A Nontrivial Lower Bound on the Shannon Capacities of the Complements of Odd Cycles

Tom Bohman Ron Holzman

Abstract— This paper contains a construction for independent sets in the powers of the complements of odd cycles. In particular, we show that α ( C^{2n}_{2n+3} ) ≥ 2^{2n} + 1. It follows that for n ≥ 0 we

have Θ(C2n+3) > 2, where Θ(G) denotes the Shannon capacity of graph G.

Index Terms—graph powers, independence number, odd cycles, Shannon capacity.

I. INTRODUCTION

Let G = (V, E) be a graph. For d ≥ 1 let G^d be the graph with vertex set V^d and an edge between distinct vertices (x_1, . . . , x_d) and (y_1, . . . , y_d) if and only if x_i = y_i or {x_i, y_i} ∈ E for i = 1, . . . , d. It is obvious that α(G^d) ≥ (α(G))^d, where α(H) is the size of the largest independent set in graph H. The Shannon capacity of G is

Θ(G) = sup_d ( α ( G^d ))_{1/d} . This graph invariant was introduced by Shannon in 1956 and gives a measure of the optimal zero-error performance of an associated memoryless communication channel [11] (for a survey of zero-error information theory see [8]).

Motivated in part by the problem of determining the Shannon capacities of graphs, Berge introduced the notion of a perfect graph [3]. A graph G is perfect if ω(H) = χ(H) for every induced subgraph H of G, where ω(H) is the size of the largest clique in H and χ(H) is the chromatic number of H. Perfect graphs are known to satisfy Θ(G) = α(G). Berge conjectured that a graph is perfect if and only if it does not contain an odd cycle of length five or more, or the complement of such a graph, as an induced subgraph. This long standing conjecture, known as the strong perfect graph conjecture, was recently proved in a sequence of results by Chudnovsky, Robertson, Seymour and Thomas [5] (for an overview of the proof, see [6]). It follows from this result that the odd cycles of length five or more and their complements are the minimal graphs for which the determination of the Shannon capacity is nontrivial.

The best known upper bounds on the Shannon capacities of

Tom Bohman is with the Department of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, USA. His work is supported in part by NSF grant DMS 0100400. E-mail: tbohman@moser.math.cmu.edu Ron Holzman is with the Department of Mathematics, Technion–Israel Institute of Technology, Haifa, Israel. His research is supported by the Fund for the Promotion of Research at the Technion. E-mail: holz-

man@tx.technion.ac.il

these graphs are given by the Lovász theta function [9]:

Θ(C_{2n+1}) ≤ ϑ(C_{2n+1}) = (2n + 1) cos (π/(2n + 1)) 1 + cos (π/(2n + 1))

= n + 1 2 − O(1/n),

Θ(C_{2n+1}) ≤ ϑ(C_{2n+1}) = 1 + cos (π/(2n + 1)) cos (π/(2n + 1))

= 2 + O(1/n^2).

Since α(C^2_5 ) = 5, this upper bound suffices to establish the Shannon capacity of C_5, which is self complementary: Θ(C_5) = Θ(C_5) = √ 5. However, the Shannon capacities of odd cycles and the complements of odd cycles on seven or more vertices remain unknown. While there are nontrivial lower bounds on the Shannon capacities of odd cycles (see [2], [4], [7], [12]), the best known lower bound on the Shannon capacities of the complements of the odd cycles on seven or more vertices is the trivial Θ ( C_{2n+1} ) ≥ α ( C_{2n+1} ) = 2.

The question whether this lower bound is actually the truth is mentioned, e.g., in [1], [10]. Here we show, by means of a construction, that it is not.

Theorem 1. For n ≥ 0 we have α ( C^{2n}_{2n+3} ) ≥ 2^{2n} + 1.

Corollary 2. For n ≥ 0 we have Θ ( C_{2n+3} ) ≥ ( 2^{2n} + 1 )_{1/2}n = 2 + Ω ( 1 2^{2n+n} ) .

II. CONSTRUCTION For ease of notation, we identify the vertices of C^d_{2n+3} and the elements of the abelian group Z^d_{2n+3} in the natural way. Adjacency in C_{2n+3} can be expressed in terms of the group operation: distinct u, v ∈ Z_{2n+3} are adjacent in C_{2n+3} if and only if u − v ∉ {−1, 1}. Thus, a vertex set X ⊆ Z^d_{2n+3} is an independent set if for distinct x = (x_1, . . . , x_d), y = (y_1, . . . , y_d) ∈ X there exists i such that x_i − y_i ∈ {−1, 1}. For example, {0, 1}^d is an independent set in C^d_{2n+3} (this independent set is called the standard independent set below).

We illustrate the spirit of the construction on the n = 1 case of the theorem (i.e., by showing α(C^2_5) ≥ 5). We start with the standard independent set {0, 1}^2. We would like to modify this independent set in such a way that we can add one more vertex. We do this by ‘moving’ the vertices in {0, 1}^2 as follows

(0, 1) → (4, 1) (1, 1) → (1, 2) (0, 0) → (0, 4) (1, 0) → (2, 0).

Note that the new set, {(0, 4), (4, 1), (1, 2), (2, 0)}, is an independent set, and we can add the vertex (3, 3) to this set in order to achieve an independent set of the desired size.

Now, let n ≥ 0 and d = 2^n. We begin with the standard independent set {0, 1}^d in Z^d_{2n+3} . As in the previous example, we ‘move’ these vertices in such a way that the new set is still an independent set and one additional vertex can be added. In the following claim we construct a function f : {0, 1}^d → {0, 1, . . . , n}^d that will help us control the movement. For 1 ≤ i ≤ d and x ∈ {0, 1}^d we let f_i(x) denote the i^{th} coordinate of f(x).

Claim 3. Let n ≥ 0 and d = 2^n. There exists a function f : {0, 1}^d → {0, 1, . . . , n}^d such that (a) for all x ∈ {0, 1}^d there exists 1 ≤ i ≤ d such that f_i(x) = n.

(b) for all distinct x, y ∈ {0, 1}^d there exists 1 ≤ i ≤ d such that either

x_i ≠ y_i and f_i(x) = f_i(y) = 0 or x_i = y_i and |f_i(x) − f_i(y)| = 1. (1) Proof: We go by induction on n. For n = 0 we simply let f be identically equal to zero. Let n ≥ 1 and suppose g : {0, 1}^{2n−1} → {0, 1, . . . , n − 1}^{2n−1} satisfies the n − 1 case of the claim. We use g to construct f : {0, 1}^{2n} → {0, 1, . . . , n}^{2n} by considering the coordinates of {0, 1}^{2n} in pairs. For x ∈ {0, 1}^{2n} and 1 ≤ j ≤ 2^{n−1} define

z_j (x) = { 0 if x_{2j−1} ≠ x_{2j} 1 if x_{2j−1} = x_{2j} .

This produces z(x) in {0, 1}^{2n−1} . Now, for j = 1, . . . , 2^{n−1} define

f_{2j−1}(x) = { g_j (z(x)) + 1 if z_j (x) = 0 0 if z_j (x) = 1,

f_{2j} (x) = { 0 if z_j (x) = 0 g_j (z(x)) + 1 if z_j (x) = 1.

It remains to check that f has the desired properties. Consider x ∈ {0, 1}^d. Since there exists a coordinate j such that g_j (z(x)) = n − 1, there exists a coordinate i, either 2j − 1 or 2j, such that f_i(x) = n. Thus, f satisfies (a).

Consider distinct x, y ∈ {0, 1}^d. Assume first that z(x) = z(y). Then there exists a pair of coordinates 2j − 1, 2j such that x and y differ in both of these coordinates. In one of these coordinates, say k ∈ {2j −1, 2j}, we have f_k(x) = f_k(y) = 0. Thus the first part of (1) holds.

Next, assume that z(x) ≠ z(y). Applying property (b) of g to z(x), z(y), we find a coordinate j for which one of the two parts of (1) holds. Suppose first that z_j (x) ≠ z_j (y) and g_j (z(x)) = g_j (z(y)) = 0. There exists a unique k ∈ {2j − 1, 2j} such that x_k = y_k. Either f_k(x) = g_j (z(x)) + 1 = 1 and f_k(y) = 0 or f_k(x) = 0 and f_k(y) = g_j (z(y)) + 1 = 1. In either case, the second part of (1) holds.

Suppose, on the other hand, that j is a coordinate such that z_j (x) = z_j (y) and |g_j (z(x)) − g_j (z(y))| = 1. Either x_{2j−1} = y_{2j−1} and x_{2j} = y_{2j} or x_{2j−1} ≠ y_{2j−1} and x_{2j} ≠ y_{2j} . In the first case, note that there exists a unique k ∈ {2j − 1, 2j} such that f_k(x) = g_j (z(x))+1 and f_k(y) = g_j (z(y))+1. It follows that |f_k(x) − f_k(y)| = |g_j (z(x)) − g_j (z(y))| = 1, and the second part of (1) holds. In the second case, note that there exists a unique k ∈ {2j − 1, 2j} such that f_k(x) = f_k(y) = 0. Now the first part of (1) holds. We have verified that f satisfies (b).

We replace each x ∈ {0, 1}^d with x^∗ defined by

x^∗_i = { x_i + f_i(x) if x_i = 1 x_i − f_i(x) if x_i = 0,

where the operations are taken in Z_{2n+3} . It follows from condition (b) on the function f that the set { x^∗ : x ∈ {0, 1}^d } is an independent set. It follows from condition (a) that { x^∗ : x ∈ {0, 1}^d } ∪ {(n + 2, n + 2, . . . , n + 2)} is an independent set.

Acknowledgement. We thank Noga Alon for encouraging work on this topic, and an anonymous referee for providing some references and comments.

REFERENCES

[1] N. Alon, “Graph Powers,” in Contemporary Combinatorics, B. Bollobas, Ed. New York: Springer, 2002, pp. 11-28.

[2] L. Baumert, R. McEliece, E. Rodemich, H. Rumsey, R. Stanley and H.

Taylor, “A Combinatorial Packing Problem,” in Computers in Algebra and Number Theory, G. Birkhoff and M. Hall, Eds. Providence: American Mathematical Society, 1971, pp. 97-108.

[3] C. Berge, Graphs and Hypergraphs. Amsterdam and London: North- Holland, 1973.

[4] T. Bohman, “A limit theorem for the Shannon capacities of odd cycles, ” Proceedings of the AMS, to appear.

[5] M. Chudnovsky, N. Robertson, P. Seymour and R. Thomas, “The strong perfect graph conjecture,” forthcoming.

[6] G. Cornuéjols, “The strong perfect graph conjecture,” manuscript. [7] R. S. Hales, “ Numerical invariants and the strong product of graphs, ” Journal of Combinatorial Theory – B, 15 (1973), 146-155.

[8] J. Körner and A. Orlitsky, “Zero-error information theory,” IEEE Transactions on Information Theory 44(6) (1998), 2207-2229.

[9] L. Lovász, “On the Shannon capacity of a graph,” IEEE Transactions on Information Theory 25(1) (1979), 1-7.

[10] J. Nešetřil and M. Rosenfeld,“I. Schur, C. E. Shannon and Ramsey numbers, a short story,” Discrete Mathematics, 229 (2001), 185-195.

[11] C. E. Shannon, “The zero-error capacity of a noisy channel,” IRE Transactions on Information Theory, 2(3) (1956), 8–19.

[12] A. Vesel and J. Zerovnik, “Improved lower bound on the Shannon capacity of C7,” Information Processing Letters 81(5) (2002), 277-282.

Biographies.

Tom Bohman was born in Cincinnati, Ohio, USA on August 17, 1969. He received a Ph.D. in Applied Mathematics from Rutgers University in 1996.

Dr. Bohman held postdoctoral positions at the Mathematical Sciences Research Institute and the Massachusetts Institute of Technology before moving to Carnegie Mellon University, where he is now an Assistant Professor. His main field of research is extremal combinatorics.

Ron Holzman is Associate Professor of Mathematics at the Technion–Israel Institute of Technology. He studied at the Hebrew University of Jerusalem, where he obtained his Ph.D. in 1985 with a thesis on game theoretic aspects of voting theory. After occupying a number of visiting positions in Belgium and the U.S., he spent a few years at the Weizmann Institute of Science.. He has been at the Technion since 1993. He serves on the editorial board of the journal Mathematical Social Sciences. His research interests include combinatorics and game theory.