C (1 + |V@ik7k|2) dy < (4.14)

/Qﬂ{yGQ:Mﬂrl<Wk(y)VM(wo)y|<23k}
We define wy, := @;, , and it is easy to check that
o — Vm(zg)y in L™, Vop — M(zg) in L2,
and, by (4.13) and (4.14),

Eminf/ Flao +rry, m(zo) + rr(y), Vor (y)) dy
Ed o0 Q

< lkimlnf/ f(xo + 1y, m(zo) + rwi (), Vwi(y)) dy.
— 100 Q
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Now using hypothesis (H2), (H3), and by (4.12), we deduce the inequality (4.11), which, in turn, yields
ta(x0) > H(xo, m(z0), Vim(zo), M(xo)) for LNa.e. zin Q. (4.15)

Next we obtain a lower bound for the density us. Fix 2o € S(m) such that

o ulQUr)
r—=0 fQ(;cO NS(m) |[m](z)|dHN !

exists and is finite. The complementer to this set of points in S(m) has zero |[m]|H¥ ~1[S(m)-measure. We
have

12 (.’IJ()) = d/j, = lim N(Q(xoﬂ’n))
) d(‘[m](z)"}-{N—l I-S(m)) =0 fQ(xo,rn)ﬂS(m) |[ ]( )‘dHN_l

= lim lim Mk(Q(an, n)) —
e 0h=t00 fo 0 0 nsm) [[M](@)]dH
fQ (wo.rm) | (@ mk(2), Vi (z)) da S ynStm) ] ()| dHN 1
fQ(wOW” )NS(m) [[m] (@) | A= fQ(wo,rﬂ)ﬂS(m) |[m] () |dHN 1
my(z)|dHN 1
> lim inf lim inf fQ(zO n)NS (M) [[m) ()] -
rn—0 k—+oo fQ(ﬁl‘o,'f‘n)ﬂS(m) H }( )|dH
. f Q(zo rn)|vm M|dz+fQ (zo0 rn)mS(m)|[m](x)|dHN71
> lim inf : , ) 51,
" Joteermynsem M) |dH

where we have used the fact that [mi]HN "1 S(mg) = (Vm — M)LN [Q + [m]HN 1| S(my) and the lower
semicontinuity of the total variation with respect to weak™ convergence. This, together with (4.15), entails

= lim lim
rn—0k—4o00

. . N—-1
fmant [ fm(@), Vs + [l @ @)
x, m(x m(x x X ml(x N-1 x).
zu(ﬂ)z/ﬂH(, (2), Vim(z), M(z))d +/m(m)n J()|dHY 1 ()

STEP 2: Upper bound

Fix (m, M). As the function (x,v) — f(xz,m(z),v) is Carathéodory, using Scorza-Dragoni Theorem, we
can find sets K such that |Q\ K| < % and (z,v) — f(x,m(z),v) is continuous on K; x RYN”. We denote
by K} the set of Lebesgue points of x; and we define w := U(K; N K). Fix xg € w a Lebesgue point for
m, Vm and M.

Let a := m(zg), A := Vm(zg), B := M(x¢). Given § > 0 we can find u € SBV(Q;RN) N L>®, Vu € L?,
ulpq = Az, [, Vu(z)dz = B, such that

/ F(wo, a, Vu(z)) de + / (@) HY ' < H{(zo, a, A, B) + 0. (4.16)
Q QNS (u)
We write

u(z) = Az + 9(x),
where ®[,, =0, fQ V®(z)dr = B — A and ® is extended to all RN by periodicity. We define

€

Mo =T (m(@) + ~@en(@) +he —hen) . @ € Q(a0,)

where @, ,,(z) = ® (@), he € SBV (Q(wg,¢); RY) is such that (see Theorem 2.28)

Vhe = M(x) — Vm(z) + Vm(xg) — M (),
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and

|Dh:|(Q(xo,€)) < C/Q( : |M(z) — M(z¢) — Vm(x) + Vm(zo)| dz, (4.17)

and he , € SBV(Q(xo,€)) are such that (see Theorem 2.29)

Vhen =0, hen—he—0 in L, |Dhgy,

(Q(zo,€)) = [Dhe|(Q(0,)). (4.18)

We note that for fixed € and n large enough me ,, is well defined, m. , € SBV (Q(zo,£); RY), |m.n(x)] =1
a.e., Mg, — m in L, Vm. , — M in L? and {Vm,,} is 2-equi-integrable. We then have

n—-+o0o

+ / Hme,n](a:)m“(a:)}.
Q(IO’E)ms(ms,n)

We start by treating the volume part, and we prove that

Fl(m, M); Q(xo,2)] <lim in { /Q o F @), Ve @) de

1
lim sup lim sup — fx,men(x), Ve n(z)) dz
=0 n—too &Y JQag.e)

’ (4.19)
< limsup lim sup — / flx,m(z), Vime ,(z)) de.
Q(wo,€)

e—0 n—+oo €

For fixed ¢ and using the 2-equi-integrability of {Vm, .}, for each ¢’ > 0 we can find v > 0 such that
/ CO + [Vimen(@)?) dz < &N
Q(zo,e)NA

whenever |A| < 7, where C' comes from (H1). Since f is Carathéodory, find a compact set K., with
|Q(z0,¢) \ K| <, such that f|K. x RY x RN’ is continuous, and define

E.p :={z € Q(zo,€) : [Vmen(z)| < L},
where L is large enough to guarantee that |Q(zo,¢) \ ES,,| <. For x € Q(wo,e) N K. N E ;, we have
|f (@, men(@), Vine,n (7)) — £z, m(x), Vime,n(2))] < &,
for n large enough because of the uniform continuity of f on compact subsets of K. x RN x RY * and the

L convergence of m, , to m.
,

We then have

/ flx,me n(x), Ve n(2z)) dz
Q(z0,¢)

Il
S—

flz,me n(x), Vme n(z)) do + /Q( i flz,me n(x), Vme »(z)) dz

- f(x,me (), Vi p(z)) d + 'V
zo,e)NKe

Q(QE‘(),E)OKE

IA

A
S~ ~g—~g5—

fx,mepn(x), Ve () dz + / f(@,me pn(2), Ving () do + eV

(IOas)mKEmEs,n Q(Zo,ﬁ)ﬁKaﬂE;n

f(x,m(x), Vine () dz 4 36'N
(z0,e)NK:NE;

IN

f(x,m(x), Vine () de 4 36N,

(%o,€)
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Dividing through by eV, we obtain

1
lim sup lim sup —¢ / f(x,men(z), Vime o (x)) dz
Q(wo,€)

e—=0 n—+oco €

1
< lim sup lim sup o~ / f(z,m(z), Vme ,(z)) dz + 38,
Q(zo,¢e)

e—0 n—+oo

and letting &' — 0, we deduce (4.19). Now we prove that

1
lim sup lim sup — / flz,m(z), Vine ,,(x)) dx
Q(zo,¢)

e—0 n—+4oo &

1
< lim sup lim sup — £ (m(@), 1 (m(z) + S0 (@) + helw) = hen(@))
e—0 n—+oo € Q(zo,e) n

(70 (=22 s St ) i

This follows from (H3), which allow us to assert that the error in passing from the left integral to the right
integral, for ¢ fixed and n large enough, is given by

+ ‘Vcb (M) + V(o)

(4.20)

) Ibr(e) — br(eo)]

Using the fact that xg is a 2-Lebesgue point for M, Holder’s Inequality and the Riemman Lebesgue Lemma,
we obtain that limsup,_,, limsup,,_,, . (4.20)= 0.
Using again (H3) and the L*° convergence of m(z) + £®. ,(z) + he — he, to m(z), we deduce that

1 €
1' 1 7 II 7@5 n hs - h’s n
msuplimsup oy |7 (wm(o) VI (m(a) + en(z) + he(@) ~ hen@))
<V<I> <"(“T - xO)) + Vm(xo))> dx
) ) 1 n(x — xop)
< limsup lim sup — flz,m(z), VII(m(z)) | VO | ——= | + Vm(xo) | | dz.
e—0 n—4oo € Q(wo,e) 3

Now using (H3) and the fact that z( is a Lebesgue point for Vm, Hoélder’s Inequality and Riemman
Lebesgue Lemma, we deduce that

bt e [ (n.mt0, 500 (90 (2E220) s i)

e—=0 n—+oco €

< lim sup lim sup — f (x,m(aj),VH(m(xo)) (v¢> (M) 4 Vm(aco)>) da.

e—=0 n—+oco € Q(z0,¢)
We next prove that

lim sup lim sup = /Q i (m,m(w),VH(m(Jco)) (vq> (M) +Vm(:c0))) iz

e—=0 n—+oco €

< limsuplimsup}V/Q(zove)f (wo,m(xo),vn(m(xo)) (ch (n(x_xo)) +Vm(x0))) - (4.21)

e—0 mn—+oo € £

Let jo be such that zo € K;, N K3 . We define the set
E., = {x € Q(zg,¢) : ‘VH(m(Io)) (V‘I) (M) + Vm(xo))‘ < L} ,
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where L > 0 will be defined latter. We have

‘Q(mOﬂS) \ Es,n| < /

[T1(m(@0) (V@ (2522) + Tm(ao)|
Q(zo,¢)

7 dzx

C«/ C«/ N
< 76N/ V®(ny) + V(o) dy < S
L /o L
As

1

- /Q@o,s)\zss,n C (1 + ’VH(m(mo)) (w (M) + Vm(xo)>

2
)dm

/Q\ C(1+ [VTI(m(z0) (V®(ny) + Vm(wo))[?) dy,

and since of |Q \ 7E5”:’3_m”| < <

%, we can take L large enough and use the 2-equi-integrability to get the
estimate (independent of ¢)

2
) dr < §'.

— 0, and an argument similar
?N /Q( . C (1 + ‘VH(m(wo)) (W (M) + Vm(a:o))
To,€ jo

2
) dr < §'.

We can use the uniform continuity of f|Kj;, x B(0, L) to ensure that for € small enough we have

Also, using the fact that xg is a Lebesgue point for y K;, Wwe have |%\
to the one above yields

1

|f(z,m(x),v) - f(x07m((130),1/)| <d

for |v] < L.
We deduce that
EiN /Q(W) f (x,m(x),VH(m(xo)) <vq> (M) + Vm(m)))
=T (.. 910z (v (MEZ0) 4 Ot )
126
130
|

<o [ 7 (vt Ttz (0 (M) 4 GG ) )+

Taking limits in both sides, and in view of the fact that ¢’ is arbitrary positive number, we reach the
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inequality (4.21). Changing variables and using the Riemann-Lebesgue Lemma

lim sup lim sup iN /Q . f (xo,m(xo),VH(m(xo)) (V@ (M) + Vm(fﬂo)))

e—0 n—+oo €

— limsup /Q £ (0, m(z0), VII(m(z0))(V(ny) + Vin(xo)) dy

n—-—+oo
- /Q £ (0, m(0), VIL(m(20)) (VO (y) + Vin(xo))) dy

=/ f(wmm(ffo)»VH(m(xo))VU(y))dy=/ F(wo,m(o), Vu(y)) dy.
Q Q

We now estimate the surface integral. Given ¢ > 0, choose 7 > 0 small enough so that the Lipschitz
constant of II|N,, , where N, :={z € RN : 1 —n < |z| < 1+ n}, is smaller than 1 + §’, we have

e—0 n—+oco €

1
lim sup lim sup — / ([0 (@) |dHN 1
Q(z0,e)NS(Men)

1 !
< lim sup lim sup +N6 / |[m] (z)|dHN !
e—=0 n—+oo €& Q(z0,e)NS(m) (422)
£ ) (M) e

n /Qwa,e)msab(’“';“”))
+|Dhe|(Q(z0,€)) + | Dhe n|(Q(0,€))] -

Using the fact that lim._o - fQ(wO NS (m) |[m](z)|dHN =1 = 0 a.e., a change of variables and the periodicity
of @ for the second term, (4.17), (4.18), and the arbitrariness of §’, yield the estimate

1
lim sup lim sup —= |[mee ) (@) [HN L < / |[u] (z) [ HY 1 (). (4.23)
e—=0 n—+oo €7 JQ(z0,e)NS(me p) QNS (u)

Putting together the estimates for the volume and the surface integral, we conclude that

Fl(m, ]V[g)Ii/Q(JCo,E)] < lim inf LN lim inf {/ flz,men(x), Vme ) dx
Q(xo0.e)

e—0 € n——4oo

+ / |[ms,n1<x>|dHN1<x>}
Q(z0,e)NS(Me,n)

flz,mepn(x), Vme ) dx

lim

e—0

< limsup limsup —
e=0  n—+oo £ JQ(x0.e)

1
+ lim sup lim sup -~ / | [ms,n] (z) |dHN(seeTheorem2‘29)*1 (2)
Q(x0,e)NS(Me,n)

eN n—+oo €

r N—-1
< /Q F(a0, m(z0), Vuly)) dy + /Q o @)

< H(xg,m(zo), Vm(zg), M(zq)) + 9,

and letting § — 0 we obtain the upper bound for %.
The upper bound for the singular part of the measure F[(m, M);.] follows immediately from the bound
(4.5). O

48



5 Second Order Analysis for Thin Structures

A commonly used approach to the thin film theory consists of dimensional reduction through asymptotic
analysis from 3D models to 2D ones. Often in the applications it is essential to determine exactly the
relation between the thin film theory and the 3D theory. To this end, this subject has recently been the
target of intensive study, both in the linear and in the non linear settings, and one can trace back some
of the arguments to [1], where fully nonlinear beam models were obtained. Results deriving plate models
from thin structures through 3D — 2D dimensional reduction are due to Fox, Raoult and Simo in [41], a
detailed analysis in a I'- convergence setting can be found in [50] and [51], and for what concerns optimal
design in [38]. The overall picture was completed in [20], in what concerns energy densities depending on
the gradient of the displacement, and taking in account both material heterogeneity and rapidly varying
profiles. Actually those techniques apply as well to nD — (n — d) D reduction, for any n > d > 0. Techniques
for recognizing of bending effect in thin films have been recently developed in [43], [44] and [42].

The situation is different in the case where the energy contains also interfacial terms, i.e. terms which
depend on the second order derivatives. This case has been considered in [17], where to a classical elastic
energy depending on the gradient is added a quadratic term of the second derivative. Also in [60], Shu
considered dimensional reduction depending on several length scales, and taking into account a quadratic
term for the interfacial energy.

In this chapter we study 3D-2D dimensional reduction for models with non convex energies involving
second order derivatives. Thus, we generalize the model of Bhattacharya and James ([17]) refered above,
and as for the lower order terms there is strong convergence we just focus on a energy depending only on
the second derivative. We follow very closely the paper of Braides, Fonseca and Francfort [20], where with
a volume energy depending only on the gradient material heterogeneity and varying profiles are treated.
Using I'- convergence techniques, we first give a general result for 2D models for energy densities which
allow material heterogeneity and varying profiles. Next, we specialize the study considering transversally
inhomogeneous thin domains and deriving the homogeneous model from those. Finally, we also consider a
model in which microstructure and profile oscillate on a scale which is comparable to the thickness of the
domain. We are able to provide an integral representation result for the limiting energy, under quite general
assumptions on the initial density.

The limiting energy is determined by two vector fields u and b defined on a plane sheet, where u is
associated to the deformation of the middle surface and b is the Cosserat vector associated with transverse
shear and normal compression, and which keeps memory of the rotation of the original normal vector to
the section w in the 3D. Since the limit model is not convex and takes into account both on «w and on b, it
requires a more general notion of convexity, A- quasiconvexity, for a suitable operator A.

The setting is as follows. Let ¢ be a positive real number, the letter p, as subscript, will run from 1 to
2, thus the coordinates of a point in R?* will be denoted by (xp,x3), and D, and Dg stand, respectively,
for the gradient and the Hessian tensor with respect to the planar variables x, := (x1,22). We denote a
general element of E5(R™) by H = (H") i, where for i € {1,...,s} (H");x is a symmetric M "™ matrix,
ie. Hj, = Hj,, for every i,j,k. Given H € E3(R®) we consider a triple (h,&,¢) € E3(R*)x M?*?xR?
defined by

W= Hj i=123, 1<jk<2,
&= Hp, 1<i<3, 1<k<L2,
c;:=Hi, i=1,23.

(5.1)

Let us consider a thin domain Q(¢) in R3,
Qe) == {(x1,22,23) : (£1,22) € w and |x3| < efe(x1,22)}

where w is a bounded Lipschitz domain in R? and f.(z1,72) determines the e-dependent profile z3 =
+fe(x1,22). We assume that the domain is filled with a material energy density W (e)(z1, 22, z3,-). Equi-
librium correspond to the transformation fields u(e) which minimize

w — W (e) (21, xo, 3, D*w)dx
Q(e)

among all the kinematically admissible fields w.
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As it is usual, one tries to reformulate the problem on a fixed domain through the re-scaling % in the
transverse direction x3. Set

Q:=wx(-1,1)

Q. = (z1,29,23) : (1, 22,e23) € Qe)},
ue(x1, o, x3) 1= u(e) (a1, 2, ex3),
We(x1,xa,23,+) := W(e)(x1, 22,23, ).

1
v |—>/ W, (xl,xg,xg,Dpzv V3,3 dx
Q. €

among all the kinematically admissible fields v on Q., where (h|¢|c) stands for a triple in Ej(R?)x M3*2xR3
according to the notations in (5.1).

Under suitable coercivity conditions on W, (or W(g)), it can be verified (cf. Proposition 5.5) that for
a sequence {u.} with bounded energy and prescribed boundary values, there exist a subsequence {e},
u € WP(w;R?) and b € WHP(w;R?) such that (uc, —u)xo., — 0, (Duc, — Du)xaq,, — 0, and (i“ak 3=
b)xa., — 0 in LP(R?), where xo, denotes the characteristic function of Q... Therefore we are led to
investigate, using the I'- convergence approach, the asymptotic behavior of the family of functionals

Clearly u. minimizes

1
-D
- p(v,3)

1
Je (v, w) ::/ W, (1’1,1’2,1’3,Dp2’l) EDP(U73)
Q.

1
521)7373) dx

under the above type of convergence.
Define

Az = {(wp,23) 1y € A, 23] < fo(mp) ),

and
OpAe = {(mp, x3) : 23| < fe(xp),z, € OA}.

Set, for any v € WHP(Q;R3),

1 1 .
We (:v,”mg; Dgu =Dy 3, ?2”7313) dxpdrs ifve W2P(A., R?),
otherwise,

Je(v, A) = { —fi-cho
and for any u € WHP(Q,R3), b € LP(Q,R?), and any decreasing sequence {¢} converging to 0,
Jiey(u, b, A) := inf { limiélf Jo(ve; A) s ve € WHP(ALRY), (v — u)xa. — 0 in LP(Q,R?),

£—

(Dv. — Du)xa. — 0 in LP(Q,R?), (5.2)
and (ivs,s - b) Xxa. — 0in LP(Q’R?))}'

In the sequel we state the main results of this chapter.

Theorem 5.1. For any decreasing sequence {} converging to 0, there exists a subsequence {e®} such that
for every u € WP(w,R3) and b € WHP(w,R3), and for every open subset A of w, one can determine {w.= }
in W2P(A.=) such that

(wer —u)xa_r — 0 in LP(Q,R3),

Dw.r — Du)xa . — 0 in LP(Q,R3),

(Dwe XA

(Zrwer 3 —b) xar — 0 in LP(Q); R?), (5.3)

J{E‘R} (u, b, A) = E}Qirilo JER (U)ER s A)
Furthermore, there exists a Carathéodory function Wi ry : RZx E3(R?)x M3%? — R such that

Jiery(u,b, A) =2 / Wiery (2, D*u, Db)da,. (5.4)
A

50



In particular, if the energy densities W, (x, H) do not depend on ¢ and if they coincide with a Carathéodory
function of the type W(xs, H), then Theorem 5.2 below describes the asymptotic behavior of the whole
sequence J.(v,w). To this end, define for every h € E3(R?) and d € M3*2,

1
h,d) := inf inf { = h+D%p.d+ \D A2 dx,dzs : )
W(h,d) inf in {2/62’><(1,1) W (z3,h + D2¢,d + ADp 3, \2¢ 3.3)dz,pdus (5.5)

¢ € WHP(Q'x(—1,1);R?*),¢ =0 on Q' x(—1,1)}.
Theorem 5.2. For almost any x, € w, for all h € E3(R?) and d € M**?, Wi.ry(xp, h,d) = W(h,d).
Consequently, for every u € W?P(w,R3), b € WP (w,R?) and any A open subset of w,

Jiey(u,b, A) =2 / W(D2u, Dpb)dz,,
A

where the functional Jicy(u,b, A) is defined in (5.2).

Finally, in the periodic case, i.e. when W.(z,,23) = W (2,25, H) and f.(z,) = f (%), the limiting
energy density is obtained in Theorem 5.3.

Theorem 5.3. If u € W2P(w,R3),b € WLP(w,R3), and if A is an open subset of w, then
Jey(ub, A) = / Waom (D?u, Db)dz,. (5.6)
A

where, for any (h,d) € E3(R?)x M3*2,

Whom (h, d) := litrginf V(t) (5.7)

and, for everyt > 0,

1

V(t) = 5 inf { / W (2, 23, h + D2, d + Dy 3, 6,3.3)dxpds
¢ SJaens (5.8)

6 € WA ((tQ) RY), 6(wy, w5) = 0 if 2y € A(tQ), 5] < f(ay)},

and where, for A C R?, Af := {(z,,23) 1 7, € A, |23] < f(2p)}-

5.1 Integral representation result

Let {e} be any decreasing sequence of real numbers converging to 0. Assume that {W.(z, H)}. is a sequence
of nonnegative Carathéodory functions on Qx E3(R?) such that

BHP < We(x;H) < (14 |H|P) (5.9)

for some 0 < B’ < 8 < 00, 1 < p < oco. In what follows we write W (h|£|c) to designate W (H).
For each ¢ let f.(x,) be a continuous function on w such that, for some v > 0 independent of «,

0<vy< fe(zp) <1, forall z, € w. (5.10)

It can be easily verified that for any u € W2P(w;R3),b € W1P(w; R?), the energy Jiey(u,b; A), defined
in (5.2) is finite. Indeed, by using in the definition as test sequence v, := u + ez3b., with b. € C*°(w,R3) N
WLP(w,R3) in order to guarantee u. € W2P(; R?), and with b. — b € WP(w,R3) as e — 0, by the growth
condition (5.9) we get

T (b, 4) £ CB [ (141Dl + |DbP)da, (5.11)
A

Remark 5.4. Ji.y(u,b,-) is an increasing set function on the open subsets of w.
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The proof of result below follows the steps of the analogous result in [20].

Proposition 5.5. Let p > 1, ug € W?P(w,R3) and by € WHP(w,R3). Assume that {v.} is a sequence in
W2P(Q.,R3) such that
ve = ug(zp) + exsbo(zp) on dywe (5.12)

and

€

1 1
sup/ We ($p7$3,D§U, gDpQg, 5207373> dxpdxs < oo.
Qs

Then there exist u € W2P(w, R3) with trace ug on 0w, b € WHP(w, R3) with trace by on dw, and a subsequence
{ex} of {e} such that

1
(Ve —u)xa., — 0,(Dve, — Du)xq., — 0 and (Evg,ﬁg - b) Xa., — 0 in LP(Q,R3). (5.13)
k
Proof. In view of (5.9) and (5.10), one has

1
/ <D2U5|p + — |D Ve,3|” + f|v533| > dzpdrs
X(=757)

1
< / (|D;2)Us|p + 57,|Dpvs73|’” + Sgpva,a,ﬂp) dapdrs < oo,

We

(5.14)

so that Poincaré Inequality and Rellich Theorem guarantee that there exists a function u in W?2P(wx
(—7,7);R3), and a subsequence {ex} of {e} such that

{ ey —u in WP (wx (—7,7); R?), (5.15)

Ve, (‘Tpv :l:’y) - u(mpa :l:IY) in Wl)p(wa RS)
Note that, in order to have (5.15), f. must be such that the trace of v, is meaningful on d;w,.. Moreover, (5.14)
implies that v 33 = 0. Hence u g = A(zp) and so v = A(zp)zs + B(zp), and Dyu = D, A(zp)xs + Dy B(xp).
In addition (Dyu) 3 = 0, A(z,) = C. Thus
u=Cz3+ B(zp) and u = up on dwx (—v;7), thatis C =

and we deduce that u — ug € WP (w, R3).
Moreover, observe that

/ |Dve,, — DpulPdz,dxs = / |Dv,, — DpulPdz,des
We wx(=7,7)

Sep (zp) -
+/ / |Dve, — DpulPdzydes —|—/ / |Dv,,, — DyulPdz,dxs
w Jy w _fsk(xp)

/ |Dvs,c — DyulPdz,drs+
oy

//fsk(fp)
Y
/W/fsk(zp

|Dve,, — DpulPdzpdas+
wX(=7,7)

+C {/ | Do, (2, £7) — Du(z,)|? dz, —|—/ Dv5k73|pda:pdx3},

p

dzpdxs (5.16)

P
dxpdxs

/ Du,, 3(xp,s)ds + Dv., (xp,7) — Dpu(zp)

/ Due, gy, 5)ds + Do, (2 —) — Dyu(zy)

so that (5.14) and (5.15) imply that (Dv., — Du)xq., — 0 in LP(;R3). Arguing as in (5.16), it can be
shown that [|ve, 3]/1r(w.) — 0, and using this argument, and analogously to (5.16), one can easily see that
oo |ve, — u|Pdx,drs — 0, thus the first and the second convergences in (5.13) follow. In what concerns the
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last convergence in (5 13), (5.14) and (5.12) entail that the sequences {Dp1v. 3} and {1v. 33} are bounded
in LP(w.,R3) and 1 ZVe 3]8,w. = bo(p). Thus, applying again Poincaré Inequality and Rellich’s Theorem, we
get the existence of a function b € WP (wx (—7, 7v),R?) and of a subsequence of {e}}, still denoted by {sk},

such that 1
— g, 3—b in Wl’p(wx(—%v),R?’),
5

av€k73($pv +v) — b(xpv +7) in Lp(w,R3)7

and, in addition, as b3 =0, b — by € WP(w,R?). Thus, as in (5.16), we obtain

1

/ dzrpdrs < / —

We g €k wX (7717) €k
{/ d:vpdxg}

P
1
dz, + / —
We i €
which, together with (5.14) and (5.15), yields the last relation in (5.13) and this concludes the proof. O

P p

—Vg,3—b Ve,,3 — b dxpdxs

p

——VUey,3 xpa ) - b(xp) kvgk’g

Next introduce a countable collection C of open subsets of w such that for all § > 0 and A € A(w) there
exists a finite union C4 of disjoint elements of C such that

Ca C A,
L2(A) < L2(C) + 6.

Denote by R the countable collection of all finite unions of elements of C, i.e. R := {Ulec’,» : keN,C; eC}.

Since WP and LP are separable metric spaces, by using a diagonal argument, and in the spirit of I-
convergence (see [18] Proposition 7.9), we can assert that there exists a subsequence {e®*} C {e}, * — 0,
such that, upon setting

Jiery(u, b, A) i= 11)n7£ {1§m1%f Jor (vor, A) : ver in W2P(Ar,R?), (vor — u)xa.x — 0
‘ - 5.17)
1 (
(Dver — Du)xa_p, — 0 and <€RU€R>3 — b) XA, — 0in LP(QJR?’)} ,

for every C' € R and for every u € WP(Q,R?) and b € LP(Q,R?) there exists a sequence {vG } in W*P(C.r )
such that

(ver —u)xc.r — 0 in LP(Q,R3),
(Dv.r — Du)Xc = —0 in LP(Q,R3),
(kevems —B) xen — 0 in LP(Q; R3), (5.18)

J{E’R}(U b C) = e%IEOJ R('UER,C).
Next we seek to extend (5.18) to every A open subset of w.

Proof of Theorem 5.1. The proof relies on the techniques of the I'- convergence, and the structure follows
step by step the proof of Theorem 2.5 in [20]. First it is observed that the test sequences can be chosen with
prescribed boundary values. Then (5.3) is asserted, in the sense that J.=y(u,b, A) can be achieved. Finally,
we prove that Ji.=) admits the integral representation (5.4), as it satisfies all the assumptions of Theorem
2.31.

Step 1. The next result shows that the approximating sequences {v.} may take the boundary value
u + exsb on the lateral boundary A.. Actually, with no loss of generality, it can assumed the function b
regular, since b can be approximated by smooth functions in Cg°(w).

Lemma 5.6. Let A be an open subset of w. Let u € WP (€, R3) and let b € WLP(Q,R3). If {g} C {e®}
and {vs} € W?P(Az,R3) are such that

(v —u)xa- — 0 in LP(Q,R3),
(Dvs — Du)xa- — 0 in LP(Q,R3),
(203 —b) xar — 0 in LP(;R), (5.19)

J{ER} (U, ba A) = %I_I’)I(l) Jg(’l)g, A)v
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then there exists a sequence {wz} C WHP(Az,R?) which satisfies (5.19) and is such that
ws = u+zx3b in {(xp,23) 1 ¥, € A\NK® and |z3] < f=(x,)}

for some compact set Kz C A.

Proof. Set

Cimsu [ (141030 4 SiDyemal +
A=

€

) dzpdzs.
From (5.9) it results C' < co. Define

K(E) := ! (5.20)

I I I
lve —u — 5333[7“2”,4?) + HDpUe — D(u+ 5333(7)”3;;(,4?)”%“573 - b”ip(Ag)

where |[a]| denotes the integer part of a, and M (g) := |[\/K(£)]|. In order to apply the De Giorgi’s slicing
argument, define

AE) = {xp € A : dist(zp, 0A) < A[g((;)}

Note that, in view of (5.20), K(£) / oo while £L2(A(Z)) \, 0 as € / 0. Subdivide A(Z) into M (g) disjoint
open subsets

AS = {xp € A : dist(xy, 0A) € [Kis)’%)}’izo"”’M@_l'

Then, there exists i(2) € {0,...,M(g) — 1} such that

/ (1 D2l +
(AD)=

where (A5)z := {(2p, 23) : x, € AT, 23] < f=(zp)}. Let ¢(€) € C5°(A) be such that

1 C

0< ¢(8) < 1, Dpo(E)ll= < 2K(E), [ Do (E)ll=~ < 2K3(2),
5@ { | if dist(x, 04) > "G (5.22)
g) =

>
0, if dist(z,, 0A) < (E))’

and set

wz = ¢(E)vs + (1 — ¢(8))(u + Ex3d). (5.23)

It results ws € W2P(Az,R3) and wz = u + x3b in {(z,,23) : ¥, € A\K® and |z3] < f=(z,)}, where K¢ is

defined as {xp € A : dist(zp, 0A) > (E)) } Moreover, from (5.19)

1
(wzs — u)xaz — 0, (Dws — Du)xa- — 0 and ( We,3 — b> XA — 0in LP(Q,R?). (5.24)
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From the bound from above (5.9) and (5.22), (5.23) we have

J{E’R} (u, b, A)

1 1
> lim sup Wz <:cp, T3, Df)vg, %Dpvgvg, 521}5’3’3> dzpdxs
Px(=1,1)]

e=0  JAzn[{zpdist(z,,04)> L4L

1 1
> lim sup {/ W= (gcp, T3, Dgwg, —Dywz 3, 2w€,3’3> dxpdzs
£—0 Az € €

-C (1+ |D§u + 5:173D§b|p + | Dpb|P) dapdas

Azn[{zp:dist(w,,04) < 75} (= 1,1)]

1
o[ (14103 + SID0ea
(A= *
~CIK@* | |vz—u—Exsb|Pduydrs—
5(5) €

1
—CIK@EP [ |Dpngp<u+ex3b>|’°+vav3b
(A3

1
Pt EQz,lvas,3|p> dxpdrs

(5.25)

P
) dxpdxs

i(%) )=

> liIgljélp J=(wg, A) — C’ligl_)iélf L? (A(®)) —Cp hgl_)%lf ﬁg)

2 . e
-’ hgn_)l(r)lf |lvz —u — ?asngip(A(E)) -’ hgn_}glf | Dpve — Dp(u + E.’,Ugb)”ﬁp(A(g))

| 3 .
-’ llrgli}élf ||%U§’3 = bll o (age)) = limsup J=(ws, A),

e—0

where (5.20) and (5.21) have been used to obtain the last inequality. Further, from (5.3) and (5.24) we have

Jery(u, b, A) < liminf Jz(ws, A)
£e—0
which, together with (5.25), completes the proof. O

Step 2. Let A be an open subset of w, u € W?P(w,R3) and b € W1P(w,R3). We prove that there exists
5/ R
a sequence {UECR (e )} converging in the sense of (5.18) for which Jizry(u,b, A) is attained.
Fix § > 0 and choose a subset C% of A in R such that

% C A,
Janes (1 |DZul” + |DpblP) da < 5.
Consider a sequence {vgi} in W2P(C?) satisfying

lim Jor (05, C%) = Jyory (u,b,CY).

eR—0+

Without loss of generality we may assume that b is a smooth function, thus by Lemma 5.6 we can suppose
that ’UEC; = u + eRax3b nearby C?, and extend ’UEC; as u + eRa3b outside C%, so that the extension (not
relabelled) 1}807: € W?P(A.=) and it is still admissible. Since Jy =1 (u, b, c%) < Je=y(u, b, A), for every 6 >0
we have

. . 5
lim sup lim sup J.= (v , A)
6—0t eR—0t

<limsup lim {Jan(vfi,()‘*) + C/ (1 + \D,Q,U\p + |pr|p) dm}
A_g—C?

§—0+ €R—01

= limsup J{.=y(u, b, c% < Jery(u, b, A) < liminf lim inf J.= (vSi,A).
§—0*t

§—0t eR—0+

a diagonalization result (cf. Lemma 7.1 [20]) concludes the proof, since there exists a decreasing sequence
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{6(e™)} \, 0 such that

(vos(sR) —u)xar — 0 in LP(Q,R3),

S OER) 5 o TP(O RS
(D’UERJ - Du)xar — 0 in LP(Q2,R?), 5 26
(}vanfg = b) Xag — 0 in LP(Q; R?), (5.26)

J A) = 1 C%(eR) A
{e®} (ua b? ) - gglllo JER (UER ’ )

Step 3. We prove that J{En}(w b, -) is a measure. To this end, first we can observe that from the proof
of Step 2, for u € W?P(w,R?) and b € W'P(w,R?), Jr.=y(u,b,-) is inner regular. Thus, let § > 0, and find

C? € R such that
C’ca, 5 (5.27)
J{ER}(U, b, A) < J{ER}(U, b,C%) + 9.

Since from (5.2) and (5.26), it results
—6
J{ER}(U7 b, A) > J{ER}(U, b, A\C") + J{ER}(’LL, b, 06)7
from (5.27) we obtain
Ty (u, b, A\C") < 6. (5.28)

Next we prove that Jy =, is subadditive. Indeed let A, B, C' be open subsets in w such that C' CC B C A.
We have to show that B
J{ER}(U, b,A) < J{ER}(’LL7 b, B) + J{E‘R}(’LL, b, A\C). (5.29)

To this end, consider an open set D CC A\C. We can find two sequences {vfn}, {vgié} such that (5.26) is
verified on B and A\C respectively, and, in view of Lemma 5.6,

vfn = u+ e®x3b on §;B.» and v;“f =+ e”x3b on 8t(A\6)ER.
Next define the sequence of Radon measures

1 p
dor = {1 ID2EP + D + () Dyl

1 P B 1 > B D
() Dol (F) (105l + o5 s0) acmnon,« £

where ((A\C)\D).= = {(zp,73), 2, € (A\C)\D, |x3| < for(xp)}. From (5.9) {A\.=} is a bounded sequence
of finite Radon measures on R?, hence there exists a subsequence {£} of {¢®} and a finite nonnegative Radon
measure A such that

Ae—* )\ weakly*- in the sense of measures.

Define A(X) := A(X x[—1,1]) for any Borel subset X of w, and, for 0 < n < 1, set
S, = {z € (A— O)\D : dist(z,, d(A\C)) = n},
The sets S, are pairwise disjoint for every 1 and there is 1 € (0,1) such that
A(Sh) = 0.
Let L¢ be a layer around Sy, i.e.,
L¢ := {z, € (A\O)\D : dist(xp, Sy,) < (}.
Consider a smooth cut off function ¢ € C°(R?) such that

¢
dist(D, A\C)

C
6l <1, [[DpdlLee < dist®(D, A\C)

¢_{ l%fxpeD,i
| 0ifx, & A\C.

Dz L <
(5.30)
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Setting
Uer 1= (;51);473\0 +(1— )5,

we have v.r € WP (A=, R3) and
1
(Ver —u)xa_r — 0, (Dver — Du)xa_r — 0 and (6721)5@3 - b) XA,z In LP(Q,R?).

Hence, from (5.3) and (5.30) it results

J{gn}(u, b, A) < liminf J .= (v.r, A) < J{ET\’_}(U, b, B) + J{ER}(U, b, A\@)
eR—0
+6 limsup /\ER(LCX(_L 1))

eR—0

C . AT 1 3B AT )
+ —— lims / D,v5 — D Py — - 2P| dx,dx
ﬂdistp(D’ 8(A\C)) IER—TBP (A\ON\D) = <| pUer pUer | cRP ‘ng,g UER,S paL3
C _
+5 lim sup |Uf7: - vfgc\pdxpdxg.

dist®”(D,9(A\C)) er—0 J(A\O\D).2

The last two terms reduce to zero since
A 6 S 5
|UaBR - va7§ |X((A\6)\D)§ < |’UaB73 - U‘XBER + |vaDR - U|XA\5£R7
A\C A\C
|DPU£R - DPUETQ |X((A\5)\D)ER < |Dpvf73 - Dpu|XBi72 + |Dpvg7§ - Dpu|X(A\5)ER
and ) )
B A\C B A\C
R lver s — VR X (E0\D) R = ’671”6’3,3 - b‘ XB.x + ‘aR”aR,s - b‘ X(A\G).x -
As o .
lim sup lim sup A= (L¢ % (—=1,1)) < limsup A(L¢) < A(Sy,) =0
¢—0 eR—0 ¢—0

we can let first €® — 0 and then ¢ — 0 to get
J{ER}(U, b, A) < J{ER}(U, b, B) + J{ER}(U, b, A\é),

which proves (5.29).

The definition (5.3) of Ji.=}(u,b,w) implies the existence of a subsequence {} of {¢*} and of an asso-

ciated subsequence {vz} in W2P(ws, R3) such that

(v — W, — 0 in L7(,R?),
(Dvs — Du)xwe — 0 in LP(Q,R3),
(2ve3—b) Xwe — 0 in LP(Q;R3),

Jzy(u,b,w) = limz o Jo= (v, w).
Up to the choice of a subsequence, still denoted by {z}, there exists a Radon measure p such that

1 1
2 3 *
WE (xzn x3, Dp'UE, %Dp’l}ag, ?’UE,&S Xwg‘c —

Let X C R? and define fi(X) := u(X x[—1,1]). Then (5.31) and (5.32) imply that
J{ER}(U7 b,w) > ﬁ(RQ),

while, for each open subset A C w we have

£—0

1 1
Jiery(u, b, A) < lim i(I)lf J=(vs, A)= lim inf/ W= (xp, 3, Dz'l)g, gDp’Ug)g, 21)573,3) dzpdzs

< p(Ax[~1,1)) = 3(A).
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Thus, in view of (5.28), (5.29), (5.33), (5.32), Lemma 7.3 in [20] permits to conclude that Ji.=y(u,b,-) is the
trace on the open subsets of w of a finite nonnegative Radon measure. Moreover, the bound from above in
(5.9) guarantees that it is absolutely continuous with respect to the £2|,.

Step 4. In order to apply Theorem 2.31 it can be easily verified that the functional J.=y maps any
triple (u, b, A),u € W?P(w,R?),b € WHP(w,R3), and A any open subset of w, into R, and

(i) Jemry(u,b, A) = Jiery(v,d, A) whenever u = v and b = d a.e. on A,

(ii) Je=}(u,b,-) is a finite nonnegative Radon measure,
(i) C'0' [, (ID2ul? + | DyblP)di, < Jyoxy (u,b, A) < CB [, (1+ [D2ul? + | DyblP)dz,
(iv) Jiery(u,b, A) is W2P(A)x WP (A) weakly lower semicontinuous.

Property (iii) follows from (5.11) and the lower weak semicontinuity of the norm in the Sobolev spaces,
while (iv) is a consequence of (5.9) and it can be easily verified through a diagonal argument. Indeed, let
{(tn,bn)} € W2P(w; R?)x WHP(w;R?) converging weakly to (u,b) € W2P(w; R?)xWhP(w;R?). For any
n € N consider {w”} C W?P(A.r) such that (5.3) holds for J.= (,)(tn,bn, A). It can be constructed a
diagonal sequence {w’z (n)} such that

(wgﬁ(n) - U’)XAER(n) —0 in LP(Q;RS)v
(Dwie () — Du)xar,, =0 in LP(Q; R?),
kW 3 = 8) Xty — 0 YOS,
and
lim inf J.= () (tr, by, A) = lim W(D2w" L pur L )dx
= eR(n)\Un; On, o Are P ER(n)7€R(n) P ER(n),37€R(n)2 eR(n),3,3 .
lim W(D2w™ L pun L Ydx > J (u,b, A)
s TN eR(n).3" 5, 92 n = eR(n s Oy
AR () PUER() R () TP TER ()3 ER(n)2 e%(n).3.3 S
and since

Jier () (U, 0, A) > J o=y (u, b, A)

the lower semicontinuity is asserted.

A direct application of Theorem 2.31 entails the existence of a function Wy =y in Theorem 5.1 which still
satisfies the growth condition (5.9). Moreover, since J.=y (u + ¢+ Bx,b+d, A) = Ji.=y(u, b, A) for every
c,d € R3, B € M3*2 the function W{.ry depends just on z, on the second derivatives of u and on the first
gradient of b. In order to see that the W_r is Carathéodory is enough to use an argument similar to the one
in Theorem 20.1 and Lemma 20.2 in [34].

O

Remark 5.7. For the sake of completeness, we also observe that, under the additional assumption (5.12),
there is convergence (in the sense of (5.13)) of the minimizers (or almost minimizers) {(u.r, ELR%UER)} to
a pair (u,b) at which the functional Ji.ry((,-),§2) achieves the minimum. Indeed, we can observe that the
sequence {(u.r, %Ra%gusze)} is bounded, so up to a subsequence (not relabelled) it converges to (u,b) in the
sense 5.13. Thus
J{ER}((U, b), Q) < llrll?l inf JER (UER, QER) < lim JER ('UER, QER)
ef—0 ef—0

where {(v.r, Zzv-r 3)} is any subsequence converging to a couple (v,r) € W2P(w,R?) x W' (w,R?) and for
which the previous limit coincides with Jy.ry((v,7),2).

In the sequel we will establish some convexity properties of the energy density Wi =y(xp,-,-). Let
Q' := (0,1)? be the unit cube in R?, and let Ty be the 2- dimensional torus.
Given a function v = (h,§) : To—E3(R?)x M3*2, consider the operator A given by

Av = (Arh, As€) (5.34)
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where

ohi,  Ohl
Aih = <8;21 - 8;5), i=1,2,3 j=1,2,

and

_ (o8 0% . _
Agg_(ax2 ) i=1,23.

It is easy to verify (see [40] for details) that

{h € C™(Ty; E3(R?)) : Ajh = 0,/

hdx = O} = {Diu tu € C™(1y,R%)}.
Ts

i
Ow;

In fact, for every i = 1,2,3, if 4;h' = 0 then h;k = 3.
zero. Note that w; is periodic since h’ is periodic and fT2 hidx = 0. Then, by the symmetry of h;k with

. . 2,1 .
respect to ¢ and j, it results curlw® = 0 and we conclude that ) = % for some u* € C*°(T3;R). The

operator is a constant rank operator. Indeed, for every w € S* we have

for some functions w? € C*°(Q,, R®) with average

kerAy(w) = {X € B} 1w X}, —w; X}, =0,i,j =1,2,k=1,2,1=1,2,3} = {bowew,be R},

so dim KerA; (w) = 3. Also
{g € C™(Ty, M**?) : Agé =0, | &dx = 0} ={Dyp: ¢ € C™(T5,R*)},
T

and it is easy to see that A, is a constant rank operator. In fact for every w € S it results

KerAg(w) = {V € M¥*2: Ap(w)V! =0,1=1,2,3} = {w;V] —w; V! =0, 1=1,2,3, i,j=1,2}
={a®w, acR3}

and dim KerA(w) = 3. It follows immediately that A4 is a constant rank operator, and for every w € S*,
KerA(w) = {(X,V) € E3xM***: (X,V) = (b@w®*, a®@w), b € R®,a € R*}, (5.35)
where w®? stands for w®@w. For every v € E3(R?)x M3*2 with v = (h, &), we have
Qaf(v) :inf{ fv+w(x))dx :wGC’gZT(RQ;Eg’xM?’XQ)OKerA, wdr = 07},
Q’ Q’

or, equivalently,

Qaf((h,§)) = inf{ F((h+ Dju, & + Dyg))dz = p € C5°(Q;RY),u € CS"(Q’R‘”’)}- (5.36)

Q/
Remark 5.8. Since W{.=}(xp, -, -) is the integrand of a weakly lower semicontinuous functional on W7 (w, R?)
x LP(w,R?), namely Jy.=y(u,b, A) in (5.18),(see (iv) in the proof of Theorem 5.1 above), and since the as-
sumptions of Theorem 3.6 in [40] are fulfilled, the energy density Wi.ry(xp,, ) is A-quasiconvex, where A
is the operator introduced by (5.34).

We end this section by observing that the notion of A- quasiconvexity determined by the operator in
(5.34) entails fine continuity properties. In particular, the following result holds.

Proposition 5.9. Let W : E3(R?)x M3*? — R be an A-quasiconvex function, where A is the differential
operator introduced in (5.34), then W is locally Lipschitz continuous.

Proof. The proof is entirely similar to that of Theorem 2.8, and it relies on the observation that, in view of
(5.35), in the cone A = U, cg1kerA(w) there are enough directions to generate Ej(IR?)x M3*2. O

59



5.2 Homogeneous and inhomogeneous thin films

We start with the inhomogeneous setting. The homogeneous case will be obtained as a corollary. We
denote by @’ the unit cube (—%, %)2 in R2. Assume that the energy density W.(z1, 22,73, H) does not
depend neither on ¢ nor on the planar variables, i.e. W.(x1, 9,23, H) = W(x3, H), where W (a3, H) is a
Carathéodory function defined on (—1,1)x E3(R?) such that

B'HP <W(xs, H) < p(1+|HP),0< ' < <o0, forae. z3 € (—1,1). (5.37)

We consider a fixed profile, i.e. f.(z,) =1, for every z, € w.
Theorem 5.1 states that for any sequence {e} \, 0 there exists a subsequence {¢®} \, 0 such that
Jery(u, b, A) defined in (5.17) is given by

J{E’R} (U, b, A) =2 / W{sn} (CCp, Dgu, pr)dl‘p. (538)
A

Thus it remains to identify the energy density Wi =,.

Proof of Theorem 5.2. Consider any sequence {e} \, 0 and let {®} be as (5.17) and (5.18). Fix h € E3(R?)
and d € M>*? and let zy be a Lebesgue point for Wiery (-, h,d). Then

Wiry (20, hyd) = lim g2 /Q ooy Ve e )y (5.39)
Zo

q—0o0 1

where Q' (aco, %

w. By virtue of (5.38), (5.39) reduces to

is a cube in R? centered at x( with side length %, with g large enough to ensure Q' (:co, %) -

¢ 1 1
W{ER}(ZE(), h,d) = lim %J{E‘R’,} <2$Th$,dl‘,Q/ (1‘0, q)) . (540)

q—0o0

For ¢ large enough, let {v’z} C W?2p (Q’ (aco, %) x(—1, 1)7R3) be such that

1
UgR —0in WP (Q' (;vo, ) x(—1, 1),R3>,
q
1 1
77?,0272 3 — 0in L? (Q/ <x07 > X(_17 1)7R3)7
€ ’ q

1 1 (5.41)
Jiery (QxThx,dLQ’ <x0, q>) =
1 1
lim W ( x3,h + D*v% ,d+ —Dyv%% ., —=—=0? ) dx,dzs.
eR=0JQ (w0, 1) x(~1,1) ( pre® gRTPTERB (cR)2 TeR 3.3 P

The existence of this subsequence {vgn} is ensured by Theorem 5.1. Further, Lemma 5.6 guarantees that

vl can be chosen equal to 0 in a neighborhood of 9Q’ (azo, %) x(—1,1). Define

2 X
Vg,er (Tp, T3) 1= ¢ Ugn <330 + ;7963) , xp € Q.

In view of (5.41), (5.40) can be written as

W{E’R} (Z‘o, h, d)

1 . . 1 1 (5.42)
=— lim 1 w h + D? ,d+ —D s dx,dzs.
2ql>nc}oe7%11>10 Q' x(~1.1) <x3, + Dpvger,d+ =R pYq,eR,3 (qgn)zvqﬁsn,B,S) TpaTs
Since v, .= = 0 on 9Q"x(—1,1), (5.42) becomes
W{ER}({E(), h, d) Z W(h, d) (543)
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It remains to prove the opposite inequality to (5.43). Since W verifies (5.37), a simple density argument
guarantees that for every > 0 we can find A > 0 and ¢ € W2°°(Q'x(—1,1),R3), with ¢ = 0 on 9Q’ x (—1,1),
such that

1
W(h,d)+n> = / W (zs,h+ D2p,d+ ADp¢ 3, \*¢ 3 3)dapdas. (5.44)
Q'x(-1,1)
Set )
T
ver (Tp, T3) 1= §x;hxp +eRazdr, + (\e™)%¢ ()\57’;2’ x3> ,

where it has been assumed that ¢ is laterally extended by @Q’-periodicity. Then

1 1
VR — ix;h% in Whr(Q,R?), TRVR3 dx, in LP(Q,R?).

For each open subset A of w it results that

1, . 9 1 1
~ath,, dr,, A | <liminf W (3, D —D — vras ) dr,d
J{En} <2xp Tp, ATy, ) 72{11)% (1) ({Eg, pvgn,aR pUER’g,ERQ'UER"S’d) TpalTs
— lim inf W (23, h+ D26 (2 23) A+ ADys (o 23) N6 38 (b 23) ) iy,
imin /AX(_M) w3, h+ Do (o ws ) »d+ ADpo s (30w ) M0 (s ) ) dorpds

(5.45)
1
Observe that the function / W (z3,h+ D2¢(, x3),d + ADp 3(-, 3), A’ ¢ 3.3(-, ¥3)) drs belongs to L (R?)

-1
and it is periodic, thus it converges weakly * to its average, and by virtue of (5.44), (5.45) becomes,

1 1
Jiery <2m;hxp7dxpﬂ4> §£2(A)/ / W (z3,h + D2, d + ADpop 3, N’ ¢ 3.3) dapdas
—1 ’
< 2L%(A)W (R, d) + 2nL(A).

Thus letting 7 tend to 0,
1
J{ER} <2l‘;h$p, dz,, A) < 2[,2(14)&(}1, d),
which, in the light of Theorem 5.1, also reads as
/ Wiery (20, b, d)dxy, < 2L7(A)W (h, d).
A

Choosing 79 € w a Lebesgue point for Wi.ry (-, h,d) and A to be a small ball centered at z¢ with vanishing
radius, it follows that
W{gn}(xo, h,d) < W(h,d).

We recall that in all the argument above the function Wi.ry(%o,h,d) does not depend on the choice of
the subsequence {ER}, so one does not need to extract a subsequence from {e}, and that concludes the
proof. O

Remark 5.10. Remark 5.8 and Proposition 5.9 entail that the function defined by (5.5) is A quasiconvex
and locally Lipschitz continuous.

Finally, we obtain a representation result in the homogeneous case, i.e. when W does not depend on 3.
We set W (h,d) := inf.cgs W(h,d, c), with h € E3(R?) and d € M>*?, and we recall that Q4W (h,d) is the
A -quasiconvexification of W (-, -) introduced in (5.36).

Remark 5.11. If W does not depend on x3, then

W (h,d) = Q4 W (h,d) for every h € E3(R?),d € M>*.
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As a consequence, it is possible to extend the results proved in the gradient case in [50] and [51] and recover
for second order derivatives, in the quadratic case, the result proved in [17].
Indeed, by (5.5) and (5.36)

[ L p—
W(h,d) > inf inf {7/ W(h+ Df,(b, d+ ADy¢ 3)dzydrs : ¢ € W2P(Q'x(—1,1), R%),
o >0 L2 J 4 Jo ’

R —
¢ =0 on aQ’x(—1,1)} = /_1 QAW (h, d)dzs = QW (h,d),

thus W (h,d) > QW (h,d). It remains to prove the opposite inequality. From (5.37) and the measurability
selection criterion (cf. Theorem 1.2 p. 236 [37]), one can find functions ¢", 4", £" in WOQ’OO(Q’, R3) such that

QAW (h,d) +n > ) W(h+ D2¢",d+ Dpp", ") day.
Extend ¢", 4", €7 Q'-periodically to R? and set

1 1 1
Ry 23) 1= 6 (ny) + )y + e (nay
Thus ¢ € W2P(Q'x(—1,1),R?) with ¢! =0 on 0Q'x(—1,1), and so

1
W (h,d) < - lim inf W(h+ D, d +n’ Dy 5,0 5 5)dapdas
n—-—+0oo Q’X(—l,l) ) 39y

1. . 1 1
== lﬁgl}rrg /le(l ) w <h + ngﬁ”(nxp) + ED%@/}"(nxp) - xg + Wxggn(nxp)zg,

d+ Dy (nxp) + %f”(nﬂ?p)l‘g, §"(nxp)) dzpdzs

1
< 3 lim inf/ W (h+ Df)gi)”(nxp), d+ Dy (nxy), £ (nay)) deydes,
n Q' x(—1,1)

— 400

where the uniform continuity of W has been used to derive the last inequality. Next observe that W (h +
D2¢"(-),d + Dpip"(+),£7(+)) is a periodic function in L>°(R?), thus it weakly-* converges to its average and
we obtain

W(h,d) < [ W(h+ Dy¢",d+ Dy, §")dxpdrs < QaW (h,d) +1,
Q/
and, to conclude, it suffices to let 1 converge to 0.

5.3 Periodic case

In this section we suppose that W (z,,x3, H) is a Carathéodory function from Q'x(—1,1)x E3(R3) into R
satisfying
BIHP < W(xp, x5, H) < B(1+ [H|") (5.46)

with 1 < p < oo, 3,8 > 0. W is extended by Q' periodicity to R?x(—1,1)x E3(R3), thus we set
We(zp, w3, H) = W (%x3H> .
Let f be a continuous function from Q' into [0, 1], extended Q'- periodically to R? | with 0 < v < min f and

we set .
fe(zp) == f (l) :
€
Remark 5.12. One can easily verify that the function W defined by (5.7), satisfies the following relation

Whom(h,d) = tlggV(t),

where V(-) introduced in (5.8) Further, in the definition (5.8) Dirichlet boundary conditions on the test
functions can be replaced by periodic boundary conditions.
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Proof of Theorem 5.3. Let {e} be a sequence \, 0. Theorem 5.1 guarantees the existence of a subsequence
{e™} of {e} and of a Carathéodory function Wy =y such that

Jiery (u,b,A) = / Wiery (D?u, Db)da,.
A

In order to show the independence of Wiy from x,, we fix (h,d) € E3(R?)xM?**? and consider o, yo
Lebesgue points in w for W=y (-, h,d), so that

1 1
W{sn}(.ro,h d) = }li% 7/ W{ER}(JJP, h d)d.rp— hm (52 J{ER} ( hl’p,dg;p’Q’(xo,(S)) ,
. Q' (z0,0) . (5.47)
Wiery (yo, b, d) = g%(p/@/(y ; Wiery (2, h, d)dzp,= hm 153 J{En} ( xpha:p,dxp,Q (yo, )) .
According to Lemma 5.6, there exists a sequence {7’z } such that 7%= =0 on {(zp,z3) : [zs| < f (2% ) ,zp €
8Q/($0,5)},
,-), RXQ (z0,9),.» —0 in LP(Q7R3)7
D~° CRXQ (z0.6),2 — 0 in LP(Q,R3),
E%zfyéR,gXQ "(z0,0) .= —0 in Lp(QaR3)7

and
1 1
Jiery <2x;h1:p,dmp,Q’(zo,5)> = hmOJ R (2x;hxp —|—5Rx3d-xp +7§R,Q’(zo,6)> . (5.48)
E b
where, as usual Q'(zg,0).r = {(xp,23) : x, € Q'(20,9), 23| < f Next we can define the vector
€ p p
T.r € eRZ™ as
(To»); :zaRH(yO;RIO)i] , fori=1,... N.

R

Clearly 7.r — yo — g as €’ — 0. Consider

(bgn (xpv z3) = ’YSR (mp — TR, T3)
where 7§R has been extended by 0 to [R? — Q’(x¢,d)].=, and where
[R2 = Q' (@0, 0)]er = { (291 33) : 3, € [R2 = Q'(ao, )], fos| <  (25) }-

Let » > 1 and take £ small enough to guarantee

Q’(yo - Tenvé) C QI(ZL'(),T(;). (549)
Since _ .
¢ ECITE 0 in LP(Q,R?),
D¢ RXQ (yo,8).r 0 in Lp(QaRs)
ER(ZS R 3XQ'(yo,0).r 0 in LP(Q’R‘{S),
we have
J{ER} < hmpvdxpvQ (y07 )> <
o Tp 2 1 5 L
li%li%f 0 (e 6) W 5 , L3, h + D (bE'R, RDp(baR,?)’ ﬁqﬁER’?”S dxpdxf‘,
1
< liminf W W#, x3, h + ngSgR (xp + Ter, 23),d + —RDP¢‘2R s(@p + Ter, 23),
eR—0 Q' (yo—7.=,0)_» S IS ’

L s
=3 Per 33(Tp + Ter, 23) | drpdrs

.. x 1 1
< lim inf / W (7’;, h+ Dpy2w (0, 23),d + = Dpyin 5(p, v3), szﬁm,g) dzydig
Q' (xo,m6) R € € 3

eR—0

< Jiery <1$ hiy, d -y, Q'(wo, )> +26(1+ AP + [dI")£2(Q' (w0, 76) — Q'(w0,0)),
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where it has been used (5.49) and (5.48) and the periodicity of W (-, z3). Letting r — 1 we obtain

1
J(ery ( zphay, d - xp, Q' (yo, )) < Jiery ( zphay,d - xp, Q' (x0,6)> ;
and the reverse inequality can be shown in a similar way. Hence, in view of (5.47), we have
W{ER}(yoa h, d) = W{ER}(J:O» h, d) = W{ER}(h7 d)

It remains to identify Wi ry(h,d). Without loss of generality, we assume that 0 € w and Q' C w, by virtue
of Lemma 5.6, there exists a sequence {¢.= }, such that ¢.r =0 on {(xp,z3) : |x3| < f (;—7’;) ,xp € 0Q'},

zZJERXQ/ —0 in LP(Q,R3),
Dz/JERXQ/ -0 in LP(Q,R3),
Tether, 3XQ, — 0 in LP(Q,R%),
and . )
Wiry(h,d) = Jor <2x;hmp, d-xp, Q'> = E1111)10 J.r (Qx;hxp + eRasd - Tp + Yer, Q’) .
Define

d)sn(mpvxi%): Qws (5 IL'p,iL’g)

Then ¢.= € W2P([(0, 5 )?]7,R®) and it agrees with 0 as soon as x, € 9 (0 ,—R) , thus it is admissible as
test function for V' (8 ), and we have

Whom(ha d) S
1
limsup V ( R) <lim sup £R? / W (zp, 23, h 4+ D2pm,d + Dpoor 3,7 33) drydrs
eR 0 € eR—0 {(O’ﬁf] (5.50)
1 1
= lim sup/ w <£C , T3, h+ D21/)ER d + D% =2 1/15727373) dl‘pdmgz W{sn}(h, d)
eR—0 "R

Conversely, one can consider A, ,” oo such that V(A,) — liminf, ~o, V(¢). For each n, take ¢, €
W2P({(0,A,)?x(—=1,1) : |z3| < f(zp)}, R3) with ¢, = 0 if , € 8(0, \,,)* and such that

1 1
1 / W (g 23, b+ D26 d+ Dy 5 b s 3) iy, (5.50)
[(0,2n)2]

Set s = €R2¢n (2%, x3), where ¢, has been laterally extended by zero to ((|[A, + 1]])?)/, and then to the
whole of R? by (|[A, + 1]|)? -periodicity. Then, since ¢ — 0 as €™ — 0,

1
Jery ( x ha:p,dxp,Q> < liminf J.= (x;h:cp +eRasd - zp +7JJ?R,Q/>

eR—0

.. Ty 1 1

zllr%lir(l)f W( x3,h+D YR pd)R37 21/)R33> dzpdzs

_ 2 Lp Lp
T&%f/// =) >3, h+ D ( 3) yd+ Dy 3 (?ng.) y On3,3 (572!103)) dz,ds

f(mp) 9

= 7/ / W(xp7x37h+Dp¢7l(xpax3)ad+Dp¢n,3(xp7m3)a¢n,3,3(l‘pax3))dx3 dxp

(U] + 12 Joxmz [J=r)

1 / A2 1 1
—_— W(zp,x3, h,d,0)drpdrs < ——"— (V()\ )+ > +o( > ,
(Il + D2 Jioiali+noanzy : (IAn]l +1)? A An
where it has been used (5.51) as well as the (|[\,]| + 1)? periodicity of

fe)
W (-, z3,h + D2 (-, x3),d + Dy 3(-,3), o 33(:, w3))ds.

+

Q)
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So, letting n tend to oo,
1 ..
Jier) (2x;hxp, d-xp, Q/) < htrgil)rolf‘/'(t)7

ie.
W{En}(h7 d) < litrgigf V(t). (5.52)

From (5.50) and (5.52), we get

1
. <1 1) < Timi
htrgggf V(t) <limsupV <ER) < Wiery(h,d) < htrgggf V),

eR—0

which proves the desired result.
The independence of the adopted arguments on the subsequence {¢*} concludes the proof. O
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