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ABSTRACT OF THE DISSERTATION

Connections between graph theory, additive combinatorics, and finite

incidence geometry
by

Michael Tait
Doctor of Philosophy in Mathematics

University of California San Diego, 2016

Professor Jacques Verstraéte, Chair

This thesis studies problems in extremal graph theory, combinatorial num-
ber theory, and finite incidence geometry, and the interplay between these three
areas.

The first topic is the study of the Turdn number for Cy. Fiiredi showed
that Cy-free graphs with ex(n, Cy) edges are intimately related to polarity graphs
of projective planes. We prove a general theorem about dense subgraphs in a
wide class of polarity graphs, and as a result give the best-known lower bounds
for ex(n, Cy) for many values of n. We also study the chromatic and independence
numbers of polarity graphs, with special emphasis on the graph FR,.

Next we study Sidon sets on graphs by considering what sets of integers may
look like when certain pairs of them are restricted from having the same product.
Other generalizations of Sidon sets are considered as well.

We then use Cy-free graphs to prove theorems related to solvability of equa-
tions. Given an algebraic structure R and a subset A C R, define the sum set and
product set of Atobe A+ A={a+b:a,be A and A-A={a-b:abe A}
respectively. Showing under what conditions at least one of |A 4+ A| or |A - A] is
large has a long history of study that continues to the present day. Using spectral
properties of the bipartite incidence graph of a projective plane, we deduce that

nontrivial sum-product estimates hold in the setting where R is a finite quasifield.
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Several related results are obtained.

Finally, we consider a classical question in finite incidence geometry: what
is the subplane structure of a projective plane? A conjecture widely attributed to
Neumann is that all non-Desarguesian projective planes contain a Fano subplane.
By studying the structural properties of polarity graphs of a projective plane,
we show that any plane of even order n which admits a polarity such that the
corresponding polarity graph has exactly n+1 loops must contain a Fano subplane.
The number of planes of order up to n which our theorem applies to is not bounded

above by any polynomial in n.

x1i



Introduction

“It 1s often forcefully stated that combinatorics is a collection of
problems, which may be interesting in themselves but are not linked and
do not constitute a theory.”

— Laszlo Lovasz, Combinatorial Problems and Exercises

This thesis studies the interplay between graph theory, additive combina-
torics, and finite incidence geometry. Questions in extremal graph theory ask to
optimize some graph parameter subject to a constraint. A fundamental question in
this area is to maximize the number of edges in a graph or hypergraph which is not
allowed to contain fixed forbidden subgraphs. These questions are called Turdn-
type problems and are a cornerstone in extremal combinatorics. Starting from the
question of maximizing the number of edges in a Cjy-free graph, we branch into
the field of additive combinatorics. This field, also called combinatorial number
theory, asks to deduce combinatorial properties of a set when the only information
one knows is the size of the set. The use of various graphs coming from projective
planes will be central in our study of both areas. We also go the opposite direction
and study a question about the subplane structure of a projective plane from the
perspective of graph theory.

We now briefly describe the main results given in the thesis. Each chapter
will contain its own introduction containing definitions, historical background, and

motivation for the problems it contains.



1.1 Polarity graphs and the Turan number for C4

Given a fixed graph H, the Turdn number of H is denoted by ex(n, H)
and is the maximum number of edges in a simple n-vertex graph that does not
contain H as a subgraph. In Chapter 2, we give the best-known lower bounds on
the Turdn number ex(n,Cy) for many values of n by proving a general theorem
that guarantees subgraphs in certain polarity graphs that contain many edges.

Estimating Turdn numbers of various graphs (or more generally: for various
families of hypergraphs) is one of the most important topics in combinatorics, as
most questions in extremal combinatorics can be phrased as a Turan problems
with the appropriate families of excluded graphs. As such, these problems have a
rich history of study (cf [39, 56, 76]), an incomplete version of which is given in
the introduction of Chapter 2.

The connection between the Turan number for Cy and graphs coming from
projective planes is well-known. We prove a general theorem, given in Chapter
2, that gives the best-known lower bounds for ex(n,Cy) for many values of n by
manipulating various polarity graphs. One particular case of this theorem gives
the following corollary, improving a result of the author and Timmons [80] and

disproving a conjecture of Abreu, Balbuena, and Labbate [1].

Theorem. If q is a prime power, then

1 3
ex(¢"=¢=2,C) 256 —¢"+5¢-0 (¢"?) .

From here, we study properties of polarity graphs without Turan numbers
in mind. One polarity graph of particular interest is the graph EFR,. If ¢ is a
prime power, the vertices of 'R, are the one-dimensional subspaces of a three-
dimensional vector space over F,, and two distinct subspaces are adjacent if they
are orthogonal to each other. The graph E'R, has been studied in a variety of
settings, some of which are described in Chapter 3. In Chapter 3, we study the
chromatic number of E'R,. In particular, we prove the following theorem, which

is best possible up to the constant 2.

Theorem. If ¢ = p*" where p is an odd prime and r > 1 is an integer, then

X (ER,) <2¢' + 0 (¢"*/logq) .



In Chapter 4, we extend this theorem to a more general setting, studying
the chromatic and independence numbers of a large family of polarity graphs that

includes £'R,.

1.2 Sidon sets and sum-product estimates

Given a monoid R and a subset A C R, A is called a Sidon set if for
a,b,c,d € A,

at+b=c+d (1.1)

implies that {a,b} = {c,d}. Sidon sets and their generalizations have been studied
in hundreds of research articles, and some background is given in Chapter 5. We
study a generalization of Sidon sets to graphs. A Sidon set is a set where all pairs
are required to have distinct sums. By introducing a graph, one can prescribe which
pairs must have distinct sums. We study this generalization to graphs where R is
the integers under multiplication. That is, we are studying sets of integers where
prescribed pairs of products must be distinct. A coloring x of a graph G is called
product-injective if x(u) - x(v) # x(z) - x(y) for distinct edges uv, xy € E(G). Let
P(G) denote the smallest integer N such that there is a product-injective coloring
X : V(G) — [N]. Let P(n,d) represent the maximum possible value of P(G)
over all n-vertex graphs G of maximum degree at most d. We prove the following

theorem in Chapter 5:

Theorem. There exists constant a,b > 0 such that P(n,d) ~ n ifd < n'/?(logn)~°
and P(n,d) ~ nlogn if d > n'/?(logn)®.

Sidon sets are sets where the sum set A+ A:={a+b:a,b€ A} is as large
as it possibly could be. What if one asks for a set A with a small sum set? If
A C Z, then if A is an arithmetic progression it has as small a sum set as possible.
However, in this case the product set of A, A-A={a-b:a,be A} is very large.
Erdos and Szemerédi showed that in general, if A is a subset of the integers, than

either A+ A or A- A is large [33]. Heuristically, a set cannot look like both an



arithmetic progression and a geometric progression at the same time. Numerous
analogs of this theorem have been proven in other algebraic settings, which we
discuss in Chapter 6. We expand this active research area by proving that such a
sum-product estimate holds in the setting of a finite quasifield. The takeaway of
our theorem is that one does not require associativity of multiplication to have a

nontrivial sum-product estimate.

Theorem. Let Q) be a finite quasifield with q elements and A C Q\{0}. There is
a positive constant ¢ such that the following hold.
If ¢ < |A| < ¢*3, then
A2

A
max{|A+ A|,|A-A|} > CW.

If ¢?1* < JA| < g, then
max{|A + Al,|A- Al} > c(q|A])"/*.

We prove several results of similar flavor in Chapter 6 concerning the solv-

ability of various equations over a finite quasifield.

1.3 Subplanes of projective planes

A fundamental question in incidence geometry is about the subplane struc-
ture of projective planes. There are relatively few results concerning when a pro-
jective plane of order k is a subplane of a projective plane of order n. Neumann [67]
found Fano subplanes in certain Hall planes, which led to the conjecture that every
finite non-Desarguesian plane contains PG(2,2) as a subplane (this conjecture is
widely attributed to Neumann, though it does not appear in her work). We prove

the following.

Theorem. Let I1 be a finite projective plane of even order which admits an or-

thogonal polarity. Then 11 contains a Fano subplane.

The number of projective planes of order less than n which our theorem

applies to is not bounded above by any polynomial in n.



1.4 Frequently used notation

e Interval notation: For real numbers y > x > 1, we use the notation

[z] ={1,2,...,|z]} and [z,y] = {[=],..., |y]}.

e Asymptotic notation: Let f and g be functions f,g: ZT — R. We write
f = O(g) if there exists a constant M and ng such that for n > ny,

f(n) < Mg(n).

We write f = o(g) if
(n)

lim —= = 0.
n—oo g(n)

We write f ~ g if
lim m =1

We write f = Q(g) if g = O(f) and f < g if f = 0o(g). We write f = O(g)
if f=0(g) and g = O(f).

e Probabilistic notation: If (A,).cn is a sequence of events in a probabil-
ity space, then we say A, occurs asymptotically almost surely as n — oo if
lim, o P(A,) = 1. If X is a random variable we write E(X) for the expec-
tation of X. Let the Erdds-Rényi random graph, G, ,, be a graph chosen
uniformly from the probability space G, , where edges of K, are present in

G independently with probability p.

e Graph notation: Let F' and G be graphs and S,T C V(G). We use
X(G) and «(G) to denote the chromatic and independence numbers of G
respectively. G[S] will denote the graph induced by the set S. e(S) will
denote the number of edges induced by S, ie e(S) = |E(G[S])]. e(S,T) will
denote the number of edges with one endpoint in S and one endpoint in 7.
A(G) will denote the maximum degree of G. Cy is the cycle on 4 vertices
and ER, is the ErdSs-Rényi orthogonal polarity graph of order ¢* + g + 1.
The Turdn number for F' is denoted by ex(n, F).

e Algebraic notation: For ¢ a prime power [F, denotes the field with ¢ ele-

ments and I denotes the multiplicative group of F,. F’; will denote either



the k-fold direct product of F, or a k-dimensional vector space over F,, and
the meaning will be clear from context. F,[X] denotes the polynomial ring

in one indeterminate over [F,.



2
Quadrilateral-free graphs

“Furthermore it is typically easy to verify at least one of the prop-
erties in a class, thereby establishing that all the properties in the class
hold.”

— Fan Chung and Ron Graham [22]

2.1 Introduction

Let F' be a graph. Recall that a graph G is said to be F-free if G does not
contain F' as a subgraph, and that ex(n, F) denotes the Turdan number of F', which
is the maximum number of edges in an n-vertex F-free graph. Write Ex(n, F') for
the family of n-vertex graphs that are F-free and have ex(n, F') edges. Graphs in
the family Ex(n, F') are called extremal graphs. Determining ex(n, F') for different
graphs F' is one of the most well-studied problems in extremal graph theory. A
case of particular interest is when ' = Cj, the cycle on four vertices. A well known
result of Kévari, Sés, and Turdn [57] implies that ex(n,Cy) < in¥? + in. Brown
[15], and Erdds, Rényi, and Sés [32] proved that ex(¢* + ¢ + 1,Cy) > 3q(g + 1)
whenever g is a power of a prime. It follows that ex(n, Cy) = in*? 4 o(n*?). For
more on Turdn numbers of bipartite graphs, we recommend the survey of Fiiredi
and Simonovits [39].

The Cy-free graphs constructed in [15] and [32] are examples of polarity



graphs. To define these graphs, we introduce some ideas from finite geometry. Let
P and L be disjoint, finite sets, and let Z C P x L. We call the triple (P, L,7)
a finite geometry. The elements of P are called points, and the elements of L are
called lines. A polarity of the geometry is a bijection from PUL to PUL that sends
points to lines, sends lines to points, is an involution, and respects the incidence
structure. Given a finite geometry (P, L£,Z) and a polarity m, the polarity graph
G is the graph with vertex set V(G,) = P and edge set

E(Gx) ={{p,q} :p,q € P,(p,7(q)) € I}.

Note that G, will have loops if there is a point p such that (p,7(p)) € Z.
Such a point is called an absolute point. We will work with polarity graphs that
have loops, and graphs obtained from polarity graphs by removing the loops. A
case of particular interest is when the geometry is the Desarguesianian projective
plane PG(2, q). For a prime power g, this is the plane obtained by considering the
one-dimensional subspaces of ]Fg as points, the two-dimensional subspaces as lines,
and incidence is defined by inclusion. A polarity of PG(2,q) is given by sending
points and lines to their orthogonal complements. The polarity graph obtained
from PG(2, q) with this polarity is often called the Erdds-Rényi orthogonal polarity
graph and is denoted ER,. This is the graph that was constructed in [15, 32] and
we recommend [8] for a detailed study of this graph. We will study EFR, in more
detail in Chapter 3.

The main theorem of the chapter will apply to ER, as well as to other
polarity graphs that come from projective planes that contain an oval. An oval in
a projective plane of order ¢ is a set of ¢+ 1 points, no three of which are collinear.
It is known that PG(2,q) always contains ovals. One example is the set of ¢ + 1
points

{(1,t,#*) : t € F,} U {(0,1,0)}

which form an oval in PG(2,q). There are also non-Desaurgesian planes that

contain ovals. We now state the main theorem of this chapter.

Theorem 2.1.1. Let II be a projective plane of order q that contains an oval and

has a polarity w. If m € {1,2,...,q+ 1}, then the polarity graph G, contains a



subgraph on at most m + (7;) vertices that has at least
m m? m?
(3)+ 5o (G )

Theorem 2.1.1 allows us to obtain the best-known lower bounds for ex(n, Cy)

edges.

for certain values of n by taking the graph 'R, and removing a small subgraph
that has many edges. All of the best lower bounds in the current literature are
obtained using this technique (see [1, 35, 80]). An open conjecture of McCuaig is
that any graph in Ex(n,Cy) is an induced subgraph of some orthogonal polarity
graph (cf [37]). For ¢ > 15 a prime power, Fiiredi [38] proved that any graph
in Ex(¢*> + ¢ + 1,C}) is an orthogonal polarity graph of some projective plane of
order g. For some recent progress on this problem, see [35]. By considering certain
induced subgraphs of ER,, Abreu, Balbuena, and Labbate [1] proved that
ex(q® —q—2,C4) 2 %q?’ ¢
whenever ¢ is a power of 2. They conjectured that this lower bound is best possible.

Using Theorem 2.1.1, we answer their conjecture in the negative.

Corollary 2.1.2. If q is a prime power, then

1. 3
ex(¢? —q—2,Cy) > §q3—q2+§q—0(q”z)-

Corollary 2.1.2 also improves the main result of [80]. In Section 2.2 we give
some necessary background on projective planes and polarity graphs. We prove
Theorem 2.1.1 and Corollary 2.1.2 in Section 2.3. We finish this chapter with some

concluding remarks in Section 2.4.

2.2 Preliminaries

Let IT = (P, L,Z) be a finite projective plane of order q. A k-arc is a set
of k£ points in II such that no three of the points are collinear. It is known that

k < g+1 when ¢ is odd, and k < g+2 when g is even. A line [ € L is called exterior,



10

tangent, or secant if it intersects the k-arc in 0, 1, or 2 points, respectively. A k-arc
has exactly (2) + (‘Hg*k) exterior lines, k(q+ 2 — k) tangents, and (g) secants (see
28], page 147). A (q + 1)-arc is called an oval and in the plane PG(2,q), ovals
always exist (see [28], Ch 1). The next lemma is known (cf [52], Ch 12). A short

proof is included for completeness.

Lemma 2.2.1. Let G be a polarity graph obtained from a projective plane of order
q. If A is the adjacency matriz of G, then the eigenvalues of A are q+1 and £,/q.

Proof. In a projective plane, every pair of points is contained in a unique line.
Therefore, in a polarity graph, there is a unique path of length 2 between any pair
of vertices (this path may include a loop). This means that (A?);; = 1 whenever
1 # j. Since any point is on exactly ¢+ 1 lines, every vertex of GG has degree exactly
q + 1 where loops add 1 to the degree of a vertex. The diagonal entries of A? are
all ¢ + 1 thus,

A% = J 4 ql.

The eigenvalues of J + ¢I are (¢ + 1)? with multiplicity 1, and ¢ with multiplicity
¢ +q. O

We remark here that the multiplicity of ¢ + 1 is 1 and the multiplicities
of £,/q are such that the sum of the eigenvalues is the trace of A, which is the
number of absolute points of G. This implies that given two polarity graphs from
projective planes of order ¢, if they have the same number of absolute points, then
they are cospectral. Since not all polarity graphs with the same number of absolute
points are isomorphic, this gives examples of graphs that are not determined by
their spectrum, which may be of independent interest. For more information about

determining graphs by their spectrum, see [84].

The next result is a consequence of Lemma 2.2.1 and the so-called Expander
Mixing Lemma (cf [3] or [20]). We provide a proof which uses some basic ideas

from linear algebra.

Lemma 2.2.2. Let G be a polarity graph of a projective plane of order q, and let S
be a subset of V(G). Let e(S) denote the number of edges in S, possibly including



11

loops. Then

(g + VISP _ Vals|

() 22 +q+1) 2

v

Proof. Let A be the adjacency matrix of G and let n = ¢> + ¢+ 1. Let {x;} be
an orthonormal set of eigenvectors of A. Since A has constant row sum, x; = \/Lﬁl

and A\; = ¢+ 1. By Lemma 2.2.1, the other eigenvalues of A are all &,/3.

Now let S be a subset of V(G) and let 15 be the characteristic vector for S.
Let é(S) denote the number of non-loop edges of S and [(S) denote the number of

loops in S. Then
1EALg = ) Aj; = 26(S) +1(S). (2.1)
1,jES
Next we give a spectral decomposition of 1g:

n

]-S = Z(lg, xz>$z

i=1
Noting that (1g,21) = % and expanding (2.1), we see that

n n

26(S) +1(S) = 3 (L, )\ = g+ VISP 3 (s, 7,) %N

. n :
=1 =2
Therefore,
R (g +1)|S? u ) " )
() +1(5) = IR <30 s A £ VA3 (s < VIS

Since e(S) = é(S) + I(S) and I(S) > 0, rearranging gives the result. O

Note that Lemma 2.2.2 does not give us any information when |S| = O(q).
Lemma 2.2.2 is not strong enough for our purposes in terms of proving Corollary

2.1.2.

2.3 Proof of Theorem 2.1.1 and Corollary 2.1.2

In this section we prove Theorem 2.1.1 and Corollary 2.1.2.
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Proof of Theorem 2.1.1. Let Il be a finite projective plane of order ¢ that contains
an oval H. Let 7 be a polarity of II and let G be the corresponding polarity graph.
We omit the subscript 7 for notational convenience. For v € V(G), write I'(v) for

the set of neighbors of v in G. Given S C H, let
Yo ={veV(G):|I'(v)NS| =2}

and Xg = Ys\S. Since H is an oval, the number of secants to H is (qgl). Thus,
for any pair of distinct vertices s;,s; € H, there is a unique vertex ¢; ; € Yy such
that ¢; ; is adjacent to both s; and s;. The vertex ¢; ; corresponds to the unique

secant that intersects H at s; and s;. Further, the only neighbors of ¢; ; in H are

vl = (5)

51+ 151 2 v51 = (5. 22)

s; and s; and so

for any S C H. This implies

When S = H, we get that |Xz| > (“4") — (¢ + 1) so by Lemma 2.2.2,

3
q
e(G[Xyl) > T O(¢*?). (2.3)
Let m € {1,2,...,q+ 1}. Choose S C H uniformly at random from the set of all
subsets of H of size m. If e(.S, X) is the number of edges with one endpoint in S
and the other in Xg, then using (2.2),

e(S, Xs) = 2| Xs| > 2(‘5') —9|S| = 2(”2””) —om. (2.4)

If e = uv € E(G[Xy]), then the at most four vertices in (I'(u) N H) U (I'(v) N H)
must be chosen in S in order to have e € F(G[Xg]). Therefore,

(m) _ m(m—1)(m —2)(m —3)
(21 (¢ +1)glg—1)(q —2)
m(m —1)(m —2)(m — 3).

q4

P(e € E(G[Xs])) >

>

By (2.3) and linearity of expectation,

Be(cpe)) > MDD o (1)
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Combining (2.4) and (2.5), we see that there is a choice of S C H with |S| =m

and
m\ = m(m—1)(m—2)(m —3) m!
Lastly, observe |SU Xg| < |S|+ |[Ys| = m+ (7). O

Now we use Theorem 2.1.1 to prove Corollary 2.1.2. We first prove a simple
inequality that expresses the number of edges of an induced subgraph of a polarity
graph in terms of the removed set of vertices.

Let G be a polarity graph of a projective plane of order ¢ and let X C V(G).
The number of edges in the graph G'\ X is

e(G) —e(X) —e(X, X°)
where e(X) includes counting loops in G. Since

e(X) +e(X,X) =Y _d(x) = e(X) < (q+1)|X] = e(X),

zeX

we have

e(G\ X) > e(G) — (g + 1) X] + e(X). (2.6)

Proof of Corollary 2.1.2. Let ¢ be a prime power and ER, be the Erdds-Rényi
orthogonal polarity graph. It is known that this graph has 1¢(g+1)* edges. Let m
be the largest integer satisfying m + (g‘) <2¢+3. Then m = |\/4q +25/4—1/2]

and

o)+ =D D), o

By Theorem 2.1.1, there is a set S C V(ER,) with |S| = m + () such that S
induces a subgraph with at least 6¢ — O(q'/?) edges. Let X = S U S’ where S’ is
an arbitrarily chosen set of 2q + 3 — |\S| vertices disjoint from S. Then by (2.6),

1 1 3
e(ER\X) > Sa(q+ 1)* —(g+1)(2¢+3)+6q—0(¢"?) = §q3—q2+§q—0 (¢"%).

Since ER, is Cy-free, we have

1 3
ex(¢=¢=2,C) 256 —¢"+5¢-0 (¢"%).



14

2.4 Concluding remarks

There are two special circumstances in which one can improve Theorem
2.1.1. Each indicates the difficulty of finding exact values for the parameter
ex(n, Cy).

e The first situation is when ¢ is a square. In this case, I, contains the subfield
F 5 and this subfield may be used to find small graphs that contain many
edges. For instance ER, contains a subgraph F' that is isomorphic to ER .
One can choose m = /g + 1 and let S be the set of absolute points in F.
These m vertices will also be absolute points in £ R, and thus are contained
in an oval (the absolute points of an orthogonal polarity of PG(2, ¢) form an
oval when ¢ is odd). If we then consider the (’;) vertices in Yy, these will
be the vertices in F' that are adjacent to the absolute points of F'. The set
Vs induces a 3(,/q — 1)-regular graph in F (see [8]). The set X = S U Yy
will span roughly % edges which is much larger than the linear in ¢ lower

bound provided by Theorem 2.1.1 when m = ,/q + 1.

e The second situation is when ¢ is a power of 2 and ¢ — 1 is prime. Assume
that this is the case and consider ER, ;. Let F' be a subgraph of ER,_;
obtained by deleting three vertices of degree ¢ — 1. The number of vertices
of Fis (¢—1)*+(¢—1)+1—3 = ¢* — ¢—2, and the number of edges of F
is at least %(q —1)¢*=3(g—1) = %q?’ — %qz — 3¢+ 3. This is better than the
result of Corollary 2.1.2 by a factor of about %qQ. A prime of the form 2" —1
with m € N is known as a Mersenne Prime. It has been conjectured that

there are infinitely many such primes, but this is a difficult open problem.

In [80], Sidon sets are used to construct Cy-free graphs. For a prime power
q, these graphs have ¢ — 1 vertices, and %q?’ —q+ % edges when ¢ is odd, and
%q3 — ¢ edges when ¢ is even. These graphs have a degree sequence similar to the
degree sequence of an orthgonal polarity graph and it seemed possible that these

graphs could be extremal. However, Theorem 2.1.1 can be applied to show

1
ex(q? = 1,C1) = 3¢° = O(/a),
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which shows that the graphs constructed in [80] are not extremal.

Chapter 2 is a version of material appearing in “Small dense subgraphs of
polarity graphs and the extremal number for the 4-cycle, Australasian Journal of
Combinatorics, 63(1), (2015), 107-114, co-authored with Craig Timmons. The

author was the primary investigator and author of this paper.
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Coloring ER

“Beautiful graphs are rare.”

— Lészl6 Babai and Péter Frankl

3.1 Introduction

In Chapter 2, we gave a geometric description of adjacency in ER,. We
now give an algebraic description that will be more suitable for our purposes in this
chapter. Let ¢ be a prime power and let V' be a 3-dimensional vector space over
F,. Let PG(2,q) be the projective geometry whose points are the 1-dimensional
subspaces of V' and whose lines are the 2-dimensional subspaces of V. Recall
that E'R, is the graph whose vertices are the points of PG(2, q). Distinct vertices
(20, 21, x2) and (Yo, y1,y2) are adjacent if and only if zoyo + 191 + 22y2 = 0. One
obtains an isomorphic graph if the equation for adjacency is xsy0 + Toys = T1y1
(see [65]) and it is this definition of ER, that we will use.

In Chapter 2, we saw that the graph FR, plays an important role in the
study of the Turdan number for Cy. Later these same graphs were used to solve
other extremal problems in a variety of areas such as Ramsey theory [6, 21, 58],
hypergraph Turdn theory [60], and even the Cops and Robbers game on graphs
[11]. We remark that graphs without short cycles are related to LDPC codes (cf
64]).

16
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Because of its important place in extremal graph theory, many researchers
have studied the graph F'R, as an interesting graph in its own right. Parsons [69]
determined the automorphism group of E'R, and obtained several other results. In

particular, Parsons showed that for ¢ = 1(mod 4), ER, contains a (g + 1)-regular

q

2) vertices with girth 5. This construction gives one of the best known

graph on (
lower bounds on the maximum number of edges in an n-vertex graph with girth
5. It is still an open problem to determine this maximum, and for more on this
problem, see [2]; especially their Conjecture 1.7 and the discussion preceding it.
Bachraty and Sirdii [8] reproved several of the results of [69] and we recommend
8] for a good introduction to the graph E'R,. They also used ER, to construct
vertex-transitive graphs with diameter two.

Benny Sudakov posed the question of determining the independence number
of ER, (see [90]), and it has since been investigated in several papers. Mubayi and
Williford [65] proved that if p is a prime, n > 1 is an integer, and ¢ = p", then

;

132+ 1g+1 ifpisodd and n is even,

17230% if p is odd and n is odd,
Of(ERq) 2 q3/2 . :

ENG if p=2 and n is odd,

¢? —q+q'? if p=2andn is even.

\

An upper bound on the independence number of E'R, may be obtained by

eigenvalue techniques by the well-known Hoffman Ratio Bound.

Theorem 3.1.1 (Hoffman [50]). Let G be a d-regular graph on n vertices and A,
be the smallest eigenvalue of its adjacency matrixz. Then

)\,
d— M\,

al(G) <n

As the graph E'R, with loops on the absolute points is regular, Hoffman’s
theorem may be applied to obtain a(ER,) < ¢*? + ¢'/? + 1. Therefore, the order
of magnitude of a(ER,) is ¢*/?. Godsil and Newman refined the upper bound
obtained from Hoffman’s bound in [42]. Their result was then improved using the
Lovasz theta function in [26]. When ¢ is even, Hobart and Williford [49] used

coherent configurations to provide upper bounds for the independence number of
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general orthogonal polarity graphs. When ¢ is an even square, the known upper
bound and lower bound for «(ER,) differ by at most 1. In the case when p is odd
or when p = 2 and n is odd, it is still an open problem to determine an asymptotic

formula for a(ER,).

Since the independence number has been well-studied and its order of mag-
nitude is known, it is natural to investigate the chromatic number of FR, which
is closely related to a(ER,). Let ¢ be any prime power. Then ER, has ¢* + q+ 1
vertices and a(ER,) = O(¢*?), and so a lower bound for x(ER,) is ZZ(E%E > q'/2.
One may ask whether this lower bound actually gives the right order of magnitude

of X(ER,). We confirm this for ¢ being an even power of an odd prime.

Theorem 3.1.2. If ¢ = p*" where p is an odd prime and r > 1 is an integer, then
X(ERy) < 24"+ 0 (¢'?/10gq) .

This upper bound is within a factor of 2 of the lower bound x(ER,) >

?+q+1
a(ERy)

ment to the best known lower bound on the independence number of ER, from

12 would give an improve-

> ¢'/2. Any improvement in the coefficient of ¢
[65]. The lower order term O(q'/?/log q) is obtained using probabilistic methods
[5] and while the implied constant is absolute, we have not made an effort to com-
pute it. By using Brooks’ Theorem instead of the result of [5], we obtain the upper
bound x(ER,) < 4¢*/? + 1 for all ¢ = p* where r > 1 is an integer and p is an
odd prime.

When ¢ is not an even power, we first prove the following general theorem.
Theorem 3.1.3. Let q be an odd power of an odd prime and let r > 1 be an
integer. If there is a u € F, such that x*" !
2r +5

3

— v is irreducible in Fy[z], then

X(ERgpr1) < EREEE (2r + g™ + 1.

Given an odd integer 2r + 1 > 3, there are infinitely many primes p for
which there is a u € F, such that 2%+ — i € F [z] is irreducible (see Section 3.5
for more details), where ¢ is an arbitrary odd power of p. Our method can also be

used to prove that if ¢ is a power of any odd prime, then

X(ERgp) < 6¢* + 1.
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Here we do not need the existence of an irreducible polynomial 2® — p € F,[x].

For ¢ an odd power of an odd prime, we have the following corollary.

Corollary 3.1.4. Let ¢ = p® for an odd prime p and an odd integer s > 3. If
t > 1 is the smallest divisor of s such that x* — p is irreducible in F o [z] for some

p€ Fpepe, then
t+4

. PPN/ /2

X(ERQ) <

We encountered difficulties in extending this upper bound to the general
case. In particular, when p is a prime, we have not been able to improve the upper

bound x(ER,) = O(p/log p) which is obtained by applying the main result of [5].

Conjecture 3.1.5. Let p be an odd prime. For any integer r > 0,
X(ERyrin) = O(p™1/2).

Instead of working with FR,, we work with a related graph that is a bit

more suitable for our computations.

Definition 3.1.6. Let ¢ be a power of an odd prime and A = {(a,a?) : a € F,}.
Let G, be the graph with vertex set F,xF,, and distinct vertices (x1,x2) and (Y1, y2)

are adjacent if and only if

(21, 22) + (y1,42) € A.

Let G| be the graph obtained from G, by adding loops to all vertices
(z1,22) for which (x1,23) + (z1,22) € A. Vinh [87] proved that the graph G
is a (¢%,q,v/2q)-graph. Recall an (n,d,\) graph is an n-vertex d-regular graph
whose second eigenvalue max{|Az], |A,|} is at most A\. Vinh used the fact that G}
is a (¢2, ¢, v/2q)-graph to count solutions to z; +x» = (x3+4)* where (21, 23) C B,
(x9,m4) C C,and B,C C FZ. For similar results that are obtained using techniques
from combinatorial number theory, see [24]. We prove that G, is isomorphic to an

induced subgraph of the Erdés-Rényi orthogonal polarity graph.

Theorem 3.1.7. If q is a power of an odd prime, then the graph G, is isomorphic
to an induced subgraph of ER,.
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In the course of proving Theorem 3.1.7 we will show how to obtain ER,
from G, by adding vertices and edges to GG;. This will allow us to translate upper
bounds on x(G,) to upper bounds on x(ER,).

In addition to finding a proper coloring of ERR,, we also investigate proper
colorings of small subgraphs of ER,. In particular, we obtain the following result

concerning small subgraphs of R, that are not 3-colorable.

Theorem 3.1.8. If q is sufficiently large, then ER, contains a subgraph H with
at most 36 vertices and x(H) > 4.

Let C" be the family of graphs with chromatic number r, and C; be the
family of graphs with at most k vertices and chromatic number r. Theorem 3.1.8

is motivated by the following problem of Allen, Keevash, Sudakov, and Verstraéte

2].

Problem 3.1.9 (Allen, et al. [2]). Let F be a family of bipartite graphs. Determine

if there is an integer k such that
ex(n, FUC;) ~ ex(n, FUC").

When considering Problem 3.1.9, a question that arises is if every extremal
F-free n-vertex graph (here n is tending to infinity) must contain some member of
C;.? In other words, does forbidding C; actually have an effect on extremal F-free
graphs. By Theorem 3.1.8, one cannot take 'R, to obtain a lower bound on the
Turdn number ex(n, {C,} UC}) for k > 36 without modifying ER, in some way. It
seems likely that for any integer r > 5, there exists integers ¢, and f(r) such that
for any ¢ > ¢,, the graph F'R, contains a subgraph with at most f(r) vertices and
chromatic number at least r.

In Section 3.2 we prove Theorem 3.1.7. In Section 3.3 we prove Theorems
3.1.2 and 3.1.3. In Section 3.4 we prove Theorem 3.1.8. Section 3.5 contains some

concluding remarks.



21

3.2 Proof of Theorem 3.1.7

Let g be a power of an odd prime power and A = {(a,a?) : a € F,}. Let
F, = {b1,...,b,} and assume that b, = 0. Let F' = {b;} x F,. Then F is a
subgroup of F? and we let

F, = F + (b;,0)

be the cosets of F' where F,, = F. Add new vertices zq,..., 2,y to G,. Make z
adjacent to all vertices in F;, and make y adjacent to each z;. Call this graph H,,.
Observe that G is an induced subgraph of H,. We define an isomorphism ¢ from
H, to ER, as follows.

1. For any b; € F, let ¢((0,b;)) = (1,0,27'0;).
2. For any bi,bj € Fq with bz 7é O, let (b((bza b])) = (1,bi,2_1(b]’ — b?))
3. Let ¢(y) = (0,0,1) and ¢(z;) = (0,1,b;) for 1 <i <gq.

We will show that ¢ is an isomorphism by considering the different types
of vertices in H,. Recall that the rule for adjacency in ER, is that (x¢,x1,22) is
adjacent to (yo,y1,y2) if and only if zoys + x2yo = z11.

Case 1: Vertices of type (0, b;).

Let b; € F,. In H,, the neighborhood of (0,b;) is {z,} U {(z,2? —b;) : x €

F,}. In ER,, the neighborhood of (1,0,27'b;) is

{(0,1,0)} U {(1,z,—27";) : v € F,}. (3.1)
By definition, ¢((0,—b;)) = (1,0, —27'b;) and for x # 0,
o((x,2* —b;)) = (1, 2,27 (2* — b; — 2%)) = (1,2, —27'b;).
This shows that (3.1) coincides with the set
{0(2)} U{o((w,2® = b)) s w € Fy}.

We conclude that for any b; € F,, (0,b;) is adjacent to w in H, if and only if
#((0,05)) is adjacent to ¢(u) in ER,.
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Case 2: Vertices of type (b;,b;) with b; # 0.
Let b;,b; € F, with b; # 0. In H,, the neighborhood of (b;,b;) is

{zYU{(z —b;,2° —b;) - x € F,}.
In ER,, the neighborhood of (1,b;,27(b; — b?)) is
{(0,1,6)} U{(1,z,b; — 27 (b; — b)) : x € F,}. (3.2)
We have ¢(z;) = (0,1,b;) and
A((bs — by, b7 — by)) = (1,0, =271 (b; — b))
For y # b;,

o((y—bi,y” — b)) = (Ly—0b,27" (" —b;— (y — b:)?))
= (L,y—byyb; — 27 (b; +b7)).

If we take z = y — b; in (3.2), we obtain
(Ly = b,y — 271 (b; + 7))

using the fact that 27! — 1 = —27!. We conclude that for any b;,b; € F, with
b; # 0, (b;, b;) is adjacent to u in H, if and only if ¢((b;, b;)) is adjacent to ¢(u) in
ER,.
Case 3: Vertices of type z;.

Let 1 < ¢ < ¢ and consider z;. The neighborhood of z; is {y} U{(b;,x) : x €
F,}. In ER,, the neighborhood of (0, 1,b;) is

{(0,0, 1)} U{(1,b;,2) :x € Fo} = {o(y) } U{(1,b;,z) : x € F,}.

Ifi = g, then 6((0,9)) = (1,0,27'y). Tt i # g, then ¢((bi,y)) = (1,bi, 2" (y — b2)).

As y ranges over F,, we obtain (1,b;, z) for all x € F,.

We have not checked the neighborhood condition for y € V(H,) but since

we have considered all other vertices, this is not necessary.
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3.3 Proof of Theorems 3.1.2 and 3.1.3

Throughout this section p is an odd prime and ¢ is a power of p. The set Fy
consisting of the nonzero elements of IF, can be partitioned into two sets " and

[, where
a € Ff if and only if —a € F.

Observe that the vertices (x1,z2) and (y1,y2) are adjacent in G, if and only if
1 +y1 = a and x5 + y» = a® for some a € [F,. This is equivalent to (z; + y1)2 =

To + Y. It is often this relation that we will use in our calculations.
Lemma 3.3.1. (i) If Fo = {af +b:a,b e F,} for some 8 € Fp \F,, then both
{(z.y0+2) 1z, 2 €Fpy €Fy} and {(z,y0 + 2) s v,z € Fp,y € F }

are independent sets in G|.
(ii) If t > 3 is odd and Fp = {ag+ -+ a,_10"" : a; € F,} for some 6 € Fy, then
both

{(xo+---+ 95(:5-3)/29%,90 + Y)Yy € Fooyi € F;}

and

t—3 _
{(wo+ - +au_s)00 7 ,yo+ -+ y-1) 25,y €Fgpp1 € I, }

are independent sets in G|,.

Proof. We prove the first case of (i) as the proofs of the remaining statements
are very similar. Suppose (21,110 + 21) and (22, y20 + 22) are vertices in G, with
T1, o, 21, 20 € Fgand yy,yo € Ff. Then (z14122)* € Fybut (y1+y2)0+(z1+22) ¢ F,
since y; + yo # 0. Therefore, the vertices (x1,y10 + z1) and (9, y20 + 22) are not
adjacent. O]

Lemma 3.3.2. For any k € F},, the maps ¥y, ¢r : V(Gy) — V(G,) given by

are automorphisms of G,,.
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Proof. Let k € F;. Suppose (x1,22) is adjacent to (y1,12) so that (zy 4+ y1)* =

ZTo + 2. In this case,

(1 +k+y+k)? = (21+ )+ 4kay + dkys + 45>
= (29 + 4kxy + 2K%) + (42 + 4Ky, + 2k?).

This shows that (z; + k, xo + 4kx, + 2k?) is adjacent to (y; + k, yo + 4ky; + 2k?).
Conversely, if (z1 + k, xo + 4kxy + 2k?) is adjacent to (y; + k, yo + 4ky; + 2k?), then
it must be the case that (x; +v1)? = T2 + y2 and so (z1,y;) is adjacent to (z2,y2).

To show that ¢y is an isomorphism it is enough to observe that (z —|—y1)2 =

T + ¥y is equivalent to (kzy + ky1)? = k*zo + k2ys. O

3.3.1 ¢ a square
In this subsection we prove the following.

Theorem 3.3.3. Let q be a power of an odd prime. The chromatic number of G 2
satisfies

X(Gg2) < 2¢+O(q/logq).

Proof. Let 6 be a root of an irreducible quadratic polynomial in F,[z] so that
Fp = {ad +b:a,b € F,}. Assume that 6> = 110 + po where g, 1 € F,. Let
I ={(z,y0 +2) : v,z € Fpy € F7}, I~ = {(w,y0 + 2) : x,2 € Fy,y € F},
and J = I"UI". By Lemma 3.3.1, J is the union of two independent sets and so
X(GplJ]) < 2. Let

S=J ().

keF,
By Lemma 3.3.2, each v is an isomorphism and so x(Gp2[S]) < 2¢. Let X =
V(Gg2)\S. Since Ff UF, =T}, we can write

S = {(z+ k0,y0 + z + 4kfx + 2k*0*) : x, k,y, 2 € F,,y # 0}.

Given a vertex (s,t) € V(Gyp), say with s = so + 516 and t = t( + 16, we can take

r = s and k = s; to obtain

{(s0+ 510,y0 + 2 + 4s1500 + 257 (1110 + o)) = y, 2 € Fyyy # 0} C S.
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The second coordinate in the above subset of S simplifies to
(2 + 287 10) + (y + 45180 + 257 111)0.

We can choose z = ty — 25219 and as long as t; # 4s159 + 25211, we can take
1 1

y =t — 45180 — 2s2p1. Otherwise, t; = 45189 + 2571 and so
X = {(s0 + 510, to + (45150 + 252 141)0) : 80, 51,10 € F,}.
Partition X into ¢ sets X, where s € I, and
X, = {(s0 + so, (281 + 4552)0 + 1 : 89,15 € F,}.
Claim 1: For any s € F,, A(Gp[X4]) <q.
Let s € IF,. A pair of vertices

(80 + 9, (25% 1 + 45882)0 + to) and (s0 + g, (25% 11 + 4sus)0 + vo),

both in X, are adjacent if and only if 452y + (so + ug)? = to + vo. If 89 and ty
are fixed, then there are ¢ choices for us and once uy is fixed, vy is determined.

Therefore, the maximum degree of G.[X,] is ¢.
Claim 2: A(Gp2[X]) <2¢—1.
By Claim 1, a vertex in X, has at most ¢ other neighbors in X;. Let s,t € [F,

where s # t. The vertex (s + s, (25?11 + 4589)0 + t3) € X, is adjacent to the
vertex (t0 + ug, (26?11 + 4tug) + vy) € X, if and only if

pr (8% 4 25t +12) + 2(s + t)sg + 2(s + t)uy = 1 (25 + 2t2) + 4ssy + dtuy  (3.3)

and
(8 + t)z/JJQ -+ (52 —+ UQ>2 = tz + Vg. (34)

Equation (3.3) can be rewritten as
pr(s — )% = 2(t — 8)sg + 2(s — t)uy. (3.5)

Thus if so and ¢, are fixed, then (3.5) and (3.4) determine us and v, since 2(s—t) #
0. This shows that a vertex in X, has exactly one neighbor in X; whenever s # t.
Namely, given the vertex (s + so, (25%p1 + 4582)0 + t3) € X, its unique neighbor
in X; where t # s is (t0 + ug, (2t*1u1 + 4tus)0 + v5) where
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Uy =27y (s — 1) + 8o and vy = (5 4+ 1)%ug + (289 + 27 i (s — 1))? — to.

We conclude that a vertex x € X has at most ¢ neighbors in X when z € X, and

one neighbor in each X; for ¢ # s. Since X = Uscr, X, we have proved Claim 2.

Alon, Krivelevich, and Sudakov [5] proved that any graph with maximum
degree d with the property that the neighborhood of every vertex contains at
most d?/f edges has chromatic number at most ¢(d/log f) where c is an absolute
constant. A Cy-free graph with maximum degree d has the property that the
neighborhood of every vertex contains at most d/2 edges. Applying the result of
5] to G 2[X], we obtain x(G.2[X]) = O(q/log q). Combining this coloring with our
coloring of S, we obtain a proper coloring of G2 with 2¢ + O(q/logq) colors. [

To obtain a coloring of ER; = H,2, we only need one additional color for
the vertices z1,...,24,y. The vertices z,..., 24, form an independent set in H
and so we use one new color on these vertices. The vertex y has no neighbors in
G2 and so we may use any one of the 2¢ + O(g/log q) colors used to G,z to color
y. This proves Theorem 3.1.2.

3.3.2 ¢ not a square
In this subsection we prove the following result.

Theorem 3.3.4. Let q be a power of an odd prime. If r > 1 and for some p € F,
the polynomial x> ' — 1 € F,[x] is irreducible, then

W +5 a
T g3 T+ (2r +1)g"

X(th) <

Proof. Suppose there is a p € Fj such that the polynomial b — p € Fylr] is
irreducible. Let 6 be a root of 2* — v in an extension field of F,. We may view 0 as

an element of Fr and {1,6,...,6% } is a basis for F: over F,. For 2r+1 <1 < 6r+3,

g — pd ==l i 2 1 <1< dr + 2,
p20 =42 if 4r 42 <1 < 61 + 3.

This identity will be used frequently throughout this subsection. Define

I"={(mo+x10+ 4z 0 yo+ -+ Y20 @,y € Fy ys € Fr}
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and
I ={(mo+z10+ 4z 10 yo+ -+ y20) s wy,y; € Fyp oy € FL Y

By Lemma 3.3.1, both I and I~ are independent sets. Let J = I U I~. Since
J is the union of two independent sets, x(Gg[J]) < 2. For k € F,, the map
Ue((z,y)) = (z + k,y + 4kx + 2k?) is an isomorphism of G+ by Lemma 3.3.2. Let

S= U oo ().
(Tryeeyor ) EFGTL
We properly color the vertices of S with at most 2¢" ™! colors. Let X = th\S .
It remains to color the vertices in X. To do this, we will proceed as follows. By
Lemma 3.3.2, for any k € F},, the map ¢y ((x,y)) = (kx, k*y) is an isomorphism of
Gg. Let 1 <1 < 2r and consider ¢g(X). Let Y, =S N ¢g(X). The graph G Y]]
is isomorphic to a subgraph of G[S]. We have shown that x(G,[S]) < 2¢"™ and
so x(Gg[Vl]) < 2¢"*! for any 1 < [ < 2r. Therefore, we can properly color the
vertices in
Gp' (Y1) = 95" (S) N X
with at most 2¢"*! colors. This gives a proper coloring that uses at most (2r +
1)2¢"** colors. The only vertices that have not been colored are those that are in
the set
Z =X N ¢g(X) N g2(X) N+ N ger (X).

We are now going to show that if (sg + -+ + $9,0*",tg + - -+ + £2,0°") € Z, then
each t; is determined by sq, ..., so.. This will allow us to prove an upper bound on
the maximum degree of G [Z] and we can then color G[Z] by applying Brooks’
Theorem.

We will use the following notation for the rest of this subsection. If s € F,
then sg, ..., so,. will be the coefficients of s in the unique representation s = sg +
510 + - -+ + 59,0*" where s; € F,. Given a 2r + 1-tuple (20, 21,...,2,) € F2,
define

r—1

2
azo, 21y .oy 20p) = 227 + 4 E ZiZ9r—j

J=0
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Claim 1: If (SQ + 4 827«92T,t0 + -+ t2r92r> € X, then

tgr = Oé(So, Sl 82r>.

Proof of Claim 1. A vertex in S is of the form
(To+ -+ 2o 0+ 20" 4 - A 29,07 Yo+ -+ Y, 07T
+4(x, 0" + -+ 29,07 ) (o + -+ 1077 + 2(2, 07 + -+ 19,677)?)
for some z;,y; € Fy, and yo, € IF; UF, =F,. The coefficient of %" in the second

coordinate is
r—1

Yor + 21‘? +4 Z TjTor—j-
=0

Thus, given any vertex (s,t) € F7,, we have that (s,t) € S unless

r—1
tor = 252 + 8;Sop_;
2r — r Jo2r—7j-
=0

Claim 2: If 1 <1 <2rand (s,t) € X N ¢e(X), then
tor—1 = poe(St, Siats - Sopa i S0, smy) L <T <,
and
topor—2 = MQQ(Sla Si4-1y -+ 5 S2ry :U’_1307 cee a/'L_ISl—l) ifr+1 < [ < 2r.
Proof of Claim 2. Suppose (s,t) € X N ¢p(X). There is an (x,y) € X such that

(5,t) = ¢g((z,y)). From the equation (s,t) = (#'z,0%y) we obtain by equating

coefficients of §°,0', ..., 6% in the first component,
;=84 for 0<i < 2r—1[ and pw; =8 o9pyyq1 for 2r —1+1<i<2r. (3.6)

If 1 <1<, then we obtain ty_1 = iy, by considering the coefficient of %~ in
the second component. Similarly, if r +1 <[ < 2r, we obtain ty_o,_2 = ?ys, by
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considering the coefficient of §2-2"=2 in the second component. Since (z,y) € X,

we have by Claim 1 that
Yor = a(T0, 71, . .., Tap). (3.7)

Using (3.6), we can solve for the x;’s in terms of the s;’s and then substitute into

(3.7) to complete the proof of Claim 2. O

For 0 < k < 2r, let
Up={{i,j} € {0,1,...,2r} : i+ j = k(mod 2r + 1)}.
Given {i,j} C {0,1,...,2r}, let

1 ifl1<i+7 <2,
Piigy = : .
pwo if2r+1<i+47<4dr—1

Claim 3: Suppose (s,t) € Z. If 1 <1 <r, then

tglfl = 2/,6512+T +4 Z ,u{i,j}sisj-
{1.j}€U21

If0<l<r-—1, then

ty = 25[2 +4 Z H{ijySiS;-
{i,7}€U

Proof of Claim 3. First suppose 1 <[ < r. By Claim 2,
tor—1 = HO(S1, 8141y -y Sory [ 80, -+ oy 1 8121
Using the definition of «, we get that
o1 = (287, +4A(sip sim1 4 Sl S+ Sa— i s

+  SySor + A+ Sitr—1Si4r4+1))

= 2usi, +4 D s
{t.j}€V2-1

Assume now that 0 <[ <r — 1. By Claim 2,

2 —1 —1
log = 04(51+7~+1,Sz+r+2, sy Sops b S0, - 1 Sl-i-r)-

We can now proceed as before using the definition of a. O]
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Claim 4: Let s,z € Fe. If 0 <1 < 2r, then the coefficient of §' in (s + z)? is

(siy2 + my2)” + 2 Z gy (Si + xi) (s + x;) if [ is even,
{ivj}EUl

and

u(sT+l/2+1/Q + I7~+l/2+1/2)2 + 2 Z /ub{i,j}(si + xi)(sj + Ij) if [ is odd.

{imj}EUl
Proof of Claim 4. Consider
2r
(s+a)> = (si+a)0% +2 Y (si+w)(s;+z,)0.
i=0 0<i<j<2r

The claim follows from the definitions of p; 3, U;, and the identity Ok = pgh-t
for 1 <k <2r. O

Claim 5: If (s,t), (z,y) € Z and (s + z)? =t +y, then
sy — Tpr)® + 2 Z i (si — ) (s; — ;) =0 for 1 <1 <,
{i,7}€U21—1
and
(s)—m)* +2 Z i (8i — ) (s; — x;) = 0 for 0 <1 <.
{i,7}1€Ux
Proof of Claim 5. By Claim 4, equating coefficients of 1,6, ...,6% in the equation
(s + )% =t +y gives
tor—1 + Yor—1 = ((Sir + Tigr)? + 2 Z Py (si+xi)(s; + ;) if 1 <1<,
{ivj}EUﬂ—l

and

t2l + Yo = (Sl —+ ;L‘l)2 =+ 2 Z M{M}(si + ZL'Z')(SJ' + ZL’j) lf 0 S l S T.
{i,j}€U

Now we apply Claim 3 to to_; and yo 1. This gives
2u(st,, +ay,) + 4 Z figigy (i85 + Tixj) =
{i,j}€Un_1

plsier +20e0)” + 20 Y gy (si+ @) (55 + 25)
{t.7}€U2-1
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for 1 <[ <. This can be rewritten as

(S1r — Ti4r)® + 2 Z iy (si — ) (s; — ;) = 0.
{i,7}€U2-1

A similar application of Claim 3 (and Claim 1 in the case of ¢y, and ys,) gives

(si—x)®+2 D pgplsi—zi)(s; —a;) =0
{i,j}EUQl

for0 < <r. O

We are now ready to find an upper bound on the maximum degree of the
subgraph of G, induced by Z. Fix a vertex (s,t) € Z. Suppose (z,y) is a
neighbor of (s,t) with (z,y) € Z. By Claim 5, (zo,...,22) € F2"*! is a solution
to the system

(S — Tppy)? + 2 Z pgigy(si—xi)(sj —xj) =0for 1 <1<,
{i,5}€U21-1

and
(sp— )% +2 Z pgig(si — @) (sj — ;) = 0 for 0 <1 <.
{’Lj}EUQl
If we set z; = s; — x; for 0 < i < 2r, then we see that we have a solution to the

following system of 2r+1 homogeneous quadratic equations in the 2r+1 unknowns

205y Zortl
M212+7~ +2 Z pgighzizg =0 for 1 <1 <,
{i,}€U21-1
and
zlg + 2 Z pirzizg =0 for 0 <1 <.
{i.j}eln
Lemma 3.3.5. The number of solutions (2, ..., 2y) € F2't to the above system

of 2r + 1 homogeneous quadratic equations is at most

3 .
3 q
Proof. Let m be the largest integer such that m < @ If there is set T' of size

m such that each z;" in the set {z; : i € T'} either is zero or is determined uniquely
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by the z;’s in the set {z; : j € {0,1,...,2r}\T}, then there are at most ¢* "'~
solutions. We will show there are at most (m+ 1) choices for the index set 7" which
implies that we have at most (m + 1)¢>™'=™ solutions in total.

Let A be the 2(r —m + 1) x m matrix with entries in F,, where for 1 <1i <
2(r—m+1) and 1 < j < m, the (4,7) entry of A is the coefficient of z;_; in the

equation

:uz72n+r+(i—1)/2 + 2 Z iy 2ez = 0
{k 1}V (m(i-1)/2) -1
if ¢ is odd, and the coefficient of z;_; in the equation

Zr2n+(i—2)/2 + 2 Z Pk 2z =0
{k} €U (ma(i-2) /2)

if 7 is even. If A is the matrix formed in this way, then one check that

22m—1 ~2m—-2 <2m—-3 - -- Zm
22m  22m-1 “2m—2 .- Zm41
A= 22m+1  22m R2m—1 - - Zm+2
Zor Zor—1  R2r—2 -+ R2r—m41
2(r+1
Asm < %, we have 2(r —m +1) > m. Let z = (20, 21, -, 2m_1)" and
-1 . . i
=27 Wt (i—1) /2 Z{k:l}eUQ(m+(i—1)/2)—l Py zezr if 4 ds odd
b‘ . {k,1}n{0,1,....m—1}=0
; =

_9-1 ) i P
2 2t (i—2) )2 Z{k,l}GUz(mw_z)/z) L1} 2120 if 7 is even
{k,13N{0,1,..,m—1}=0

for 1 <i<2(r—m+1). Let b= (b1, ba, ..., bap—ms1))’-
We next show an upper bound m + 1 for the possible choices for the index

set T'. Let r; be the i-th row of A so that

Ty = (ZQm—l—f—(i—l); 2om—24(i—1)5 F2m—34(i—1)1+ - = » Zm—l—(i—l))-

If r; = 0, then we take T' = {m,m + 1,...,2m — 1}. We assume r; # 0 for the

rest of the proof of the lemma.

Claim: If i > 1 and r;,; € Spanyq{rl, ...,r;}, then

Zm+its € SpanFq{zm, Zmaly -y Zmaio1) for j=0,1,....m — 1.
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Proof of Claim. We prove the claim by induction on j. Suppose
Tig1 = Ty + -+ oy (38)

for some «; € F,. By considering the last coordinate, we get that

i
Zmti = E jZm(j—1) € SPang {Zm, - Zmti-1}
i=1

establishing the base case j = 0. If 2,11, € Span]Fq{zm, oy Zmaiot )} for 0 < jo <
m — 2, then by (3.8),
i i—1

“mtitjo+l = § QG Zmtjot+1+(j—1) = QiZmtitjo T § :ajZm+j+j0'
j=1 j=1

By the inductive hypothesis, this is in Spang, {zm, - .., 2Zmti-1}- O

By the Claim, if there is an i € {1,2,...,m — 1} such that

ri+1 € Spang {r1,...,7:},
then there exist m z;’s that are uniquely determined by the other z;’s and we can
take T' = {zm44, Zmaitts - - - Z2meio1}. Otherwise, rq,...,r,, are linearly indepen-
dent which implies that the rank of A is at least m. It is at this step where we
need m < @ as we require the number of rows of A, which is 2(r —m + 1), to
be at least m. Since the rank of A is at least m, there is at most one solution = to
Az = b. In this case we take "= {0, 1,...,m — 1} and each of {2, 21,...,2Zm-1}
is determined by {2z, Zma1, - - -, 220 }-
Altogether, we have at most

2r+5 ar
3
3 q

ol

(m+1)g% 3 <

solutions which proves the lemma.
m

4r
By Lemma 3.3.5, the maximum degree of G[Z] is at most Zt2¢3 !

Therefore,
X(th) < 27’—0—5q4?r+1

+ (2r + 1)qr+1
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We obtain a coloring of FR, from a coloring of G+ as before. We use one
new color on the vertices 21,. .., 2, and then give y any color that is used on G .

This gives a coloring of ER, that uses at most %q%“ + (2r +1)¢"™ + 1 colors

which proves Theorem 3.1.3.

3.4 Proof of Theorem 3.1.8

The following lemma is easily proved using the definition of adjacency in

G,

Lemma 3.4.1. Suppose «;, o, o, are distinct elements of F, such that
a+a;=d’ o5+ o, =0, and oy, + o = &

for some a,b,c € Fy. If v +y=a,y+2z=0, and z +x = c, then

{(5E, ai)a (y7 aj)? (Z7 ak)}
induces a triangle in G,.

Given an odd prime power ¢, let x : F, — {0, £1} be the quadratic character
on F,. That is, x(0) = 0, x(a) = 1 if a is a nonzero square in F,, and x(a) = —1
otherwise. For the next lemma, we require some results on finite fields (see Chapter
5 of [61]).

Proposition 3.4.2. Let ¢ be an odd prime and f(x) = asx* + a1z + ag € F,[x]
where ay # 0. If a2 — dagay # 0, then

> x(f(e) = —x(az).

Proposition 3.4.3 (Weil). If f(z) € F,[z] is a degree d > 1 polynomial that is

not the square of another polynomial, then
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Lemma 3.4.4. If ¢ > 487 is a power of an odd prime, then there are elements

ai, ..., a5 € Fy such that ay, ..., a5 are all distinct, and
x(ai+a;) =1
for1 <i<j <5,

Proof. Choose oy € F} arbitrarily. There are q;21 nonzero squares in [y so we can

easily find an ay € F,\{0, a1} such that x(a; + ag) = 1. Observe that this implies

ay # —aq otherwise y(ag + ag) = 0. Assume that we have chosen ay, ..., € IFy
so that aq, ..., a; are all distinct and
Xl +aj) =1

for 1 <i<j<k. Let
k

F(a) =[]+ s+ )

i=1
and X = {3 €F,: f(B) =2F}. If B € F, and f(B) > 0, then x(c; + 3) € {0,1}
for 1 <i < k. We have x(a; + ) = 0 if and only if § = —«;. Therefore, there are
at most k distinct 3’s in F, such that 0 < f(3) < 2* which implies

28 X| + k2F 1 > Zf(a:):q+ Z Zx<H(x+a)>.

z€F, 0#SC[k] z€Fq acs

For any i € [k], }_,cp, x(; +2) =0. For any 1 <i <j <k,

Z x(2? + (i + ay)x + aa) = —1

€k,
by Proposition 3.4.2. When k = 2, if “:32;33'22 > 3+ 1, then | X| > 4 and we can
choose an a3 € F,\{0, a, as} that has the desired properties. When k € {3,4}, we
use Weyl’s inequality to obtain a lower bound on | X|. Observe that since oy, . . ., ay
are distinct, no product (z+a;,) -+ (x+a;,) for 1 < iy <--- < i; < kis the square

of a polynomial in F,[z]. By Weyl’s inequality, for any 1 <i; < --- <4 <k,

ZX(($+ai1>"'($+ail)) <17

z€lF,
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The hypothesis on ¢ implies that ¢ is large enough so that |X| > 5 when k = 3,
and | X| > 6 when k = 4. Therefore, we can inductively choose oy and as so that

a1, ..., as satisfy all of the required properties. m

Choose elements oy, ..., a5 € F} satisfying the properties of Lemma 3.4.4.
Let
2

4 + Oéj = am

for 1 <i < j <5. Since a; # —ay, no a;;’s is zero. For 1 < i < j <k <5, let

Tijk, Yijk, and z; ;. be any elements of IF, that satisfy
Tigh T Yijk = Qigs Yight Zige = aje, and Zigr 4 i = Qi

Then the vertices (z;;x, ), (Yijk 0;), and (2 x, ax) form a triangle in Gy and
this holds for any 1 <1< j <k <5.

Now we use these triangles, which are in G, together with the new vertices
21,...,%¢,y that are added to G, to from H, = ER, to obtain a subgraph with
chromatic number at least four. For 1 < ¢ < 5, the vertex z,, is adjacent to
all vertices of the form (z,q;). The vertex y is adjacent to each z;. Consider
the subgraph H, whose vertices are v, 2z,,,. .., 2q; together with all (z;x, ),
(Yijk, @), and (2 k) for 1 < i < j < k < 5. Suppose we have a proper 3-
coloring of this subgraph, say with colors 1, 2, and 3. If the color 1 is given to three
distinct vertices zq,’s, S8y Za,, 2a;, and 24, then only colors 2 and 3 may be used
on the triangle whose vertices are (z; jx, ), (Vijk, ), and (z; k. ax). Therefore,
all three colors must be used to color the vertices in the set {z,,, - . ., 2oy } but then
no color may be used on y. The number of vertices in this subgraph is at most

145+ (3)3 = 36.

3.5 Concluding remarks on coloring 'R,

The upper bounds of Theorems 3.3.4 and 3.1.3 can be improved for large
q by applying the main result of [5] to the graph G[Z] instead of using Brooks’

Theorem. We have chosen to use Brooks’ Theorem as then there is no issue of
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how large the implicit constant is, and because we believe that the upper bound
should be closer to O(g"/?).
Using a similar argument as the one used to prove Theorem 3.1.3, we can

prove the following.

Theorem 3.5.1. If q is a power of an odd prime, then
X(Ggs) < 6¢°.

A consequence is that x(ER,) < 6¢* + 1 whenever ¢ is a power of an odd
prime. Unfortunately, we were not able to extend this bound to the general case.
In the ¢* case, one can explicitly compute the relations satisfied by vertices in X
(see Section 3.3.2)) and then use these equations to bound the maximum degree
of G,s[X]. Dealing with the set X is one of the main obstacles in our approach.

We remark that if one could improve the bound in Lemma 3.3.5, it would
improve our result in Theorem 3.1.3. It seems likely that Lemma 3.3.5 could be

strengthened enough to improve the bound in Theorem 3.1.3 all the way down to
X(ERgzr+1) < (2r + 1+ 0(1))g" .

Perhaps this can be done using techniques from algebraic geometry.

The conditions on ¢ for which there exists an irreducible polynomial z* —p €
[F,[z] are known (see Theorem 3.75 of [61]). Let g be a power of an odd prime and
let t > 3 be an odd integer. Let ord(u,q) be the order of y in group F;. Then
xt — p € Fy[z] is irreducible if and only if each prime factor of ¢ divides ord(u, ¢)

q—1
ord(p,q) *

is an element a € F; with ord(a,q) = d. As long as t divides ¢ — 1, we can

but does not divide Since Fy is cyclic, for any divisor d of ¢ — 1, there

q—1
ord(u,q) °

Therefore, if ¢ = 1(mod t), then Theorem 3.1.3 applies and we obtain the upper
bound x(ER,) < @q%“ + (2r + 1)¢"™ + 1 in this case. For a fixed ¢ > 3,

choose an element ;1 € F}; so that ¢ divides ord(u, ) but ¢ does not divide

Dirichlet’s Theorem on primes in arithmetic progressions implies that there are
infinitely many primes p such that p = 1(mod t). Then for any ¢ which is an odd

power of such p, we have ¢ = 1(mod t).
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We end this chapter with a problem that, if solved, would significantly
strengthen our results. In Chapter 4 we give some evidence that such a theorem

might be true.

Problem 3.5.2. Determine if there is an absolute constant C' such that the fol-
lowing holds. If G is an orthogonal polarity graph of a projective plane of order q,
then

X(G) < Cq'.

Chapter 3 is a version of the material appearing in “On the chromatic num-
ber of the Erdds-Rényi orthogonal polarity graph”, Electronic Journal of Combi-
natorics, P2.21, (2011), 1-19, co-authored with Xing Peng and Craig Timmons.

The author was the primary investigator and author of this paper.
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Chromatic and Independence

Numbers of General Polarity

Graphs

“Swimming instruction, which in time became swimming practice,
was grueling, but there was the deep pleasure of doing a stroke with in-
creasing ease and speed, over and over, till hypnosis practically, the water
turning from molten lead to liquid light.”

— Piscine Molitor Patel

4.1 Introduction

In Chapter 3, it was noted that an upper bound on the independence num-
ber of ER, of the correct order of magnitude is given by the Hoffman Ratio Bound
(Theorem 3.1.1). In Chapter 2, we computed the eigenvalues of the adjacency ma-
trix of any polarity graph, and so Hoffman’s Theorem applies in this more general
setting, which we now describe.

Let X = (P, L,Z) be a projective plane of order ¢q. Recall that a bijection
6:PUL — PULIis a polarity if 6(P) = L, (L) = P, 62 is the identity map,
and pZl if and only if [°Zp?. A point p € P is called an absolute point if pZp®. A

39
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classical result of Baer is that any polarity of a projective plane of order ¢ has at
least ¢ + 1 absolute points. A polarity with ¢ + 1 points is called an orthogonal
polarity, and such polarities exist in the Desarguesian projective plane as well as
in other non-Desarguesian planes. For more on polarities see [52], Chapter 12.
Given a projective plane ¥ = (P, L,Z) of order ¢ and an orthogonal polarity 6,
the corresponding orthogonal polarity graph G(X, ) is the graph with vertex set P
where two distinct vertices p; and p, are adjacent if and only if p; Zp§. Let G°(X, )
be the graph obtained from G(X,6) by adding loops to the absolute points of 6.
In Chapter 2, we showed that the integer ¢ + 1 is an eigenvalue of G°(%, 6) with
multiplicity 1, and all other eigenvalues are ,/q or —,/q. Then Theorem 3.1.1 yields

—(* + g+ 1)(—¢'/?)

qg+1—/q

which gives a(G(X,0)) < ¢*/% + ¢"/? + 1. An improved estimate in the case that ¢

a(G°(2,0)) < (4.1)

is even was obtained by Hobart and Williford [49] using association schemes. They

conjectured that the upper bound (4.1) can be improved to
A(G(5,0)) < q(¢? + 1) — 2(¢"? — 1)(q + ¢"/?)'/?

but this is still open.

In Chapter 3, we discussed Mubayi and Williford’s result [65] giving a lower
bound for a(ER,) of the correct order of magnitude. In this chapter we obtain a
strengthening of their result to a wider class of orthogonal polarity graphs which we
introduce now and will be the focus of much of our investigations. We remark that
the study of polarity graphs coming from non-Desarguesian planes was suggested
in [8].

Let ¢ be a power of an odd prime and f(X) € F,[X]. The polynomial f(X)

is a planar polynomial if for each a € Fy, the map
r— flrx+a)— f(x)

is a bijection on [F,. Planar polynomials were introduced by Dembowski and Os-
trom [29] in their study of projective planes of order ¢ that admit a collineation

group of order ¢*. Given a planar polynomial f(X) € F,[X], one can construct a
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projective plane as follows. Let P = {(z,y) : z,y € F,} U{(z) : 2 € F,} U {(c0)}.
For a,b,c € Fy, let

[a,b] = {(z, f(x —a) + b) : x € F o} U {(a)},

[c] = {(c,y) - y € Fo} U {(c0)},

[00] = {(c) - c € Fy} U {(o0)}-
Let £ = {[a,b] : a,b € F,} U{[c] : ¢ € F,} U{[oc]}. Define II; to be the
incidence structure whose points are P, whose lines are £, and incidence Z is given
by containment. When f is a planar polynomial, II; is a projective plane. For
instance if f(X) = X? and ¢ is any power of an odd prime, II; is isomorphic to

the Desarguesian plane PG(2,q). For other examples, see [25].
Assume that f(X) € F,[X] is a planar polynomial. The plane II; possesses

an orthogonal polarity w given by

(Ia y)w = [—ZE, _y]7 and [CL, b]w = (—CL, _b)

where a,b,c € F;. We write Gy for the corresponding orthogonal polarity graph.
This is the graph whose vertices are the points of 1I; and two distinct vertices p;
and py are adjacent in Gy if and only if p; is incident to p§ in IIy. For vertices
of the form (z,y) the adjacency relation is easily described in terms of f. The

distinct vertices (z1,y1) and (z9,ys2) are adjacent if and only if

flx1 +22) = y1 + .

Our first result is a generalization of Mubayi and Williford’s result in [65]

to orthogonal polarity graphs which need not come from a Desarguesian plane.

Theorem 4.1.1. If q is a power of an odd prime and f(X) € F2[X] is a planar
polynomial all of whose coefficients belong to the subfield F,, then

o(Gy) = 3ala—1)

Even though we have the restriction that the coefficients of f belong to

F,, many of the known examples of planar functions have this property. Most of
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the planar functions discussed in [25], including those that give rise to the famous
Coulter-Matthews plane, satisfy our requirement.

It is still an open problem to determine an asymptotic formula for the
independence number of ER, for odd prime p. However, given the results of [65]
and Theorem 4.1.1, it would be quite surprising to find an orthogonal polarity
graph of a projective plane of order ¢ whose independence number is o(¢%?). We
believe that the lower bound Q(q3/ 2) is a property shared by all polarity graphs,

including polarity graphs that come from polarities which are not orthogonal.

Conjecture 4.1.2. If G(X,0) is a polarity graph of a projective plane of order q,
then
a(G(Z,0)) = Uq*?).

There are polarity graphs which are not orthogonal polarity graphs for
which Conjecture 4.1.2 holds. If G(X,0) is a polarity graph where 6 is unitary
and ¥ has order ¢, then a(G(%,6)) > ¢*? + 1. Indeed, the absolute points of any
polarity graph form an independent set and a unitary polarity has ¢*/2+1 absolute
points. In Section 4.3 we show that there is a polarity graph G(3,0) where 0 is

neither orthogonal or unitary and Conjecture 4.1.2 holds.

Theorem 4.1.3. Let p be an odd prime, n > 1 be an integer, and q = p**. There
is a polarity graph G(X,0) such that ¥ has order q, 0 is neither orthogonal nor
unitary, and

o(G(2.0)) > Sal/a— 1)

In connection with Theorem 4.1.1 and Conjecture 4.1.2, we would like to
mention the work of De Winter, Schillewaert, and Verstraéte [27] and Stinson [79].
In these papers the problem of finding large sets of points and lines such that
there is no incidence between these sets is investigated. Finding an independent
set in a polarity graph is related to this problem as an edge in a polarity graph
corresponds to an incidence in the geometry. The difference is that when one finds
an independent set in a polarity graph, choosing the points determines the lines.

In [27] and [79], one can choose the points and lines independently.
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As mentioned above, Conjecture 4.1.2 holds for unitary polarity graphs as
the absolute points form an independent set. Mubayi and Williford [65] asked
whether or not there is an independent set in the graph U, of size Q(q3/ %) that
contains no absolute points. For ¢ a square of a prime power, the graph U, has
the same vertex set as ER, and two distinct vertices (g, z1,x2) and (Yo, y1,y2)

Va Va Va

are adjacent if and only if xoyy " + x1yY" + 22yy* = 0. We could not answer their

question, but we were able to produce an independent set of size Q(q*/ 1) that

contains no absolute points. We remark that a lower bound of (g) is trivial.

Theorem 4.1.4. Let g be an even power of an odd prime. The graph U, has an

independent set I that contains no absolute points and
1] > 0.19239¢”* — O(q).

Related to the independence number is the chromatic number. In Chapter

3, it is shown that x(E'Rg2) < 2q+ O(g;L.) whenever g is a power of an odd prime.
Here we prove that this upper bound holds for another family of orthogonal polarity

graphs.

Definition 4.1.5. Let p be an odd prime. Let n and s be positive integers such
that s < 2n and 2?” 1s an odd integer. Let d = p® and q = p". We call the pair
{q,d} an admissible pair.

If {¢,d} is an admissible pair, then the polynomial f(X) = X% € F[X]

is a planar polynomial. For a nice proof, see Theorem 3.3 of [25].

Theorem 4.1.6. Let q be a power of an odd prime and {q,d} be an admissible
pair. If f(X) = X1 then

q
<9 1),
x(Gy) <2¢+ 0 <logq)

The eigenvalue bound (4.1) gives a lower bound of x(Gy) > q;giq::f so that
the leading term in the upper bound of Theorem 4.1.6 is best possible up to a
constant factor. Not only does this bound imply that a(Gy) > %qg’ —o(q?), but
shows that most of the vertices of Gy can be partitioned into large independent

sets.
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The technique that is used to prove Theorem 4.1.6 is the same as the one
used in [70] and can be applied to other orthogonal polarity graphs. In Section
4.6, we sketch an argument that the bound of Theorem 4.1.6 also holds for a plane
coming from a Dickson commutative division ring (see [52]). It is quite possible
that the technique applies to more polarity graphs, but in order to obtain a general
result, some new ideas will be needed. Furthermore, showing that every polarity
graph of a projective plane of order ¢ has chromatic number O(,/q) is a significant

strengthening of Conjecture 4.1.2. When p is prime, it is still unknown whether

X(ERy) = O(yPp).

4.2 Proof of Theorem 4.1.1

Let ¢ be a power of an odd prime and f(X) € F;.2[X] be a planar polynomial,
all of whose coefficients are in the subfield F,. Let Gy be the orthogonal polarity
graph whose construction is given before the statement of Theorem 4.1.1. Partition
[, into two sets F;r and F where a € F; if and only if —a € F. Let u be a root
of an irreducible quadratic over F, and so F2 = {a + pub: a,b € F,}. Let

I={(z,y+zp):a,yeFyzeF}.

Note that || = 3¢*(¢ — 1) and we claim that I is an independent set. Suppose
(x1,y1+21) and (w9, Y2+ 22p) are distinct vertices in [ and that they are adjacent.
Then

flrr4+22) =1 +y2 + (21 + 20) 0. (4.2)

The left-hand side of (4.2) belongs to F, since the coefficients of f are in F, and
21 + x9 € F,. The right-hand side of (4.2) is not in F, since z; + 25 # 0. We have

a contradiction so no two vertices in [ are adjacent.

4.3 Proof of Theorem 4.1.3

Let p be an odd prime, n € N, and ¢ = p?*. Let {1,\} be a basis for a

2-dimensional vector space over F,. Let o : F, — F, be the map 27 = z¥". Observe
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that o is a field automorphism of order 2, and the fixed elements of o are precisely
the elements of the subfield Fy» in F,. Let 6 be a generator of F; which is the
group of non-zero elements of IF, under multiplication. Let D be the division ring
whose elements are {z + \y : z,y € F,} where addition is done componentwise,

and multiplication is given by the rule
(x + Ay) - (2 4+ At) = zz + 0ty” + Nyz + z7t).
Here we are following the presentation of [52]. Define the map «: D — D by
(x 4+ Ay)* =ax+ \y°.

Let ITp = (P, L,Z) be the plane coordinatized by D. That is,

P=A{(z,y) :z,y € D}y U{(z) : x € D} U{(c0)}
and

L=A{[m,k] :m,k € D} U{[m]: m € D} U{[oc]}
where

[m, k] = {(z,y) :m -z +y =k} U{(m)},
[k} ={(k,y) : y € D} U{(c0)},
[00] = {(m) :m € D} U {(c0)}.
The incidence relation Z is containment. A polarity of Ilp is given by the map w

where

(00)* = [oc],  [00]* = (00), (m)” =[m"], [K]* = (k%)

and

(@, 9)" = [2% =¢°l,  [m, k] = (m®, —k%),

The polarity w has |D|*/* + 1 absolute points. Let G(IIp,w) be the corresponding
polarity graph.

We now derive an algebraic condition for when the distinct vertices

u= (1 + Ax2,y1 + Ay2) and v = (21 + Aza, 1 + Alo)
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are adjacent. The vertex u is adjacent to v if and only if uZv“. This is equivalent
to

(z1 + A, y1 + Aya2)Z[21 + A(22)7, —t1 + A(—(t2)7)]
which in turn, is equivalent to
(21 + A(22)7) - (x1 + Awo) = —y1 — t1 + M—y2 — (2)7). (4.3)
Using the definition of multiplication in D, (4.3) can be rewritten as
2121 + 0xozg + AN((22)7x1 + (21)7m2) = —y1 — t1 + AM(—y2 — (£2)7).
This gives the pair of equations
T121 + 01920 = —y1 — (4.4)

and

21(22)7 + 22(21)7 = —y2 — (t2)°.

Let [J, be the set of nonzero squares in [F,. Note that any element of F»

is a square in [F;. Define
I={(x1+ Ao,y + Ay2) w1, 91 € Fyn, w0 € Oy, 90 € F}

Then |I| = (¢ — 1)q(p")? = 3¢*(¢ — 1). We now show that / is an independent
set. Suppose that (z1 + 22\, 41 + y2A) and (21 + 29\, t1 + to\) are distinct vertices
in [ that are adjacent. Then (4.4) holds so

0 = (z920) ' (—y1 — t1 — 1121). (4.5)

The left hand side of (4.5) is not a square in F,. Since zy and 2 belong to O,
we have that (w29)7' is a square in F,. Since yi,t1, 21,21 € Fyn, we have that
—y1—t1—x12; is in Fp» and thus is a square in F;. We conclude that the right hand
side of (4.5) is a square. This is a contradiction and so I must be an independent
set. This shows that

o(GlTp,w)) > 1¢*(a 1),
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4.4 Proof of Theorem 4.1.4

Let p be an odd prime, n € N, and ¢ = p**. Let 0 be a generator of Fy. The
field F, contains a subfield with /g elements and we write F 5 for this subfield.
We will use the fact that V% = z if and only if z € F vz and that the characteristic
of I, is a divisor of /g without explicitly saying so.

Let U, be the graph whose vertex set is V(ER,) and two vertices (zg, 21, 22)
and (yo,y1,y2) are adjacent if and only if

2oy + w4 2oy = 0.

In [65], it is shown that U, has an independent set J of size ¢+ 1. This independent

set consists of the absolute points in U,; namely
+1 +1 +1
J = {(xg,x1,22) : xa/a + az}/a + xf =0}.

To find an independent set in U, with no absolute points and size Q(¢/*),
we will work with a graph that is isomorphic to U,. Let U; be the graph whose

vertex set is V(ER,) where (xg,x1,x2) and (yo, y1, y2) are adjacent if and only if
l’oyﬁ/a + 952%/5 = 331yf/a-

The proof of Proposition 3 of [65] is easily adapted to prove the following.

Lemma 4.4.1. The graph U, is isomorphic to the graph Uy .

For any p € F\F g, we have F, = {a + by : a,b € F 4}. The next lemma

shows that we can find a p that makes many of our calculations significantly easier.
Lemma 4.4.2. There is a pn € F)\F 5 such that V74 = 0.

Proof. Let p = 2Vt Since F
fact that —1 = 02(¢~1_ we find that

= (6va*!), we have that p ¢ F 5. Using the

pVit o = g2vaVarD 4 gs(Vath) — gavalvatl) _ gzla-D+s(vatD)
— p3letva) _ pzlatva) _
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For the rest of this section we fix a u € F,\IF 5 that satisfies the statement
of Lemma 4.4.2. Given ¢ € F g, define

Xe={(1,a,b+cp):a,bcF 4}

Lemma 4.4.3. If ¢; and co are elements of F with ¢, # co, then the graph U;

has no edge with one endpoint in X., and the other in X.,.

Proof. Suppose that (1, aq,by + cip) is adjacent to (1, ag, by + cop) where a;, b, ¢; €
F . By definition of adjacency in Uy,

by + CQM‘/a + by + cip = asas.
By Lemma 4.4.2, this can be rewritten as
(c1 — o) = ayas — by — be. (4.6)
The right hand side of (4.6) belongs to the subfield IF 5. Therefore, ¢; —c; = 0

since u ¢ F . O

Now we consider the subgraph U;[X.] where ¢ € F 5. The vertex set of
Ur[ X, is

q

{(1,a,b+cu):a,belF g}

and two vertices (1,a1,b; + cu) and (1, ag, by + cp) are adjacent if and only if
by + (Ve + 1) + by = ayas.
By Lemma 4.4.2, this is equivalent to
by — ayas + by = 0. (4.7)

Let ER?; be the graph whose vertex set is V(ER, j5) and (9, 71, 72) is
adjacent to (yo,y1,y2) if and only if

ToY2 — T1Y1 + T2yo = 0.

Proposition 3 of [65] shows that ER!; is isomorphic to ER 4. It follows from
(4.7) that the graph U;[X.] is isomorphic to the subgraph of ER induced by
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{(1,21,22) : 21,22 € F 5}. Note that ER;; has exactly /g + 1 vertices more than
Uz[Xc]. By Theorem 5 of [65], we can find an independent set in U;[X.] with at
least .19239¢%/* — ¢'/2 — 1 vertices. Call this independent set 1.

We want to throw away the absolute points in Uy that are in I.. In Uy[X.],
the vertex (1,a,b + cu) is an absolute point if and only if

b+cu+b+cpVt =a?
which, again by Lemma 4.4.2, is equivalent to
2b = a?.

There are /g choices for a and a given a uniquely determines b. Thus I. contains
at most ¢'/? absolute points in U,. Let J. be the set I, with the absolute points
removed so that |.J.| > .19239¢%* — 2¢'/2 — 1.

Define
I = U J..
CGF\/&

By Lemma 4.4.3, I is an independent set in U;. Observe that
17| > /q(0.19239¢%* — 2¢"/* — 1) = 0.19239¢°* — O(q)

and I contains no absolute points.
We note that when ¢ is a fourth power, the coefficient 0.19239 may be raised

to 3, as Theorem 5 in [65] is stronger in this case.

4.5 Proof of Theorem 4.1.6

Let s and n be positive integers with 2?" =r > 3 an odd integer. Let ¢ = p",
d = p°, and note that {q, d} is an admissible pair. Let ]FZQ be the non-zero elements
of F2 and 6 be a generator of the cyclic group Fr.. Write Fy and F, for the unique
subfields of F,2 of order ¢ and d, respectively. An identity that will be used is

— (ps)r—l + (ps)r—Q 4o +ps + 1.
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It will be convenient to let
2n 1

t = 4.8
e (45)

and observe that ¢ is odd since r = 2?" is odd.

Lemma 4.5.1. There is a p € Fp\F, such that when p® is written in the form
pd = uy + ugp with uy, us € Fy, the element uy is a (d — 1)-th power.

Proof. Let h(X) = X9+ (69%1)4=1 X We claim that the roots of h are the elements
in the set Z = {0}U{09T1 T . 0 <4 < d—2}. Clearly 0is aroot. Let 0 < i < d—2.

Note that since 2n = sr,

dt = p" () '+ ) 2+ 4+ 1)
an + (ps)r—l 4o +p25 +ps

1+ () '+ +p* +p° = t(mod p™ — 1).
This implies d(q + 1 +it) = (¢+1)(d — 1) + (¢ + 1) + it(mod ¢* — 1) so that
(eq-l-l-‘rit)d o (0q+1)d—1‘9q+1+it = 0.
We conclude that the roots of h are the elements in Z.
Let p = 6771 The non-zero elements of the subfield F, are the elements
of the subgroup (#7*!) in F}.. Since ¢ is odd and ¢ + 1 is even, ¢ + 1 + ¢ is not
divisible by ¢ + 1 thus u ¢ F,. Let uy = (#77)4"1 and u; = 0. We have

0= h(u) :Iud_ (9q+1)d_1,u:,ud—u1 — Us

so u? = u; + uspu. By construction, p € Fe\F,, pud = uy + ugp with ug, us € Fy,,
and us is a (d — 1)-th power. O

The next lemma is known (see Exercise 7.4 in [61]). A proof is included for

completeness.

Lemma 4.5.2. If us, 6 € Fy, and uy is a (d — 1)-th power, then for any & € Fp,
the equation

X4 401X =¢

has a unique solution in Fg.
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Proof. Let uy,d € F}, and g(X) = X? 4 up0” ' X. The polynomial g is a permu-
tation polynomial if and only if the only root of g is 0 (see Theorem 7.9 of [61]).
If g(X) = 0, then X(X% ! + up09!) = 0. It suffices to show that —uyd?! is
not a (d — 1)-th power of any element of F2 as this would imply that the equa-
tion X9 + uy6%' = 0 has no solutions. By hypothesis, u, = w?! for some
w € F,. Since —1 is not a (d — 1)-th power, the product —ud?™" = —(wd)?~!
is not a (d — 1)-th power. We conclude that g is a permutation polynomial on
F,2. In particular, given any § € 2, there is a unique solution to the equation
X9 fuydd'X =€, O

For the rest of this section, we fix a u € F2\F, that satisfies the conclusion
of Lemma 4.5.1; that is,
1 =y + uop

where uy,uy € F, and uy is a (d — 1)-th power in Fp2. Let

Pt = wy + wap

where wy, wy € F;. We fix a partition of F} into two sets
x Tt —
F,=F, UF, (4.9)

where a € F} if and only if —a € F.

It will be convenient to work with a graph that is isomorphic to a large
induced subgraph of G;. By Lemma 4.5.2, the map x — 2% + x is a permutation
on F 2. Therefore, every element of F 2 can be written in the form a? + a for some
a € Fp and this representation is unique. Let A, 4 be the graph with vertex set
F,2 x F,2 where distinct vertices (a? +a,z) and (b% +b,y) are adjacent if and only
if

ab 4 ab? = x + .
Working with this equation defining our adjacencies will be particularly helpful for

the rather technical Lemma 4.5.8 below.

Lemma 4.5.3. The graph Ag 4 is isomorphic to the subgraph of Gy induced by
]qu X ]Fq2.
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Proof. One easily verifies that the map 7 : V(Apz4) = Fp2 X Fp2 defined by
7((a® + a, 7)) = (a,z + a®*)
is a graph isomorphism from A2 4 to the subgraph of G induced by Fp2 xFp. O
Lemma 4.5.4. If
I ={(a® + a, 21 + wop) : a, 71 € Fy 19 € Fr},
then I is an independent set in the graph Ap 4. The same statement holds with

I~ and ¥, in place of I and F, respectively.

Proof. Suppose that (a?+a, z;+zopu) is adjacent to (b%+b, y; +yot) where a, b € F,.
The left hand side of

a®d + ab® = (zy + 1) + (22 +y2) 1

is in [y s0 3 +y2 = 0. If @9,y € F, then x5 4+ y» # 0 and so no two vertices in

I can be adjacent. Similarly, no two vertices in I~ can be adjacent. O]
Lemma 4.5.5. For any k =a%+a € Fg2, the map
or((a® +a,2)) = (a® +a+k,z + a’a + aa® + ™)
is an automorphism of the graph Ag 4.
Proof. The vertex ¢ ((a? + a,)) is adjacent to ¢p((b% + b, y)) if and only if
v=(a’+a+a’+a,r+aa+a® + ot

is adjacent to
w= (b"+ b+ o’ +a,y + bla+ba + atth).
Since d is a power of p, v = ((a + a)? + (a + @),z + a’a + aa® + a4t1). Similarly,
w=((b+a)+ (b+a),y+bla+ba® +a®™).
From this we see that v is adjacent to w if and only if
(a4 )b+ )+ (a+a)b+a) = (4.10)
z + ala + aa + o™ + y + bla + bad + ot

A routine calculation shows that (4.10) is equivalent to the equation a%b + ab? =

z + y which holds if and only if (a® + a, x) is adjacent to (b + b, y) in Az O
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Let J = I U I~ and observe that J = {(a? + a,x, + xou) : a, 21 € Fy, 29 €
F}. Let
K= U P(auyt+ (o) (7).

BeF,

Lemma 4.5.6. If Ay /K] is the subgraph of Ap 4 induced by K, then
V(A g K) < 2.

Proof. By Lemma 4.5.4, the vertices in J may be colored using at most 2 colors.
By Lemma 4.5.5, the vertices in ¢x(J) can also be colored using at most 2 colors.
Since K is the union of g sets of the form ¢ (J) where k € F,2, we may color K

using at most 2¢ colors. L]

Lemma 4.5.6 shows that we can color all but at most O(q?) vertices of A 4
with at most 2q colors. We now show that the remaining vertices can be colored
with o(q) colors. Before stating the next lemma we recall that u? = u; + upp and

we let u™ = w; + wop where uy, ug, wy, wy € F,,.

Lemma 4.5.7. If X = (F2 x F2)\K, then

X ={((a+ B+ (a+ Bu), t1 + (B + afus + B wo)p) : a, Bt € Fy}.
Proof. For any 3 € F,, the set ¢(g,ya+(,)(J) can be written as
{(a®+a+(Bu)'+ (Bu), w1+ 2op+a’(Bu) +a(Bu)?+ (Bu)™") s a, 21 € Fy x5 € Fr}

Let (s1+sop, t1+top) € F2 xF2 where sq, 59,11, t2 € Fy. The vertex (s;+sap, t1+
top) is in K if we can find a, 21, 8 € Fy and 2, € F} such that

s+ s = (a+ )’ +a+ B, (4.11)
bt top = x4 @op+a®(Bp) + a(Bu)? + (Bp) . (4.12)
Since every element of F,2 can be written as z? 4 z for some z € F 2, we can write

s1 + sopt = 2% + 2z and then choose a and 8 in F, so that z = a + Bu. With this
choice of a and /3, equation (4.11) holds.
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Since u®*! = wy + wyp, equation (4.12) can be rewritten as
t1 + tQ/UL = (l‘l + aﬁdul + ﬁd—HU}l) + (ZL’Q + adﬁ + aﬁduQ + 5d+1w2)u. (413)

Let 71 = t; — afu;, — B4 wy. If ty # a?B + afus + B w,, then we can take
Ty = ty—a?f—af%uy— T wy and (4.12) holds. Therefore, the vertices in Fyz x F2

not in K are those vertices in the set

{((a+ Bu)* + (a+ Bu),t1 + (a®B + aBuy + B wo)p) : a, Bt € F,}.
]

Lemma 4.5.8. If Ap 4[X] is the subgraph of Apg 4 induced by X = (Fpe xFp)\K,
then

Wpalx) =0 (1)),

log g
Proof. For B € F,, partition X into the sets Xz where

X ={((a+ Bu)*+ (a+ Bp), t1 + (a®B + apuy + B wo)p) : a,ty € Fy}.
Fix a g € F, and a vertex
v=((a+Bp)" + (a+ Bu),ty + (a8 + aBuz + 4 ws) )
in Xg. Let v € F,. We want to count the number of vertices
w = (& + )" + (2 + ),y + (@ + 2y ug + 7 ws) )
in X, that are adjacent to v. The vertices v and w are adjacent if and only if

(a+ Bu)"(x + ) + (a+ Bu)(z + yp)?

(4.14)
— tl + n + (adﬁ + aﬁdUQ +6d+1w2 +.Td’}/ +'T’Ydu2 +’yd+1w2),u.

If v = B, then we can choose x € F, in ¢ different ways and the above equation
uniquely determines y;. We conclude that the vertex v € Xz has at most ¢ other

neighbors in Xpg.
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Assume now that v # 5. We need to count how many z,y; € F, satisfy
(4.14). A computation using the relations p¢ = u; + upp and pdtt = wi + wop

shows that (4.14) is equivalent to
ar + a®yp+ % (uy + upp) + By (wr + wop)
+az? + ay*(uy + uap) + B p+ By (wi + wap)
= 1+ y1 + (a8 + aBlus + 8wy + 2y + 2yt + v wg) .

Equating the coefficients of u gives

ay + Blrug + Blywy 4+ ayus + Bt + Bytwy =
a’B + afuy + 5wy + aty + 2y uz + s,

This equation can be rewritten as

2y = B) +a(y! = BN = € (4.15)

for some £ € I, that depends only on a, v, 3, and p. Since v — 3 # 0, equation
(4.15) is equivalent to

v ug(y = B) e =€y - )7 (4.16)

By Lemma 4.5.2, (4.16) has a unique solution for x since us is a (d — 1)-power and
v — B € F;. Once x is determined, (4.14) gives a unique solution for y;. Therefore,
v has at most one neighbor in X3. We conclude that the degree of v in X is at
most ¢ + (¢ — 1) < 2q.

The graph A, 4[X] does not contain a 4-cycle and has maximum degree
at most 2¢q. This implies that the neighborhood of any vertex contains at most ¢
edges. By a result of Alon, Krivelevich, and Sudakov [5], the graph A, 4/X]| can
be colored using O <$> colors. O]

Proof of Theorem 4.1.6. Partition the vertex set of Ay 4 as

V(qud) =KUJX.
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By Lemmas 4.5.6 and 4.5.8, we can color the vertices in K U X using 2q+ O (102(1)
colors. This gives a coloring of the vertices in Fp2 x Fp2 in Gy and it only remains
to color the vertices in the set {(m):m € Fp2} U {(oc0)}.

The vertex (00) is adjacent to (m) for every m € Fp. Since G is Cy-free,
the subgraph of G induced by the neighborhood of (c0) induces a a graph with
maximum degree at most 1. We may color the vertices in {(m) : m € F2}U{(c0)}
using three new colors not used to color F2 x [F 2 to obtain a 2¢ + O(@) coloring

Of Gf. O

4.6 Dickson Commutative Division Rings

Let p be an odd prime, n > 1 be an integer, ¢ = p", and a be any element
of F, that is not a square. Let 1 <r < n be an integer. Let D be a 2-dimensional

vector space over F, with basis {1, A\}. Define a product - on D by the rule
(z+Ay) - (z+ M) =22 +ay” 7 + Myz + st).

With this product and the usual addition, D is a commutative division ring (see
[52], Theorem 9.12 and note that it is common to call such a structure a semifield).
We can use D to define a projective plane II (see [52], Theorem 5.2). This plane
also has an orthogonal polarity (see [52], page 248). Let GD 2 be the corresponding

orthogonal polarity graph. Using the argument of Section 4.5, one can prove that

q
X(GDg) < 2q + (logq) :

A rough outline is as follows. Let AD, . be the subgraph of GD, induced by the

vertices

{((z1 + A2, y1 + Ay) 21, @2, 91, Y2 € F}

Partition I} into the sets F;} and F, where a € F} if and only if —a € F,. The
sets

I = {(z2A 1 +12) 129,91 € Fyyy € IF;}

and

I™ = {(2A 1 + y2A) 1 20,y €Fy 4 € IFq_}
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are independent sets in GD 2. For any k € F,, the map
gbk(xl + )\[L’Q, Y1 + )\yg) = (1‘1 + Axg + kf, 1+ )\yg + kxq + 2_1/{32 + )\xgk)

is an automorphism of AG 2.
Let J=1"UI" and K = {J;cp, ¢x(J) and observe that

K = {(k} + xg)\,yl + y2/\ + 2712 + /\5(72]{7) P21, Y1, ke Fq,yg € FZ}
If X = (D x D)\K, then
X = {(81 + SQ)\,tl + (8281)>\) :S1,89,t1 € Fq}

It can then be shown that the subgraph of GD, induced by X has maximum

degree at most 2¢q. The remaining details are left to the reader.

4.7 Concluding Remarks

The argument used to prove Theorem 4.1.4 can be extended to other unitary
polarity graphs. We illustrate with an example. Let a and e be integers with
a # £(mod 2¢), e = 0(mod 4), and ged(a,e) = 1. Let f : F, — F, be the
polynomial f(X) = X" where n = %(3“ + 1) and ¢ = 3°. The map f is a planar
polynomial and the corresponding plane is the Coulter-Matthews plane [25]. This

plane has a unitary polarity whose action on the affine points and lines is given by
(xhy)e = [_.73\/6, _yﬂ] and (CL’ b)e = (—a\/a7 _b\/a)

The proof of Theorem 4.1.4 can be modified to show that the corresponding unitary
polarity graph has an independent set of size 1¢°/* — o(¢**) that contains no ab-
solute points. The reason for the condition e = 0(mod 4) instead of e = 0(mod 2),
which is the condition given in [25] for f to be planar, is that we need /g to be
a square in order to apply Theorem 4.1.1 to the subgraphs that correspond to the
U;[X.] in the proof of Theorem 4.1.4.

Chapter 4 is a version of the material in “Independent sets in polarity
graphs”, co-authored with Craig Timmons, which has been submitted for publica-

tion. The author was the primary investigator and author of this paper.
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Sidon Sets

“Which way does Jensen’s inequality go again?”

— anonymous second-year graduate student

5.1 Introduction

The study of Sidon sets dates back to the 1930s, when Simon Sidon [75]
studied sets of integers A with the property that |{a1,as € A : a1 + as = k}|
is bounded. He then asked Erdés how large a subset of [n] can be if all of its
sums are distinct. Such a set is now called a Sidon set. That is, A is a Sidon
set if for a,b,c,d € A, a+b = ¢+ d implies that {a,b} = {c¢,d}. Since Sidon
asked this question, hundreds of papers have been written on Sidon sets and their
generalizations (see [4, 12, 19, 31, 34, 43, 62, 63, 66, 72, 77] for an incomplete list).

One such generalization is to introduce a graph to the question. A Sidon
set is when all pairs of sums are distinct. By specifying a graph, one may choose
which pairs of sums must be distinct. Given a graph G, a sum-injective labeling of
G is an injection x : V(G) — Z such that x(u) + x(v) # x(x) + x(y) for distinct
edges wv,zy € FE(G). A Sidon set then represents a sum-injective labeling of the
complete graph with loops on each vertex. Let S(G) be the smallest integer N such
that G admits a sum-injective labeling from V(G) to [N]. Old results on Sidon sets
imply that S(K,,) = (14 0(1))n? Surprisingly, Bollobés and Pikhurko [10] showed

o8
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that there are graphs with only n3/2+°() edges also giving S(G) = (1 + o(1))n?.
The main result of this chapter shows that a similar phenomenon happens
when one considers products instead of sums. Let G be a graph. We analogously
define a product-injective labeling of G' to be an injection x : V(G) — Z such
that x(u) - x(v) # x(x) - x(y) for distinct edges wv,xy € E(G). Let P(G) denote
the smallest positive integer /N such that there is a product-injective labeling y :
V(G) — [N]. Our main results of the chapter give asymptotically tight bounds on
P(G) relative to the maximum degree d and number of vertices of the graph G, for
all but a small range of values of d < n — 1. Let P(n,d) be the maximum possible
value of P(G) over n-vertex graphs G of maximum degree at most d. Specifically,

we prove the following theorem:

Theorem 5.1.1. There exist constants a,b > 0 such that (i) P(n,d) ~n ifd <
n'/2(logn)~® and (ii) P(n,d) ~ nlogn if d > n'/?(logn)®.

An old result of Erdés [31] implies P(K,,) ~ nlogn, whereas Theorem 5.1.1
shows that P(G) ~ nlogn for graphs which are much sparser than K,. The
labeling of the vertices of any n-vertex graph G with the first n prime numbers
is always a product-injective labeling from [N] where N ~ nlogn, via the Prime
Number Theorem. Theorem 5.1.1 then is an analogous result for products that
Bollobés and Pikhurko [10] proved for sums and differences, where a change in

behavior was also observed around d = n'/?2

. Theorem 5.1.1 will be proved with
a > log2 and b > 5.5; while our method allows these values to be slightly improved,
new ideas would be needed to determine P(n, d) for all the intermediate values of d.
In fact, the proof of Theorem 5.1.1(ii) establishes the much stronger result that if G
is the random graph on n vertices with edge-probability d/n and d > n'/?(logn)?®,
then P(G) ~ nlogn almost surely as n — oo. We also remark that Theorem 5.1.1
determines the maximum value of P(G) over n-vertex graphs with m edges for
almost all possible values of m.

It is a natural question to ask about other functions besides sums and
products. Let H be a k-uniform hypergraph and denote by K* the complete

k-uniform hypergraph on n vertices. If ¢ is a general symmetric function of &

variables, then S;(H) is the minimum integer /N such that there exists an injection
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c: V(H) — [N] such that whenever {vy, vy, ..., v}, {wy,we,...,wy} € E(H) are
distinct hyperedges, ¢(c(v1), c(va), ..., c(vr)) # d(c(wy), c(ws), ..., c(wg)).

The question of determining S(G) and P(G) then is the case when k = 2
and ¢(x,y) = x4y or ¢(x,y) = x-y respectively. For general H and ¢, this quantity
depends on number theoretic questions involving the number of representations of
integers as evaluations of ¢. For instance, if k = 2 and ¢(z,y) = (zy)* +z +y
and ¢(x,y) = ¢(u,v), then it is not hard to show {z,y} = {u,v} and therefore

S4(G) = n for every n-vertex graph G. Define
Ry(N)= > Lywi—e(y-
z,y€[N]F

Ty

This is the number of ways of writing integers in two ways as evaluations of ¢ on

[N]*. We prove the following general theorem:

Theorem 5.1.2. Let ¢ : ZF — 7Z be a symmetric function, and let H be an
n-vertex k-uniform graph of mazximum degree d > 1 such that for N > 8kn,

Ry(N) _ 1
N2k = 4d%n’

Then Sg(H) < max{N,4n}.

A difficult open question in combinatorial number theory is to determine
the largest Sidon subset of the integer squares {z? : > < N}, which is equivalent
to determining Sg(K,,) when ¢(x,y) = 22 +y?. In 1990, Cilleruelo [23] constructed
a Sidon sequence of squares {ay}, where ar < k*. Theorem 5.1.2 applies to
d(z,y) = 22 + y?, and in this case Ry(N) = O(N?*log N) [59], and therefore if G

is an n-vertex graph of maximum degree d:
S(G) = O(d+/nlogn +n). (5.1)

Note that this gives Sy(G) = O(n) for G with maximum degree O(v/n/logn). If
Or(T1, T2, ..., xp) = o} + 24 + -+ - + 2, then Euler’s Extended Conjecture states
that ¢.(x) = ¢.(y) has no non-trivial solutions if » > 2k, which would show
Sy(KF) = n. It seems plausible that for & < r < 2k, the number of solutions
(z,y) € [N]* x [N]¥ is O(N), which would give Sy(K”) = O(n). In the special case
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é(x,y) = 23+ 93, Euler (see Hardy and Wright [46], pages 199-200) determined all
solutions to 2 + 4% = 2% + w? in the rationals. A complete solution in the positive
integers is given by Choudhry [18]. Hooley [51], showed that for ¢(z,y) = 2 + 33,
R4(N) = cN*3 4 o(N*/3) and therefore if G is an n-vertex graph of maximum
degree d, then

Ss(G) = O(d**n3/® +n). (5.2)

Note that this gives S4(G) = O(n) for G with maximum degree O(n?/%).
Using (5.1) and (5.2) we have the following theorem as a corollary:

Theorem 5.1.3. There is a Sidon set A C [n*] such that every term of A is a
square and |A| > n'/3=°M) There is a Sidon set B C [n%] such that every term of
B is a cube and |B| > n®/°.

The chapter is organized as follows. The proof of Theorem 5.1.1 uses the
modified local lemma, which we state in Section 5.2, together with some facts on
the distribution of the number of divisors function 7. The proof of Theorem 5.1.1(i)
is given in Section 5.3, and Theorem 5.1.1(ii) is proved in Section 5.4. Theorem

5.1.2 is proved in Section 5.5.

5.2 Preliminaries

To prove Theorem 5.1.1, we make use of a probabilistic result known as the
modified local lemma, together with some well-known facts from analytic number

theory regarding the number of divisors of positive integers.

Modified local lemma. The modified local lemma, which is a version
of the Lovasz Local Lemma (see Alon and Spencer [7], page 65), is used in the

following form:

Proposition 5.2.1. Let Ay,..., A, be events in a probability space and for each
i € [n], let (J;, K;) be a partition of [n]\{i}. If there exists v € [0,1) such that for
all i and any choice K| C K,

P A () A | <71 |ily)

keK!
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then

P (ﬁz) > 0.

We note that Proposition 5.2.1 can be made stronger as well as nonsym-

metric, but we will not require this.

Distribution of the number of divisors. For a natural number £, let
7(k) be the number of divisors of k, and let (k) be the number of prime power
divisors of k. The Hardy-Ramanujan Theorem [45] gives [{z < N : [Q(z) —
loglog N| > /loglogN}| < N as N — oo. Since 7(n) < 2% one has the

following result:

Proposition 5.2.2.
[{n < N :7(n) > (log N)ls22rNVicsle Ny |
for any function k with k(N) — oo as N — oo.

In fact it turns out that €2 and log7 have normal orders — for more on

normal orders see Tenenbaum [83].

5.3 Proof of Theorem 5.1.1(i)

We show that P(G) ~ n for any graph G with V(G) = [n] and maximum
degree

d< nl/g(log n)—10g22—ﬁ(n)x/w

Y

where x(n) — oo and x(n) < (loglogn)/*. This in turn shows that Theorem
5.1.1(i) holds for any a > log2. Let m = [4n/k(n)], and let L be the set of the

first n + m natural numbers with at most
t = ﬁ(n)_l(log n)log 22m(n)\/log logn

1/4

divisors. Since k(n) < (loglogn)'/* and m < n, Proposition 5.2.2 shows that

max L ~n+m ~ n.
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Now uniformly and randomly select an n-element subset {¢,ls,...,¢,} of L and
define the injective labeling x(i) = ¢;. For an unordered pair {xy,uv} € (E(QG)) of
distinct edges of G, let A, ., be the event that x(x)x(y) = x(u)x(v) and define

J:By,uv = {Ajk:,rs : {.77 k7 r, S} N {ZL‘, Y, u, ’U} 7é Q)}

and
K:ry,uv - {Ajk,rs : {j? ka r, S} N {xay7 U,U} - Q)}

We apply the modified local lemma, Proposition 5.2.1, to the events A, ,,. The

set
M = L\{x(2) : z € V(G)\{w,v,z,y}}

has size m + 4. For any labels x(u), x(v), the number of ways of choosing

x(z), x(y) € M

such that x(z)x(y) = x(u)x(v) is at most

T(x(w)x(v)) < 7(x(u)7T(x(v)) < 2.

Now, given a labeling of {z € V(G) \ {u,v,z,y}}, the set M is fixed.
Therefore, given any labeling of {z € V(G) \ {u,v,z,y}}, choosing the labels of
x,y,u,v uniformly from M yields that the probability that x(z)x(y) = x(u)x(v)
is bounded above by

t? 2t?

@<W'

Since this upper bound did not depend on the choice of M, it holds for any labeling
of {z € V(G) \ {u,v,z,y}}. Note that once M has been determined, labeling

x,y,u,v from M does not affect whether or not events in K, ,, occur. Therefore,

given any choice of K C Ky

_ 2t2
P(Ayy o | m Ajkrs) < P(Agy 4w occurs when labeling from M) < —

m?’
{jk,rs}eK

E(G)) 7

For any {zy,uv} € (¥}

| Joyun| < 4d|E(G)] < 2d%n.
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Taking v = 1/(4d*n), and using m? > 16d*t*n, we find

1 2t*
,Y( ’V| Y, |) 8d2n mz

By the modified local lemma, the probability that none of the events A, ., occur is

positive. In other words, there exists a product-injective labeling x : V(G) — [N]

where N = max L ~ n. ]

5.4 Proof of Theorem 5.1.1(ii

In this section, we prove that labeling with primes is asymptotically optimal
for graphs that are much less dense than K, namely for the random graph G, 4/y,
with d > n'/%(logn)® and b > 5.5. Since Gy, 4/, for d > n/?(logn)® has maximum
degree asymptotic to d, this is enough for Theorem 5.1.1(ii). Throughout this
section, if H is a graph then Cy(H) is the number of 4-cycles in H.

5.4.1 Counting 4-cycles

Lemma 5.4.1. Let B = B(U,V) be a bipartite graph with {U| = m and |V| = n,
and let d be the average degree of the vertices in V. If nd> > 4m? and d > 2, then

n’d*
B) > .
Ci(B) 2 G

Proof. This is a standard exercise in applying Jensen’s Inequality, but we include
the proof for completeness. Let d(u,v) be the codegree of u and v, that is, the
number of vertices of B adjacent to both uw and v. Then the number Cy(B) of

4-cycles in B is precisely

B =Y (d(UQ’ ”)> .

{u,w}CcU
Let M = (T;) By Jensen’s Inequality, and since

> awo=3 ("),

{uw}CcU weV
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we have

Therefore .
Cy(B) > M<M2(2)).
Since nd? > 4m?, and (326) > }LxQ for x > 2,
n (d nd?
— > — > 2.
M\2 2m?

Using (§) > 12? again for z > 2,

n2d4 n2d*
B) > .
Ci(B) 2 64M ~ 64m?2

This proves the lemma. O

5.4.2 Counting solutions to uv = xy
A solution to uv = zy is non-trivial if {u,v} # {z,y}.

Lemma 5.4.2. For all € > 0, there exist § > 0 and no(e) such that for n > ngy(e),
if A C [n] and |A| > (1 + €)n/logn, then the number of non-trivial quadruples
{a,b,c,d} € (’2) satisfying ab = cd is at least on?(logn)~'%(loglogn) 2.

Proof. We shall prove the lemma with § = 271¢* and n > ny(e), where ng(e) is

the smallest positive integer such that for n > ny(e),

L”Q 2. (5.3)
(2logn)
1 g2
< . 5.4
loglogn — 27 (54)
n
(1+ %E)logn > 7w(n). (5.5)

8(logn)2(loglogn)® < 166Y2n/logn. (5.6)
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Note that (5.5) is possible since 7w(n) ~ n/logn by the Prime Number Theorem.

Consider the bipartite graph H = H(U, V) with parts U = [n?/3] U P and
V = [n'/?], where P comprises the primes in the interval [n?/? n]. Erdés [31] made

the following observation:
for any a € [n], there exist u, € U and v, € V' such that a = u,v, and u, > v,.

Therefore, for each a € A, choose a unique representation u,v, = a with
u, € U and v, € V (note that there may be many choices; choose one arbitrarily).

Now define E(H) by uv € E(H) if there exists an a € A with u = u, and
vV = ,.

Consequently, |E(H)| = |A]. If {wv,vw,wz,zu} is a 4-cycle in H, then
w,wz € A and vw,zu € A and (uv)(wz) = (vw)(ux). Therefore Cy(H) is a lower
bound for the number of non-trivial solutions to ab = cd with a,b,c,d € A. For

the remainder of the proof, we show Cy(H) > dn*(logn)~'°(loglogn)=2.

Let ko be the largest integer k such that 2¥%! < n'/2(logn)~*(loglogn)~'.
For 1 < k < ky, let

Up={ueclU:28"1p12 <y < 26012} and  Vii={v e Vv < 217kpl/2),

Denote by Hj the subgraph of H induced by U, and Vi. Also, let Hy be the
subgraph of H induced by U, and V;, where

Uy={uelU:u<n?} and Vy={veV:v<n/?}.

Finally, let H, be the subgraph of H induced by U, and V,, where

n
Ve = {u cUru> 2(logn)410glogn}

V. ={veV:v<2(logn)*loglogn} .

Then H = H, U:O:o Hy.. We consider the subgraphs Hj : k > 0 separately from
H,.
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Claim 1. If for some k € {0} U [ko], |E(Hg)| > en/(2logn)?, then
Cy(Hy) > on*(logn)~(loglogn)~2.

Proof. The average degree in Hj, of vertices in V} is

k—1,,1/2
g BHY| 2t
Vil (2logn)?

Since n > ny(e), (5.3) gives d > 2. Now

‘E(Hk)P - 822k—1n3/2

Vild? =
Vil Vi = (2logn)*’

and so (5.4) and 2 < n'/?(logn)~*(loglogn)~" gives
Vild® = [E(H)*/ |V = 4|UJ".

By Lemma 5.4.1 with m = |Uy],

ein?
Cy(Hy) > T (log n)F = on*(logn)~® > dn*(logn) '°(loglogn) 2

This proves the claim. O

Since Cy(H) > C4(Hy), we are done if |E(Hy)| > en/(2logn)? for some

k € [ko], so we assume this is not the case for any k € [kq]. Then

ko
ckon en

E(H,)| < ) 5.7

;‘ (Hy)| < (2logn)? < 4logn (5.7)
Next we consider H,.
Claim 2. If C4(H) < dn*(logn)'°(loglogn)~2, then
166'/%n
E(H, ) )
B(H)| < n(m) + 1o (53)

Proof. Let ﬁ* comprise all vertices of U, of degree at least two in H, and let I:I*
be the subgraph of H, induced by U, U V,. Then

|E(HA\HL)| < |U.] < 7(n). (5.9)

Now we will have proved the claim if we can show that |E(H,)| < 166"/?n/logn.

First we show that we may assume that |U,| > |V,|?. For if not, then we have
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B(H,)| < |V, = 8(logn)(loglog n)?

and we would be done by (5.6). Therefore we may assume |U,| > |V, |>.
Let d be the average degree in ]:]* of the vertices in U* Then d > 2 and

|Uo|d? > 4|Uo| > 4|Vp|?. By Lemma 5.4.1 with m = |V,
712,74 77 y12
 |Oopat ()P

Calto) 2 G407 2 “gape

(5.10)

Since Cy(H,) < dn*(logn)~'%(loglogn)=2 and m < 2(logn)*loglogn, (5.10) gives

168'%n
logn

|E(H,)| < 85'%(logn)~*(loglogn) 'mn <

Together with (5.9), this completes the proof of Claim 2. O

We now complete the proof of the lemma. By (5.7) and (5.8),

ko 166/%n en
E(H)| < |E(H, E(H)| < .
[E(H)| < |B( ”;‘ (Hl < 7(n) + 327+ Togn

Since § = 271¢? the last two terms above are at most en/2logn. By (5.5), m(n) <
(14 ¢/2)n/logn, so we conclude |E(H)| < (1 + ¢)n/logn. Since |A| = |E(H)|
and |A| > (1 + ¢)n/logn, this contradiction completes the proof. O

5.4.3 Proof of Theorem 5.1.1(ii)

Let ¢ > 0, and let 6 be given by Lemma 5.4.2. Let p = (logn)’/\/n with
b > 5.5. For a fixed labeling x : V(G,,) — Z, let P(x) denote the probability
that x is a product-injective labeling of G = G,, ,. To prove Theorem 5.1.1(ii), we
show that if n > (14¢)N/log N, then the expected number E of product-injective
labelings x : V(G) — [INV] satisfies
N
E= Y PX< ( ) maxP(x) < 1. (5.11)
n) x
x:V(G)—[N]

To prove this, we show P(y) < N~ for every fixed labeling x : V(G) — [N].
Let k € [N?], and let g, be the number of representations (for the given function

x) of the form & = x(i)x(j). That is gy is the number of pairs {i,j} with ¢ # j
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such that & = x(i)x(j). Then for x to be product-injective, for each k, at most
one of the g, possible edges {7, j} with k = x(i)x(j) may be selected to be in the
random graph G. For each k, let Ay be the event that at most one edge {4, j} with
x(i)x(j) = k is selected to be an edge of the random graph. Then by the union
bound, P(Ay) < (1 —p)% + grp(1 —p)%~'. Since the events { A} are independent,

we have

N2
P(x) < [T (0 = D)% + gep(1 = p)*7"). (5.12)
k=1
For a real-valued function f, let f, = max{f,0}. Then by Lemma 5.4.2, if n >

no(e), then
N2
on?
-1 > .
;(Qk )+ 2 (log n)'%(log log n)?

(5.13)

For z > 1let h(z) = ((1—p)* +xp(1 —p)*!). One may check that log h(z)
is a concave function. Thus, if g; > ¢g; + 2 and g; > 1, we have h(g;)h(g;) <
h(g; +1)h(g: — 1).

Therefore, if g; > g; + 2 and g; > 1, then (5.12) increases by replacing g;
with g; — 1 and g; with g; + 1. So by (5.13)

P(x) < (1 —p)?+2p(1 —p))! = (1 —p*)? < e,

2

where g = dn2(logn) P (loglogn)~2. Since p?g = dn(logn)?** P (loglogn)=2 >

nlogn, P(x) < n~?" < N7". This proves (5.11), and completes the proof of
Theorem 5.1.1(ii). O

5.5 Proof of Theorem 5.1.2

The proof is similar to that of Theorem 5.1.1(i). We show that if H is an

n-vertex k-uniform hypergraph of maximum degree d, then
Se(G) < N

whenever Ry(N)/N?* < 1/4d*n and N > 8kn. Randomly label the vertices of G
with integers in [N], and let [(v) be the label of vertex v. Let A,, be the event
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that vertices u,v € V(G) receive the same label, and let B, ; be the event that
o(l(v) ;v ee)=¢(l(v) :ve f) for edges e, f € H. Then

1 Ry(N)
P(Au,v) = N and P(Bej) = %

An event A, , or B, ¢ is mutually independent with any set of events A, , and By,
such that {z,y} N {u,v} =0 and (g U h) N {u,v} = 0. Therefore A, , is mutually
independent with a set of at least () — 2n other events A,, and a set of at least
2d - |H| < 2d*n/k events By, and B, is mutually independent with a set of at
least (‘g') —2kd-|H| > (|12{\) — 2d*n other events By, and at least (%) — 2kn events
A, ,. By the local lemma, if for some v,d € (0,1) we have

1

N

Ry(N)
N2k’

<A(1— )1 — )2/ < 5(1— )P (1 — 5y

then with positive probability none of the events A, , and B, occur, in which case
the coloring has a chance of being ¢-injective. Select v = 1/2kn and § = 1/2d*n.
Then it is sufficient that

11 Rs(N) _ 1
— < — d <
N = 8kn N2k = 82n

and these are satisfied by the assumptions in the theorem. This proves Theorem

5.1.2. [l

Chapter 5 is a version of the material appearing in “On sets of integers with
restrictions on their products”, European Journal of Combinatorics, 51, (2016),
268-274, co-authored with Jacques Verstraéte. The author was the primary inves-

tigator and author of this paper.
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Equations and Sum-Product

Estimates in Finite Quasifields

“It’s exactly like linear algebra. Linear algebra’s an unbelievably
specific subject. And in fact, there’s only, like, two things in all of linear
algebra. There’s all these definitions and mumbo-jumbo. But basically,
there’s only Gaussian elimination and the eigenvalue problem. And abso-
lutely every single problem in linear algebra is some variant on Gaussian
elimination or the eigenvalue problem. And yet despite being able to de-
scribe linear algebra in such a banal way, it’s one of the most important
subjects in mathematics because of its applications.”

— Jim Agler

6.1 Introduction

Let R be a ring and A C R. The sum set of A is theset A+ A={a+b:
a,b € A}, and the product set of A is the set A-A={a-b:a,be A}. A well-
studied problem in arithmetic combinatorics is to prove non-trivial lower bounds

on the quantity
max{|A + A[, |A- A|}

71
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under suitable hypotheses on R and A. One of the first results of this type is due
to Erdés and Szemerédi [33]. They proved that if R = Z and A is finite, then there

are positive constants ¢ and €, both independent of A, such that
max{|A + A|,|A- A|} > c|A|'te.

This improves the trivial lower bound of max{|A + A|,|A - A|} > |A|. Erdés
and Szemerédi conjectured that the correct exponent is 2 —o(1) where o(1) — 0 as
|A] = oco. Despite a significant amount of research on this problem, this conjecture
is still open. For some time the best known exponent was 4/3—o0(1) due to Solymosi
[78] who proved that for any finite set A C R,

A+ Al JA-Al} > Al
me{iA AL A AL 2 Sog Ay

Another case that has received attention is when R is a finite field. Let p be a

prime and let A C Z,,. Bourgain, Katz, and Tao [13] proved that if p° < |A| < p'™°
where 0 < § < 1/2, then

max{|A + A|,|A- Al} > c|A]** (6.1)

for some positive constants ¢ and e depending only on §. Hart, Iosevich, and
Solymosi [48] obtained bounds that give an explicit dependence of € on d. Let ¢
be a power of an odd prime, [F, be the finite field with ¢ elements, and A C F,. In
48], it is shown that if |A + A| =m and |A - A| = n, then

em?n|A|

AP < + cq**mn (6.2)

where c is some positive constant. Inequality (6.2) implies a non-trival sum-product

estimate when ¢'/2

< |A] < ¢q. The most general setting where a sum-product
estimate has been shown to hold is in [81], where Tao shows that such an estimate
holds in an arbitrary ring as long as, roughly speaking, A is not too close to a
subring and does not contain too many zero divisors. Using a graph theoretic
approach, Vinh [86] and Vu [89] improved (6.2) and as a result, obtained a better

sum-product estimate.
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Theorem 6.1.1 ([86]). Let q be a power of an odd prime. If A CF,, |A+A| =
and |A- Al =n, then

mn|A|

e

Corollary 6.1.2 ([86]). If q is a power of an odd prime and A C F,, then there
is a positive constant ¢ such that the following hold. If ¢*/*> < |A| < ¢*/3, then

clA*

g2

max{|A+ A|,|A-A|} >
If ¢ < JA| < g, then
max{|A + A, |4 A[} > c(q|A])2,

In the case that ¢ is a prime, Corollary 6.1.2 was proved by Garaev [41] using
exponential sums. Cilleruelo [24] also proved related results using dense Sidon sets
in finite groups involving [, and F}. In particular, versions of Theorem 6.1.3 and
(6.3) (see below) are proved in [24], as well as several other results concerning
equations in [F, and sum-product estimates.

Theorem 6.1.1 was proved using the following Szemerédi-Trotter type the-

orem in F,.

Theorem 6.1.3 ([86]). Let q be a power of an odd prime. If P is a set of points

and L is a set of lines in IF2 then

P||L
() e Pxzspen)<HEL gy o

We remark that a Szemerédi-Trotter type theorem in Z, was obtained in
[13] using the sum-product estimate (6.1).

In this chapter, we generalize Theorem 6.1.1, Corollary 6.1.2, and Theorem
6.1.3 to finite quasifields. Any finite field is a quasifield. There are many examples
of quasifields which are not fields; see for example, Chapter 5 of [28] or Chapter 9

of [52]. Quasifields appear extensively in the theory of projective planes.

Theorem 6.1.4. Let Q be a finite quasifield with q elements. If A C Q\{0},
|A+ Al =m and |A- Al =n, then

A2 < mn\A! 1/2\/—
q
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Theorem 6.1.4 gives the following sum-product estimate.

Corollary 6.1.5. Let QQ be a finite quasifield with q elements and A C Q\{0}.
There is a positive constant ¢ such that the following hold.
If 2 < |A| < ¢*3, then
A2

max{|A+ A|,|A-A|} > CA—

g2
If ¢ < |A] < g, then
max{|A + Al,|A- Al} > c(q|A])">.

From Corollary 6.1.5 we conclude that any algebraic object that is rich
enough to coordinatize a projective plane must satisfy a non-trivial sum-product
estimate. Following [86], we prove a Szemerédi-Trotter type theorem and then use

it to deduce Theorem 6.1.4.

Theorem 6.1.6. Let (Q be a finite quasifield with q elements. If P is a set of

points and L is a set of lines in Q?, then

P||L
(e Pxzspen)<HE L gy o

Another consequence of Theorem 6.1.6 is the following corollary.

Corollary 6.1.7. If Q) is a finite quasifield with q elements and A C @, then there
1S a positive constant ¢ such that

: Al°
|A-(A+ A)| > cminqgqg,— .
q

Furthermore, if |A| > ¢*/3, then one may take c = 1 + o(1).
The next result generalizes Theorem 1.1 from [88].

Theorem 6.1.8. Let ) be a finite quasifield with q elements. If A,B,C C Q,

then

q3

~ JAIBIC] + ¢?

|A+B-C|>q
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Our methods in proving the above results can be used to generalize theorems
concerning the solvability of equations over finite fields. Let p be a prime and let
A, B,C,D C Z,. Sarkozy [73] proved that if N(A, B,C,D) is the number of
solutions to a + b = cd with (a,b,¢,d) € A x B x C' x D, then

Al|Bl|C||D
N(A,B,C,D) — w < p'2\/|A||B||C||D]. (6.3)

In particular, if |A||B||C||D| > p?, then there is an (a,b,c,d) € A x B x C x D
such that a + b = ¢d. This is best possible up to a constant factor (see [73]). It
was generalized to finite fields of odd prime power order by Gyarmati and Sarkozy
[44], and then by the Vinh [85] to systems of equations over F,. Here we generalize
the result of Gyarmati and Sarkozy to finite quasifields.

Theorem 6.1.9. Let Q) be a finite quasifield with q elements and let A, B,C, D C
Q. Ify € Q and N,(A, B,C, D) is the number of solutions to a+b+~v = c-d with
acA,beB,ceC, andd e D, then

(¢ + 1)|A[|B|C||D| 1
N. (A, B,C, D) — < ¢/2\/|A||B||C||D].

Theorem 6.1.9 implies the following Corollary which generalizes Corollary

3.5 in [87].

Corollary 6.1.10. If Q is a finite quasifield with q elements and A, B,C,D C @
with |A||B||C||D| > ¢3, then

Q=A+B+C-D.
We also prove a higher dimensional version of Theorem 6.1.9.

Theorem 6.1.11. Let d > 1 be an integer. If Q) is a finite quasifield with q
elements and A C Q with |A| > q'ji%, then

Q=A+A+A A+ .. -+ A A

TV
d terms

Another problem considered by Sarkozy was the solvability of the equation
ab+1 = cd over Z,. Sarkozy [74] proved a result in Z, which was later generalized

to the finite field setting in [44].
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Theorem 6.1.12 (Gyarmati, Sarkozy). Let q be a power of a prime and
A, B,C,D CF,.

If N(A, B,C, D) is the number of solutions to ab+ 1 = cd with a € A, b € B,
ceC, and d € D, then

N(A, B,C, D)

Al|B||C||D
- EWEIENEL < sqreqaisiicion 2 + a¢

Our generalization to quasifields is as follows.

Theorem 6.1.13. Let Q) be a finite quasifield with q elements and kernel K. Let
v € Q\{0}, and A,B,C,D C Q. If N,(A, B,C, D) is the number of solutions to
a-b+c-d=r, then

1/2
N,(A,B,C,D) — W’ <4q (W)
q

K| -1
Corollary 6.1.14. Let Q be a quasifield with q elements whose kernel is K. If
A, B,C,D C Q and |A||B||C||D] > ¢*(|K| — 1)7!, then

Q\{0} CA-B+C-D.

By appropriately modifying the argument used to prove Theorem 6.1.13,

we can prove a higher dimensional version.

Theorem 6.1.15. Let (Q be a finite quasifield with q elements whose kernel is K.
IfACQ and |Al > g2t a(|K| —1)"Y2 then

Q\0}CA- At +A A

d terms

If @ is a finite field, then |K| = ¢, and the bounds of Theorems 6.1.13 and
6.1.15 match the bounds obtained by Hart and Iosevich in [47].

The rest of the chapter is organized as follows. In Section 6.2 we collect
some preliminary results. Section 6.3 contains the proof of Theorem 6.1.4, 6.1.6,
and 6.1.9, as well as Corollary 6.1.5, 6.1.7, and 6.1.10. Section 6.4 contains the
proof of Theorems 6.1.8, 6.1.11, 6.1.13, and 6.1.15.
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6.2 Preliminaries

We begin this section by recalling the definition of a quasifield. A set L

with a binary operation - is called a loop if
1. the equation a - x = b has a unique solution in x for every a,b € L,
2. the equation y - @ = b has a unique solution in y for every a,b € L, and
3. there is an element e € L such that e-x =z -e =z for all x € L.

A (left) quasifield Q is a set with two binary operations + and - such that (Q,+)
is a group with additive identity 0, (Q*,-) is a loop where Q* = Q\{0}, and the

following three conditions hold:
l.a-(b+c¢)=a-b+a-cforallabceq,
2. 0-2=0forall z € Q, and

3. the equation a -z = b - x + ¢ has exactly one solution for every a,b,c € Q)
with a # b.

We use 1 to denote the identity in the loop (Q*,-). It is a consequence of
the definition that (@, +) must be an abelian group. One also has x - 0 = 0 and
z-(—y)=—(z-y) for all z,y € Q (see [52], Lemma 7.1). For more on quasifields,
see Chapter 9 of [52]. A (right) quasifield is required to satisfy the right distributive
law instead of the left distributive law. The kernel K of a quasifield () is the set
of all elements k € ) that satisfy

l. (x4+y)-k=x-k+y-kforal z,y € Q, and
2. (z-y)-k=x-(y-k) forall z,y € Q.
Note that (K, +) is an abelian subgroup of (@, +) and (K*,-) is a group.

Lemma 6.2.1. Ifa€ @ and XA € K, then —(a-\) = (—a) - \.
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Proof. First we show that a-(—1) = —a. Indeed, a- (14 (—1)) =a-0 =0 and so
a+a-(—1) =0. We conclude that —a =a - (—1). If A € K, then

—(a-A) = a-(-N)=a-(0-X)=a-((0-1)-))
= (a-(0-1)-A=0+a-(-1))- A= (-a)- A
[

For the rest of this section, we assume that () is a finite quasifield with
|Q| = q. We can construct a projective plane II = (P, £,7) that is coordinatized
by (). We will follow the notation of [52] and refer the reader to Chapter 5 of [52]

for more details. Let oo be a symbol not in ). The points of II are

P={(z,y):z,ycQtU{(z):zeQU{(c0)}

The lines of II are

L={[m, k] :m, ke Q}U{[m]:meQ}U{[c]}.
The incidence relation Z is defined according to the following rules:
1. (x,y)Z[m, k] if and only if m -z +y = k,
2. (z,y)Z[k] if and only if x = k,
3. (x)Z|m, k] if and only if = = m,
4. (z)Z[oc] for all x € Q, (c0)Z[k] for all k € @, and (00)Z[o0].

Since |@| = ¢, the plane II has order q.

Next we associate a graph to the plane II. Let G(IT) be the bipartite graph
with parts P and £ where p € P is adjacent to [ € L if and only if pZl in II. The
first lemma is known (see [14], page 432).

Lemma 6.2.2. The graph G(II) has eigenvalues ¢ + 1 and —(q + 1), each with

multiplicity one. All other eigenvalues of G(IT) are +q'/2.

The next lemma is a bipartite discrepancy inequality.
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Lemma 6.2.3 (Bipartite Expander Mixing Lemma). Let G be a d-regular bipartite
graph on 2n vertices with parts X and Y. Let M be the adjacency matriz of
G. Letd =X > Ao > --- > Xy, = —d be the eigenvalues of M and define
A =max;z1 9, |Ni|. IfSCTX andT CY, then

e(s,1) = WUV 3 1577,
mn

Proof. Assume that the columns of M have been been ordered so that the columns
corresponding to the vertices of X come before the columns corresponding to the
vertices of Y. For a subset B C V(G), let xp be the characteristic vector for B.
Let {x1,...,22,} be an orthonormal set of eigenvectors for M. Note that since G
is a d-regular bipartite graph, we have

1

T = Ton (xx +xv), (6.4)

= (ux = ).

Now xEMxr = (S, T). Expanding xs and yr as linear combinations of eigenvec-

(6.5)

Ton

tors yields

e(5,T) = (Z(X&%)%) M <Z<XT,Ii>$i) = Z<XS,I1'><XT7$¢>)\¢-

i=1 i=1 i=1

Now by (6.4) and (6.5), (xs, 1) = (X5, Ton) = \/LQTL|S| and (xr, 1) = —{xr, Tan) =
\/Lg*n‘ﬂ Since Ay = —\g,, = d, we have

2n—1

j{: CXSJJ%><Xﬂﬂ7xi>Ai
=2
2n—1

<A [{xs mi) (xr, )|

1=2

-1 12 son 1 1/2
§>\<Z<XS,%>2> (Z(XTJ%V) :

=2 =2

2d|S||T
s 2SI

Where the last inequality is by Cauchy-Schwarz. Finally by the Pythagorean

Theorem,

2n—1
2|S|?
3tz =181 - 208 < |5

1=2
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and -
— 2|T
i2: T — T
> b =71 = - <7

Combining Lemmas 6.2.2 and 6.2.3 gives the next lemma.

Lemma 6.2.4. For any S CP and T C L,

6(5, T) _ (Q+ 1)‘S||T| < q1/2 |SHT|

P+qg+1 |~
where e(S,T) is the number of edges in G(II) with one endpoint in S and the other
n T

We now state precisely what we mean by a line in Q2.

Definition 6.2.5. Given a,b € Q, a line in Q? is a set of the form

{(z,y) € Q®:y=b-z+a} or {(a,y):yeQ}.

When multiplication is commutative, b-x +a = x - b+ a. In general, the
binary operation - need not be commutative and so we write our lines with the
slope on the left.

The next lemma is due to Elekes [30] (see also [82], page 315). In working
in a (left) quasifield, which is not required to satisfy the right distributive law,

some care must be taken with algebraic manipulations.

Lemma 6.2.6. Let A C Q*. There is a set P of |A+ A||A- A| points and a set L

of |A|? lines in Q? such that there are at least |A|® incidences between P and L.
Proof. Let P=(A+ A) x (A-A) and
l(a,b) = {(z,y) € Q*:y=0b-x—b-a}.

Let L = {l(a,b) : a,b € A}. The statement that |P| = |A + A||A - A| is clear from
the definition of P. Suppose l(a,b) and [(c, d) are elements of L and I(a, b) = (¢, d).
We claim that (a,b) = (¢,d). In a quasifield, one has z - 0 = 0 for every z, and
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- (—y) = —(x-y) for every z and y ([52], Lemma 7.1). The line [(a,b) contains
the points (0, —b-a) and (1,b—b-a). Furthermore, these are the unique points in
l(a, b) with first coordinate 0 and 1, respectively. Similarly, the line I(¢, d) contains
the points (0,—d - ¢) and (1,d — d - ¢). Since l(a,b) = l(c,d), we must have that
—b-a=—d-candb—b-a=d—d-c. Thus,b=dand sob-a=1>0-c. We can
rewrite this equation as b-a —b-c= 0. Since —z -y = = - (—y) and @ satisfies the
left distributive law, we have b- (a — ¢) = 0. If a = ¢, then (a,b) = (¢,d) and we
are done. Assume that a # ¢ so that a — ¢ # 0. Then we must have b = 0 for if
b # 0, then the product b- (a — ¢) would be contained in @* as multiplication is a
binary operation on QQ*. Since A C Q*, we have b # 0. It must be the case that
a = c. We conclude that each pair (a,b) € A% determines a unique line in L and
so |L| = |AJ%.

Consider a triple (a,b,c) € A3. The point (a + ¢, b - ¢) belongs to P and is
incident to I(a,b) € L since

b-(a+c)—b-a=b-a+b-c—b-a=0b-c

Each triple in A% generates an incidence and so there are at least |A|* incidences

between P and L. OJ

6.3 Proof of Theorem 6.1.4, 6.1.6, and 6.1.9

Throughout this section, () is a finite quasifield with ¢ elements, Il =
(P,L,T) is the the projective plane coordinatized by ) as in Section 6.2. The
graph G(I) is the bipartite graph defined before Lemma 6.2.2 in Section 6.2.

Proof of Theorem 6.1.6. Let P C Q* be a set of points and view P as a subset of
P. Let r(a,b) = {(z,y) € Q*:y=b-x+a}, RC Q? and let

L ={r(a,b): (a,b) € R}

be a collection of lines in @*. The point p = (p1,p2) in P is incident to the

line 7(a,b) in L if and only if po» = b- p; + a. This however is equivalent to
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(p1, —p2)Z[b, —a] in II. If S = {(p1, —p2) : (p1,p2) € P} and T = {[b, —a] : (a,b) €
R}, then
H{(p,)) e Px L:pel} =e(ST)

where e(S, T') is the number of edges in G(II) with one endpoint in S and the other
in T'. By Lemma 6.2.4,

ST
() ePxL:pel) < "T" + ¢ /IS

which proves Theorem 6.1.6. O]

Proof of Theorem 6.1.4 and Corollary 6.1.5. Let A C Q*. Let S = (A+ A) x (A-
A). We view S as a subset of P. Let s(a,b) = {(z,y) € Q*:y=b-x—b-a} and

L ={s(a,b) :a,be A}.

By Lemma 6.2.6, |L| = |A]* and there are at least |A]® incidences between S and

L. Let T ={[-b,—b-a]:a,be A} so T is a subset of L. By Lemma 6.2.4,
e(s,7) < B e /5

We have |L| = |T| = |A]*. It m =|A+ A| and n = |A - Al, then

AR L g4l .

Next we find a lower bound on ¢(S,T"). By construction, an incidence between S

e(S,T) <

and L corresponds to an edge between S and T in G(II). To see this, note that
(x,y) € S is incident to s(a,b) € L if and only if y = b-x — b-a. This is equivalent
to the equation —b-x + y = —b - a which holds if and only if (z,y) is adjacent to
[—b, —b - a] in G(IT). Thus,

mn|A|?

|A]P <e(S,T) < + ¢ Alv/mn. (6.6)

To prove Corollary 6.1.5, observe that from (6.6), we have

4
|A+ A||A- Al > min {cq|A|, Al }
q

where c is any real number with ¢ + ¢'/2 < 1. If x = max{|A + A|,|A - A|}, then
x > min{(cq|A|)"/?, Cl/Qi‘z} and Corollary 6.1.5 follows from this inequality. [

q1/2
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Proof of Corollary 6.1.7. Let AC Q, P=Ax(A-(A+ A)),

1(byc) ={(z,y) €Q*:y=b-(x+ )},
and L = {l(b,c) : b,c € A}. Then |P| = |A||A- (A + A)|, |L| = |A|?, and L is a
set of lines in Q2. Let z = |A- (A + A)|. Observe that each I(b,c) € L contains at
least |A| points from P. By Theorem 6.1.6,

Pl|L Al
|A|3 < | |q| | +q1/2 |PHL\ _ | ;Z +q1/2|A|3/221/2.

This implies that ¢|A[>? < |A]*22 + ¢*/%\/z. Therefore,

i —¢*? + Vi +41APq _ 4|4l
N 21 AP/2 2|AP(¢*2 + /¢ + 4]APq)

which implies that
Al3
|A-(A+ A)| > cmin {q, u} .
q

We note that if |A| > ¢*? then we can take ¢ = 1 + o(1). O

Proof of Theorem 6.1.9 and Corollary 6.1.10. Let A, B,C,D C (. Consider the
sets P = {(d,—a) : d € D,a € A} and L = {[c,b+ 7] : c € C,b € B}. An edge
between P and L in G(II) corresponds to a solution to ¢ - d + (—a) = b+ 7 with
ceC,de D,a€ A, and b € B. Therefore, e(P, L) is precisely the number of
solutions to a + b+ v = ¢-d with (a,b,c,d) € A x B x C x D. Observe that
|P| = |D||A| and |L| = |C||B|. By Lemma 6.2.4,
N,(4,8,0,p) - CEIABICIDY « e BTl
¢ +q+1

To obtain Corollary 6.1.10, apply Theorem 6.1.9 with A, B, C', and —D. For

any —y € @, the number of (a,b, ¢, —d) € Ax BxCx(—D) with a+b—~ = ¢-(—d)

is at least

(@ + DIAIBICI = DI,y
— A||B||C|| — D|. 6.7
T ¢"*IAIBICT = D] (6.7

When |A||B||C||D| > ¢3, (6.7) is positive and so we have a solution to a+b—~y =

¢+ (—d). Since this equation is equivalent to a + b+ ¢-d = 7 and 7 was arbitrary,
we get
Q=A+B+C-D.
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6.4 Proof of Theorems 6.1.8, 6.1.11, 6.1.13, and
6.1.15

Let Q be a finite quasifield with g elements and let K be the kernel of Q).
Let d > 1 be an integer and v € (). The product graph, denoted DPy(d, ), is the
bipartite graph with parts X and Y where X and Y are disjoint copies of Q%+!.
The vertex (x1,...,2q11)x € X is adjacent to (y1,...,yar1)y € Y if and only if

Tip1 +Y =21 Y1 + T2 Y2+ +2Tg - Yd + Ydt1- (6.8)

Lemma 6.4.1. The graph DPq(d,v) is ¢%-regular.

Proof. Fix a vertex (z1,...,2411)x € X. We can choose y, ...,y arbitrarily and
then (6.8) gives a unique solution for y;.1. Therefore, (z1,...,x4:1)x has degree
¢%. A similar argument shows that every vertex in Y has degree ¢%. O]

Lemma 6.4.2. If \; > Xy > --- > X, are the eigenvalues of DPq(d, ), then
Al < ¢¥? where X\ = maxizy , | \il.

Proof. Let M be the adjacency matrix of DPg(d,~). Assume that the first ¢4+

rows/columns of M correspond to the vertices of X. We can write

0 N
M =

where N is the ¢?*! x ¢?*! matrix whose (1, ..., Zar1)x X (Y1, - - -, Yar1)y-entry is

1 if (6.8) holds, and is 0 otherwise. Let J be the ¢?*! x ¢+ matrix of all 1’s and

let
0 J
P= )

M3 = ¢ M + ¢*(¢* ' — 1)P. (6.9)

We claim that

The (z, y)-entry of M? is the number of walks of length 3 from z = (21, ..., Z411)x

toy = (y1,...,Ya+1)y. Suppose that xy'z'y is such a walk where

Y =1, Yyq)y and ' = (2f,..., 20 )x.
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By Lemma 6.4.1, there are ¢¢ vertices 2’ € X such that 2’ is adjacent to y. In
order for zy'z'y to be a walk of length 3, ' must be adjacent to both z and 2z’ so
we need

Tar1 =T Yo+ Ta Yg+ Yo (6.10)
and

Ty =Ty Y+ Xy Y+ Y- (6.11)
We want to count the number of ' that satisfy both (6.10) and (6.11). We consider

two cases.

Case 1: x is not adjacent to y.

If 2, = o} for 1 < i < d, then (6.10) and (6.11) imply that x4y = 2, ;.
This implies z = 2’ and so z is adjacent to y but this contradicts our assumption
that z is not adjacent to y. Therefore, z; # x} for some 1 < i < d. Without loss
of generality, assume that z; # 2. Subtracting (6.11) from (6.10) gives

Choose v, ...,y € Q. Since @ is a quasifield and z; — 2 # 0, there is a unique
solution for y; in (6.12). Equation (6.10) then gives a unique solution for ¥, ,; and
so there are ¢*~! choices for y' = (v, ...,y )y for which both (6.10) and (6.11)
hold. In this case, the number of walks of length 3 from z to y is (¢¢ —1)¢?~! since
7' may be chosen in ¢ — 1 ways as we require (2,25, ...,2}) # (z1,22,...,24)
otherwise z = 2.
Case 2: x is adjacent to y.

The same counting as in Case 1 shows that there are (¢¢ — 1)¢?! paths

xy'x’y with  # 2. By Lemma 6.4.1, there are ¢ paths of the form xy/xy since

the degree of x is ¢°.
From the two cases, we deduce that
M3 — qu + qd—l(qd . 1)P

Let A; be an eigenvalue of M with j # 1 and j # n. Let v; be an eigenvector for

Aj. Since v; is orthogonal to xx + xy and xx — Xy, we have Pv; = 0 and so

M3Uj = quvj.
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This gives A;’- =q%)\; s0 [\ < g .

Proof of Theorem 6.1.8. Let A, B,C' C ) where @ is a finite quasifield with ¢
elements. Given v € @, let

Z,={(a,b,c) e AxBxC:a+b-c=7}.
We have > __[Z,| = |A]|B]|C] so by the Cauchy-Schwarz inequality,

2
[AP|BFICI* = (Z%\) <|A+B-ClY 17, (6.13)
v

vEQ

Let . =3 |Z,[>. By (6.13),

[AP|BI*|C?

|A+B-C| >
T

(6.14)

The integer x is the number of ordered triples (a, b, c), (a’,¥',¢) in A x B x C such

that a +b-c=d + b - . This equation can be rewritten as
a=b-(—c)+b - +d.

This is equivalent to the statement that (b,¥’, a)x is adjacent to (—c, ¢, a’)y in the

graph DP(2,0). Thus, x is the number of edges between the sets
S={(bV,a)x :a€ A bl € B}

and

T={(—cd,d)y:d €AecdeC}

in DPg(2,0). By Lemma 6.2.4 and Lemma 6.4.2,

ST
r=e(S,T) < % ¢ /ISIIT.

This inequality together with (6.14) gives

AP|BP?|ICJ? |A]?| B?|C[?
||A+TC| <r<{———-- +Q|A||B||C|
from which we deduce
e
A+B-C|>q—
| = BT
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Proof of Theorem 6.1.11. Let A C Q, S = A x -+ x A x (=A) C Q¥ and
T=Ax---xAxACQ¥. View S as a subset X and T as a subset of Y in the
graph DPg(7,d). By Lemmas 6.2.4 and 6.4.2,

¢’|S|IT| a2 JTSTITT
e(S,T) — T <2q |S]|T7.-
An edge between S and T corresponds to a solution to
—Qgp1FY=a1-a) 4+ ag-ay+ag,

with a;,a; € A. If |A] > q%, then e(S,7) > 0. Since 7 is an arbitrary element
of Q), we get

Q=A+A+A A+ - +A A
dt;;ms

which completes the proof of Theorem 6.1.11. O]

Proof of Theorem 6.1.13. We will work in the graph DPy(2,0). Let v € Q* and
A,B,C,D C Q. For each pair (b,d) € B x D, define

Lo(b,d)={(b-\d-\ —v- Ny : A€ K},

Claim 1: If (a,c¢) € Ax C and a-b+c-d =, then (a,c,0)y is adjacent to every
vertex in L (b, d).

Proof. Assume (a,c) € A x C satisfies a-b+c-d=r. If A € K*, then
a-(b-AN)4+c-(d-N)=(a-b)- A+ (c-d)-A=(a-b+c-d)-A=7-\

Therefore, 0 =a- (b- ) +c-(d-A) — - X which shows that (a, ¢, 0)x is adjacent
to (b-Ad- A, =7+ N)y.

Claim 2: If (bl,dl) 7é (bg,dg), then L,y(bl,dl) N L,y(bg,dz) = @

Proof. Suppose that L. (by,dy) N Ly (ba, d3) # (. There are elements A, § € K* such
that

(by - Ady - A, =y - ANy = (ba- B,da- B, —7 - B)y-
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This implies
by A=0by-fB, di-A=dy-3, and v-A=~-0.

Since 7 - A = - 8, we have v- (A — ) = 0. As v # 0, we must have A\ = [ so
by A=by - =0by-\. Using Lemma 6.2.1,

0=0b1- A= (ba-A)=by- A+ (=ba) - A= (b —by) - \.
Since A # 0, we have b; = by. A similar argument shows that d; = ds.
Let S ={(a,¢,0)x :a € A,c € C} and

7= |J L4
(b,d)eBxD
The number of edges between S and T in DPy(2,0) is N, (|K| — 1) where N, is
the number of 4-tuples (a,b,¢,d) € A x B x C x D such that a-b+c-d = 7.
Furthermore |S| = |A||C| and |T'| = |B||D|(]K|—1) by Claim 2. By Lemmas 6.2.4
and 6.4.2,

N - 1) - BT ] < o/TSITT (6.15)

This equation is equivalent to

N _ |A||B||C||D|‘ < <|AIIBIICIIDI)”2
Y — | >4\ Y7
q K| -1

which completes the proof of Theorem 6.1.13. O

The proof of Theorem 6.1.15 is similar to the proof of Theorem 6.1.13.
Instead of working with the graph DP(2,0), one works with the graph DP(d,0).

One counts edges between the sets
S ={(ay,...,a,0)x : a; € A}

and
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where L.(ay,...,aq) = {(a1 - A,...,aq- A\,—7y - Ay : A € K*}. The remaining

details are left to the reader.

Chapter 6 is a version of the material in “A Szemerédi-Trotter type theorem,
sum-product estimates in finite quasifields, and related results”, co-authored with
Thang Pham, Craig Timmons, and Le Anh Vinh, which has been submitted for

publication. The author was one of the primary investigators and authors of this

paper.



7

Fano Subplanes of Projective

Planes

“The survival of finite geometry as an active field of study depends

on someone finding a finite projective plane of a non-prime-power order.”

— Gary Ebert

7.1 Introduction

A fundamental question in incidence geometry is about the subplane struc-
ture of projective planes. There are relatively few results concerning when a pro-
jective plane of order k is a subplane of a projective plane of order n. Neumann
[67] found Fano subplanes in certain Hall planes, which led to the conjecture that
every finite non-Desargesian plane contains PG(2,2) as a subplane (this conjecture
is widely attributed to Neumann, though it does not appear in her work).

Johnson [53] and Fisher and Johnson [36] showed the existence of Fano
subplanes in many translation planes. Petrak [71] showed that Figueroa planes
contain PG(2,2) and Caliskan and Petrak [17] showed that Figueroa planes of
odd order contain PG(2,3). Caliskan and Moorhouse [16] showed that all Hughes
planes contain PG(2,2) and that the Hughes plane of order ¢* contains PG(2,3)
if g =5 (mod 6). We prove the following.

90
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Theorem 7.1.1. Let II be a finite projective plane of even order which admits an

orthogonal polarity. Then I contains a Fano subplane.

Ganley [40] showed that a finite semifield plane admits an orthogonal po-
larity if and only if it can be coordinatized by a commutative semifield. A result
of Kantor [54] implies that the number of nonisomorphic planes of order n a power
of 2 that can be coordinatized by a commutative semifield is not bounded above

by any polynomial in n. Thus, Theorem 7.1.1 applies to many projective planes.

7.2 Proof of Theorem 7.1.1

We collect some definitions and results first. Let II = (P, £,Z) be a pro-
jective plane of order n. We write p € [ or say p is on [ if (p,l) € Z. Let m be
a polarity of II. That is, 7 maps points to lines and lines to points, 72 is the
identity function, and 7 respects incidence. Then one may construct the polarity
graph G2 as follows. V(G2) = P and p ~ ¢ if and only if p € m(q). That is,
the neighborhood of a vertex p is the line 7(p) that p gets mapped to under the
polarity. If p € w(p), then p is an absolute point and the vertex p will have a loop
on it. A polarity is orthogonal if exactly n 4+ 1 points are absolute. We note that
as neighborhoods in the graph represent lines in the geometry, each vertex in G
has exactly n + 1 neighbors (if v is an absolute point, it has exactly n neighbors
other than itself). We provide proofs of the following preliminary observations for

completeness.

Lemma 7.2.1. LetII be a projective plane with polarity 7w, and G<. be the associated
polarity graph.

(a) For all u,v € V(G2), u and v have exactly 1 common neighbor.
(b) G2 is Cy free.
(c) If u and v are two absolute points of G2, then u + v.

(d) If v € V(G2), then the neighborhood of v induces a graph of mazimum degree

at most 1.
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(e) Let e = uv be an edge of G° such that neither w nor v is an absolute point.

Then e lies in a unique triangle in G2.

Proof. To prove (a), let w and v be an arbitrary pair of vertices in V(G?). Because
IT is a projective plane, 7(u) and m(v) meet in a unique point. This point is the
unique vertex in the intersection of the neighborhood of v and the neighborhood
of v. (b) and (c) follow from (a).

To prove (d), if there is a vertex of degree at least 2 in the graph induced
by the neighborhood of v, then G2 contains a 4-cycle, a contradiction by (b).

Finally, let u ~ v and neither u nor v an absolute point. Then by (a) there
is a unique vertex w adjacent to both v and v. Now uvw is the purported triangle,

proving (e). O

Proof of Theorem 7.1.1. We will now assume II is a projective plane of even order
n, that 7 is an orthogonal polarity, and that G2 is the corresponding polarity graph
(including loops). Since n is even and 7 is orthogonal, a classical theorem of Baer
([9], see also Theorem 12.6 in [52]) says that the n + 1 absolute points under 7
all lie on one line. Let aq,...,a,+; be the set of absolute points and let [ be the
line containing them. Then there is some p € P such that 7(l) = p. This means
that in G2, the neighborhood of p is exactly the set of points {a1,...,a,+1}. For
1 <i < n+1, let N; be the neighborhood of a; (note that a; € N;). Then by
Lemma 7.2.1.b, N; N N; = {p} if i # j. Further, counting gives that

n+1

V(@) =N (7.1)

Let ERS be the graph on 7 points which is the polarity graph (with loops) of
PG(2,2) under the orthogonal polarity (Figure 7.2).

Lemma 7.2.2. If ERS is a subgraph of G2, then Il contains a Fano subplane.

Proof. Let vy,...,v; be the vertices of a subgraph ERS of G°. Let l; = w(v;) for
1 <4 < 7. Then the lines [y,...,l; in II restricted to the points vy, ..., v; form
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Figure 7.1: ERS

a point-line incidence structure, and one can check directly that it satisfies the

axioms of a projective plane. O

Thus, it suffices to find FRJ in G2. To find FRY it suffices to find distinct
i, 7,k such that there are v; € N;, v; € N;, and v, € N, where v;v;v, forms a
triangle in G2, for then the points p, a;, a;, ag, v;, v, vy yield the subgraph ERS.
Now note that for all 7, and for v € N;, v has exactly n neighbors that are not
absolute points. There are n + 1 choices for ¢ and n — 1 choices for v € N;. As
each edge is counted twice, this yields

n(n—1)(n+1)
2

edges with neither end an absolute point. By Lemma 7.2.1.e, there are at least
nd—n

6

triangles in G9. By Lemma 7.2.1.c, there are no triangles incident with p, by

Lemma 7.2.1.b, there are no triangles that have more than one vertex in NN; for

n—1

any i, and by Lemma 7.2.1.d there are at most |“3

] = % — 1 triangles incident
with a; for each i. Therefore, by (7.1), there are at least
n®—n n
(3o
g (n+1) 5

copies of ERJ in G2. This expression is positive for all even natural numbers n. [
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7.3 Concluding Remarks

First, we note that the proof of Theorem 7.1.1 actually implies that there
are 2 (n?) copies of PG(2,2) in any plane satisfying the hypotheses, and echoing
Petrak [71], perhaps one could find subplanes of order 4 for n large enough. We
also note that it is crucial in both proofs that the absolute points form a line.
When n is odd, the proof fails (as it must, since the proofs do not detect if II is
Desargesian or not).

Finally, Bill Kantor [55] communicated to the author that Theorem 7.1.1
can be proved in an even shorter way by using the language of finite incidence
geometry and a theorem of Ostrom (Theorem 5.1 in [68]). Using this theorem, it
suffices to find a self-polar triangle in the projective plane (equivalent to finding the
triangle v;v;v5 in our proof). An advantage of our proof is that we get an explicit
lower bound on the number of Fano subplanes in the projective plane, whereas an
advantage of Kantor’s proof is that one does not even require the projective plane

to be finite.
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