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Abstract

Recently Mao et al. [18] established a number of useful stability criteria in terms of M-matrices
for nonlinear stochastic differential delay equations with Markovian switching, and the criteria there
are independent of time delay. Such criteria are in general good for large delay but might not be good
enough for small delay. When the time lag is sufficiently small, it is useful to obtain delay-dependent
stability criteria and this is the aim of this paper.
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1 Introduction

Stochastic modelling has come to play an important role in many branches of science and industry. An
area of particular interest has been the automatic control of stochastic systems, with consequent emphasis
being placed on the analysis of stability in stochastic models, and the key books in this area are Arnold
[1], Elworthy [4], Khasminskii [6], Kolmanovskii & Myshkis [7], Kolmanovskii & Shaikhet [9], Ladde &
Lakshmikantham [13], Mao [14, 15, 16] and Mohammed [20]. Recently, the stability of stochastic systems
with Markovian switching has received a great deal of attention. For example, Ji & Chizeck [5] and
Mariton [19] studied the stability of a jump linear equation

@(t) = A(r(t))x(t), (1)

where r(t) is a Markov chain taking values in S = {1,2,---, N}. Basak et al. [2] discussed the stability
of a semi-linear stochastic differential equation with Markovian switching of the form

da(t) = A(r(t)z(t)dt + g(x(t), r(t))dw(t), (2)
while Mao [17] investigated the stability of a nonlinear equation
dz(t) = f(z(t),t,r(t))dt + g(x(t),t,r(t))dw(t). (3)

Shaikhet [21] took the time delay into account and considered the stability of a semi-linear stochastic
differential delay equation with Markovian switching, while Mao et al. [18] investigated the stability of a
nonlinear delay equation

dz(t) = f(z(t),z(t — 7),t,r(t)dt + g(x(t),z(t — 7),t,r(t))dw(t). (4)



The criteria obtained by Mao et al. [18] are all independent of time delay. Such criteria are in general
good for large delay but might not be good enough for small delay. When the time lag is sufficiently
small, we may write equation (4) as

de(t) = f(a(t),z(t),t,r(t))dt
[f(2(t),z(t —7),t,r(t) — f(2(t),2(t),t,r(t))]dt
g(z(t), x(t — 7),t,7(t))dw(?), (5)

and regard equation (4) as the perturbed system of the nonlinear jump equation (without delay)

w(t) = f(x(t), 2(t),t,r(1)), (6)

where [f(x(t),z(t — 7),t,7(t)) — f(x(t),z(t),t,r(t))]dt and g(x(t),z(t — 7),t,r(t))dw(t) represent the
perturbations due to time delay and noise, respectively. If we impose that equation (6) is stable and
the stochastic perturbation g(z(t), z(t — 7),t,r(t))dw(t) is sufficiently small, we may then find the time
lag 7 sufficiently small for the delay perturbation [f(x(t),z(t — 7),t,7(t)) — f(x(t),x(¢t),t,7(t))]dt to be
so small that the perturbed equation (4) remains stable. Such stability criteria, which are of course
delay-dependent, will be extremely useful for systems with small time delay, and the main aim of this
paper is to establish such criteria.
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It should be pointed out that one may also write equation (4) as

dz(t) = flz(t),2(t),t,rt)dt + g(z(t),2(t),t,7(t))dw(t)
+ [f2@),x(t —7),t,r(t)) — f(x(t), x(t), T, r(t))]dt
+ lg(@(t),z(t —7),t,r(t) — g(x(t), (1), t,7(t)]dw(?), (7)
and regard equation (4) as the perturbed system of the nonlinear jump stochastic differential equation
dx(t) = f(a(t),z(t),t,r(t))dt + g(x(t), z(t), t,r(t))dw(t). (8)

Under condition that equation (8) is stable, one may show that if the time lag 7 is sufficiently small, than
the perturbation

[f@(t),x(t = 7),t,r(t) = f(x(t), x(t), ¢, r@)ldt + [g(z(t), 2(t = 7),t,7()) — g(2(t), 2(2), ¢, 7(8)]dw(t)

will be sufficiently small for the perturbed equation (4) to remain stable. This different approach will
give us alternative delay-dependent stability criteria. In this paper we will concentrate on the approach
above but the techniques developed here will certainly be applicable to this different approach.

2 Delay Equations with Markovian Switching

Throughout this paper, unless otherwise specified, we let (Q,F, {Fi}i>0, P) be a complete probability
space with a filtration {F;};>¢ satisfying the usual conditions (i.e. it is right continuous and Fy contains

all P-null sets). Let w(t) = (w1(t), -, wmn(t))? be an m-dimensional Brownian motion defined on the
probability space. Let 71 and 75 be both positive numbers and set 7 = 71 V 7o. Let C([—7,0]; R")
denote the family of continuous functions ¢ from [—7,0] to R™ with the norm ||| = sup_,<.<q |e(s)],
where | - | is the Euclidean norm in R™. If A is a vector or matrix, its transpose is denoted by AT. If
A is a matrix, its trace norm is denoted by |A| = /trace(AT A) while its operator norm is denoted by
[|A|| = sup{|Az| : |z| = 1} (without any confusion with ||p]|). If A is a symmetric matrix, denote by

Amax(A4) and Apin(A) its largest and smallest eigenvalue, respectively. Denote by C}O([—T, 0]; R"™) the
family of all bounded, Fy-measurable, C([—,0]; R™)-valued random variables. If z(t) is a continuous
R™-valued stochastic process on t € [—7,00), we let ; = {x(t +s) : —7 < s < 0} for ¢ > 0 which is
regarded as a C([—T,0]; R™)-valued stochastic process.

Let r(t), t > 0, be a right-continuous Markov chain on the probability space taking values in a finite
state space S = {1,2,---, N} with generator I = (v;;) nxn given by

i) — 1 S A Fo(A) ifi#j,

Plr(t+4) =jlr(t) =i} = {1+%,»A+0(A) if i = 7,

where A > 0. Here 7;; > 0 is the transition rate from 4 to j if 4 # j while

Yii = —Z%‘j.
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We assume that the Markov chain r(-) is independent of the Brownian motion w(-). It is known that
almost every sample path of r(¢) is a right-continuous step function with a finite number of simple jumps
in any finite subinterval of R .

Consider a stochastic differential delay equation with Markovian switching of the form
da(t) = f(x(t),x(t — ), t,r(t)dt + g(x(t), x(t — 72),t,7(t))dw(t) (9)
on t > 0 with initial data g = ¢ € C%, ([-7,0]; R"), where
f:R"XR'"XRy xS—R" and g:R"xR"x Ry xS — R"™™.

Comparing (9) with (4), we note that here the time lags 71 and 75 in the shift coefficient f and the
diffusion coefficient g may differ. The stability criteria obtained in this paper will be independent of 7
but require 7 be sufficiently small. The theory developed in this paper can cope with more complicated
situation of time lags, e.g. the equation of the form

dz(t) = f(z(t), z(t — ), t,r(t))dt + ng(x(t), x(t — Tigx), t,r(t))dwy(t),
k=1

but we will concentrate on equation (9) to avoid notation becoming too complicated.

As a standing hypothesis, we assume that both f and g satisfy the local Lipschitz condition and the
linear growth condition. In the same way as in Mao et al. [18] we can show that under this hypothesis,
equation (9) has a unique continuous solution on ¢ > —7, which is denoted by z(¢;£) in this paper.
Moreover,

E{ sup |x(5;£)2} <oo ont>0. (10)
—7<s<t

Let C*1(R" x Ry x S; Ry) denote the family of all nonnegative functions V (z,t,7) on R" x Ry x S
which are continuously twice differentiable in x and once differentiable in t. If V € C**(R"x Ry xS; Ry),
define an operator LV from R"™ x R™ x R™ x Ry x S to R by

LV(x, y7 Z7t7 Z) = ‘/t(x7 t’ Z) + Vl’(l.7 t’ Z)f(l.7 y’ t’ Z)
N

1
+§trace [gT(xu 2, ta Z)me(my ta Z)g(xa 2, ta Z)] + Z %‘jv(% tvj)v (11)
j=1

where

Vi(,t,i) = W, Vo(x,t,4) = (6‘/;2’1’5”)7..., 3Vézvt’2)))

. 0%V (x,t,i
g J nxn

For the convenience of the reader we cite the generalized It6 formula (cf. Mao et al. [18] or Skorohod
[22]): If V € C*1(R" x Ry x S; R, ), then for any stopping times 0 < p; < pa < 00,

EV(x(p2), p2,7(p2)) = EV(2(p1), p1,7(p1))
+ E LV (z(s),x(s —71),z(s — T2),s,7(s))ds (12)

P1

as long as the expectations of the integrals exist. Let us point out that in the sequel whenever we apply
this generalized formula the expectations of integrals involved do exist due to property (10).

3 Exponential Stability

In this section we shall discuss the exponential stability in mean square for equation (9). We impose the
following hypotheses:



(H1) For every i € S, there are constants «; € R and ;,7; > 0 such that
227 f(x, 2, t,4)| < oylz)?

and
lg(z, z,t,0)[* < Bila]* + 6z

for all z,z € R™ and t > 0.

(H2) There are three nonnegative constants K;, Ko and K3 such that
(@, t,4) — fla,y,t,0) | < Kyle -yl

and
f (@, y,t,9)]> < Kala|® + Ksly|?

forall z,y e R*",t>0and: € S.

It is easy to see from these hypotheses that f(0,0,¢,i) = 0 and ¢(0,0,¢,7) = 0 so equation (9) admits a
trivial solution 2(¢;0) = 0. This trivial solution is said to be exponentially stable in mean square if

Jim sup % log(Elz(t: €)[?) < 0 (13)

t—o0o
for any initial data & € C%, ([—7,0]; R™).

Theorem 3.1 Let hypotheses (H1) and (H2) hold. Set

= max ¢, 0= max B, 0= max d. (14)
Assume that there are positive constants qi,qe,-++,qn and 6 such that
A1 > Ao (15)
where
N
A= 1221]\[(—[0% + Bi +0lqi — z;%‘jqj‘), Ao = max, 0iG;- (16)
j=
Let
T = m (\/(5 +6)2 4+ 20(M1 — Ao) (Ko + K3) /Ky — (3 — 5)- (17)

If the time lag 71 < T though the time lag To is arbitrary, then the trivial solution of equation (9) is
exponentially stable in mean square.

Proof. Fix any initial data £ € C%, ([—7,0]; R") and write (t; ) = z(t). We divide the whole proof into
three steps.
Step 1. Define, for some € > 0 sufficiently small,

V(x,t,i) = qet|z[* for (x,t,4) € R™ x Ry x S.

Clearly, V € C?>(R™ x Ry x S; Ry). Moreover, the operator LV from R" x R" x R" x Ry x S to R
defined by (11) becomes

N
LV(IJJ, tha 7’) = eEt qu‘|$‘2 =+ 2Qifo(m7y7ta 7’) =+ ql|g(xa Zyt’i)|2 + ZVZ]Q]|Z‘|2:| . (18)
j=1

Using hypotheses (H1) and (H2) we derive

2q;x” f(z,y,t,1)

2q;x” f(x,x,t,0) + 2qixT [f(z,y,t,0) — f(x,2,t,9))]

aiqilx* + 0gi|x* + 07 qi| f(z,y, t,0) — f(z,z,t,0))

(ai + 0)qilzl” + 071K |2 — y|? (19)
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and
gilg(z, 2, t,9) > < Bigi|lz|* + 6iqi|2)* < Bii|w|* + \2|2)?,

where the elementary inequality 2ab < fa? + 6~ 1b? has been used. Substituting these into (18) yields
that

LV (2,y,2,t,1) < e [—(A1 — eq)|z> + Ao|2|* + 074K |z — y|?]. (20)
Noting

EV (2(0),0,7(0)) < ¢El(0)* < ¢EI¢|* := C1

we obtain, by the generalized It6 formula, that
t
FEV(a(t) tr(t) < Ci— (M —<d) / ¢ Blo(s)ds
0
t
+ )\2/ e Elx(s — 12)|*ds
0
t
+ H_I(jKl/ e El|x(s) — 2(s — )| %ds. (21)
0
Step 2. In this step we shall always let t > 7. Compute

t T2 t
/ e Blz(s — m)|?ds = / e Elx(s — 12)|2ds + €™ / e Bla(s — 1) Pds
0 0

T2

IN

T2 t—T2
E||§||2/ eesds—l—eﬁz/ e Blx(s)|?ds
0 0

IN

t
rac= B|[€]2 + 5 / ¢=* E|(s)[2ds. (22)
0

Moreover, it is easy to show from equation (9) that

Elz(t) —z(t—1)? < 2nFE |f(z(s), z(s — 11),5,7(s))|*ds

+ 2F /t_ lg(z(s), 2(s — 12),5,7(s))|ds.

By hypotheses (H1) and (H2), we have

Elx(t) — x(t — 7'1)|2 <2(m Ko+ B) /ti E|x(s)|2d5

t t
+ 21 K3 Elz(s —m)|*ds + 26 Bla(s — )|%ds.

t—Tl t—Tl

We further compute

¢
/ e Blx(s) — z(s — m)|*ds
0
¢

B / e Blz(s) — x(s — m)[ds + / = Bla(s) — x(s —m)[*ds
0 T

1

IN

t s
2™ (Bl + Bl ) + 2 K + ) | ( / E|x<u>2du>ds
S—T1

t s
27’1K3/ e’ (/ Elz(u— T1)|2du> ds
] . T1 . S—T1
+ 25/ e’ (/ Elz(u— Tg)|2du) ds. (23)

But, by changing the order of integrations, we can show that

t s t u+71
/ e’ (/ E|x(u)|2du) ds < / E|$(u)|2(/ essds> du
T1 s—T1 0 u

_|_



¢
gﬁefﬁ/ e Blx(u)|*du,
0

t s t u+T71
/ e’ (/ Ex(u71)|2du>ds < / Elz(u—m)|? (/ eesds>du
T1 s—T1 0 u

¢ ¢
< 11e / e UE|x(u — 1) |2du < 72> E||€]||? + T e* / e Bz (u)|*du,
0 0

t s t u+71
/ e’ (/ Ex(u—T2)|2du>ds < / Elz(u — m)|? (/ essds)du
T1 s—T1 0 u

t t
< et / e Elx(u — )2 du < 7'17'265(T1+T2)E||§||2 + 7'165(7”'72)/ U Bz (u) |2 du.
0 0

and
and

Substituting these into (23) gives

t
/ e Elx(s) — (s — 7)|*ds
0
§ 5 ¢
< Cy+2me™ |:7_1K2 + B8+ Kzef™ + 5657—2:| / e Bl (u) | du, (24)
0

where .
Cy =271 (E||§H2 —+ E||x7||2) + 27'165“E||§||2 [K3T126€Tl + 019e" ™2 |.

Step 3. Substituting (22) and (24) into (21) yields
¢
"BV (x(t),t,r(t)) < Cs — )\(5,7’1)/ e**F|a(s)|*ds (25)
0

for all ¢ > 7, where
Cs = Cy + Mo E||€||? + 07 GK,Cy

and
e, 1) = A — e — Aoe"™ — 2107 LG K e {Tle + B+ 1 K3e™ + 56672} (26)

Note that .
)\(O,Tl) =X — Ay — 27’1971qu1 |:7'1(K2 + Kg) + ﬂ + (5}

whence, by (17),
A0, 7%) = 0.

By condition 71 < 7*, we see easily that A(0,71) > 0. We can therefore find an ¢ > 0 sufficiently small
for
Ae,m) > 0.
It then follows from (25) that
e EV (x(t),t,r(t) < C3, t>T.
Noting
BV (x(t),t,r(t)) = ¢E(t)]?,

where ¢ = minj<;<n g; > 0, we obtain

C
Bla@) < e, t>r.
q

Consequently
1
lim sup . log(E|z(t)]*) < —e < 0.

t—oo
In other words, the trivial solution of equation (9) is exponentially stable in mean square. The proof is
therefore complete.



4 Criteria in Terms of M-matrices

The use of Theorem 3.1 is very much dependent of the existence of the N+1 positive numbers g1, g2, - - -, gN
and 0. In this section we shall establish some criteria, which can be verified easily, for the existence of
such N 4 1 numbers and hence for the exponential stability in mean square.

These criteria will be described in terms of M-matrices. For the convenience of the reader, let us
cite some useful results on M-matrices. For more detailed information please see Berman & Plemmons
[3]. We will need a few more notations. Let B be a vector or matrix. By B > 0 we mean each element
of B is nonnegative. By B > 0 we mean B > 0 and at least one element of B is positive. By B > 0 we
mean all elements of B are positive. Let B; and By be two vectors or matrices with same dimensions.
We write By > By, By > By and B; > By if and only if Bi — By > 0, By — By >0 and By — By > 0,
respectively. Moreover, we also adopt here the traditional notation by letting

ZNXN :{A: (aij)NXN:aij SO, Z#J}

Definition 4.1 A square matriz A = (a;;)nxn 5 called a nonsingular M-matriz if A can be expressed
in the form A = sI — B with some B > 0 and s > p(B), where I is the identity matriz and p(B) the
spectral radius of B.

It is easy to see that a nonsingular M-matrix A has nonpositive off-diagonal and positive diagonal
entries, that is
a;; > 0 while Qjj <0, 1 75 J-

In particular, A € ZV>*N_ There are many conditions which are equivalent to the statement that A is a
nonsingular M-matrix and we now cite some of them for the use of this paper.

Lemma 4.2 If A€ ZN*N | then the following statements are equivalent:
(1) A is a nonsingular M-matrix.
(2) A is semipositive; that is, there exists a column vector  >> 0 in RN such that Az > 0.
(3) A is inverse-positive; that is, A~ exists and A= > 0.
(4) All the leading principal minors of A are positive; that is

aip -0 Q1g
>0 foreveryk=1,2,--- N.

g1 - gk
For any parameter 6 > 0, let us define a matrix
Ag = diag(—(a1 + f1 +6),---, —(an + By +6)) —T. (27)
Clearly, Ag € ZVN*N . Let us introduce ¢ = (¢1,q2, - -,qn)T and set
(b1, b2, -, by ) := Apq.
Then A\; defined by (16) becomes A\ = minj<;<n b;. By condition (15), we know A\; > 0 so
Apg > 0.
By Lemma 4.2, we observe that Ay is a nonsingular M-matrix. Furthermore,
0 < ApG = ApG— 07 < Ao,

whence Aj is a nonsingular M-matrix. In other words, the existence of positive numbers g1, ¢z, -, qN
and 6 such that A; > 0 implies that A is a nonsingular M-matrix. We shall now show that the converse
holds too.

Lemma 4.3 There are positive numbers qi1,qa,-+,qn and 0 such that A1 defined by (16) is positive if
and only if

Ay = diag(—(aq + £1), -+, —(an + 6n)) =T



is a nonsingular M-matrizx.

Proof. The necessity has been shown above so we need only to show the sufficiency. If Ay is a nonsingular
M-matrix, then, by lemma 4.2, there is a vector ¢ > 0 such that A4pG > 0. One can then find a number
6 > 0 sufficiently small for

(by,ba, -+, bn) := Agqd = Aod — 07> 0.

Thus A\; = min;<;<n b; > 0. This completes the proof.

The following is a sufficient stability criterion in terms of M-matrix.
Theorem 4.4 Let hypotheses (H1) and (H2) hold. Assume that Ay is a nonsingular M-matriz and
AT < (07,031 3T, (28)

where 1 = (1,1,---, )T and we, as usual, set 52._1 = o0 if §; = 0. Then there is a positive constant T*
such that the trivial solution of equation (9) is exponentially stable in mean square provided 71 < T*.
(The proof below provides a way to compute T*.)

Proof. By Lemma 4.2, there is a column vector x = (x1,2,---,2x5)7 > 0 such that
(b17b27 e 7bN)T = on > 0.

Note
Ay = Ay — 01,

where I is the N x N identity matrix. Hence, for any 0 < 6 < miny<;<n(b;/z;),
Agx = Agx — 0z = (b1 — Oz1,by — Oxo,--- by — Ozn)T >0,

which implies, by Lemma 4.2, that Ay is a nonsingular M-matrix. Note that for all § > 0 sufficiently
small,

Agt = (Ao =007 =AY (04"
k=0

Thus A,' — A;' as & — 0. By (28), we can then find an > 0 sufficiently small such that Ay is a
nonsingular M-matrix and
"40_11 < (51_1752_17"'35;/1)71' (29)

Let
q': (qlaq27' o an)T = Ae_ll
By Lemma 4.2, A, 1'> 0 s0 each row of Ae_l has all nonnegative elements and has at least one positive
element, that is, each row > 0. Therefore, §¢>> 0. Now, AgG =1 so, by (16), A\; = 1. Moreover, by (29),
@ <6', 1<i<N.

Hence, by (16), A2 < 1. In other words, condition (15) of Theorem 3.1 is satisfied. We can therefore
compute the positive number 7* by (17) and conclude by Theorem 3.1 that the trivial solution of equation
(9) is exponentially stable in mean square provided 73 < 7*. The proof is complete.

5 Linear Delay Equations

In this section we shall consider the n-dimensional linear stochastic differential delay equation with
Markovian switching of the form

dz(t) = [A(r(t)x(t) + B(r(t))x(t — m)]dt
+ Y [Ch(r(0)x(t) + Di(r(t)z(t — 72)|dwy(t) (30)
k=1

on t > 0 with initial data zog = £ € C}O([—T, 0]; R™). We shall simply write

A(i) = A4;, B(i)=B;, Ck(i)=Cli, Dg(i)= Dy,



which are all n x n matrices. If we define
f(z,y,t,4) = Ajz + By and  g(x,2,t,1) = (Cryz + Dyz, - -+, Cpix 4 D),

then equation (30) can be written as equation (9). Moreover, hypotheses (H1) and (H2) hold and the
parameters there are specified as follows

@i =Amin(Ai + Bi + AT + B]),  pi=2)_|lCull®,  6i=2>_ [|Dull, (31)
k=1 k=1
and
Kl = max ||Bi‘|27 KQ = 2 max HA1||2, K3 = 2K1 (32)
1<i<N 1<i<N

Corollary 5.1 Assume that
Ap = diag(—(ay + p1), -, —(an +6n)) = T

is a nonsingular M-matrixz and
-17 -1 ¢—1 —1\T
A 1< (677,85 +,08 )"

where a;, B; and 6; are defined by (31). Then there is a positive constant T* such that the trivial solution
of equation (30) is exponentially stable in mean square provided 7y < 7*. This corollary follows from

Theorem 4.4 directly.

6 Asymptotic Mean Square Stability

Consider the equation
dz(t) = [A(r(t))x(t) + Bx(t — h)]dt + g(t, z¢, r(t))dw(t), (33)

In this section we will suppose that x; = z(t + s), s < 0, and for every positive definite matrix P; there
exists matrix G;(s) such that

Trlg™ (1, p.1) Pag(t, 0,1)] < / T (= 8)dG(s)p(—s), (34)

ACi(s) >0, dG(s) = maxdCi(s), G = / dG(s).
? 0

Integral here is understood as a Stieltjes integral, the notations dG;(s) > 0 and dG(s) = max;cs dG;(s)
are understood as z7dG;(s)z > 0, 27 dG(s)r = max;cs 2T dG;(s)x for arbitrary z € R™.

Theorem 6.1 Let |B||h < 1 and max;cs R; < 0, where

Ri = (A(i) + B)" P; + Pi(A(i) + B) + Ai + G + 7(pi + )1, (35)
A= Z%J'(Pj —P), pi=|(AG)+B)"PB+AB|, f= T?eag((THBTAiBH + pi)- (36)

i
Then the zero solution of equation (33) is asymptotically mean square stable.

Proof. Reduce equation (33) to the form of a stochastic differential neutral type equation

d ¢ .
4 oty + /t | Ba(s)ds) = (A (D) + Ba(t) + g(t. . r(0)E).

Using the general method of Lyapunov functionals construction (Kolmanovskii & Shaikhet [10, 11, 12]),
let us construct Lyapunov functional for equation (33) in the form V = V; + Vs, where

t t

Vi(t, z, 1) = (m(t) + Bw(s)ds)TPi (m(t) + Bw(s)ds).

t—h t—h



Calculating LV, we obtain

LVi(t, a0, 1) = 227 (1) (A; + B)T P, (:z:(t) n /t th Ba:(s)ds) FTrlgT (8, e, 1) Pog(t, @0, 1))+

+<x(t) + /tth Bz(s)ds)TAi (z(t) + /tth Bx(s)ds) —

t
=227 (t)(A; + B)T Pix(t) + 227 (¢t)(A; + B)T P, Bx(s)ds + Trlg” (t, 1) Pig(t, x¢,)]+
t—h

t t t

B:c(s)d5>TAix(t) + (/tih Bﬁ(s)ds)TAi(/tih Bz(s)ds) =

=27 ()[(A; + B)T Py + P;(A; + B) + AjJz(t) + Trlg” (t, x4, ) Pig(t, x4, 4) |+

2T (1) A (t) + 2( /

t—h

t

xT 1 Tp 1 tmss tﬁCTSSTi x\T)arT.
27 (8)[(A; + B) PZB+AlB]/H (s)d +/H (s)dsB AB/H (7)d

Using (34), (35) we have

LVi(t,4,3) < 27 (t)[(A; + B)T Py + Py(A; + B) + AJx(t)+

t

+ [t 9iG et + 1B ABI( [ Jetolds) o [ (e + o)) <

< z"(t)[(A() + B)" Pi 4+ P,(A(i) + B) + Ai + hpil]z(t)+

OOT—S A\ S)T — S (s
+/Ox<t VG (s)x(t — )+ 5 [ x(s)

t—h

2ds,

Putting . .
Wt = [ [ @G 6 [ (st mla(s)ds,

we obtain

oo

LVa(t,2) = a7 (1) Ga(t) + Bhlz(t)]* — / STt — $)dG()a(t — 5) — ﬂ/tih 1 (s)|2ds,

0

Therefore, using (35) and that matrices R; are uniformly with respect to i € S negative definite, for the
functional V' = V; 4+ V5 we have

LV (t,x4,7) < 27 () Riz(t) < —cla(t)]* (37)

As it is shown in [8] for asymptotic stability of differential equations of neutral type from conditions
(37) and || B||h < 1 it follows that the zero solution of equation (33) is asymptotically mean square stable.
Theorem is proved.

7 Example

Consider the 1-dimensional linear stochastic differential delay equation with Markovian switching of the
form

dx(t) = [a(r(t))z(t) + b(r(t)z(t — 71)]dt + o (r(t))z(t — 72)dw(t) (38)

on t > 0 with initial data zo = £ € C% ([—7,0]; R), where w(t) is a 1-dimensional Brownian motion and
a(z) = Q;, b(l) = bi, O'(Z) = 05,
are all real numbers. If we define

f($7y7tai) :aix+biy and g(xazvtai) = 0%,



then equation (38) can be written as equation (9). Moreover, hypotheses (H1) and (H2) hold and the
parameters there are given by

o = 2(041' + bi)7 8; =0, 0; = 0'1-2, (39)
and
K = 2 Ky =2 . Ky =2K;. 4
1= max b;, 2 JHax aj, 3 1 (40)
If
Ag = diag(~2(ay +b1), -+, ~2(ay + by)) — T (41)
is a nonsingular M-matrix and
A511 < (0'1_270'2_2""70'1:/2)71’ (42)

then, by Theorem 4.4, there is a positive constant 7* such that the trivial solution of equation (38) is
exponentially stable in mean square provided 7 < 7%.

Let us now consider an even simpler case of N =2 i.e. S ={1,2}. In this case,

= [—’m Y12 ]
Y21 —721

and
A — —2(ay + b1) + 712 —7Y12
0 —Y21 —2(as + ba) + Y21

By Lemma 4.2, this A4g is a nonsingular M-matrix if and only if

72(0,1 + bl) + Y12 > 0 (43)
and
A = [—2(&1 + b1) + 712][—2(a2 + bz) + ’Y21] — 712721 > 0. (44)
Note
AL — 1 [ —2(az +b2) + 721 Y12
0 A Y1 —2(a1 + b1) + 7112
So (42) becomes
A A
—2(ag + bz) +y12 + 721 < P and  —2(a1 +b1) + 7112 + 721 < ol (45)
1 2

It is not difficult to see that (43)-(45) are equivalent to that
A A
0< —2(&2 + bz) + 721 < ? — Y12 and 0< —2(&1 + bl) + 712 < ? — Y21 (46)
1 2

In other words, we have shown that conditions (41) and (42) hold if and only if (46) holds. We can
therefore conclude that in the case of N = 2, if (46) holds, then there is a positive constant 7* such that
the trivial solution of equation (38) is exponentially stable in mean square provided 71 < 7*.

To show how to compute 7%, let us furthermore specify the system parameters
ar=-1, ax=1, bi=by=-1, o01=02=01, 7y2=1, 721 =5 (47)
It is easy to verify (46). Note that

Ay = Ag— 0T = [5‘9 -1 }

-5 5-40

is a nonsingular M-matrix as long as 0 < 6 < 5 — /5. In view of the proof of Theorem 4.4 we shall look
for an 6 such that A, 'T < (072,05 %), namely

1 6-0] _ [100
(5-6)2—5[10—0 100 |-



This holds as long as 6 < 2.7477. From the proof of Theorem 4.4, we let ¢ = (q1,q2)" = A;lf, that is

6—0 and 10 -6
= - n =7 _ 2 _ =
L Gy BT GE-02-5
By (16), Ay = 1 while
0.01(10 — 6)
Xy = max{q107, q205} = (5-02-5"

Consequently, by (14),
5 — 107_9 B —0. =001
q - (5 o 6)2 . 57 - Y% - Y-
while, by (40),
Ki=1 Ky=2, K3=2.

In view of formula (17), to make 7* as large as possible we should chose 6 € (0, 2.7477) to let

O\ — Xa) 0[5 —0)* —5—0.01(10 — 6)]
g 10—6

as big as possible. It is not difficult to show that the best choice is § = 1.32 and the corresponding

0 = o) _ 1.2858.

By (17),

T = %(\/0.012 + 8 x 1.2858 — 0.01) = 0.3996.

We can therefore conclude that given (47) and N = 2, the trivial solution of equation (38) is exponentially
stable in mean square provided 7 < 0.3996.

It is interesting to point out that there is a much simpler way to chose 6 which gives a reasonably
good result for 7*. Note that (A1 — A2)/¢ = 0 at both § = 0 and 2.7477. It is therefore reasonable to
chose 0 = 2.7477/2 = 1.37385. This leads 8(A; — A2)/§ = 1.2841 and hence

1
™= (\/0.012 18 x 1.2841 — 0.01) — 0.3994,

which is very closed to 0.3996 above.

Let us obtain maximum value of 71 using conditions of asymptotic mean square stability (35), (36).
Consider equation (33) and suppose that Markov chain r(t) has two states, S = {1,2}, a(l) = a4,
a(2) = ag, b(r(t)) =b, o(r(t)) = . In this case the stability conditions (35), (36) have the form

2(a; +b)pi + X +p20” +71(pi + 8) <0, i=1,2, (48)

where py > p1,
Xi =Py —pi)s I F# pi = |(a; + b)p; + \i||b], (49)
Bi = mb*|\i| + pi, 5:H163SX@'~ (50)

In corresponding with (47) put
ar=-1, as=1, b=-1, =01, y2=1, 791 =5. (51)
Choose also ps = apy, 1.5 < a < 3. From here and (49), (50) it follows
p1=(3—a)p1, p2=>5(a—1)p,
B=0F=5(a—1)(n1+1)p >p =[n(a—1)+3—alp:.
Therefore condition (48) takes the form
5(a—Dm(mn+1)+ 713 —a)+1.0la <5,

5(a—1)m(mn+1)+5m(a—1)+0.0la < 5(a—1).

Choosing o = 1.89 it is easy to get that both of inequalities hold if 7 < 0.4127. It means that if
71 < 0.4127 then by conditions (51) the zero solution of equation (33) is asymptotic mean square stable.



References

Arnold, L., Stochastic Differential Equations: Theory and Applications, John Wiley Sons, 1972.

Basak, G.K., Bisi, A. and Ghosh, M.K., Stability of a random diffusion with linear drift, J. Math.
Anal. Appl. 202 (1996), 604-622.

Berman, A. and Plemmons, R.J., Nonnegative Matrices in the Mathematical Sciences, STAM, 1994.
Elworthy, K.D., Stochastic Differential Equations on Manifolds, Cambridge University Press, 1982.

Ji, Y. and Chizeck, H.J., Controllability, stabilizability and continuous-time Mar-kovian jump linear
quadratic control, IEEE Trans. Automat. Control 35 (1990), 777-788.

Khasminskii, R.Z., Stochastic Stability of Differential Equations, Sijthoff and Noordhoff, 1981.

Kolmanovskii, V.B. and Myshkis, A.D., Applied Theory of Functional Differential Equations, Kluwer
Academic Publishers, 1992.

Kolmanovskii, V.B. and Nosov, V.R., Stability of functional differential equations, Academic Press,
New York, 1986.

Kolmanovskii, V.B. and Shaikhet, L.E., Control of Systems with Aftereffect, American Mathematical
Society, Providence, 1996.

Kolmanovskii, V.B. and Shaikhet, L.E., On one method of Lyapunov functional construction for
stochastic hereditary systems, Differentsialniye uravneniya,11(1993), 1909-1920.

Kolmanovskii, V.B. and Shaikhet, L.E., New results in stability theory for stochastic functional
differential equations (SFDEs) and their applications, Dynamical Systems and Applications, Dynamic
Publishers Inc., N-Y., 1 (1994), 167-171.

Kolmanovskii, V.B. and Shaikhet, L.E., General method of Lyapunov functionals construction
for stability investigations of stochastic difference equations, Dynamical Systems and Applications,
World Scientific Series In Applicable Analysis 4 (1995), 397—439.

Ladde, G.S. and Lakshmikantham, V., Random Differential Inequalities, Academic Press, 1980.

Mao, X., Stability of Stochastic Differential Equations with Respect to Semimartingales, Longman
Scientific and Technical, 1991.

Mao, X., Ezponential Stability of Stochastic Differential Equations, Marcel Dekker, 1994.
Mao, X., Stochastic Differential Equations and Applications, Horwood, 1997.

Mao, X., Stability of stochastic differential equations with Markovian switching, Stochastic Processes
and their Applications 79 (1999), 45—67.

Mao, X., Matasov, A. and Piunovskiy, A.B., Stochastic differential delay equations with Markovian
switching, Bernoulli 6(1) (2000), 73-90.

Mariton, M., Jump Linear Systems in Automatic Control, Marcel Dekker, 1990.

Mohammed, S.-E.A., Stochastic Functional Differential Equations, Longman Scientific and Techni-
cal, 1986.

Shaikhet, L.E., Stability of stochastic hereditary systems with Markov switching, Theory of Stochastic
Processes 2(18), N.3-4, (1996), 180-184.

Skorokhod, A.V., Asymptotic Methods in the Theory of Stochastic Differential Equations, American
Mathematical Society, Providence, 1989.



