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Here are some key ideas that show up in these problems. You may gain some understanding of
them by reading the explanations below, but more understanding by reading the solutions, and
even more by solving the problems yourself.

Problems #1, #2, and in a way #7 rely on classifying positions in the game into N-positions (ones
that are advantageous for the Next player to move) and P-positions (ones that are advantageous
for the Previous player, the one that moved into this position). This can be done recursively by
the rule that a position is P if all the moves that can be made lead to N-positions or lose the game
outright; a position is N if a move can be made that leads to a P-position or wins the game. If all
positions in the game are classified, this determines which player has the winning strategy.

Problems #3 and #4 exploit pairing, or mirror strategies: one of the players sets up a situation
in which potential moves are paired up to preserve an invariant. For instance, if a game is lost
when no moves are possible, breaking it up into two identical and separate subgames is yields a
P-position, since a move in one subgame can be responded to by a move in the other subgame.

Problems #6 and #8 involve greedy strategies: strategies that work by avoiding an immediate loss.
In some games, this is a terrible idea: for instance, if you play chess by choosing a move at random
that does not lead to being checkmated, you will not mind if I take your queen, and eventually
you will find that all your moves lead to being checkmated. In other games, it can be shown that
a non-losing move always exists, which proves that some strategy gains at least a draw.

1. A box contains 300 matches. Two players take turns taking some matches from the box; each
player must take at least one match, but no more than half the matches. When only one
match is left, the player whose turn it is (with no legal move to make) loses. Who has the
winning strateqy?

The first player can win by first taking 45 matches (leaving 255), and thereafter playing so
that the number of matches left is one less than a power of 2.

This is always possible: if there are 2 — 1 matches before the second player’s turn, then no
matter how many matches the second player takes, there will be between 2¥~! and 2F — 2
matches left. In all of these cases, it’s possible for the first player to leave exactly 2F~1 — 1
matches on the next turn.

In fact, the power of 2 will decrease by 1 after each pair of moves, so the number of matches
will be 255, then 127, then 63, then 31, then 15, then 7, then 3, then finally 1 after each of
the first player’s moves. It will be the second player’s turn when there is 1 match left, so the
first player wins.

2. Two players play a game with a stack of 1000 pennies. They take turns taking some pennies
from the top of the stack; on his or her turn, a player can either take 1 penny, or half the
pennies (if the number of pennies in the stack is odd, the player takes half the pennies, rounded
up). If the player taking the last penny wins, which player has the winning strategy?



Ignoring the physical improbability of a stack of 1000 pennies, the second player has the
winning strategy.

We begin by proving, by induction, that all stacks of an odd number of pennies are N-positions
(good for the Next player to move). This is true for a stack of 1 penny: the next player takes
the last penny and wins.

Now suppose that a stack of 2k — 1 pennies is an N-position. A stack of 2k + 1 pennies can
be reduced to a stack of either k pennies or 2k pennies. If the k-penny stack is a P-position,
then the (2k + 1)-penny stack has a move to a P-position, so it is an N-position. If the
k-penny stack is an N-position, then from the 2k-penny stack, both moves (to k pennies and
to 2k — 1 pennies) lead to N-positions so the 2k-penny stack is a P-position. Once again, the
(2k + 1)-penny stack has a move to a P-position, so it is an N-position.

Now we claim that a stack of 24(2b+ 1) pennies is an N-position if a is even, and a P-position
if a is odd. (All numbers can be factored as an odd number times a power of 2, so this
completes the analysis.) We prove this by a second induction, this time on a. Our previous
proof for odd numbers forms the base case a = 0.

Suppose we have a stack of 2#(2b + 1) pennies, where a > 0. From this stack, we can go to a
stack of 2971(2b 4 1) pennies, or to a stack of 2%(2b + 1) — 1 pennies.

e If @ is even, then the first stack is a P-position by the induction hypothesis, so there is
a move to a P-position, and therefore the stack is an N-position.

e If @ is odd, then the first stack is an N-position by the induction hypothesis; the second
stack is an N-position because it is odd. So both moves are to N-positions, and therefore
the stack is a P-position.

By induction, this rule holds for all a. Since 1000 = 23 - 125, it is a P-position, so the second
player has a winning strategy.

. (Martin Gardner) A game is played with a length of string exactly 10w inches long, tied so
that it makes a loop. Two players take turns cutting a length of exactly 1 inch from somewhere
in the string, and picking it up. FEventually, the string may end up in several pieces. In that
case, the players may either pick up a piece exactly 1 inch long, or cut out a I-inch length
from the middle or end of a piece longer than 1 inch. The player who cannot take a turn,
because all remaining pieces of string are shorter than 1 inch, loses. Which player has the
winning strateqy?

The first player has no choice: after the first move, the string ends up as a single (un-looped)
piece of length 10m — 1. The second player can remove a 1-inch length from the exact middle
of this string, and leave two pieces of length 57 — 1.

Thereafter, the second player can use a pairing strategy. Whatever the first player does to
the first piece of length 57 — 1 (or anything that came from it), the second player can do to
the second piece of length 57 —1 (or anything that came from it), and vice versa. By ensuring
that all strings come in pairs of equal length, the second player ensures that there will always
be a move to make, and wins.



4. (USAMO 2004) Alice and Bob play a game on a 6 X 6 grid. On his or her turn, a player
chooses a rational number not yet appearing in the grid and writes it in an empty square of the
grid. Alice goes first and then the players alternate. When all squares have numbers written
in them, in each row, the square with the greatest number in that row is colored black. Alice
wins if she can then draw a path from the top of the grid to the bottom of the grid that stays
in black squares, and Bob wins if she can’t. (If two squares share a vertex, Alice can draw
a path from one to the other that stays in those two squares.) Find, with proof, a winning
strateqy for one of the players.

Bob can win by ensuring that in the end, the black squares are chosen from the shaded squares
in the diagram below:

Since there is no path even in the shaded squares between top and bottom, there will not be
a path in the black squares either.

Here’s how Bob can do this. Note that each row has exactly three white squares and three
shaded squares. Whenever Alice plays in a row, Bob plays in the same row by the following
rule:

e If Alice wrote a number in a shaded square, Bob writes a smaller number in an unshaded
square.

e If Alice wrote a number in an unshaded square, Bob writes a larger number in a shaded
square.

After each pair of moves, the number of shaded and unshaded squares that are empty in each
row remains equal, so this is always possible. In the end, this strategy ensures that the largest
number in a row is always in a shaded square.

5. (BMO 2003) Alice and Barbara play a game with a pack of 2n cards, on each of which is
written a positive integer. (The integers can be arbitrary.) The pack is shuffled and the cards
laid out in a row, with the numbers facing upwards. Alice starts, and the girls take turns to
remove one card from either end of the row, until Barbara picks up the final card. Each girl’s
score is the sum of the numbers on her chosen cards at the end of the game. Prove that Alice
can always obtain a score at least as great as Barbara’s.

If Alice wants, she can force Barbara to pick up all the cards in the even positions, leaving
the cards in the odd positions for herself. To do this, she picks up the card in position #1,
leaving Barbara to choose between positions #2 and #2n. Thereafter, she picks up a card
from the same end that Barbara chose a card from, making sure that the cards on the end
are in even positions after her move.

If Alice instead begins by taking the card in position #2n, she leaves Barbara with the choice



of positions #1 and #(2n — 1). Repeating the same strategy, Barbara always ends up forced
to pick an odd card.

Choosing between these two strategies, Alice has the option of ending with either the even-
position cards, and the odd-position cards, and can just choose whichever is greater.

. (Putnam 1993) Consider the following game played with a deck of 2n cards numbered from 1
to 2n. The deck is randomly shuffled and n cards are dealt to each of two players. Beginning
with A, the players take turns discarding one of their remaining cards and announcing its
number. The game ends as soon as the sum of the numbers on the discarded cards is divisible
by 2n 4+ 1. The last person to discard wins the game. Assuming optimal strategy by both A
and B, what is the probability that A wins?

Player B wins with probability 1.

Since the cards are known ahead of time, and each player can see their cards, they can infer
their opponent’s cards, so all are public information.

At an intermediate point in the game, when it’s B’s turn, A has k cards and B has k+1. No
matter what B plays, A has at most one winning play in response, since all card values are
different modulo 2n 4 1. Furthermore, none of A’s cards can be the winning reply to two of
B’s plays, since those two plays result in a different sum modulo 2n + 1. Since B has more
cards than A, B must have an option that A does not have an immediate winning reply to.

Therefore B can keep playing without losing until the end of the game. At that point, the
sum of the cards on the table is 1 +2 + --- + 2n = n(2n + 1), which is divisible by 2n + 1,
and so B wins.

. (Germany 1984) Two players take turns writing an integer between 1 and 6 on the board.
When 2n numbers have been written, the game ends; the second player wins if the sum of
the numbers is divisible by 9. For which values of n does the second player have a winning
strategy?

The second player has a winning strategy if n is divisible by 9. While this can be discovered
by working backwards, the strategy itself is very simple to describe: whenever the first player
writes down z, the second player responds with 7 — x, which ensures that the sum of the
numbers will be 7n, a multiple of 9 in this case.

When n is not divisible by 9, player 1 can counter with a similar strategy. It can be checked
that in all such cases, at least one of 2n —2, 2n — 1, or 2n is congruent to a number between 1
and 6 modulo 9. Player 1 begins with such a number; thereafter, whenever the second player
writes down z, the first player responds with 7 — .

This means the middle 2n — 2 numbers will sum to 7(n — 1), so the total before the second
player’s last turn will be one of 7(n—1)4+2n—2=0,7(n—1)+2n—1=1,or 7(n—1)+2n =2
modulo 9. In each of these cases, there is no number the second player can write down to
make the total divisible by 9, so the first player wins.

. (USAMO 1999) The Y2K game is played on a 1 x 2000 grid as follows. Two players in turn
write either an S or an O in an empty square. The first player who produces three consecutive



bozes that spell SOS wins. If all boxes are filled without producing SOS then the game is a
draw. Prove that the second player has a winning strategy.

It is not too hard to check that whenever the grid has a 1 x 4 block with the pattern

EINNE]

the middle two squares are “deadly”: any player that enters an S or an O in either of them
gives the other player a chance to win the game.

With a little more work, we see that a square can only be “deadly” if it is one of the middle
squares of such a pattern:

e If entering an O in a square would lose the game, the square must be adjacent to an
S and an empty square, which means that (up to reflection), the square must look like

the x in the pattern below:
EIEIN

e If entering an S in that square would also be deadly, the square must either be adjacent
to an O followed by an empty square (which is impossible in the case above) or to an
empty square followed by an S, which produces (again, up to reflection) the pattern:

EIEINE]

Whenever it is the second player’s turn to play, an odd number of squares are empty. Since
“deadly” squares come in pairs located between two letters S, there must be at least one
square that’s not deadly: there is a letter to enter in it that does not immediately lose. This
already is enough to guarantee a draw for the second player. (The player should also check
if there is any place to win the game, since the first player can use such a spot if the second
player doesn’t. But we’ve shown that a play exist that does not create new places to win the
game.)

We can do better by beginning the game cleverly. After the first player’s first move, the
second player responds by playing an S in a square far from the first player’s move or from
either end. (Three squares is sufficiently far.) After the first player’s second move, the second
player either completes an SOS (if one exists) or responds by playing an S three spaces away
from his or her first S, in a direction that avoids playing close to the first player’s second
move.

This ensures that some deadly squares exist in the grid. Thereafter, the second player just
needs to avoid them (and not miss any place where a winning play exists). Since the second
player can always avoid deadly squares, eventually the first player must play on a deadly
square, giving the second player a chance to win.



