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Abstract

Let C be a family of edge-colored graphs. A t-edge colored graph G is (C,t)-
saturated if G does not contain any graph in C but the addition of any edge in any
color in [t] creates a copy of some graph in C. Similarly to classical saturation functions,
define saty(n,C) to be the minimum number of edges in a (C,t) saturated graph. Let
C.(H) be the family consisting of every edge-colored copy of H which uses exactly r
colors.

In this paper we consider a variety of colored saturation problems. We determine
the order of magnitude for saty(n,C,(K})) for all r, showing a sharp change in behavior
when r > (kgl) + 2. A particular case of this theorem proves a conjecture of Barrus,
Ferrara, Vandenbussche, and Wenger. We determine sat;(n,Co(K3)) exactly and deter-
mine the extremal graphs. Additionally, we document some interesting irregularities
in the colored saturation function.

Keywords: saturation; edge-coloring

1 Edge-colored Saturation Problems

Given a family of graphs F, a graph G is F-saturated if no F' € F is a subgraph of G, but for

any e € E(G), some F € F is a subgraph of G + e. The minimum number of edges in an n-
vertex F-saturated graph is the saturation numberof F and is denoted sat(n, F). If F = {F'},
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then we instead say that G is F'-saturated, and write sat(n, F'). The saturation function was
introduced by Erdés, Hajnal, and Moon [3] and graph and hypergraph saturation problems
have received considerable attention since that time. We refer the interested reader to the
dynamic survey of Faudree, Faudree, and Schmitt [5], which contains a number of results
and open problems.

In this paper, we are interested in saturation problems in the setting of edge-colored
graphs, which was first introduced by Hanson and Toft [8] in 1987. Let [t] = {1,2,...,t}.
A function f : E(G) — [t] is a t-edge-coloring of a graph G. A injective function yields a
rainbow edge coloring. Given a family C of edge-colored graphs, we say that a t-edge-colored
graph G is (C, t)-saturated if G contains no member of C as a (colored) subgraph, but for any
edge e € E(G) and any color i € [t], the addition of e to G in color i creates some member
of C. In line with classical saturation functions, we are interested in sat;(n,C), the minimum
number of edges in a (C, t)-saturated graph of order n.

In this paper, we will primarily be interested in families of edge-colored graphs. Given a
graph H and a fixed palette of ¢ colors, define M(H) to be the family of monochromatic edge
colorings of H, R(H) denote the family of rainbow edge-colorings of H, and Cy(H) denote
the set of edge colorings of H using exactly k of the t colors. Going forward, when considering
saty(n,C) for any of these functions, we will implicitly assume that we color these families
from [t]. Hanson and Toft [8] determined sat;(n, F) where F consists of monochromatic
copies of K, in color ¢ for 1 < ¢ < ¢, and also introduced a related conjecture that we will

discuss briefly in the conclusion.

1.1 Rainbow Subgraphs

Barrus, Ferrara, Vandenbussche and Wenger [I] introduced sat:(n, R(H)) and considered
several problems with a significant focus on the asymptotic behavior of this parameter for
different choices of H. As discussed in [1], it is straightforward to show that for any graph
H, saty(n, M(H)) = O(n). This is not the case, however, for rainbow target graphs. For
instance, Barrus et al. show that sat;(n, R(K1,)) = O(n?) for r > 2, and gave two more
general results that imply
01% < saty(n, R(Ky)) < canlog(n)

for k > 3. They also conjectured the following.
Conjecture 1. For k>3 andt > (g),

sati(n, R(Ky)) = O(nlogn).
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In Section 2, we prove some broader results about sat;(n,Cy(H)). As a consequence of

our result there, we prove the following.

Theorem 1. Let k > 3, and t > ¢ be fized.

1. If e > (kgl) + 2, then saty(n,C.(Ky)) = O(nlogn).

2. Ife< (k_l) + 1, then sati(n,C.(Ky)) = ©(n).

2

Independent of our work here, Girdo, Lewis and Popielarz [7] determined the asymptotics
of saty(n, R(H)) for every connected graph H without a pendant edge, and as a consequence

also resolve Conjecture [[lin the affirmative. Furthermore, Korandi [L1] recently showed that

B nlogn
satt(n,R(Kk)) = ®k ( logt )

and gave sharp asymptotics (in ¢ and n) for sat,(n, R(K3)). The techniques utilized across
all three papers are quite diverse, and provide an interesting spectrum of possible approaches

to problems of this type.

1.2 Irregularities

It has been well-documented (see, for instance [8,[5]) that the classical (uncolored) saturation
function is not monotone in n or with respect to subgraph and family inclusion. That is,
there is a graph H such that sat(n, H) < sat(n + 1, H) for infinitely many n, distinct
graphs H; C H, such that sat(n, Hy) < sat(n, Hy), and distinct families F; C F» such that
sat(n, F2) < sat(n, Fy). Before continuing on to our main results, we give some examples of
similar irregular behaviors for sat(n,Cr(H)).

Recall that it was shown in [I] that sat,(n, R(Kix)) = ©(n?) for all t > k > 3, and
further that if 7" is any tree with k > 4 vertices that is not a star, then sat,(n, R(T")) = O(n)
when t > (kgl) This immediately establishes that H; C H, does not necessarily imply that
saty(n, R(Hy)) < saty(n, R(Hz)). More interestingly, in our opinion, is the following result,
which establishes that sat,(n,Cy(H)) is not monotone (increasing or decreasing) in k. Recall
that M(H) = C,(H) and R(H) = Cipm)(H).

Theorem 2. Fort > 3 and n sufficiently large,

Satt(n,C2(K1,3)) < satt(n, Cl(KLg)) < S&tt(n,C:g(Kl’g)).



First recall sat;(n,Cy(K;3)) = O(n) and sat,(n,C3(K1 3)) = O(n?) [1]. The theorem then

follows from two propositions.
Proposition 3. Forn > 2t > 6, sat,(n,Ci (K 3)) > tn/2.

Proof. Suppose G is saturated for Cy (K 3). If we have a non-edge uv in G, then adding uv
to G in any color produces a monochromatic K 3 at u or at v. Since v can be saturated for
at most |d(v)/2] colors, there are at least ¢ — |d(v)/2] colors in which we could add edge
uv without producing a monochromatic K3 at v. If d(u) < 2(t — |d(v)/2]), then there is
some color in which uv can be added that produces neither a monochromatic K 3 at u or
at v. Thus if uv ¢ E(G), then d(u) > 2(t — |d(v)/2]).

If 5(G) > t, then we get that e(G) > tn/2 so we may assume that 6(G) = ¢ < t. In this
case, rather than directly compute the number of edges in G, we consider the degree sum.
We will condition on whether or not a vertex is in the closed neighborhood of a fixed vertex
of minimum degree. To this end, let v be a vertex with d(v) = ¢. For u ¢ N[v], we have
d(u) > 2(t — |£/2]) and, for all vertices, we have d(u) > /.

2 dw)= > dw)+ ) dw)

weV(Q) wéN/[v] weN ]
>n—U+1)-2t—0)+L+1)-¢
=n(2t —0)—2(0+1)(t =)
=nt+ (t—0)[n—2(0+1)]

For ¢ < t — 1, the degree sum is at least nt + (n — 2t). Thus when n > 2t, we find
e(G) > nt/2. O

Next, we give an upper bound on sat;(n, C2(K; 3)) by providing a more general saturated

graph for Cs_1 (K ). This suffices to complete the proof of Theorem

Proposition 4. For n sufficiently large with respect to t andt > s —1, saty(n,Cs_1(K15)) <
tn/2.

Proof. Let n = 2k + r where r € {1,2}. Let H be a graph on 2k vertices produced by
packing t perfect matchings onto V/(H), with each matching in a distinct color. Let G be the
graph that is the disjoint union of H and K,, where edges in the K, are colored arbitrarily.
Then G is a Cs_1 (K )-saturated graph; any added edge has at least one endpoint in H and

results in an (s — 1)-colored K 4 centered at that vertex. O



It would be interesting to determine if there exist other graphs exhibiting such unusual
behavior. For instance, for any pattern x,...,x;_1 of “ 17 and “ | ” symbols, does there
exist a graph H with k edges such that sat;(n,C;(H)) > saty(n,C;1(H)) if and only if z; =17

2 Asymptotics

In this section, we prove the following general result that implies Conjecture [II Together

with Theorem [7] this result implies Theorem [Il

Theorem 5. Let H be a family of edge-colored graphs where for each H € H, for each edge
uv € E(H) there is a rainbow path with 2 edges connecting u to v in H. Then for any integer

t, t > 3, we have
1 nlogn
<§ - 0(1)) loggt < saty(n, H).

Before we proceed with the proof of this theorem, we make the following simple obser-

vation that will be useful going forward.

Observation 1. If H is as in Theorem [ and if G is (H, t)-saturated, then for any nonedge

uv in G there is a 2-edge path with two colors connecting u to v in G.

We use this observation to prove Theorem [l via a reduction to a specific covering problem.
Let F be a family of complete ¢t-partite graphs with U, --- | U}’ the partite sets of F' € F.
We say that F is a t-partite cover of a graph H if E(H) C gz £(F). Define

fUH) = mfln;Wﬂ o+ U,
where the minimum is taken over all F a t-partite cover of H.

Let H be a family of t-edge-colored graphs where for each H € H and each edge uv €
E(H) there is a 2-edge path with two colors connecting u to v in H. Assume G is (H,t)-
saturated. We create a t-partite cover of the complement of G. For each vertex v and
1 <i <t let I';(v) be the set of vertices adjacent to v in G with edge color i. For each
vertex v, let G, be the complete t-partite graph on V(G) with partite sets I'y(v),- -, Ty(v).
By Observation [I, if  and y are not adjacent in G, then there is a rainbow path of length
2 between them. If the vertex in the middle of this path is v, then G, contains the edge xy.
Therefore, UveV(G) G, is a t-partite cover of the complement of G.

Next we note that

Do)+ -+ [Tuv)] = Y d(v) = 2¢(G).

(2
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Therefore, we have that if G is (H, t)-saturated, then
f(G) < 2¢(G). (1)

We need the following lemma, which we modify from a result of Katona and Szeméredi
[10].

Lemma 1.
nlogn

f(Kn) 2 logt

Proof. Let F = {Fj}§:1 be a t-partite cover of K, where Fj has partite sets ui,.-. UL
Create a matrix M with the rows indexed by V(K,) and the columns indexed by F as

M, = {k if i € U,

follows:

* if ¢ is not in any partite set of Fj.
For each vertex v, let d,, be the number of entries which are not * in the row corresponding to
v (i.e. d, is the number of t-partite graphs in F which use v). Then in the row corresponding
to v there are |F| — d, entries with *. We create a new matrix M’ where for each row v
we replace it with ¢/71=% rows putting all possible replacements of % with elements from
{1,...,t} and leaving all other entries the same.

We claim that each row in M’ is distinct. To see this, if a pair of rows are in the t1-%
rows which correspond to the same vertex v, then the replacements of * with {1,... ¢} will
be different in at least one position. If a pair of rows in M’ correspond to distinct vertices
u and v, then because F is a t-partite cover of K, there is an F' € F where u and v are in
different partite sets of F' and therefore there is a column in M’ that distinguishes the two
rOWS.

Since the total number of distinct rows is at most ¢!, we have

Z HFl=do < el

and therefore

1
thu <L

(2

Now the AM-GM inequality implies

H tdv Z tdv -

Rearranging gives ) d, > nlog,n. Noting that ) d, = Z§:1 \U7| + - - - |U/| finishes the
proof. O

:.m



Next we need to show that covering K,, with ¢-partite graphs is not much different from

covering the complement of a sparse graph with ¢-partite graphs.
Lemma 2. Let H be a graph on n vertices. Then
fUH) = f(Kn) = (e(H) +n).

Proof. Let F be an t-partite covering of H with weight f(H). We will construct a family of
t-partite graphs that covers H with weight at most e(H) + n, which will certify that

f(Kn) < f(H)+ (e(H) + n).

Order the vertices of H arbitrarily as vq,--- ,v,. For 1 <i < n define a t-partite graph
H; with partite sets U{, - -+, U} where
UlZ = {Ui}v

UQiZ{UjIUiNUj,j>i},
U=0 (for3<k<t).

Then {H,;}!" , partitions the edge set of H into stars, and

S UL+ + U] = e(H) + n.

(2

We are now ready to complete the proof of Theorem

Proof of Theorem[d. Let G be (H,t)-saturated and assume for a contradiction that e(G) <

21122? —n/2. Then ,cy () Go- is a t-partite cover of G, implying that f(G) < 2¢(G) <

2;‘11;;" — n. This, together with Lemma 2 implies f(K,) < "lzoggt", which contradicts Lemma

1l O

The following corollary to Theorem 4 implies Conjecture [Il and resolves Conjecture 2
in [7]. This conjecture was also affirmed in [I1], where the focus was strictly the rainbow

setting.

Corollary 6. Ifc > (kgl) +2 andt > c, then

1 nlogn
> - — .
saty(n, Co(Ky)) > (3 0(1)) Tog
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Proof. Let ¢ > (kgl) + 2 and consider an edge uv in G, an edge-colored K with exactly ¢

colors. There are at most (k ;2) colors on the edges in G — {u, v}, and at most one additional
k—2
2

{u,v} and one endpoint in V(G) — {u, v}, implying that there is some vertex z such that the

color on wv. This leaves at least ¢ — ( ) > k — 1 colors on the edges with one endpoint in

edges of uzv receive distinct colors. We can therefore apply Theorem [Hlto sat,(n, C.(K})). O
As we demonstrate next, the bound of ¢ > (kgl) + 2 is sharp.
Theorem 7. Ifc < (kgl) + 1 and t > c are fized, then sat,(n,C.(Ky)) = O(n).

Proof. For fixed ¢ < (k;) + 1 and t > ¢, we construct a C.(K})-saturated graph with O(n)
edges. As we are not interested in determining the relevant saturation number exactly, we
make no effort to optimize the number of edges in our construction.

Assume that n is sufficiently large, and consider an edge-coloring of H' = Kj_; using
exactly ¢ — 1 colors. Create an edge-colored copy of K — e by choosing some vertex v in
H’, adding a new vertex v’, and connecting v’ to V(H') — {v} such that vz and v’z have the
same colors for each x € V(H') —{v}. Repeat the duplication of v to create Hg, = Ky_oV I,
where [ is an independent set of size p and S is the set of colors appearing on E(Hg,). Note
that Hg, contains no copy of K}, but the addition of any edge to Hg, in a color from [t] — S
creates a copy of K} with exactly ¢ colors.

We create the edge-colored graph G’ by taking the union of the graphs Hg, with p =
n— (Cfl)(k — 2) for each of the (Cfl) choices of S, under the assumption that I is common
to each such graph. Note that for any u and v in I and any color ¢y € [t], adding wv in
color ¢y to G’ creates a copy of K}, with exactly ¢ colors within Hg, for any S that does not
contain ¢y. To create the desired saturated graph G, iteratively add edges to G' — I in any
permissible color until either G — I is complete, or no colored edge can be added to G — I

without creating an element of C.(K}%). In either case, G is C.(K})-saturated and has at most

(Cf 1) (k—2) (n— (Cf 1) (k — 2)) + ((651)(5 B 2>)

edges, which is O(n) edges as desired. O

Theorem [Il now follows as a consequence of Corollary [6l and Theorem [7]

3 2-Colored Triangles

In this section, we prove the following exact result.



Theorem 8. I[ft =2 andn > 11 or ift > 3 and n > 9, then
saty(n,Co(K3)) = 2n — 4.
Furthermore, if t > 3, then K ,_2) is the unique saturated graph.
Before we proceed, we require a simple technical lemma.

Lemma 3. Let xy,2o,...,x; be integers with x1 > x9 > --- > x;, > 2. For1 <p<q<t
and let x} := x; fori & {p,q}, v, =1, +1 and x;, = v, — 1, then

¢ . L/

()2 ()

Proof. We must show that

T, +1 T —1 Tp Tq
>
< 2 ) + ( 2 2 + 2 )’
but this is equivalent to showing z,, > z, — 1, which holds by assumption. 0

Proposition 9. For alln > 11,
satg(n, CQ(Kg)) =2n — 4.

Proof. Consider the edge-colored graph K (,_2) where z and y are the vertices in the partite
class of size 2 and all edges incident with = are red while all edges incident with y are
blue. This shows that sats(n,Cy(K3)) < 2n — 4 (other constructions exist). We will show
sata(n, Co(K3)) > 2n — 4.

Suppose G is an n-vertex (Co(K3),2)-saturated graph. We will consider cases based on
the minimum degree of G.

Case 1: §(G) = 1.
Let u € V(G) be of degree 1 with neighbor v. Say that the color of wv is blue. Then, v must
be adjacent to every other vertex w in G by a red edge for otherwise we could add the blue
edge uw. There is no blue edge in G — {u, v} for this would yield a C3(K3). Thus, G — {u, v}
is a complete graph consisting of only red edges. Thus e(G) > 2n — 3.

Case 2: §(G) = 2.
Let u be a vertex with degree 2 and suppose v; and v, are the neighbors of u. If there is a

vertex y which is not adjacent to u, vy, or vy, then the graph would not be saturated since we



could add the edge uy in either color and not obtain a triangle. So every vertex is adjacent
to u, vy, or vs.

Suppose first that vivy is an edge in G. Then, vy, v, and u form a triangle and so all 3
edges are the same color, say blue. The only common neighbor of v; and vy is u since any
further neighbor w would be connected to v; and v, by blue edges. But then the graph would
not be saturated since we could add the edge uw in blue. Now X := V(G) — {u, vy, v2} is
the set of vertex which are neighbors of v; or vy. Note that every edge from {vy,v2} to a
vertex x € X is red, for otherwise we could add the blue edge xu. The graph induced on
the vertex set X is connected since two connected components could be connected by a red
edge without forming a Cy(K3). Thus, we have at least 3 + | X| + |X| — 1 = 2n — 4 edges.
From now on we may assume that v;v, is not an edge.

First, suppose that both uwv; and uwvy are blue. Let X denote the set of vertices in
V(G) — {u,v1,v9} which are connected to exactly one of v; and v, and let Y denote the
set of vertices in V(G) — {u, v, v} which are connected to both v; and v5. So X UY =
V(G) — {u,vi,ve}. All edges from X to {vy, vy} are red, and at least one edge from every
vertex of Y to {vy, vy} is red. If X = @& we are done, so suppose there is at least one vertex
in X. The graph induced on the set X must be connected for otherwise we could add a
red edge connecting two components. Thus, there are at least |X| — 1 edges in this induced
subgraph, yielding a total of at least 2 + 2|Y| + |X| 4+ |X| — 1 = 2n — 5 edges. We now
suppose that these 2n — 5 edges are the only edges in G and argue to a contradiction.

Let N; and Ny denote the neighborhoods of vy and v, in X respectively. Since there
are no edges with one endpoint in X and the other in Y, there must be a blue edge in the
induced subgraph on X for otherwise we could add a red edge from a vertex in X to either v,
or vy, the one it is not connected to. This blue edge has one vertex in N; and one vertex in
Ns, say wy and wy, respectively. Observe that Y must be nonempty for otherwise we could
add the blue edge vv9. Let z € Y and assume v,z is red. Then we could add the edge w2
with color red. Thus, the graph G could not be saturated with 2n — 5 edges and so contains
at least 2n — 4.

Second suppose uv; is blue and uwvy is red. Define X and Y as in the previous subcase.
Again assume X is nonempty for otherwise we have 2n —4 edges. But now Y may be empty.
Edges from v; to X are red, and edges from vy to X are blue. Again, the graph induced on
X is connected. Thus, again we have at least 2n — 5 edges. Now suppose that there are no
other edges in GG and we will argue to a contradiction. If Ny was empty, then for w € Ny, we

could add the edge wwvs and not create a triangle. Since Ny, Ny # @ and the graph induced

10



on X is connected, there is an edge wijwy with w; € Ny and wy € N,. Suppose wiws is red
(the blue case is similar), then we can add the edge vywy with color red. Thus 2n — 5 edges
do not suffice for G. Thus G must have at least 2n — 4 edges.

Case 3: §(G) = 3.
We need to show that )" d(v) > 4n — 8. Suppose by way of contradiction that »_ d(v) <
4n — 10. For every edge which is not in G, there must exist a path of length 2 between its
endpoints. It follows that

5 (D)0 g e () gem-g-2es o

VeV (G) VeV (G)

On the other hand, by Lemma [3] we have

Z)(d(;))§<n;7)+(n—1)(2):%2—97n+25. (3)

veV (G

It follows from (2)) and (B]) that n < 10, a contradiction. O
Proposition 10. For allt > 3 and n > 9,

saty(n,Co(K3)) = 2n — 4.
Moreover, every (Co(K3),t)-saturated graph is a coloring of K ,—o.

Proof of Proposition[10. A construction is given by the following. Take two vertices u and v

and a collection of vertices uy, us, ..., u,_o. Take red edges from u to uq, ..., u,_o and blue
edges from v to wuy,...,u,_3 and a red edge from v to u,_o. Therefore sat,(n,Cy(K3)) <
2n — 4.

Now we will establish the lower bound. Let G be an n-vertex (Cy(K3), t)-saturated graph
with ¢ > 3 with e(G) as small as possible. First, we show that the minimum degree of G is
at least 2. Suppose u € V(G) is a vertex of degree 1 with neighbor v and let w be any other
vertex. If vw is not an edge, then we can add ww without creating a triangle. If vw is an
edge with the same color as uv, then we may add uw with the same color. If vw is an edge
with a different color than uv, then we may add vw with an arbitrary distinct third color
(since t > 3).

We need to show that }° i) d(v) > 4n— 8. Observe that if G is (C2(K3), t)-saturated,
then for every edge e = {x,y} € E(G) there must be at least two paths of length 2 between
z and y. Since the number of paths of length 2 in G is 3 () (d(;)), it follows that

11



2 (D)) @) g

veV (G veV(G)
Under the assumption that _ .y ) d(v) < 4n — 10, the right hand side of (@) is at least
n? —5n +10. By Lemma 3, if 7, g d(v) < 4n — 10, then

vg(:g) (d(;)) : <”;1) * <ng5) +(n—2) @) = n2—6n+ 14.

This is a contradiction for n > 5.

Since ey (g d(v) cannot be odd, it remains to show that if G is (C2(K3), t)-saturated
with 37 () d(v) = 4n — 8, then G is a coloring of K5, ». In this case the right hand side
of @) is n® — 5n + 8.

First, we observe that it is not possible for the maximum degree to be at most n — 3, for

then (by Lemma [3)) we would have

S )= () e omen

which is too small for n > 8.
Suppose the maximum degree of G is n — 2. We see that the second largest degree is at

least n — 3 for otherwise we have

UE;G) (d(;)) : <n;2> - <ng4> + (;l) +(n—3) =n®—6n+ 16,

which is too small for n > 9. Thus, the remaining possible degree sequences starting with
n—2are (n—2,n—2,2,...,2)and (n—2,n—3,3,2,...,2). Note that (n—2,n—2,2,...,2)
yields a colored Ky ,,_s.

Suppose the maximum degree is n — 1. If the second largest degree is at most n — 5, then

we have
d(v) n—1 n—>5 4 5
< _ — _
3 ( 5 )_( ; )+( ) )+(2)+(n 3) = n® — 6n + 19,
veV(Q)
which is too small n > 9. The remaining possible degree sequences are (n—1,n—4,3,2,...,2)

and (n—1,n—3,2,...,2). To finish the proof we have to check the 3 degree sequences which
satisfied (). We do this in Claim [I] below. O

12



Claim 1. For t > 3, there is no (C2(K(3), t)-saturated graph with any of the following degree

sequences:
o (n—2,n—1332....2),
e (n—1,n—-3,2,...,2),
o (n—1,n—4,3,2,...,2).

Proof. First, it is important to note that if G is (C2(K3),t)-saturated, then for any uv ¢
E(G), there must be at least two paths of length 2 from u to v because t > 3.

Consider the degree sequence (n —2,n —3,3,2,...,2) and let x and y be the vertices of
degree n — 2 and n — 3, respectively. If x and y are not adjacent let z be the other vertex y
is not adjacent to. Then z has degree at least 2 so it is adjacent to some other vertex. This
defines a unique graph up to isomorphism and it is clear that for the nonedge yz there is
only one path of length 2 from y to z.

Now, assume = and y are adjacent. If there exists a common vertex z such that xz and
yz are both nonedges, then the remainder of the graph is forced. Namely, there is an edge
from z to the other non-neighbor of y and an edge from z to one of the common neighbors
of x and y. For the nonedge yz there are not two paths of length 2 between y and z. Finally,
assume z and y are adjacent and the set of non-neighbors of x and the set of non-neighbors
of y are disjoint. In this case there are multiple non-isomorphic graphs but a nonedge from
one of the non-neighbor sets to a vertex in the set of common neighbors of degree 2 will not
have two paths of length 2 between its endpoints. (Indeed, any such path of length 2 would
involve z or y but one of the vertices in the nonedge is a non-neighbor of = or y.)

Consider the degree sequence (n — 1,n — 3,2,...,2). Let x and y be the degree n — 1
and n — 3 vertex, respectively. It is easy to see the two non-neighbors of y must be adjacent
and this defines a unique graph. Then a nonedge from y does not have two paths between
its endpoints.

Consider, finally, the degree sequence (n—1,n—4,3,2,...,2). Let z and y be the degree
n — 1 and n — 4 vertex, respectively. Let u,v and w be the three non-neighbors of y. Either
these three vertices form a path of length 2, or we may assume u and v are adjacent and w
is adjacent to a common neighbor of z and y. In either case the nonedge yu does not have

two paths of length 2 between its vertices. O
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4 Conclusion

In this paper, we consider several existing and new problems in the realm of edge-colored
saturation problems. There remain a number of potential directions of inquiry. Even given
the excellent results in [7] and [11], the general problem of determining sat:(n, R(H)) is
open in a number of cases. Of particular interest would be to determine the asymptotic
behavior for general trees, or to consider the behavior of the function for disconnected graphs.
For instance, it is not difficult to show that if p is even, n > 5p, and t is large, then
sat;(n, R((p + 1)K3)) < 5p. The extremal graph is a rainbow copy of §K5 together with
n— %” isolated vertices. However, it seems surprisingly difficult to show that equality holds.

We also point out that the families considered here, M(H), R(H) and Cy(H) are invariant
up to the permutation of the palette of ¢ colors. What if this was not the case? Suppose,
for instance, that we wished to determine sats(n, F), where F consisted of two graphs: a
triangle with two edges colored 1 and one edge colored 2, and a monochromatic triangle with
all edges colored 3. In this case, not all colored edges are created equal, opening the door to
a number of (delightfully) aberrant possibilities.

Finally, in [§], Hanson and Toft also introduced the related problem of determining the
saturation number of the family of graphs that are Ramsey-minimal for some (Hq, ..., H;).
This is equivalent to determining the minimum number of edges in a graph of order n that
has a t-edge-coloring with no copy of H; in color i, such that the addition of any missing
edge creates a graph wherein every t-edge-coloring contains some H; in color ¢. While not
our focus here, we want to highlight this general problem, which has only been considered

for a limited collection of target graphs [2] [6] [10] and remains open.
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