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Abstract

The Ramsey multiplicity constant of a graph H is the minimum proportion of copies of
H in the complete graph which are monochromatic under an edge-coloring of K,, as n goes
to infinity. Graphs for which this minimum is asymptotically achieved by taking a random
coloring are called common, and common graphs have been studied extensively, leading to the
Burr-Rosta conjecture and Sidorenko’s conjecture. Erdds and Sés asked what the maximum
number of rainbow triangles is in a 3-coloring of the edge set of K,,, a rainbow version of the
Ramsey multiplicity question. A graph H is called r-anti-common if the maximum proportion
of rainbow copies of H in any r-coloring of E(K,) is asymptotically achieved by taking a
random coloring. In this paper, we investigate anti-Ramsey multiplicity for several families
of graphs. We determine classes of graphs which are either anti-common or not. Some of
these classes follow the same behavior as the monochromatic case, but some of them do not.
In particular the rainbow equivalent of Sidorenko’s conjecture, that all bipartite graphs are
anti-common, is false.

1 Introduction

A graph G = (V, E) consists of a set V = V(G) = {v1,...,v,} of vertices and a set E = E(G) =
{vv' : v,v" € V} of edges, where vv' is an unordered pair of vertices. All graphs considered here
are finite and simple so that vv’ € E implies v # v and each pair of vertices has at most one edge
between them. Let e(G) = |E(G)| denote the size of the graph G. Given a vertex v € V(G), the
degree of v is the number of edges of G which contain v, i.e. d(v) := |[{e € E : v € e}|. A graph
H is a subgraph of G if V(H) C V(G) and E(H) C E(G). If H is a subgraph of G, we write
H C G and we say G contains a copy of H.

We will be considering many classes of graphs, including the complete graph, the cycle, and
subclasses of bipartite graphs. The complete graph K, is a graph on n vertices such that every
pair of vertices has an edge between them. A cycle on n vertices, denoted C,,, has a vertex set
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which can be ordered vy,...,v, such that E(C,) = {viviz1 : i € {1,...,n —1}} U{viv,}. A
graph G = (V, E) is bipartite if its vertex set can be partitioned into two disjoint sets V = X LY
such that every edge connects a vertex in X to one in Y. Note that the cycle C), is bipartite if
and only if n is even. The complete bipartite graph K, ,, has parts X,Y such that |X| = n and
Y| = m and edge set E(K, ) = {2y : * € X, y € Y}. Stars are complete bipartite graphs of
the form K ,,; we call the vertex with degree m the center and a vertex of degree 1 a leaf. A
matching of size m, is a disjoint set of m edges and is denoted mKs. Removing an edge from
the cycle C, gives a path on n vertices which we write as F,,. Matchings and paths are both
subclasses of the set of bipartite graphs. Figure [l contains examples of each of these graphs.

An r-edge-coloring of a graph G is a function with domain F(G) and codomain a set of r colors,
{1,...,7}. Given an edge coloring c of G, a subgraph H of G is said to be monochromatic if for
every e, f € E(H) c(e) = ¢(f). A subgraph is monochromatic if all its edges are the same color

(e.g., Figure ).

Given a complete graph K, and a subgraph H of K, it is an interesting question to determine
how many monochromatic copies of H are we guaranteed to find in any r-edge-coloring of K.
The maximum number we can guarantee is known as the Ramsey multiplicity. In particular, the
Ramsey multiplicity M,(H;n) is the minimum over all r-edge-colorings of K, of the number of
monochromatic copies of H. We consider the Ramsey multiplicity of a graph H with m vertices
relative to the number of copies of H in K, via the ratio

Cr(H;n) = %ﬁf”
(o) ity

The denominator is the number of copies of H in K,, where Aut(H) is the set of automorphisms
of H. Intuitively, this ratio can be thought of as the probability a randomly chosen copy of H in
K, is monochromatic. We can obtain an immediate bound on C,(H;n) by coloring each edge of
K,, color ¢ independently with probability % Under this random coloring, any copy of H in K,
is monochromatic with probability #'=¢(1). This gives an upper bound on Cr(H;n) of pl—e(H),
In [15], Jagger, Stovitek, and Thomason show that Cy(H;n) is nondecreasing in n and so since
it is also bounded the limit

C.(H) = li_)m Cy(H;n),
exists and is known as the Ramsey multiplicity constant of H [10].

The earliest result in this area was by Goodman in 1959 who proved Cy(K3) = 1 [11]. In 1962,

Erdés conjectured that Co(K,,) = 21-(%) for all cliques [8]. Burr and Rosta later conjectured that
for all graphs H, Co(H) = 2'=¢(H) []. We call a graph common if it satisfies the Burr-Rosta,
conjecture. Sidorenko disproved the Burr-Rosta conjecture by showing that a triangle with a
pedant edge is not common [18]. Thomason disproved the initial conjecture of Erdds by showing
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Figure 1: K5, C5, K15, 4K2, and P, respectively.



that for p > 4, K, is not common [20]. Sidorenko conjectured instead that all bipartite graphs
are common [I7], this conjecture is well-known and is referred to as Sidorenko’s conjecture. Much
work has been done on the both the Burr-Rosta conjecture (see, e.g., |15, 11} 4] [I8] 19, [14]) and
on Sidorenko’s conjecture (c.f. [2 [6] [13] [16]). If we instead consider r > 2, we call H is called
r-common if C.(H) = ri=e(f)  Jagger et. al. showed that if a graph G is not r-common, then it
is not (r 4+ 1)-common [I5]. In 2011, Cummings and Young proved that no graph containing K3
is 3-common [I]. There are many open questions which remain for r > 2.

We will consider a similar parameter to the Ramsey multiplicity constant by searching for rainbow
subgraphs as opposed to monochromatic subgraphs. Given an edge coloring ¢ of GG, a subgraph
H of G is said to be rainbow if for every pair of distinct edges e, f € E(H), c(e) # ¢(f). In
Figure 2| the edges 13 and 34 form a rainbow copy of P,. Under this umbrella, a minimization
problem is uninteresting since it is possible to color all edges the same color and hence contain
no rainbow copy of H (assuming e(H) > 1). Instead, we ask what is the maximum number of
rainbow copies of H we can find amongst all edge colorings of K,,. Let rb.(H;n) be the maximum
over all r-edge-colorings of K, of the number of rainbow copies of H and call this the anti-Ramsey
multiplicity of H. In this paper, we will build the theory of the anti-Ramsey multiplicity constant
and prove/disprove r-anti-commonality of various classes of graphs.

2 The anti-Ramsey multiplicity constant

Before we define the anti-Ramsey multiplicity constant, we will first prove that given a graph H,
the maximum probability a copy of H is rainbow under a coloring of K, is bounded and monotone
as a function of n. As in the Ramsey case, we will consider the anti-Ramsey multiplicity of a
graph H with m vertices relative to the number of copies of H in K,, via the ratio

rbC.(H;n) = M
(o) ity

For the remainder of this section, fix a graph H = (V, E) with |V| =m and e(H) = e.

Proposition 2.1.

(e)¢!

re

rbC,.(H;n) >

Proof. We will color the edges of K,, uniformly and independently at random from the set
{1,...,7}. In particular, each edge is colored color ¢ with probability % fori =1,...,r. The
number of possible rainbow edge assignments of a graph with e edges is (Z)e! and a given edge

Figure 2: The vertices {1,2,3} form a monochromatic Kj.



assignment occurs with probability (%)e Thus the expected probability that a randomly selected

(2)e!

copy of H in K, is rainbow is given by -<%—. Therefore there exists a coloring such that this
Vel

probability is at least (jn)ee and since rbC,.(C;n) is the maximum over all such probabilities, the

inequality follows. O

Proposition 2.2.
rbCr(H;n) < rbC,(H;n — 1)

Proof. The inequality is clear if rbC,.(H;n) = 0 and so we suppose otherwise. Equivalently, we

must show
rb.(H;n) _ rb.(H;n —1)
ARG =
b.(H; b.(H;n—1
’ (n! n) = ! ((n—qll)! ) A
ml(n—m)! o
b.(H;
Mgrbr(fl;n—l) =

(n —m)rb,(H;n) <rb.(H;n—1)n

Let ¢, be an r-edge-coloring of K, such that the number of rainbow copies of H in K,, under
coloring ¢, is exactly rb,(H;n). We will count the order of the set

H,={(G,H) : Gisa K,_1 C K, and H C G is rainbow}

in two ways. First, note that each rainbow copy of H is contained in n — m different K, _1 by
removing any vertex in K, that is not a vertex of H. Since there are exactly rb,(H;n) copies of
Hin K,, |H,| = (n—m)rb.(H;n). Now each K, in K,, contains at most rb,(H;n— 1) rainbow
copies of H and so |G,| < rb.(G;n — 1)n. Therefore

(n —m)rb.(H;n) = |Hy,| <rb.(H;n — 1)n,
which implies the result. [l

We are now ready to define the anti-Ramsey multiplicity constant.
Corollary 2.3. The anti-Ramsey multiplicity constant, given by
rbCr(H) = lim rbC,(H;n),
n—o0

exists and is finite.

Proof. By Propositions 2.1 and 2.2 the sequence {rbC,(H;n)}52, is bounded and monotone.

n=m
Hence by the Monotone Convergence Theorem, the limit exists and is finite. O

Note that the anti-Ramsey multiplicity constant has the same lower bound as that of Proposition
2.1 motivating the following definition.

Definition 2.4. For r > m, we say that H is r-anti-common if

rbCy(H) = @.

7«-6

If H is r-anti-common for all » > m, H is called anti-common.



3 Anti-common graphs

In this section we will prove anti-commonality for matchings and disjoint unions of stars. We
will state but not prove the number of automorphisms for each graph in question and for more
details regarding automorphisms of graphs see [3]. Since the anti-Ramsey multiplicity constant is
a limit as n — oo, the order of term relative to n is especially important. Because of this, we will
introduce big O notation. Suppose f(n) and g(n) are two real-valued functions. We say

f(n) = 0O(g(n))

if and only if there exist positive constants C, N such that |f(n)| < Clg(n)| for all n > N. In the
following lemma, will use the fact that if f(n) = O(n™~!), then

. fn)
lim
n—o00 (TZ)

Lemma 3.1. If H = (V, E) has order m and size e such that for sufficiently large n

= 0.

n™(7)e! ~1
. < e m
rb.(H;n) < ()] +0(n™m ),

then H is r-anti-common.

nm(r)e!

Proof. Assume that for n large enough we have rb,.(H;n) < TAutcine T O(n™1). Then

H)|re
rb.(H;n) % +0(n™)
lim — < lim S
no0 () ity (o) Tatcey
™\ 5| m m—1
_ (D)e! i " +O(n™ 1)
7€ n—oo ("Mym!

e

(e "+ 0mm

r¢ noocon(n—1)---(n—m+1)

(e

7«-6

We will also use the following inequality, often referred to as Maclaurin’s inequality.
Fact 3.2. Given positive integers r < n and positive real numbers xi,..., Ty,
n s
n X
T n
{i17i27"'7i7‘}g[n]

Proposition 3.3. Matchings are anti-common.

Proof. Let k be the size of the matching and note |Aut(kK>)| = 2¥k!. Using Lemma[B1] it suffices
to show for n sufficiently large,

2k (T
rb.(kKa;n) = (i)

2k7,k + O(n2k—l)

5



Let ¢; be the number of edges of color i, then there are
Z qi1 Qi * " - q@k
{i1,82,-.ix 1 Cr]

rainbow subgraphs of size k. These rainbow subgraphs form a matching of size k if and only if
they have order 2k. The complete graph K, contains O(n’) subgraphs of size k on j vertices.
Hence the number of sets of k edges which form a rainbow subgraph on fewer than 2k vertices is

2k—1

> o) =0m* ).

J=0

Therefore there are
Z ag2 - qr + O

{i1,82,. ik }Cr]
rainbow matchings of size k. Note that Y7 _; ¢; = (5) and so by Fact we have

’r’br(kKQan) = Z Gir Gig * ** iy, +O(n2k—1)

{i1,82,. 0k }Cr]

n k
< D (%) +Om* )

(1)
T 2%k—1
< Spp o™,

0

We will use a similar proof to show that stars K1 ,,—1 are anti-common. This lemma will be used
in the proof of Theorem which generalizes the result to disjoint unions of stars.

Lemma 3.4. Stars are anti-common.

Proof. Consider S = K ,,—1 and note that
|[Aut(S)| = (m — 1)L
By Lemma [B1] It suffices to prove that for sufficiently large n,

(mr—l) n"™

rbr(Kl,m—l;n) = Fm—1

+0(n™ )

Given a vertex v of K, let ¢; be the number of edges of color ¢ incident with v. Then the number
of rainbow copies of S with center v is

Z Qi1 iz " Qi1 -
{7;17i27"' 7im*1}g[r}
Vertices of K,, have degree n — 1, so by Fact we have

T no 1\
11122 tm—1 — r m—1 :

{i1,42, ,im—-1}C[r]




Stars with centers v and v’ are distinct if v # v/, therefore the total number of rainbow copies of

S in K, is at most ( )
n — 1 m—1 T mr_l nm m—1

Theorem 3.5. Disjoint unions of stars are anti-common.

Proof. Fix positive integers k < m and let 7752(771) denote the set of integer partitions of m into
k parts with each part having size at least 2. For P = {{mq,...,my}} € P,?(m), let Sp be a
disjoint union of k stars with components Sp; = Kj p,—1 fori =1,... k. Let m;; <--- < M py
be the j(P) distinct sizes of the stars in Sp and let My be the number of stars in Sp of size m;,.
Then defining v(P) = HZL’Z) M;!, we have the number of automorphisms of Sp is given by

k
[Aut(Sp)| = ~(P) [J(mi — 1)1
=1

m—k\ m—k
P—-1) \mi—1,....my—1
then we want to show for sufficiently large n

m—k (mi)(:fm)m' m—
b 1) S oo

Given P € P%(m), let

rbr(Spin) = <

Claim 3.6.

m — "Ym!( T
g s 3 (5082

PePy(m) PePr(m)

Proof. Let C(n) denote the collection of sets of k distinguishable vertices in K,,. Given C' € Cg(n),
we will count all the number of rainbow disjoint unions of k stars with exactly m vertices and
with C the set of centers. Let ¢;(C') denote the number of edges of color ¢ incident to any vertex
in C, except those edges between two vertices in C'. Then the number of rainbow disjoint unions
of k stars with m vertices and distinguishable centers C' is exactly

S 0 (©) - ai,,(C). 1)

{’i17...,im7k;}g[7”}

Note that 3>7_; ¢;(C) = k(n — 1) — (4) and so by Fact B2 the sum in (T is at most

(mik><Mn—?—%®>m*.

The lefthand size of the inequality of this claim counts rainbow subgraphs such that given P. if
Sp; and Sp; have the same order they will be distinguishable in the count above. Therefore since



ICk(n)| = (})k!, we have

S A(P)rby(Spin) < <Z> " (mr_ k) (M )m_k

PePy(m)
< (mr—k) n'"

e A o CO

Notice that

{{m1—1,...,my — 13} = {{ma,...,my}} € PP2(m)}
is the set of integer partitions of m — k into k parts. Therefore, by the Multinomial Theorem, we
can rewrite

(mik) n'" km—k + O(nm—l) — (mik)nm Z <m1 m—k > + O(nm—l)

rm—Fk rm—k —1,...,m—1
{{m1,....mp} }€PL(m)

(m - k:> () (o) ! 1
= E SR 4 O(n™T)
P—-1 m—k

PEPZ?(m) "

which proves the claim. [l

By Proposition I} we have for each P = {{my,...,my}} € PZ*(m),

o MR Gt
P (Spim) 2 ]f)!rm_k

_ (m - k> (nrr) () ! +Omm Y. 3)

+0(n™1) (2)

P—-1 rm—k

Therefore, Claim [3.6] and the inequality (3) above implies for each P € 77]?2(771),

m— k> () ()

rb(Sp;n) = (P—l Y (Pyrm—F

4 Graphs which are not anti-common

Not all graphs are r-anti-common for all 7, and here we will prove in particular that complete
graphs and K4 without an edge are not anti-common. We will also give sufficient conditions,
based on the number of edges, for a graph to not be anti-common.

4.1 Specific graphs which are not anti-common

In order to show that a graph is not anti-common for some 7, we will construct a coloring with
more rainbow subgraphs than that guaranteed in Proposition 2.1l Our arguments will start with a
fixed coloring of some K, for m small and we will use a blow-up argument to construct a coloring
of a larger K.



Figure 3: A 5-edge-coloring of K5 with 10 rainbow copies of Kj4\e.

Definition 4.1. A blow-up is an inductive coloring of K,,, where the edges are colored as follows.
Pick m < n and fix a coloring of K,, with labeled vertices vy, ..., v,,. Divide the vertices of K,
into m disjoint sets of size || and [+], namely V1,...,V;,. For u; € V; and u; € Vj, color the
edge u;u; the same color as the edge v;v; in the coloring of K,,. Repeat this process with each
V; until there are no vertices left to be split into m disjoint sets. We call this a blow-up of the

initial coloring of K, with n vertices.
Proposition 4.2. The graph K4\e is not 5-anti-common.

Proof. Note that the 5-edge-coloring of K3 in Figure 1] contains 10 rainbow copies of Kj\e.
Given n = 5* for k a positive integer, let F(n) be the number of rainbow copies of Ky \e contained
in a blow-up of the coloring in Figure 1] on n vertices. Within each of the 5 parts, there are
5F (%) rainbow copies of K4\e and there are 10 (%)4 with one vertex in each part. Therefore

n n\4
F(n) > 5F (2 ) +10(%)
(n) 258 (7) +10(3
and solving this recurrence gives

F(n) > — +0(n?).

There are 4 automorphisms of Kj4\e, hence

rby (Ka\esn) > = + O(n®)
6n* 3
_ (E)s! 3
— W + O(’I’L )

0

In [9], it was shown that K3 is not 3-anti-common. We will now prove for a > 4, K, is not
(g) -anti-common.

Theorem 4.3. The complete graph K, is not (g) -anti-common.
Proof. Consider a rainbow K, i.e. let ¢ be an (g)—edge—coloring of K, such that each edge is a

different color. Given n = a* for k a positive integer, let F(n) denote the number of rainbow
copies of K, contained in a blow-up of the coloring ¢ on n vertices. There are aF' (%) rainbow



copies of K, within each of the a parts, and there are (%)a rainbow copies of K, with exactly
one vertex from each part. Therefore

Pz or (2) + (2)

and solving this recurrence gives

a

F(n) > +0(n* 1),

a® —a

Therefore, since the number of automorphisms of K, is a!, in order to show

n“ + O(na—l) > (Z) (g)'

we will prove

o)
> (4)
a (a)(2)

2
We will use the following bounds on the factorial function

e(@y;)é <g>!§e© <Q><>

where e is the base of the natural logarithm. From this we have

G
(a)(%) T e(5)-1

2

and also using the inequality from (H]), aaaia > e% and therefore it’s enough to show

One can check that this inequality holds for a > 4 which concludes the proof. O

4.2 Sufficient conditions for not anti-commonality

In what follows log represents the natural logarithm. We will also be using both sides of the
Stirling’s approximation given below.

Theorem 4.4 (Stirling’s Approximation).
n n
2mn (2) <n! <Vv2mn (E) eﬁ
e e

Theorem 4.5. Suppose H is a graph with m wvertices and e edges and let ¢ be a constant such
that 2rm(1 —¢) > 1 and

c+(1—-c)log(l —c) > +
Ife > c(?), then H is not (7;) -anti-common.

10



Proof. Let H be a graph which satisfies the hypothesis above and consider a rainbow coloring of
H. Blow-up this coloring to n vertices and similar work as that in the proof of Theorem (4.3 gives
that the number of rainbow copies of H in K, is at least

n"m)!

mm

O(n™1).

From the relationships between ¢ and m we have

c<7;>—@Jru—c)(?)log(l—c)—mzo

and so raising both sides by the base of the logarithm e gives

)=

e (1- c)(?)(l_c) > 1.

Then since 2rm(1 — ¢) > 1 we have

C(gl) - (ml

2tm(1 — c)e

2
— 2
c m
(™) (%)
_ ()
= m\€ °
(3)
Using Stirling’s approximation, we have
V2rm < m)!
em = mm
and therefore o
n"™m)! n"(\2/)e!
— O(nm_l) > ((mge) + O(nm_l)
2

Corollary 4.6. Let H be a graph on m vertices and e edges such that

e>mvm — 1.

Then for m > 6, H is not (7;) -anti-common.

11



Proof. Let H be a graph that satisfies the hypothesis and set ¢ = \/% Since 27rm(1 —¢) > 1

for m > 6, we can apply Proposition and thus it suffices to show

2 1

c+(1—-c)log(l —c) > + .
mol ()

For m > 6 we also have |c| < 1, so we can expand the log function as follows

c+(1-c)log(l—c)=c+(1-c) <—c—c—2—£—--->

2 3
(i - 1)

=2
2 4 =1 2 :
_m—1+3(m—1)3/2+;i(z’—1) (N/m—1>
2 1

>

—I_ 2 .
m=1 ()12
O
Using Corollary [4.6] we are able to show that a similar conjecture to that of Sidorenko’s in the
Ramsey setting does not hold in the anti-Ramsey setting.
Corollary 4.7. Not all bipartite graphs are anti-common.
Proof. Consider the complete bipartite graph Kgg. This graph has 16 vertices and 64 edges, and

in particular

e(Kgg) = 64 > 62 > 161/15.

By Proposition [1.6] Kgg is not (126)-anti-common and is therefore not anti-common. [l

Indeed, Corollary shows that almost all bipartite graphs are not anti-common. If Sidorenko’s
conjecture is true, this is very different behavior from the monochromatic situation.

5 Future directions

As in the Ramsey case, we wish to establish an implication between a graph being r-anti-common
and (r+ 1)-anti-common. Through our investigation of this problem, we have shown the following
inequality.

Proposition 5.1. Let H be a graph with e edges, then

(r+e)(r+1—e)
r(r+1)

rby41(H;n) > rb.(H;n) > < > rbri1(H;n).

Proof. Since the set of (r+1)-edge-colorings contains the set of r-edge-colorings, the left inequality
follows immediately. Now consider an (r+1)—edge-coloring of K,, such that the number of rainbow

12



copies of H is exactly rb,11(H;n). Randomly choose a color from [r + 1] and call it #’. For all
edges colored 7/, recolor them randomly from the set of colors [r+ 1]\{r'}. In the initial coloring,
the expected number of rainbow copies of H with one edge colored r’ is

rb(G,n,r + 1)e
r+1 '

With probability "_Teﬂ, each of these rainbow subgraphs will remain rainbow in the new coloring.

Therefore the expected number of rainbow copies of H in the new coloring is

rbr+1(H;n)e rbpi(Hyn)e(r —e+1)  ((r4+e)(r+1—e)
r+1 r(r+1) B r(r+1)

<rbr+1<H; n) - ) by ().

This implies that there exists such a coloring of K, with r colors and hence

((r+e)(r+1—e)
r(r+1)

) rbry1(H;n) < rb.(H;n).

This inequality leads us to believe that the implication below is in fact true.

Conjecture 5.2. If H is not r-anti-common, then H is not (r 4+ 1)-anti-common.

There are also many other classes of graphs whose anti-commonality have yet to be studied.
Preliminary results on cycles lead us to believe that for k > 3, cycles of length k£ are not k-anti-

common. One can show using the blow-up method in Section @ that Cy is not 4-anti-common
and that Cy is not 5-anti-common.
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