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Abstract

The principal ratio of a connected graph, denoted +(G), is the ratio of the maximum and
minimum entries of its first eigenvector. Cioaba and Gregory conjectured that the graph on n
vertices maximizing () is a kite graph: a complete graph with a pendant path. In this paper
we prove their conjecture.

1 Introduction

Several measures of graph irregularity have been proposed to evaluate how far a graph is from
being regular. In this paper we determine the extremal graphs with respect to one such irregu-
larity measure, answering a conjecture of Cioaba and Gregory [5].

All graphs in this paper will be simple and undirected, and all eigenvalues are of the adjacency
matrix of the graph. For a connected graph G, the eigenvector corresponding to its largest
eigenvalue, the principal eigenvector, can be taken to have all positive entries. If x is this
eigenvector, let xyi, and .y be the smallest and largest eigenvector entries respectively. Then
define the principal ratio, v(G) to be

"}/(G) — l'max .
Lmin
Note that v(G) > 1 with equality exactly when G is regular, and it therefore can be considered
as a measure of graph irregularity.

Let P, - K, be the graph attained by identifying an end vertex of a path on r vertices to any
vertex of a complete graph on s vertices. This has been called a kite graph or a lollipop graph.
Cioaba and Gregory [B] conjectured that the connected graph on n vertices maximizing v is a
kite graph. Our main theorem proves this conjecture for n large enough.

Theorem 1. For sufficiently large n, the connected graph G on n vertices with largest principal
ratio is a kite graph.

We note that Brightwell and Winkler [4] showed that a kite graph maximizes the expected
hitting time of a random walk. Other irregularity measures for graphs have been well-studied.
Bell [3] studied the irregularity measure €(G) := A\;(G) — d(G), the difference between the
spectral radius and the average degree of G. He determined the extremal graph over all (not
necessarily connected) graphs on n vertices and e edges. It is not known what the extremal

connected graph is, and Aouchiche et al [2] conjectured that this extremal graph is a ‘pineapple’:
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a complete graph with pendant vertices added to a single vertex. Bell also studied the variance
of a graph,

var(G) = % Z |d, — jf

veV(G)

Albertson [I] defined a measure of irregularity by

Y ld(w) —d()

weE(G)

and the extremal graphs were characterized by Hansen and Mélot [6].

Nikiforov [9] proved several inequalities comparing var(G), €(G) and s(G) := >, |d(u) —d|.
Bell showed that €(G) and var(G) are incomparable in general [3]. Finally, bounds on v(G)
have been given in [5] 10, [, [7, 11].

2 Preliminaries

Throughout this paper G will be a connected simple graph on n vertices. The eigenvectors and
eigenvalues of GG are those of the adjacency matrix A of G. The vector v will be the eigenvector
corresponding to the largest eigenvalue A\, and we take v to be scaled so that its largest entry
is 1. Let x; and xj be the vertices with smallest and largest eigenvector entries respectively,
and if several such vertices exist then we pick any of them arbitrarily. Let x1, 22, -,z be a
shortest path between x7 and . Let v(G) be the principal ratio of G. We will abuse notation
so that for any vertex x, the symbol x will refer also to v(z), the value of the eigenvector entry
of x. For example, with this notation the eigenvector equation becomes

/\U:Zw.

w~v

We will make use of the Rayleigh quotient characterization of the largest eigenvalue of a graph,

T
v A(G)v
M (G) = _ 1
1(G) I(I)l;is( vty (1)
Recall that the vertices vy,vo,-- - ,v,, are a pendant path if the induced graph on these
vertices is a path and furthermore if, in G, v; has degree 1 and the vertices vo, -+ ,v,,_1 have

degree 2 (note there is no requirement on the degree of v,,).

Lemma 2. If \; > 2 and 0 = (A1 + \/\} —4)/2, then for 1 < j <k,

J g
ol —o 1

7(G) <

X .
c—oc—17
Moreover we have equality if the vertices x1,%2,--- ,; are a pendant path.

Proof. We have the following system of inequalities

AT > X2

ATz > x4 T3

ATz > xa+ 24
MTj—1 2> T+ T2



The first inequality implies that

S 1
x —x
125 %2
Plugging this into the second equation and rearranging gives
To > L o
2 = A% 1 3
Now assume that
Uj—1
Ti 22— Tit1.

K2

with u; positive for all j < ¢. Then
MTip1 2 T + Tiqo
implies that
u;
Tip1 2 v~ Tj42-
AL — U1
where Aju; — u;—1 must be positive because x; is positive for all j. Therefore the coefficients u;

satisfy the recurrence
Uit1 = AU — Uj—1

Solving this and using the initial conditions ug = 1, u; = A we get

i+l _ y—i—1

1

g
U; =
g— 0"

In particular, u; is always positive, a fact implicitly used above. Finally this gives,

U uy U T
pp> Ly > 2 > >
(5 Up U2 Uj—1
Hence , )
Tk 1 ol -0 _;
7(G) I r, — o—o L
If these vertices are a pendant path, then we have equality throughout. O

We will also use the following lemma which comes from the paper of Cioaba and Gregory
5]
Lemma 3. Forr > 2 and s > 3,

1
(s—1)*

In the remainder of the paper we prove Theorem |1} We now give a sketch of the proof that
is contained in Section Bl

1
14+ —=<MP K -1
s +S(s_1)< 1( s)<s—1+

1. We show that the vertices x1, %2, - ,Tr_o are a pendant path and that x; is connected
to all of the vertices in G that are not on this path (lemma .

2. Next we prove that the length of the path is approximately n — n/log(n) (lemma @

3. We show that zj;_o has degree exactly 2 (lemma ED7 which extends our pendant path to
T1,%2, -+ ,Tk—1. Jo do this, we find conditions under which adding or deleting edges
increases the principal ratio (lemma [7)).

4. Next we show that z;_; also has degree exactly 2 (lemma. At this point we can deduce
that our extremal graph is either a kite graph or a graph obtained from a kite graph by

removing some edges from the clique. We show that adding in any missing edges will
increase the principal ratio, and hence the extremal graph is exactly a kite graph.



3 Proof of Theorem [I]

Let G be the graph with maximal principal ratio among all connected graphs on n vertices,
and let k be the number of vertices in a shortest path between the vertices with smallest and
largest eigenvalue entries. As above, let x1,--- , 2 be the vertices of the shortest path, where
Y(G) = x/x1. Let C be the set of vertices not on this shortest path, so |C| = n — k. Note that
there is no graph with n — k = 1, as the endpoints of a path have the same principal eigenvector
entry. Also A\1(G) > 2, otherwise P,_s - K3 would have larger principal ratio. Finally note that
k is strictly larger than 1, otherwise xx = 1 and G would be regular.

Lemma 4. A\ (G) >n —k.

Proof. Let H be the graph Py - K, _k41. It is straightforward to see that in H, the smallest
entry of the principal eigenvector is the vertex of degree 1 and the largest is the vertex of degree
n—k+1. Also note that in H, the vertices on the path Py form a pendant path. By maximality
we know that v(G) > «v(H). Combining this with lemma |2} we get

ok —ogk ok — ok
T 2 (0) 2 () =

o—o1 UH—UI}1

where oy = (Al(H) + VA (H)? = 4) /2.
Now the function

k —k
¥ —x
Tr = ———-
L
is increasing when z > 1. Hence we have 0 > o, and so A\{(G) > \(H) >n — k. O
Lemma 5. x1,29,--- ,z_2 are a pendant path in G, and xy is connected to every vertex in G

that is not on this path.

Proof. By our choice of scaling, x;, = 1. From lemma [4]

n—k<M(G) =y <INl

Y~Tk

Now | N (z)| is an integer, so we have |N(zy)| > n—k+1. Moreover because 1, Za, - , T is an
induced path, we must have that |N(zy)| = n—k+1 exactly, and hence the N (zx) = CU{xp_1}.
It follows that z1, 29, ,xr_3 have no neighbors off the path, as otherwise there would be a
shorter path between z; and xj. O

_n_
logn -

Lemma 6. For the extremal graph G, we have n — k = (1 + o(1))

Proof. Let H be the graph P;- K,,_ ;11 where j = Ln — 2|, and let G be the connected graph

logn |’
on n vertices with maximum principal ratio. Let x1,---,x; be a shortest path from 1 to x
where v(G) = 2&. By lemma we have
M(G)<AG) <n—k+1.

By the eigenvector equation, this gives that

(@) < (n—k+1)* (2)
Now, lemma [2] gives that
P
’Y(H) - 1 illa
OH —0gy



where
M(H) +/A(H)? -4
5 .

Now, s — 1+ &(571_1) <M(P.-Kg)<s—1+ ﬁ, so we may choose n large enough that

o(H) =

oan +1> 00— oyt > Toen- By maximality of ~v(G), we have

n—% 2
—k+1)F> >~ (H) > [ —2 )
(= b+ 1 2 5(6) 2 () > ()

Thus, n — k= (1+ 0(1)) 557 - O

For the remainder of this paper we will explore the structure of G by showing that if certain
edges are missing, adding them would increase the principal ratio, and so by maximality these
edges must already be present in G. We have established that the vertices x1,x2, -+ ,xr_o are
a pendant path, and so we have

ok—2 _ g-k+2

(@) = i 3)

oc—0~ Tg_o

We will not add any edges that affect this path, and so the above equality will remain true. The
change in v is then completely determined by the change in A\; and the change in x_s. The
next lemma gives conditions on these two parameters under which v will increase or decrease.

Lemma 7. Let x1,22, + ,Zm—1 form a pendant path in G, where n —m = (14 0(1))n/log(n).
Let G be a graph obtained from G by adding some edges from @1 to V(G)\{z1,  * ,Tm_1},
where the addition of these edges does not affect which vertex has largest principal eigenvector
entry. Let \] be the largest eigenvalue of G- with leading eigenvector entry for vertex x denoted
xT, also normalized to have mazimum entry one. Define 61 and 6y such that /\T =(14d)M
and x;'%l = (14 02)xm—1. Then

o v(G4) > v(G) whenever 6; > 402/n
o v(G1) < v(G) whenever §; exp(201 A1 logn) < d2/3n.

Proof. We have

2 2n— 2\ . _(2n—
O':)\lf)\l_li)\l—372/\l—57,..72 3<n >)\1(2n n
n— n

So
M —M <oy —o< A\ =X =20 = A7

when ); is sufficiently large, which is guaranteed by lemma@ Plugging in AT = (14 d1)A1, we
get
oA < oy —o0 < 011+ 2AI1(1 - (1 + (51)_1) < 01A1 + 01

In particular
(14601/2)0 <op < (1426)0

To prove part (i), we wish to find a lower bound in the change in the first factor of equation

Let
xm—l _ x—m—i—l

fl) = ——F—.

r—x



Then 2mz™ 3 > f'(x) > (m —2)2™ 3 —ma™ 5, and using that n —m ~ n/log(n) and o ~ Ay
which goes to infinity with n, we get f'(x) > (m — 2)2™ 3. By linearization and because
f(o) ~ ™2 it follows that

m—1__ _—m+1 o m—1 _ ——m+1
ol 0+1 ><1+51(m 3))0 o

0'+—0'; - 2 oc—o1

Hence, if
(51 (m — 3)
2

then v(G41) > ~(G). In particular it is sufficient that 6; > 4d5/n.
To prove part (ii), recall from above that f’(z) < 2maz™ 3. Then, when z = (1 +

o(1))(n/ log(n))

> 09

flx+e) < 2m(z+e)™3
m—3
2ma™ 3 (1 + E)
x

me
2maz™ 3 exp (—)
T

m

IN

IN

2nz™ 3 exp(2log(n)e)

So for 0 < € < §1 A1, we have
fl(z+¢) < 2nx™ 3 exp(2log(n)di\;)

Hence ) ) . "
m—1 _ ——m+ m—1L__ —m
(1 + 3nexp(201A; logn)dy) z 0_1 > 7t Utl
g—0 o4 — 0'+

Lemma 8. For every subset of U of N(zy), we have

U -1<> y <UL
yeU

An immediate consequence is that there is at most one vertex in the neighborhood of xj with
eigenvector entry smaller than 1/2.

Proof. The upper bound follows from y < 1, and the lower bound from the inequalities

Y. y<IN@)l - Ul

yEN (zx)\U

and

S y=M(G) > IN(a)| - L.

yEN (zk)

Lemma 9. The vertex xp_o has degree exactly 2 in G.



Proof. Assume to the contrary. Let U = N(xp_2) N N(zg). Then |U| > 2, so by lemma |8 we
have

Z y>|Ul—1>1.

yeU

Now, by the same argument as the in the proof of lemma [2| we have that

-1
k—1 —k+1
g — 0
1@ =—— 5| D
yeU

Let H = P;;—1 - Kp—+2. Then by maximality of v(G) we have

ok—1 _ g—k+1

k—1 —k+1
g —
>5(G) > y(H) = L—H—

oc—o~1 O'H—O';I1

So 0 > oy, which means A1 (G) > A\ (H) > n — k + 1. This means that A(G) > n —k + 1, but

we have established that A(G) =n —k + 1. O
We now know that x1,zs, -+ ,xr_1 is a pendant path in G, and so equation [3| becomes
oh=1 _ g—k+1
G) = 4
WG) = T (4)

Lemma 10. The vertex xy_1 has degree less than 11|C|/+/logn.

Proof. Assume to the contrary, so throughout this proof we assume that the degree of zp_; is
at least 11|C|//logn. Let G, the graph obtained form G with an additional edge from x4
to a vertex z € C with z > 1/2. Let A\{ = A\;(G4) and let 2T be the principal eigenvector entry
of vertex z in G4, where this eigenvector is normalized to have z; = 1.

Change in \;: By equation we have \] — \; > 27;»107”122. A crude upper bound on |[v||3 is
2

2 4
2
o3 <1+ y+)\—1+A—%+~~<2,\1

Y~Tr

We also have that z > 1/2 so

AT > <1 T x’“) Ap.
! 2)\2

Change in z;_1: Let U = N(zx—1 N C). By the eigenvector equation we have

1
Tp-1 = N SEk—erT/kJrZy
1 yeU
1
o, = i a::_2+:c;:+z++2y+
1

yeU

Subtracting these, and using that A; < )\f and x, = x; =1, we get

1
af | —ap < 3 o w2t + Y YTy
yeU



By 1emma we have 37 ., y" —y < 1. We also have x5 —ak_o < 1and 2% < 1. Hence

x;r_l — k1 <3/A1, or
3
xg_l > <1 + )\Nﬂkl) Tr_1

We can only apply lemma if x; is the largest eigenvector entry in G4. So we must consider
two cases.
Case 1: If in G the largest eigenvector entry is still attained by vertex zj,, then we can apply
lemma [7 and see that v(GF) > 7(G) if

Tp_1 12
QA% ~ MITp_1n

or equivalently

2o 2N
k=12
We have that Ay = (1 + 0(1))(n — n/log(n)), so it suffices for
)
> . 5
T 1—»Vmi§ﬁ ()
We know that
. U] -1
k—1 o

By assumption

U] +2 = N(zx_1) > 11C)/+/logn
Equation [5| follows from this, so v(GT) > v(G).
Case 2: Say the largest eigenvector entry of G is no longer attained by vertex xy. It is easy to
see that the largest eigenvector entry is not attained by a vertex with degree less than or equal
to 2, and comparing the neighborhood of any vertex in C' with the neighborhood of x; we can
see that x; > y for all y € C. So the largest eigenvector entry must be attained by zp_;. Then
equation [4] no longer holds, instead we have

k—1 —k+1

g — 0
NGy) = T (6)
04+ *O'_,'_

Recall that in lemma [7| we determined the change from (G ) to v(G) by considering A — \;
and 95;71 —2_1. In this case, by (@, we must consider )\f — A1 and 1 —24,_1. Now if xiﬁl > xﬁ
, then vertex xj_1 in G is connected to all of C' except perhaps a single vertex. Hence in G, the
vertex 1 is connected to all of C except at most two vertices. This gives the bound

1—ap-1 <3/M

and so as in the previous case, v(G4) > v(G).

So in all cases, z;_1 is connected to all vertices in C' that have eigenvector entry larger
than 1/2. If all vertices in C have eigenvector entry larger than 1/2, then x;_; is connected
to all of C, and this implies that xy_1 > x5, which is a contradiction. At most one vertex in
C' is smaller than 1/2, and so there is a single vertex z € C' with z < 1/2. We will quickly
check that adding the edge {xy_1, 2} increases the principal ratio. As before let G4 be the
graph obtained by adding this edge. The largest eigenvector entry in G, is attained by xj_1,
as its neighborhood strictly contains the neighborhood of zj. As above, adding the edge {z, xy }
increases the spectral radius at least

AF > (1 T Z) A
! 272

8



and we have 1 —xp_1 < 1 — z/A;. Applying lemma |z| we see that v(G4) > v(G), which is a
contradiction. Finally we conclude that the degree of 2;_; must be smaller than 11|C|/+/logn.
O

We note that this lemma gives that 251 < 1/2 which implies that any vertex in C' has
eigenvector entry larger than 1/2.

Lemma 11. The vertex xx_1 has degree exactly 2 in G. It follows that xp_1 < 2/A;.

Proof. Let U = N(xip—1) NC, ¢ = |U|. If ¢ = 0 then we are done. Otherwise let G_ be the
graph obtained from G by deleting these C' edges. We will show that v(G_) > ~(G).
(1) Change in A;: We have by equation

Tk—1

M= A < 2L
' 1013

By Cauchy—Schwarz,

2
(Coenw ) e
(R D it WA R URL)

e ) |IC|+1 n—k+1
We also have
. < c+2
k=15
Combining these we get
9c? 9c?
M- A <—— =M< |1+ ——— | A\]
S N m—k+1) 7! ( )\1>\1(n—k+1)> !

We have \{A] > (n — k)2, so
10c?
M< |14+ ——= A7
< ()
(2) Change in x;_1: At this point, we know that in G_ the vertices x1, - - - , 2} form a pendant
path, and so by the proof of lemma we have z,_; = (140(1))/A1. By the eigenvector equation

and using that the vertices in C' have eigenvector entry at least 1/2, we have x_1 > (14+¢/2)/\;.
So

Th—1 — Tp_q > )\il (g +0(1))

In particular,

c
Tp—1 > |14+ — ],
1 ( 317,;_1)\1> k=1

Applying lemma [7] it suffices now to show that

10c? 10c? c
— 22— 1 e —— 7
(n— k) P ( (n— k)31 Og”> S 92, an @)
Now
10¢? ~ 10 112 |C)? - 11% logn 113
(n—k)3 log(n) (n—k)3 ~logn n  n '



Similarly 2%){ logn < 2- 113, so the lefthand side of equation [7] is smaller than Cy/n,

where Cp is an absolute constant. For the righthand side, recall that =, _; Ay = 1+ o(1), and
also that

< 11 n +o(1)) > 10n

c>—|—+o0 _

Viogn \logn log®/? n

So the righthand side is larger than 1/ logg/ 2 n. Hence for large enough n, the righthand side is

larger than the lefthand side.
O

We are now ready to prove the main theorem.

Theorem 1. For sufficiently large n, the connected graph G on n vertices with largest principal
ratio is a kite graph.

Proof. Tt remains to show that C induces a clique. Assume it does not, and let H be the graph
Py, - Ky k41. We will show that v(H) > +v(G), and this contradiction tells us that C' is a clique.
As before, lemma [2| gives that

ok — ok
’YH :Hiljla
OH — 0y
where
M(H) —/M(H)?2 -4
o(H) = 1H) — VM (H)? -4
2
Since x1, - - - r; form a pendant path we also know that
k —k
o —o
G)= ——.
NG) = ———=

Now, A1 (H) > A (G) because E(G) C E(H). Since the functions g(z) = x + V22 — 4 and
f(z) = (z* —27%)/(x — 27!) are increasing when = > 1, we have v(H) > v(G).
O
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